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INTRODUCTION

This is the Proceedings volume of the "Colloque de combinatoire énumérative,
UQAM 1985", which was held at "Université du Québec a Montréal" (UQAM) from May
28 to June 1, 1985, and complemented by a Special Session on Combinatorics at the
annual meeting of the Canadian Mathematical Society at "Université Laval", June
6-8, 1985.

The subjects covered in this volume inciude: enumeration and analysis of
specific combinatorial structures like planar maps, Young tableaux, bridges or Dyck
paths, and latin rectangles; combinatorics on words; applications of enumerative
combinatorics to g-series, to orthogonal polynomials, to differential equations, to
linear representations of the symmetric group, to the celebrated Macdonald and
Jacobian conjectures, to Lie algebras, etc; recent developments in the combina-
torial theory of species of structures; survey papers on Young's work, on Pélya
theory, and on a new theory of "heaps of pieces"; a problem session.

The rest of this introduction gives a more detailed description of the
scientific activities of the colloquium and of the content of the Proceedings. It is
written in french to reflect the bilingual nature of the meeting. Note that while
many talks were given in french, a majority (80%) of papers in this volume are
written in Shakespeare's language.

Depuis quelques années, la recherche en combinatoire a connu un
développement considérable. H s'agit maintenant d'un véritable domaine des
mathématiques qui posséde ses objectifs propres (le dénombrement, I'analyse, la
construction et la classification des structures finies), des méthodes et des outils
de plus en plus efficaces (bijections et involutions, séries génératrices et
indicatrices diverses, formules d'inversion, théorie de Pélya, théorie des espéces
de structures, développements asymptotiques, etc.) et des champs d'applications
trés vastes, notamment en analyse classique (polyndmes orthogonaux, g-séries,
équations différentielles, etc.), en algébre (algébre linéaire, fonctions
symétriques, représentations des groupes symétriques, algébre commutative, ...),
en informatique (structures de données, conception et analyse d'algorithmes,
combinatoire des mots, etc.), en théorie des probabilités, groupes et algeébres de
Lie, analyse numérique, topologie algébrique, physique statistique, biologie
moléculaire, etc.

Dans le but de faire le point sur ces développements récents, le groupe de
recherche en combinatoire de I'Université du Québec & Montréal a organisé un
colloque international qui a réuni pendant cinq jours (du 28 mai au [€' juin 1985)
plus de cent participants et donné lieu & 35 conférences et communications. De
plus, deux membres de I'équipe ont organisé une Session spéciale de combinatoire
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dans le cadre de la réunion annuelle d'été de la Société mathématique du Canada,
tenue quelques jours plus tard, soit du 6 au 8 juin 1985, a I'Université Laval, a
Québec. On trouvera ci-aprés une liste de participants au colloque de 'UQAM (une
photo de groupe est disponible sur demande) ainsi que le programme scientifique du
collogue et de la session spéciale a Québec.

Ce volume constitue donc les comptes-rendus du colloque de combinatoire
énumérative, UQAM 1985, et de sa continuation & Québec. Les articles qu'il
contient recouvrent une grande partie des thémes abordés & ces occasions. lis
portent plus particuliérement sur les sujets suivanis:

1. Articles de synthése, en particulier sur les travaux de Young, sur la théorie de
Pélya, ainsi que sur fes empilements de piéces, théorie qui jette un regard
géomeétrique nouveau sur les monoides de commutation de Cartier-Foata et qui
est susceptible de multiples applications.

2. La théorie des espéces de structures: plusieurs articles font le point sur
certains aspects de cette théorie combinatoire globale, a la fois élégante et
efficace: regles et méthodes de calcul, décompositions et classifications,
généralisations, etc.

3. Applications de la combinatoire énumérative, par exemple a {'étude des
représentations linéaires du groupe symétrique, des fonctions
hypergéométriques basiques, des polynémes orthogonaux, des équations
différentielles, d'algébre de Lie d'opérateurs différentiels, ou des célébres
conjectures de Macdonald et jacobienne, a la généralisation des fonctions
tangente et sécante, etc.

4. Problémes de dénombrements de structures particuliéres selon certains
parametres, par exemple, les "cartes et hypercartes”, les "rectangles latins",
“les tableaux de Young", ies "ponts” également nommés "chemins de Dyck", les
"partitions" ou "partages d'entiers” et les "partitions planes”, les "tournois”,
etc.

5. Problemes de la combinatoire des mots: palindromes, algébres de mélange et
algébres de Lie, etc.

6. Rapport de la séance de problémes tenue pendant le colloque.

Signalons que quelques auteurs ont initié dans ces comptes-rendus des séries
importantes d'articles portant plus particuliérement sur la résolution combinatoire
des équations différentielles, sur la combinatoire des polyndmes de Jacobi, et sur
la théorie des empilements de piéces.
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COLLOQUE DE COMBINATOIRE ENUMERATIVE, UQAM 1985
DU 28 MAI AU ter JUIN 1985
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PARTITIONS WITH "N COPIES OF N"

A.K. AGARWAL
Department of Mathematics
The Pennsylvania State University
University Park, PA 16802, USA

Abstract. In this short note we prove a general partition theorem involving
partitions with "N copies of N". These partitions arise in the Study of
Hard-Hexagon Model and have recently been studied in [1]. To exhibit the
importance of our main theorem we present three particular cases which yield
elegant partition identities of Rogers-Ramanujan Type. We shall also pose a
very significant open problem.

1. The Main Result. We propose to prove the following:

Theorem 1. For k 2 -3, let Ck(n) denote the number of partitions with "N

copies of N" of n such that each pair of summands m

i'rj satisfies

m-r| > i+j+k. Then

n[l + §k+3%!n—1!]
q

(1.1 s ¢ no
) 2 Cln)g

it 8

2
0 (q;9), (4:q”),
here (a;q)n denote the rising 'q-factorial'.

2. Proof. Let Ck(m,n) denote the number of partitions enumerated by
Ck(n) with the added restriction that there be exactly m parts. We shall

first prove that

(2.1) Ck(m,n) = Ck(m,n—m) + Ck(m-l,n—km—3m+k+2)
+ Ck(m,n—2m+1) - Ck(m,n—3m+1).

To prove (2.1) we split the partitions enumerated by Ck(m,n) into three
classes: (i) those that do not contain kk as a part, (ii) those that
contain 11, as a part, and (iii) those that contain kk(k > 1) as a part. We

now transform the partitions in class (i) by deleting 1 from each part
ignoring the subscripts. Obviously, this transformation will not disturb the
inequalities between the parts and so the transformed partition will be of
the type enumerated by Ck(m,n-m). Next we transform the partitions in class



(ii) by deleting the summand 1,. and then subtracting k+3 from all the

remaining parts ignoring the subscripts. The transformed partition will be
of the type enumerated by Ck(m—l,n—km—3m+k+2). Here we note that Kk cannot

be less than -3. Finally, we transform the partitions in class (iii) by
replacing kk by (k—l)k_ﬁ1 and then subtracting 2 from all the remaining

parts. This will produce a partition of n-1-2(m-1) = n-2m+1 into m
parts. It is important to note here that by this transformation we get only
those partitions of n-2m+! into m parts which contain (k—l)k_1 as a

part. Therefore the actual number of partitions which belong to class (iii)
is Ck(m,n—2m+1) - Ck(m,n~3m+1), where Ck(m,n~3m+1) is the number of

partitions of n-2m+1 into m parts which are free from the parts like kk.

The above transformations clearly establish a bijection between the partitions
enumerated by Ck(m,n) and those enumerated by Ck(m,n~m) +

Ck(m-l,n~km—3m+k+2) + Ck(m,n~2m+1) - Ck(m,n-3m+1). Thus identity (2.1) is

established.]
Let

(2.2) frlz.q) =

V8

§ Ck(m,n)zmqn .
n=0 m=0

Then (2.1) implies that

o0 o0
(2.3) £.(z,q) = & X {C (m,n-m)+C, (m-1,n-km-3m+k+2) + C,(m,n-2m+1)
Kk n=o0 m=o Kk Kk Kk
- Ck(m,n03m+1}}zmqn
oC o0 o0 OO
= 2 3 Cmn-m)(zq)"q" ™+ 2q T =
n=0 m=0 n=0 m=0
Ck(m—l,n—km—3m+k+2) . (zqk+3)m—1 qn~m(k+3)+k+2
O o«
+5 =3 C(mn-2m1)(2q?)"g" 2
n=0 m=0
1 o 3 -3m+1
-5 = 3 Ce(mn-3m+l)(zq”)g" "
2 =0 m=0

k+3

= fi(zq,q) + zaf (zq "~.,q) + —(13 fk(zqz,q) - % fk(zqs,q)

Setting fk(z,q) = 3 Ak n(q)zn, and then comparing the coefficients of zR
n=0 ’



on each side of (2.3), we see that
- +3)+
2 ,n—l{q) q(n 1) (k+3}+1

(2.4) Aeonl@ = =
on (1-q™ (1-¢*")

Iterating (2.4} n times and observing that Xk o(q) =1, we find that

n [1 + gk+3!gn—12]
2

(2.5) Mg nla} = 5
n (a:q), (a:9%),
Therefore
. n[l + !k+3%!n—1!] .
(2.6) filz.q) = 3 4 z

n=0  (a:q%) (@:a),

Now

nEO k(n)q

1}
T

S c (mn)]q® = £,(1,
{mEO k(m n)}q k(1.0

qn[l + §k+3%§n—1[]

0

[
™M 8

n

0 (a:a?) (@),
This completes the proof of the theorem.

3. Particular Cases. If k=0, Theorem 1, in view of the identity [2,
1{46}, p.156]

o n{3n-1)/2 o _ _
q — - (q-é) T (1-q1%%) (1-¢100 6)(1_q10n 4)
n=0 (q;q),(q:q%), *%leo n=1

(3.1)

reduces to

Theorem 3.1. The number of partitions with "N copies of N" of n such

that each pair of summands mi,rj satisfies |m-r{ > i+j equals the number

of ordinary partitions of n into parts # 0,%4 (mod 10}.

Ex. For n=6, we have 8 relevant partitions of each kind, viz.,

. 2 3 3
61,62,63,64,65,66,51+11,52+11 of the first kind and 51, 3%, 321, 31%, 2%,

2212, 214, 16 of the second kind.



For k = -1, Theorem 1 in view of the identity [2, I(61), p.158]
2

et n @
(3.2} h g - .1 n (1_q14n)(1*q14n-6)(1_q14n-8)
n=0 (q;q)n(q;qz)n (@a), oq

leads to

Theorem 3.2. The number of partitions with "N copies of N" of n such

that each pair of summands mi.T; satisfies |m-r| 2 i+j equals the number

of ordinary partitions of n into parts # 0,%6 (mod 14).

Example. For n=6, we have 10 relevant partitions of each kind, viz.,
61:65,65,64,65.65,5:+1,,5,+1 S55+1,,4,+2, of the first kind and 51, 42,

214, 1

1’

3 3

412, 32, 321, 313, 28, 22

12, of the second kind.

The particular case k = -2 of the Theorem 1, in view of the identity [3,
Eq. (3.1), p. 219]

1,2
o 5 (n“+n) - _ _
(3.3) S € 7 (+ad)0-d""2%)-¢""0) (1-¢"")

n=0 (@;:a) (q:q%), n=1 (1-q")(1+q" " 1) (14q""°)
corresponds to

Theorem 3.3. The number of partitions with "N copies of N' of n such

n
that each pair of summands mi,rj satisfies |m-r| 2 i+j-1 equals 3%
k=0

An—k Bk' where An denote the number of partitions of n into distinct
parts % 3 or 4 (mod 7) and Bn denote the number of ordinary partitions of

n  into parts # 0,4,10 {mod 14).

4. Conclusion. Theorems 3.1, 3.2 and 3.2 are nice combinatorial
interpretations of Theorem 1 at k = 0, -1 and -2 respectively. theorems
3.1 and 3.2 are the particular cases of the main result of [1]. The most
obvious question arising from this work is: 1Is there a reasonable
combinatorial interpretation of Theorem 1 for general value of Kk?
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RELATIONS FONCTIONNELLES ET DENOMBREMENT
DES HYPERCARTES PLANAIRES POINTEES

Didier ARQUES
Institut des Sciences Exactes et Appliquées
4 rue des Fréres Lumiére, 68093 MULHOUSE-Cédex, France

Abstract

We show here, by using two distinct geometrical decompositions
of rooted planar hypermaps, that there exists two functional relations
whose unique solution is the generating function enumerating rooted
planar hypermaps.

Used together, these two relations allow us to obtain, without
any hard formal calculus, a really simple system of parametric
equations for the generating series enumerating rooted planar
hypermaps by their number of vertices, faces and hyperedges. From
this we get the general term of this series.

One of the above cited geometrical decompositions leads us to
define a natural notion of the inner hypermap of a rooted planar

hypermap. Some enumerations related to this notion are treated.

Introduction

T.R.S. Walsh utilise {cf [7]) les dénombrements sur les cartes
eulériennes obtenus & partir de relations de récurrence (cf W.T.
Tutte [5]) pour décompter les hypercartes planaires en fonction
du nombre de brins et du nombre de faces.
On montre dans cet article, & partir de deux décompositions géométri-
ques différentes, l'existence de deux relations fonctionnelles
dont la série génératrice des hypercartes planaires pointées est
unique solution. L'une de ces relations est analogue & celle établie
par W.T. Tutte pour les cartes planaires pointées (cf{ 6] et [4]) et
est obtenue en contractant une aréte. L'autre utilise la décomposition
géométrique que nous avons introduite dans {2 ], et qui consiste

a contracter tout un ensemble d'arétes.

La considération simultanée de ces deux équations permet,
en évitant tout calcul formel compliqué, de déterminer trés simplement
un systéme d'équations paramétriques pour la série génératrice
des hypercartes planaires pointées décomptées en fonction du nombre

de sommets, de faces et d'hyperarétes (cf - - théoréme 3 du III).



La formule de Lagrange permet alors de donner le terme général
de cette série génératrice (cf corollaire 1 du théoréme 3).

Un cas particulier de ce systéme paramétrique permet de retrouver
le dénombrement précité de T.R.S. Walsh. On donne enfin le dénombre-
ment des hypercartes planaires pointées dont tous 1les sommets
appartiennent & la frontiére de la face extérieure. Le paragraphe

I rappelle les principales définitions utilisées dans la suite.

I. Définitions et notations

Nous rappelons dans ce paragraphe les principales définitions

utilisées dans la suite (cf par exemple [3] et [6]).

I.1. Définition

Une carte planaire est une représentation de la sphére de BS comme
union d'un nombre fini d'ensembles disjoints appelés cellules.
Elles sont de trois types

1 - les sommets qui sont des points.

2 - les arétes qui sont des arcs simples ouverts de Jordan
dont les extrémités (confondues ou non) sont des sommets.

3 - les faces qui sont des domaines simplement connexes dont

les frontiéres sont des réunions de sommets et d'arétes.

. Deux cellules sont dites incidentes si 1l'une est dans la

frontiére de l'autre.

Le degré d'un sommet est le nombre d'arétes qui lui sont
incidentes. {(Une boucle, aréte dont les extrémités sont confondues,

est comptée pour deux dans le degré de son extrémité).

. Une aréte est un isthme si elle est incidente a une seule

face.

Le degré d'une face est le nombre d'arétes qui lui sont

incidentes, les isthmes étant comptés deux fois.

I.2. On appelle brin une aréte orientée de la carte planaire
et on note B leur ensemble. On associe & tout brin, de fagon évidente,
son sommet initial, son sommet final, 1l'aréte qui constitue son

support, le brin quil lui est opposé.



. On définit la permutation @ sur B qui a tout brin associe son brin
opposé. a est une involution sans point fixe dont les cycles sont bijec-

tivement associés aux arétes de la carte.

On note ¢ la permutation sur B qui & tout brin b associe le pre-
mier brin rencontré en tournant autour du sommet initial de b dans le
sens positif choisi sur la sphére. Les cycles de ¢ sont bijectivement

associés aux sommets de la carte.

On note o la permutation ¢ o a sur B. Les cycles de ¢ sont les
circuits orientés constituant les frontiéres des faces topologiques de
la carte. Les cycles de s sont donc bijectivement associés aux faces
de la carte.

Dans la suite, un sommet (resp. aréte, face) sera, suivant le contexte,
soit l'objet topologique défini au 1, soit le cycle pour ¢ (resp. a, o)
qui lui est associé par les définitions ci-dessus.

Un brin est dit incident & une cellule de la carte si il appartient au

cycle associé & cette cellule.

Pour b dans B et t permutation sur B, on note
r*(b) le cycle pour t engendré par b.
Si A est inclus dans B et si b est dans A, alors
TIA(b) est le premier brin dans A parmi 1(b), 12(b), e .

. Une carte planaire est dite pointée si un brin B est choisi. B
est appelé le brin pointé de la carte, et son sommet initial % est ap-
pelé le sommet pointé de la carte.

On appelle alors face extérieure de la carte, la face 5*(3) engendrée
par le brin pointé Bb. La carte réduite & un sommet est également dite
pointée bien qu'elle ne contienne aucun brin.

On appelle circuit, une suite (b bk) de brins de la carte tels

1o
que l'extrémité finale de bi s0it l'extrémité initiale de bi+1 si
1 € 1i < k, de b1 si i = k.

. On représentera dans la suite une carte par une projection
stéréographique sur le plan, de fagon & envoyer la face extérieure

de la carte sur la face infinie de sa représentation dans le plan.

. Deux cartes planaires pointées sont isomorphes s'il existe
un homéomorphisme de la sphére, préservant son orientation, appliquant

les sommets, arétes, faces et brin pointé de 1la premiére carte



respectivement sur ceux de la seconde.
Une classe d'isomorphie dans 1l'ensemble des cartes planaires pointées
pour la notion d'isomorphie définie ci-dessus sera encore appelée

carte planaire pointée dans la suite.

1.3. Hypercarte planaire pointée (cf exemple ci-dessous)

. Une carte planaire est dite deux-coloriable si on peut colorier
ses faces avec deux couleurs, toute aréte étant incidente & deux
faces de couleurs différentes.

La propriété "deux-coloriable"™ é&tant compatible avec la relation
d'équivalence dont les classes sont les cartes planaires pointées
(cf 2) on peut définir une hypercarte planaire pointée comme une
carte planaire pointée deux-coloriable contenant au moins un brin.
Ce sont ces hypercartes planaires pointées que 1l'on cherche a
dénombrer. Cette définition est équivalente (cf [1] ou [7]) a

la définition combinatoire d'une hypercarte (cf [3]).

. Si H est une hypercarte planaire pointée, on note C(H) 1la
carte planaire pointée deux-coloriable gqui 1lui est associée. Les
faces de C(H) de 1la méme couleur (resp. de 1l'autre couleur) que
la face extérieure de C{H) sont appelées faces {(resp. arétes)
de 1l‘*hypercarte et notées h-faces (resp. h-arétes)} dans la suite.
Les sommets de C(H) sont les sommets de 1'hypercarte H. La face
extérieure de C(H) est appelée h-face extérieure de H.

L'ensemble B des brins de C(H) appartenant aux cycles définissant
dans C{(H) les h-faces, est appelé ensemble des brins de 1'hypercarte,
notés h-brins dans la suite. On appelle h-degré d'une h-face (resp.
d'un sommet) de 1'hypercarte H, le nombre de h-brins qui lui sont
incidents en tant que cellule de C(H).

Le h-degré d'une h-face coincide avec son degré comme face de
C(H) (évident). Par contre le h-degré d'un sommet de 1'hypercarte

est moitié de son degré dans C{H).

. Dualité - La dualité (cf [3]) est une bijection dans 1'ensemble
des hypercartes planaires pointées ; les h-faces (respectivement sommets)
d'une hypercarte sont échangés avec les sommets (resp. h-faces) de
l*hypercarte duale ; la h-face extérieure est échangée avec le sommet
pointé de 1'hypercarte duale {les deux ayant méme h-degré) ; les deux
hypercartes ont mémes h-arétes. Cette propriété sera utilisée au théo-

réme 3.



. On définit par convention deux hypercartes planaires pointées
associées a la carte planaire pointée réduite & un sommet ; on les note
respectivement {p} et {ql} suivant que 1'unique face de la carte asso-

ciée est considérée comme h-face ou h-aréte.

. Dans l'exemple ci-dessous, 1‘'hypercarte H (dont les h-aré&tes sont
hachurées) est associée & la carte C(H) dont les brins sont numérotés,
le numéro de chaque brin étant placé le long de son support, prés de
son extrémité initiale. Les deux brins de chaque aréte sont numérotés
i et -i, celui étiqueté positif étant un h-brin. Le sens positif choisi
pour définir les cycles de o dans C(H) est le sens contraire des aiguil-

les d'une montre. Le brin pointé est marqué par une fléche.

Dans la figure 1 ci-dessous

Les sommets Si’ 1 £ 1 € 4 sont dans C(H) identifiés aux cycles de o

donnés par

w0
I

1}

1 (1,-13,13,-14,11,-10,10,-9,12,-12}, S (-1,2,-3,5),

S

3 ("5’6:_737y_8’81—6199_11’14)’ 3

(-2,3,-4,4).

]
#

Les h-faces fl (h-face extérieure), fi, 2 £ ig 7, sont identifiées

dans C(H) aux cycles de o

(13),

i

fl = {(1,2,3,5,6,9,12), f2 = (14,11), £

f

1]
I}

4 (10), fg = (4), fg = (7), f, (8).

Les h-arétes a, 1 £ i ¢ 5, sont respectivement dans C(H), les cycles

de o

®
]

1 (-1,-13,-14,-5), a, = (-9,-11,-10),

e
1]

5 = (-12), a, = (-3,-4,-2), ag = (-6,-7,-8).

On obtient alors



10

figure 1

II. Relations fonctionnelles pour les hypercartes planaires pointées

IT1.1. Décompositions d'une hypercarte planaire pointée

. On note gﬁ(resp.;ﬁ) la famille des hypercartes planaires pointées
contenant au moins un brin (resp. et dont 1l'aréte pointée est une
boucle). Pour r > 1 (resp. et a >0, 8 > 0, vy > 1) on note %@ (resp.
g%u,ﬁ,v,r) l'ensemble des hypercartes deﬂ% dont le h-degré du sommet
pointé est r {resp. qui ont de plus (a+1) sommets, (8+1) h-faces et

v h-arétes).

. On utilise les signes + ou £ pour noter une réunion disjointe
d'ensembles. L'existence d'une bijection entre deux ensembles est in-
diquée par le signe +» .

M

. On note Gl

gré du sommet pointé est égal a un et telles que, en supprimant 1'isth-

l1'ensemble des cartes planaires pointées C dont le de-

me pointé B de C ainsi que son extrémité initiale et en pointant 1le
brin suivant de la face extérieure, o(B), s'il existe, la sous-carte
planaire pointée de C aingi obtenue soit deux-coloriable et donc appar-
tienne a {p} +2K. On appelle alors‘®+, l'ensemble défini comme la réu-

nion disjointe, pour k > 1, des k-uplets de cartes de ﬁl’ soit
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0
D+ = I )Jlk , et on pose D= {p} +§D+

. On note I[n,m] l'ensemble des nombres entiers impairs appartenant
a l'intervalle [n,m].

Théoréme 1 - On a les bijections suivantes

(a) g‘e«»fb+ x [{q} + I %r xjﬁq

rzl

(0) Lo F, x [1ar + %
(c) e L+ = P x1 [,2r1].

r>l

Démonstration

1. La bijection (a) consiste & décomposer une hypercarte planaire
pointée de # en son "hypercarte intérieure" dans % (si r » 1, égale a
{g} si r = 0) et en son "bord", (r+l)-uplet deﬁ+ x DT (cf exemple 2
ci-dessous).

Soit donc H dans # et C(H) la carte planaire pointée deux-coloriable
associée, de brin pointé B.

a) Un circuit simple élémentaire étant un circuit ne passant pas

deux fois par la méme aréte ou le méme sommet, on a le

Lemme - On peut extraire de la suite 5 (B) des brins du circuit bordant
la face extérieure de C{H), une unique sous-suite de brins consti-
tuant un circuit simple élémentaire, contenant B.

Démonstration - L'aréte, support de b est incidente A& une h-face et
une h-aréte de H ; elle n'est donc pas un isthme de C(H). L'existence
du circuit simple élémentaire résulte alors du théoréme de Kdnig. Son
unicité est alors due au fait que ;*(B) est la frontiére d'un ouvert
connexe. CQFD

On note P = (b, = B, by, ..., b.) la sous-suite de brins de T(B)
définie par le lemme et (Sl""’sk) la suite de leurs sommets initiaux.
P est un polygone orienté qui partage le plan en deux domaines connexes
ouverts qui lui sont intérieur et extérieur. Les brins de la carte pla-
naire C(H) qui sont inclus dans le domaine intérieur {resp. extérieur)

4 P sont dits brins intérieurs {(resp. extérieurs) de la carte C(H).
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8) Hypercarte intérieure H ot associée a H.

Contractons P et son domaine extérieur en un sommet ¥
S'il n'est pas vide, 1l'ensemble des brins intérieurs de C(H) constitue
alors une carte planaire connexe deux-coloriable que l'on pointe en
distinguant le premier brin qui n'appartient pas 4 P, de la suite de

brins (o_l o a)*(B) ; on note d ce brin et Hi 1'hypercarte degg, dite

nt

intérieure a4 H, ainsi définie. Le sommet t est le sommet pointé de Hint;

les brins qui lui sont incidents sont les brins intérieurs de C(H) dont

le sommet initial est 1'un des sommets Sy 1 € i € k, du polygone P.

Si 2r, r > 1, est leur nombre {(r est alors le h-degré du sommet ¥ dans
. N

Hint 17 d2r’ dans ltordre ou on les rencontre

en parcourant P dans le sens contraire des aiguilles d'une montre, en

), on les étiquette d

commengant par dl = d.
Si 1l'ensemble des brins intérieurs de C(H) est vide, P est alors le bord
d'une h-aréte ; la contraction de P et de son domaine extérieur en un

sommet t donne alors 1'hypercarte H; réduite a4 l'hypercarte {q} (cf

t
convention du I.3.).

v) Bord de H.

La face extérieure de la carte C(H) étant un ouvert connexe, les
brins extérieurs de C(H) constituent k cartes deux-coloriables connexes
disjointes, respectivement incidentes aux sommets Sl""’sk du polygone
P {certaines de ces cartes peuvent éventuellement ne contenir aucune
aréte et &8tre réduites au sommet S5 correspondant) .

Pouz i dans {1,...,k} , on définit alors la carte planaire pointée Ci
de Ul en associant au brin bi de P, que 1l'on pointe, la carte deux-

coloriable précédemment définie, incidente au sommet final Si, de b

1 i’
Le (r+l)-uplet (Bi)o<i<r dans B XWDP, constituant le bord de C est
N AW
alors obtenu en partageant la suite € = (Cl,...,Ck) en (r+l1) sous-suites

(avec la convention qu'une sous-suite vide est 1l'hypercarte {p} ).

Bo est la sous-suite des cartes de 8?dont les brins pointés sont,

sur P, entre le sommet initial =N de b1 = B et le sommet initial de

4, =4 i > i = .
1 (sir » 1, et s, si Hint 1qt )

Bo est une sous-suite de 6,contenant au moins C

DT

1 et donc appartient a

Sirz=2 2, Bi’ 1 £ i< r-1, est la sous-suite des cartes de g dont

les brins pointés sont entre les sommets initiaux de d2i—1 et d21+1.
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Sir>1, Br est la sous-suite des cartes. de g dont les brins
pointés sont entre le sommet initial de d2r‘1 et sl. Les uplets Bi’
1 i< r, sont dans 13(éventue11ement réduits a {p} avec la convention

ci-dessus).

L'application ainsi définie, qui & une hypercarte de gfassocie le

uplet (H, (Bi)

int’ ) est une bijection (évident) de Q@ sur

Ogigr

CD+ X [{q} + L g%r X ;DP] , d'ou le résultat annoncé.
rz1

Exemple 2 - Si H est 1'hypercarte (les h-arétes sont hachurées)
k=5, r =25,

figure 2.1

L'hypercarte planaire pointée H.rlt obtenue en contractant le domaine

extérieur au polygone P = (b1 = b, b, b3, b, b5) en un sommet T et
en pointant le brin d1 = d est
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figure 2.2

Son bord (Bi) dans " x(Dr est constitué par

Ogigr

. BO = dans ;D+
bo
l_ -
. B = , B, = 1p},
b4
. 83= ' y B4={p} s BS={D}.

2. La bijection (b) est un cas particulier de (a) ; le polygone P est
constitué d'un seul brin by = B, brin pointé de C(H). Le bord de 1'hyper-
carte se réduit a BO dans a et H, est un élément de {q} +g%, d'ou la

1 int
bijection (b).
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Exemple 3 - Si H est l'hypercarte planaire pointée dans ;i

figure 3.1

Le couple (Hin BO) qui constitue sa décomposition est

t?

figure 3.2

3. La bijection (c) est (aprés application de la dualité) celle
établie par W.T. Tutte (cf [6], voir également [4]). Nous la décrivons
succintement de fagon a pouvoir l'utiliser pourl'établissement de

1'équation fonctionnelle (3) du théoréme 2.

Soit H une hypercarte appartenant a g%}f,de brin pointé B. Soit
* j—
b (= o(B)) le brin suivant B dans la suite des brins bordant la h-face
extérieure de H ; il est différent de b car H n'appartient pas ad.

Soient di et df les h-degrés respectivement du sommet initial § de B

*

et de son sommet final s* (qui est également le sommet initial de b
et qui est distinct de $).

Si 1'on contracte le brin pointé B de H et si 1'on pointe b*, on dé-
finit une nouvelle hypercarte H* dont le sommet pointé a pour degré
dans C(H*)

2r = (Qdf—l) + (Zdi—l)
(de—l) représente le nombre de brins dans C{(H) incidents au sommet fi-

* N - - kY
nal s de b qui lors de la contraction de ce brin sont venus s'ajouter

aux (2di—1) brins restant incidents au sommet 3.
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Les h-degrés di et df étant supérieurs ou égaux a un, (2df-1) satisfait

aux inégalités

*
Ltapplication qui a H associe le couple (H ,de—l) estune bijection de

H~Lsur = é@r x I [1,2r-1], d'ou le résultat.
rzi

Exemple 4 - Si H est 1l'hypercarte planaire pointée

On a d, = 3
i

figure 4.1

*
Lthypercarte H qui lui est associée en contractant le brin B est:

o
4

figure 4.2:

¥*
Le degré du sommet pointé de C(H ) est 2r = 12. Parmi ces douze
*
brins, les sept (= de-l) premiers a partir du brin b étaient, avant

*
contraction de b, incidents dans C{H) a s .

ITl.2. Relations fonctionnelles

A chaque hypercarte planaire pointée de gfon associe un mondme en
les variables commutatives u {(resp. v), s, f et a.
L'exposant de u {(resp. v) donne le nombre de brins (ctest-a-dire le h-
degré) de la face extérieure (resp. le h-degré du sommet pointé), 1'ex-

posant de s donne le nombre de sommets différents du sommet pointé,
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l'exposant de f donne le nombre de h-faces autres que la h-face exté-
rieure, 1'exposant de a donne le nombre de h-arétes.

On note alors, J(u,s,f,a) (resp. K(v,s,f,a)) la série génératrice des
hypercartes planaires pointées de g%(c'est~é~dire contenant au moins
un brin).

Le théoréme classique de dualité dansgv(cf [3]), rappelé au I.3., im-

plique les égalités
J{u,f,s,a) = K(u,s,f,a) et J(1,s,f,a) = J(1,f,s,a)
On déduit du théoréme 1, le

Théoréme 2 ~ On a les relations fonctionnelles, ou l'eon note J

pour J(u,s,f,a) et K pour K(v,s,f,a)

_u(1+J) 1
Sl vy g MR IR NS wrer e iy BELTEIL R Ip (1)
_ _v(1+K) 1
K= 1-vi{1+K) {s J(Iigffy:gj ,8,f,a)+al (2)
K = v(1+K)(fK+a) + vs E:ié%i§L£Lél (3)

Démonstration

1. La relation (1) traduit en termes de série génératrice la bijec-
tion (a) du théoréme 1. La relation (2) se déduit de (1) en substituant
v & u, en échangeant s et f et en utilisant les égalités conséquences
du théoréme de dualité précité.

Démontrons la relation (1) (On reprend les notations utilisées dans la
décomposition (a) d'une hypercarte H donnée au théoréme 1).

. L'hypercarte {p} est associée au monbme sofoao =1

. L'hypercarte {q} est associée au mondme sofoa1 = a

. La série génératrice des cartes de ﬁl’ ensemble auquel appartie-
nent les cartes planaires pointées Ci’ 1 € i € kK, qui aprés regroupement
permettent de définir les uplets de cartes Bj’ 0 < j € r du bord de H

est:

us{1+J(u,s,f,a)).



18

Le terme (1+J) est associé & 1'hypercarte planaire pointée dans ({p}+9%),
Ay

incidente & 1'extrémité finale du brin pointé de la carte de ﬁl' Ce

brin pointé donne le terme us, car il est lncident a la face extérieure

de H et ajoute un sommet.

La série génératrice de 1'ensemble i)(auquel appartient Bj si
A

1 € j € r) des p-uplets, p dans IN, de cartes de ﬁl’ est donc

L [US(1+J)]p = T—E%—m)_

p20
La série génératrice de 1'ensemb1ecﬁ+ (auquel appartiennent les
uplets B ) des p-uplets, p dansIN , de cartes de Ul’ est alors

us{1+J)
1-us{1+J)

. La série génératrice des hypercartes Hint dans %2, r > 1, qui
sont intérieures aux cartes de ﬁf, et donc n'ont pas de brins lincidents

4 la face extérieure (donc pas de terme en u) est

f b3 b4 s%rBaY - ¢ z oard(gi 6.y I‘)s"‘fBaY
220,820, v21 Hinteﬁz,s,?,r 020,820,v21
ou, card (Q? ) est le cardinal de 1‘'ensemble ﬁ? . Le terme f

,8,Y,T a,BryY,T
en facteur est dG au fait que la face extérieure de H nt’

deVLent h-face non

non décomptée
dans l'exposant 8 du mondme s f8 Y associé a H. int’
extérieure dans 1'hypercarte H reconstruite et donc doit &tre décomptée

en plus.

La série génératrice des cartes de # est donc (of (a))

1 us(1+J) apB_Y 1
J ==, Tous(1+ed) [é + I (f. b card(ﬁ? s fPal)( )r1
s l-us(l1+J ol 30,830, v30 ,B,Y,0 T-us(1+J)

Le terme é est did au fait que lorsque 1l'on concaténe les uplets Bj’
0 < jJ € r, pour reconstituer le bord de H, le produit des séries géné-
ratrices associées (déterminées ci-dessus) décompte, par l'exposant de

la variable s, tous les sommets du bord de H, y compris le sommet pointé
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{ce qui est exclu dans la définition de J).

u(1+J)

o 1
On en déduit J = 75y [a + f K(ggatgy - s,f,a)] CQFD

2. Les deux termes du second membre de (3) correspondent aux deux
termes de la décomposition bijective (c¢) du théoréme 1 (On reprend les

notations introduites au théoréme 1).

Le premier terme de (3) correspond & la décomposition d'une hyper-
carte de ;i (hypercarte dont le brin pointé est une boucle) en son bord
B dans j et en une hypercarte intérieure H nt dans {g} +gk.

La série génératrice des cartes B dans ﬁ est v(1+K), la boucle pointée
de B donnant le terme v et l'hypercarte dans {p} +Q{ incidente & son
extremlte, le terme (1+K).

La série génératrice des cartes H dans ({q} +¥ ), qui ont méme som-

nt
met pointé que 1l‘*hypercarte deéi que 1'on décompose, est {a+fK) : le

terme a est associé a l'hypercarte {q} ; pour Hint dansé% le terme f
en facteur de K est di au fait que la h-face extérieure de H nt devient

non extérieure dans 1'hypercarte de deont H est 1° hypercarte inté~

nt
rieure et qu'il faut alors la décompter.

Le second terme s'obtient en remarquant que pour reconstruire
1'hypercarte H de ﬂ%wl 4 partir d'une hypercarte H de QQ, r>1, on
ajoute un nouveau sommet s* a H* (d'oll 1e terme s en facteur ci-dessous),
et que pour 1 € 1 € r, les (2i-1) premiers brins (& patir du brin poin-
té de H*) incidents au sommet pointé S de H' sont transférés sur ce
nouveau sommet s*. On crée alors un nouveau brin de § vers s* qui de-

vient le brin pointé de H. Il reste donc
2r—-{2i-1)+1 = 2{(r-i+1) brins incidents au sommet pointé & de C(H).

La série génératrice des hypercartes de H~¢ est donc

r R
s z P LI yr-i+l
a20,830,v21,r 21 H ejlf 8.y i=1
soit, en posant j = r-i
r-1 .
= Vs b b sufeaY b vJ
a,B,y,r H e%’ j=0

@yByY,T
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r
= VS z % s“fBaY v -1
a,8,v,r H*<¥ v-1
e a,8,Y,r
- vs K(v,s,f,a)-K(1,s,f,a) CQFD
Vel
Remarque

Soit A 1'anneau des polyndmes Z[u] et A[[s,f,al] 1'algébre des séries

formelles en les variables commutatives s,f,a, a coefficients dans A.

Dans A[[s,f,a]] 1'équation (1) en J a un sens (la substitution de u par

1 < s .
Tous(153) dans J(u,s,f,a) y est autorisée)} et y admet comme solution la

série génératrice des hypercartes planaires pointées, dont on sait que
dans tout mondme, le degré de u est majoré par la somme des degrés de
s,f et a. Cette série est en fait l'unique solution de (1) dans
Af(s,f,al]l. En effet, munissons A[[s,f,a]] de la distance définie pour
deux séries S, et 82 par

—v(SIS2)
d(Sl’S2) =2 , avec :

v(Sl,SZ) = min {a+B+y/ les coefficients dans A de Sl et 82 pour s%rBaY
sont distincts}.

A[[s,f,a]] est alors un espace métrique complet. Le second membre de
(1) définit un opérateur contractant sur cet espace et y admet un point
fixe unique. CQFD.

On a de méme, unicité de la solution des équations (2) ou (3).

IIT. Application aux dénombrements d'hypercartes

II1.1. Dénombrement des hypercartes planaires pointées

La considération simultanée des égquations (1), (2) et (3) du théo-
réme 2 permet de déterminer trés simplement un systéme d'équations
paramétriques dont la solution est la série génératrice sf J(1,s,f,a)
des hypercartes pointées contenant au moins un brin, décomptées en
fonction du nombre de sommets, de h-faces et de h-arétes. On donne

ensuite le terme général de cette série (corollaire 1 du théoréme 3).
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Théoréme 3 - La série génératrice sf J(1,s,f,a) qui décompte les hyper-
cartes planaires pointées ayant au moins un brin en fonction du nom-
bre de sommets, de h-faces et de h-arétes est solution du systéme

d'équations paramétriques (ol A,u,v sont les paramétres)

£:f s = a(1l-p-v), £ = u(l-v-21), a = v(1-r-y),

sfJ(1l,s,f,a) = apv{l-a—p-v)

Démonstration

Dans 1'algébre Z[[s,f,a]] des séries formelles en les variables commu-

tatives s,f,a, 1'équation en u

uf 1

u=1+ 1-us(1+ J{u,s,f,a)) (1 + K(l—us(l+J(u,s,f,a75 » 8,0,a))  (e)

admet une solution unique U = U(s,f,a) (cf. Remarque du théoréme 2).

Si l'on pose

~ ~ 1 )
Vo= Vi(s.f.8) = 5T U, s Fa)) (1)
1'équation (e) s'écrit
~ 1 .
Uls,f.a) = vV, s, 5oa)) (i)

De plus (i) et (ii) entrainent que V(f,s,a) est également solution de
(e), et donc est égale (par unicité de cette solution) a U(s,f,a).

En substituant U = U(s,f,a) et V = V(s,f,a) respectivement a u et v
et en utilisant les égalités (i) et (ii), les équations (1), (2) et

(3) du théoréme 2 s'écrivent, en posant

J = J(U,s,f,a) et K = K(V,s,f,a).

J = UV(1+J)(a+fK) (1)

K = UV(1+K)(a+sJ) (2)

K = V(1+K)(a+fK) + Vs Ei\ll__fiﬁ%_) (3)
Or, par (i) et (ii), 1+J = Y:é et 14K = %%%
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Donc, (1), (2) et (3) donnent en éliminant J et K :

D
L

(2-U+UV(f~a))

]

T
L

(2-V+UV(s~a))

3

UPv2rsi(1,s,f,a) = (U-1)(V-1)(UVa-1) + fUV(V-1) + sUV(U-1) - UZV2rs

soit
_V=log U%va )
S = uv TFV-uv
£ U=l uva )
T UV U+V-UV
2,2
sfJ(1,s,f,a) = iH:l%%Y:ll a (1 - _9_!_3__5)
{(U+V-UV)
-1 Uml N
Posons ) = ~ v =g » 2= v(1l-x-p ) dans ce systéme.
On obtient alors le systéme d'équations paramétrigues annoncé. CQFD

Remarque - La forme paramétrique obtenue pour la série génératrice
sfJ(1,s,f,a) montre son invariance par permutation quelconque des va-—
riables s,f et a.

On sait déja (dualité) que sfJ(1,s,f,a) = fsJ(1,f,s,a). D'autre
part, 1l'opération géométrique qui consiste & remplacer le brin
pointé d'une hypercarte planaire pointée par son brin opposé est

une bijection deg% sur-gfqui échange h-faces et h-arétes. On a donc

sfJ(1,s,f,a) = saJ(1l,s,a,f). CQFD
Corollaire 1 - Le nombre d'hypercartes planaires pointées ayant
ml(zl} sommets, mg(al) h-faces et ms(zl) h-arétes est donné par
3 m —-1+1
2w ")(" e
g=1 [ Jy
ou
co1_ . Ik Jidpdg ™ty 1z-d;
k=1 k—1+1k mlmzm3 1 1+11 m, m3
m2—1 ié 11-j1 B m3—1 il i,-3,
m2—1+12 3 m, m3—1+13 1 my
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ion porte sur les (im,jg) tels que

15253
1 £ 4% £ 3 et
“Jptdgs Myl = dg-Jgtdy, mg-l o= iy-Jg+], -
Dans le cas ou mk = 1, on fait de plus les conventions

m, -1
= 0, K 1 si i, = O.

si i, = :
mk—1+1k k

N

L'application de l1a formule de Lagrange a trois varia-

paramétrique & donne une formule relativement compliquée

dont le corollaire 1 fournit une forme simplifiée. On peut encore trés

certainement la réduire.

Un cas particul

le dénombrement
Corollaire 2
1. La série

décomptées
bre de h-fa

(21) Ty =

ier du résultat obtenu au théoréme 3 permet de retrouver
présenté par T.R.S. Walsh (cf [7])

génératrice S(f,y) des hypercartes planaires pointées
en fonction du nombre de h-brins (variable y) et du nom-

ces moins une (variable f) satisfait aux équations para-

métriques (paramétre p)

3
P , S(f,y) = (14p) - —P—— ¢

2
(1 + %ga)(1+p)2 (1-p)

2. Le nombre d'hypercartes planaires a n h-faces et m h-brins est

m-n

Ly 2 P (2M ) (er 7)),
Démonstration

1. Par 1a formu
(cf [3]), on a

S(f,y) =1 + J(
dans J(1,s,f,a)

le d'Euler pour les hypercartes planaires pointées

N

1,y,fy,y) obtenue en substituant fy &8 f et y a s et a
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On déduit alors facilement du systéme r (cf théoréme 3), que S(f,y) est

solution du systéme

y = a(1l-x~-p)
fy = u(1-2x)

fyzS(f,y) = xu[(l-x)(l—u)—{]

D'ou, en posant x = I%E et en éliminant u le résultat annoncé.
2. L'application de la formule de Lagrange a une variable au systéme
(21) donne le terme général de S(f,y) sous forme de quatre sommes qui
aprés simplification donnent celle obtenue par T.R.S. Walsh. CQFD.

I1T.2. En application de la décomposition bijective (a) du théoréme

1, on a les résultats suivants

Proposition -~ 1. Le nombre d'hypercartes planaires pointées ayant une

seule face et n h-brins est le nleme nombre de Catalan : B%T %?}

(cf [3]).

s

2. Le nombre d'hypercartes planaires pointées dont tous
les sommets appartiennent a la frontiére de la h-face extérieure

et gqul ont n h-brins, n » 1, est

n-1 n n i
z (.. (L) 2% .
i=0 i+1 i

=Rl

Démonstration - 1. Les hypercartes planaires pointées de gfawant une
seule face, ont une hypercarte intérieure (cf théoréme 1) réduite a
1'hypercarte {g}. Si on note Jo(u,s,f,a) la série génératrice décomptant
ces hypercartes, les variables ayant la méme signification qu'au II.2.,
on déduit facilement de la bijection (a) du théoréme 1 et de 1'équation

(1), que Jo est solution de 1'équation

u(1+JO)

J0 = 1-usfl+Joi - @ (4)

Si l'on substitue 1 4 u et y a s,f et a dans {4}, l'exposant de y donne
le nombre de brins de 1'hypercarte (par 1'équation d'Euler pour les

hypercartes planaires) et (4) donne, en posant j = 1 + Io(1,y,y,y)
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. 2 \
Jo =1+ 35 (ar)

d'ou le résultat annoncé.

2. Les hypercartes planaires pointées de gf‘jont tous les sommets appar-
tiennent a la frontiére de la h-face extérieure ont une hypercarte
intérieure ayant un seul sommet. Si 1'on note Jl(u,s,f,a) leur série
génératrice, ol les variables u,s,f,a ont la méme signification qu'au
IT.2., on déduit deila bijection (a) du théoréme 1, et de 1'équation

(1), que J1 est solution de 1lféquation

u(1+J1) 1
Jyluss,f,8) = 75 T+7 ) (arf J, (g 1+7) f.s,a)) (5)
Posons jl = Jl(l,y,y,y) et ho =J L s YaYLY) -

o l-yjl

L'exposant de la variable y donne alors le nombre de brins de 1'hyper-

carte et {(4) et (5) st'écrivent

1 2
h, = T:§TT:EIT Y(l+ho) (4)
_ y(1+3,)
1T T (1+h.) (5)

D'ou, en éliminant ho’ jl est solution de

Iy = y(l+j1)(1+231),

ce qui par la formule de Lagrange donne le résultat annoncé. CQFD.
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ABSTRACT

Prefix—free words of a given language L can be obtained within the frame of the
classical problem of random words. If mis the number of prefix—free words of length
n of L, we find here the functional equation verified by the generating function &
of theUn's, and solve this problem with exact and asymptotic formulas, for two kinds
of languages : the two-sided well-balanced parentheses over the alphabet

A ={a1,...am, 3‘1,...'5"1}, and the palindroms over A ={a1,...am}.

I. INTRODUCTION : OBTAINMENT OF PREFIX-FREE WORDS OF A GIVEN LANGUAGE WITHIN THE
FRAME OF THE CLASSICAL PROBLEM OF RANDOM WORDS.

Let A ={a1,...am} be an alphabet of m letters. At each discrete time t=1,2,3...
there is a drawing with replacement of a Letter of A, in an equally likely way (each

letter has the probability 1/m). So an infinite random word@= 3iq AjpersBj ee- is

obtained, and Leta)[n]=a1-1...a1-n be the left factor of the n first letters. If&is
an event concerning the factors of @, a classical problem is to consider the random
variable X equal to the first time n at which 5“38 obtained, in particular to compute
the expectation E(X) [Fet 68] [Com ?O](e.g.&can be the event : "each letter has ap-
peared at the lLeast K times in(')[n}“ [ER 61}).
We consider here a language L over A (L is a part of the free monoid A* generated
by A) and the event :"a first n such that(aﬁ\]is a member of L is obtained” ; then
m[n]is a prefix-free word w of L (w = w,] (P w,]eL»w,]:w, w2=€the empty word).
Problems related to this approach and concerning the probability Pr(g) and the ex-
pectation E(X) (when Pr(g) =1) were previously studied in the frame of absorbing
Markov chains [FeL 68]-

In recent works [BT 83] [BT 84}, the probability Pr(G) and the conditional expec-—
tation E(Xig) were studied for several classes of languages. I1f8 is the number of
prefix—free words of length n of L, PF(E,} and E(XI&) can be expressed [BT 84] by

means of the generating functionvof the Un‘s (6(2) =Za;2n) : Pr(g) =6(1/m)
’ n37 /
exi&) = B/m/mBAs/m (this formula is true even if the derivatived (1/m is
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infinite). A non trivial example is the so called Goldstine language [GoL 72]
" ne Nk
G ={a ba b...a b/ k21/V1'n_i 20/ 3i, i# ni}, partially studied in [BT 83]

Z nin+t1)
ifeis the transcendental theta function (e(Z) = 30 2 ), then we obtain here

6(2) 1+( -1 ) (6(2) =1} (*) by writing (if P is the language of the prefix—
1-2 A
free words of G and &~ U{a }) : Po= (a*\ a)buu ab azb...an”1 b(a*\an)b) ;
nz0 nz2
50 Pr(&) =6(1/2)=1 , and E(Xl&) = E(X) —6(1/2)/2 4 (B1/2)-1) = 2.56653...

- i(i+1) nn+1d
(with an approximation ofe(Z) by Z 2, with an upper bound lzl~ 2 /1-{zb
9=

. = _iGHD Cany . . -
for the remainder izn I——5—=~ (here n=8)); the formula (%) allows to obtain asympto

tically here :
Va2 - 372 + 01/\fm gb’n sNZn - 172 + 01N <\2n, by computing the greatest
integer k, such that kn (kn +1) & n (kn: t—1+ V1+8n J)-

2

So it appears interesting to compute 5 , exactLy or at the least asymptotically,
the more so as the radius of convergence @ = =1/ tim K , vemfymgeé[?/m ’l] , occurs
in the entropy (h=log ’I/e E(Lﬂ ?O}) associated w1th the language P of the prefix-free
words of L. We will examine the previous problem for two kinds of languages, obtai-
ning functional eguations forv(they arise in enumeration when a recursive procedure
is given for "building" the objects that are being counted [Ben 74] ). We assume the
reader to be familiar with elementary notions of formal languages theeopry [Har‘ 78].

II. PREFIX-FREE TWO-SIDED WELL~BALANCED PARENTHESES OVER A {a1,...a ,a1,...am

We consider first m different left parentheses : (1, ("'(m’ and the associated

right parentheses : )1, )2,...)m ; it is convenient to denote these parentheses as the

letters of an alphabet A ={a1,...am, ET],...;”}- Let L be the language of the two-sided
well-batanced parentheses over A, generated by the simple grammar :

S a; Sa-i S + -a-i S 2, S +€&, i=1 tonm [Har 78]. The context—free language P of the
prefix—free words of L is generated by a slightly more complicated non ambiguous

[Har‘ 78]gr‘ammar‘ G :

m
e a.S.;+£a—?a $->E+£a.8 a. s, + Z: 3.5, a. S.(i=1to m
1= =N 391085 5595 5 S50 5 55 8 %

M
S+& = 35 a5 + .2 a s 35 (=
s;>¢& 5095085 a8, <7 7 558 UsTtom [Ber 79]

The generating function of P is algebraic, according to a classical theorem of
Chomsky and SchGtzenberger [CS 63] about the non ambiguous context~free languages ;
it is a component of a system of poLynomiaL equations, obtained by the following
substitutionsin G : rulas become equalities,Ebecomes 1, a, becomes Z, variables be-

come generating functions (the axiom S becomes the generating function T of p ;
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S1. (5‘?1.) becomesP‘-(Z) ('P;‘(Z)) the generating function of the language Pi (51.) generated

by G with Si(.s.i) for the axiom). Because of : on the one hand, the symmetry between
the rula beginning by Si-” and the corresponding rula beginning by 51.—9; on the
other hand, the symmetry of the parts of the letters Agreeea, 5',],...a’m, the langua—
ges P and I?1 have, whatever i, the same number of words of length n, for any n, i.e.

V1€[1 mJ Bi(» “BJ(Z) ~ﬁ (Z). Hence the system :
U(Z) 2 mZ P(Z) F(Z) 1 + 2(m- 1)12{ﬁ(1)]2, and verifies the polynomial func—

tional equation : (2m=1 [T@)% - 2n B + 4 n° 2° = 0.

O =0 ((Tw =%;b’n M=l = " V1~ 4(2m=1) zzl on 12 ;
w

n-1

62n = 2m(2m-1) Cn’ with Cn for the nth Catalan number (2(n—’1?/n, so that asympto-

n-1
tically 62 n nl 23n 2 V“n (and the radius of convergenceeis 1/2N2m=1).

By means of U(Z), we obtain, considering the previous problem of random words :
M pr (&) =TA/2m) =1/ Cn=1) ,
4
@ ext&& =T/em/enT1/2m = 2 + 1/ (n=1)_if m>1,00if m=1 (B1/2m) = 2m/(m=1)).

III. PREFIX-FREE PALINDROMS OVER A ={a,...a }
1 m

We consider now the language L of the palindroms over m letters CEPEREL N

(w = a, 3. ...a, is a palindrom if it is equal to its mirror image w =a, ...a, a,
i 3 i i i i
1 2 L t 2 1
and if its Llength lw’ verifies lw‘;Z). The case m=2 is particularly simple : the pre-

. n-2 n-2 -
fix-free words of length n are a a, a, and a2, a, as, SO D,n—Z and

1 —————

/
o -%D’ " = zz , whence pr&y = Bsay =1, exI& = g0 =Barayz = 3.
-7

We consider in the following the case m>2 : the language P of the prefix~free
words of L is no more context-free [Bea 83]and we cannot use the method of 1I.
We will prove first & recursion formula indicated in E3T 83_] :

Theorem 1 : Y
27

= Zn -1 ‘62 =n - B: mn~1’ (n32)

i=2

1
Proof : (1)32= m (these palindroms are all the a; a; s)
(2) Because of symmetry with respect to the middle letter x (x&€A or x =€,
according to the evenness of n), we obtain :

card(LnAn) =m L(nH)/ZJ_ we assume nz2 in the following.

(3> We consider now the complement PﬂAn of P"'|An in LnAn and its "building".
Let wiPnAn : wElL, WEN, Wo, w,]€ P, W, # £ ; for obtaining w, we can :
- begin with wqunAz, complete with L(n+’l)/2_j-2 letters selected in A, and final-
ly complete by symmetry.
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-~ begin again with w1€ PnA3, etc..., next to w,lePnA L(n+1)/2J

: k
-possibly go on beyond : w,leF’nA , k> L(n+’|)/2J

The next combinatorial lemma points out that it is impossible.

(4> Lemma : Let w&P AT L, WwW=w, w,, w.&EP, w, #£, then
Lemna n € 1 M2r ¥ 2

byl € Lt /2d.

Proof : Let us suppose the contrary ; then : on the one hand,
WEL = w=fx fT (x€A or x =€) ; on the other hand, by hypothesis :
bl 2 L(n+‘!)/2_‘= {1 + |x}, whence :3h # €, prefix of fT, and suffix of w

schematized by :

1 ’

L(n+’|)/2J

T
/____ﬂ\‘x:(______f.\
‘< ~e Ny ’/
T~ M -"Th Tt
h# £1 (u, #€), then f' =hk, k#€; t = (f)' = k' h', whence w,=fxh = KThT b ;

W EL W, =w,].r =h Txhk=l k, LE&L, with k #€&: this is inconsistent with W EP.

(5) So (3) yields, with (4) :
— Lin+nz] ; L1 72) -
card(PMA ) = - card(PA) m , whence
=2
Lin+1 /2] (n+1)/2} [z} -4
with (0: F =m - T " ’,
i
. _ _ . n_ n—i
fee By B = -2 B, o

i=2
By manipulating formal series, a functional equation for B can be obtained :
Theoren 2 : B2 /1 - mz2 = mlz4/1 - mz®) - (B2 - mz2)/1 +2)

Proof : (1) B = mz +§_‘_ B, @'+ 2®") because of U, =8 ; it yields :

1 2n
Br= mi® + s Z T, ! 220y
n32

(2 It can be noticed that (1f 1zl <i/m) /1 - m2 =

Z (25 m I) 7" z (m" - ) 2" (theorem 1,
nz2 i=2 nze
so T/ = mz = 2°/1 - m) - % 5, .

P 2n

(3) changing Z into Z° (so necessarily lzl <1/V®), the previcus eguality
becomes : B2/ =~ m° = (n°2%/1 - m2®) - é T, 277, ine. with (1) -
nz

B /1 - 2 = wP2* 1 - 022 - @(B@ - m°H/1 + 1)
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This functional equation may be solved by iteration (see also &RS 84 [FS 85]for
analogous equat1ons Llike (2) =0(2)fCz/2) +P(Z)), remarking that
B =a Td +B D

Theorem 3 : 8 is a transcendental function, having infinitely many singularities
(1/m1/29) p31 , given by :

p-1 k
S - 2 <p<z %) TT X2 0, withd@ =
k=0

pz0

- @+ /z01-m2%) B = n2° A+ /1 - m2°

P P P
(0B = 2= n-DF 22* 122 4md® )

P20 1.2 A-n2® -m® ... A-m2®th

Proof :

(1) It is easy to obtain®(Z) = <(z+1)/2¢1-m2%) and p= nz%1+m2) /1-m2°, such
that T =o) Tz tp@ o

(2) By 1terat1on of (%), 25(2) -0(<z)'6<z ) +B(D) = o1 "

B +q<z>p<z )y +(2YR(ZD T =..., so T =% <p<z ) 1To(<z M ;
pz0 k=0
this function (if it is converging) is effectively a solution of (*)

(B =B +&x»[pad +otc22>p(z")+...] =p@ +A@YFEM), so the eventual
solution is unique.
(3) We will prove now the convergence of the infinite sum givingU(Z). It is easy

to obtain :

B p- k p p p
f @ =pa®) T 4@y =ne-P 27 127 emd’
P k=0

1-7 A-mz2) (1-mz% ... (1-mz2P*

The convergence of the series fp(Z) may be reduced to that of the series

‘Z?p , then to that of the series
U=m }2J2 A=n [ % ... -]z} 2P

D p
1° 3p., p>p, > m [zZ§°  <1/2) which is converging ¢ JZ{<) @R

The radius of convergenceeis 1/vm, the minimum modulus of the singularities

[Hen 77}.The formula of the theorem 3 for ¥ allows to obtain at any order expansions

in 1/m for Pr(&) and EXIE), e.g. Pr & = 2/m+1/m2+1/m3—1/m 1/m 2/m6+0(1/m7),

EQIE) = 5/2 + 7/14m = 1/8n° + 01 /mo).

We will prove now :

- - - - -2
Theorem 4 : if n32, m" -2m" ! -3n" 2 <U2n <n” -2m" ! +m(so 62n=mn -2m" 1+O(mn 3)
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Proof :
(‘!)Kznsmn because of the theorem 1 ; by iteration, using again this theorem, we ob-

tain after a computation :
b’l,q > nd [1+m - 3%+ mqﬂl fom=1)
54q+22 no*! [2 -3+ quJ / {m=1) ; these two formulas give

1 n n-1 n-2

n-1 -2 zm - 2m - 3m -
m=1

Ton 2 m" - 2m

(2> 1f n32, thenb’zn/m(m-ﬂ is a polynomial of the (n-2)th degree in m, of first

term mn-2-
Indeed U[’ =m(m-1), then we use recursion arguments and the formula of the theoremi,
with 62 =m. The coefficients of this polynomial in m are integers, so its value is

an integer, greater than or equals to 1 (UZn #0), whence D—Zn 7 mlm=1J.

(3) By iteration, with Uznz m{m=1), using again the theorem 1, we obtain :
5 <mn—2mn"}I +m
2n ™~ -

IV. CONCLUSION

A generalization of this problem to any probability distribution

p ={pqs---p} over A = fa.,...a Y is studied in [B7 83] ,[o1 84] ,[o7 85].

Later results should be obtained with analytic methods relating asymptotic proper—
ties and singularities of functions (Darboux's theorem, Mellin transform) ]Ben 74]
[Sed 83] [FLa 85]or perhaps multivariate generating functions[GJ 83] [FRS 84].

The results in this combinatorial domain have some applications in computer science,

e.g. for new paging and decoding probabilistic algorithms [BT 85].
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COMBINATORIAL REPRESENTATIONS OF SOME LIE GROUPS AND LIF ALGEBRAS

F Bergeron, Dépt. Maths et Info, UQAM.

L.introduction

The aim of this paper is to show that interesting combinatorial interpretations can
be-given to some aspects of Lie group technigues used in the study of symmetries of
linear second order partial differential equations (PDE) of mathematical physics. We thus
show that group-theoretic methods of special function theory can be reformulated in a
combinatorial set-up.

Let R be a partial differential operator (of order two) defined on the space of
analytic (around the origin) functions F(x)y) in two variables. A linear differential

operator of the form:

L = Mx,y)8/8x + P{x,y158/8y + Glx,y)

is said to be a symmetry operator corresponding to R, if and only if:

[LRI=LR - RL = F(x,y)R

where the function F may depend on L. Observe that symmetry operators map solutions T,
of the PDE "RT=0" , into solutions of the same PDE . Moreover, the set of all such
symmetry operators is a (complex) Lie algebra, with the usual Lie bracket. These Lie
algebras permit a systematic study of the coordinate systems for which the equation
admits separation of variables. For more details on these methods, see W. Miller's book,
Symmelry and separation of variab/es . The special functions arising through such
separation of variables can then be studied by group-theoretic methods. We will give
combinatorial meaning to this approach.

A linear combinatorial operator & is a functor from the category of species (in one
or more variables, with or without weights) to itself, preserving sums and products by
“constants”. Constants are species that are empty on all non-empty sets. For a
description of the theory of species of structures, see AJoyal [J1]. For more results
involving differential combinatorial operators, see G.Labelle[L1].

The cardinality Card(3%) of a combinatorial operator is the corresponding operator

on power series associated with the species involved. Thus, a combinatorial model for a
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differential operator L is a combinatorial operator & such that: Card(X)= L. We will
give combinatorial representations of Lie algebras of linear differential operators in
terms of "algebras” of combinatorial operators. Typical calculations involving Lie
algebras and the corresponding Lie groups will have combinatorial interpretations and
proofs.

Several authors have worked on combinatorial models of orthogonal families of
polynomials, see Bergeron, Foata, Garsia, Gessel, Ismail, Jiabelle, Leroux, Mullin,
Remmel, Rota, Stanley, Stanton, Strehl, and Viennot [ see bibltography]. All this work
points to a more or less uniform combinatorial outlook on models of orthogonal
polynomials. This has already been stressed in [B1], but we believe that a deeper insight
into the subject can be gained by the methods first introduced in a special case in [B2],

and generalized in the present paper.

ri r

Let us simply write & = %, when two combinatorial operators & and % (over the
same category of species) are isomorphic as functors. The "sum” X+% and the "product”
&% of L and 3%, are defined respectively as pointwise sum and usual composition of the
corresponding functors.

We have thus given sense to the concept of algebra of linear combinatorial
operators over a category of species. For the moment, let this category be the category of
two sorted species. Then we consider the operators §/8X and §/8Y which, for given

species T and given finite sets A and B, are defined by:
(6/5x T) [A,B] = T[A+{*},B]

(5/5v T) [A,B] = TIA B+{*]]

Consider also, the operator "Q" corresponding to multiplication of two sorted species by a
fixed two sorted species Q. This fixed species might be for example one of the species X

orY such that:
{A} ,if B is empty, and A has exacly one element
X[AB] =
1] , otherwise.
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1B} ,if Ais empty, and B has exacly one element
Y[A,B] =
& , otherwise.

Now, recall that the cardinality of a two sorted species T is:
Card(T) =T(x,y) = Z ta. k ¥"U* /nikt, summed over all nand k in IN.

where t, 1S the number of element of T[A,B] , with A any n element set, and B any k

elements set.
Hence, since Card(XeT)=x.Card(T) , and Card(5/8XT) =(§/8x)Card(T), we conclude
that the cardinality of the operators X is x , and that of §/8X is &/8x.
Note: in conformity with local traditions, we have adopted here almost the same
notation for a combinatorial operator and its cardinality: we use capital letters in
the "combinatorial” world and lowercase letters in the "analytical” worid.
in the sequel of this paper, an important role will be played by the operators
X-8/8X, ¥-8/8Y , X-8/8Y and Y-8/8X , obtained by various compositions of the operators X , Y
, §/8X and §/8Y.
in general, let & and % be two linear combinatorial operators. Then, the following
identities are easy to verify:
PROPOSITION 1
(1) Card(L+%) = Card(X) + Card(%),
(2) Card(Z%) = Card(R) Card(%),

where the operations on the right-hand side of those jdentities are respectively point-

wise sum, and composition of the linear operators Card(B) and Card(96).

3. Lie bracket
Throughout this text, a typical structure t of a typical species T will be

represented by the following picture:
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Figure 3.1
Here, the white circles represent labelled points of type "X"; and black squares, 1abelied
points of type "Y". The thick lines are there to help distinguish between points of the two
kinds. The labels are not shown for simplicity's sake.
Thus, the effect of a combinatorial operator &, can be illustrated by showing how
typical structures of species BT, may be constructed out of T-structures (structures of
species T). For example, the effect of operator Y-§/8X is to ‘replace”, in a typical

structure, any designated point of type "X" by a point of type "Y™:

i VD)

L N, iy

N 0O S R

——i WAL FIESIELE

Figure 3.2
Likewise, the effect of YX-6/8X is to "attach” a point of type "Y" to a selected point of

type "X"

L) A

j—::;:” O
—J m ——
—~

Figure 3.3
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We are now ready to show the following, where the brackets [-,-] denote the usual Lie
multiptication: [A,Bl=AB-BA
PROPOSITION 2

() [6/8X,Q) = Q' , the aperator QO is multiplication by a Fixed species Q,

ang Q' =d/8XQ as g species.

(2) [Y-8/8X, X-8/8X1 = Y-8/8X , and hence 18/8%,%8/5X] = 5/8% .

(3) [X-8/8X,X2.5/5X] = X2.6/8X

(4) [Y-8/8X,X2.8/8X] = 2.YX-8/8X , and hence [5/8X,X2-5/8X] = 2X-5/8X
Proof. These identities are all shown easily. As an illustration, iet us prove the fourth
one. First, set B = Y.8/8X and % = X2.5/5X. Now, we want to compare the operators L%

and %3 . They have almost the same effect, with the exclusion of two possibilities, both

of the form YX-5/0X. The effect of 3% on a typical T-structure is twofold:
A A

4

e

o
)

- _‘”{—1\ &_“*C) E;f_eD 1

Figure 3.4
We start by attaching a point of type "X" to a point of type "X" , and then, we replace any
point of type "X" by a point of type "Y". Those actions commute in most instances, with
the exception of the cases when, the replacement is done on one of the two points

involved in the first step. In those cases, we obtain structures having the foliowing
aspect:

Figure 3.5
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Both of which can be tought of as typical structures obtained from T-structures via
YX-8/0X. We thus get [B,9%] = 2:YX-3/5X , where the "2" expresses the alternative between

case 1 and case 2.

4. One parameter groups

Let B be a linear combinatorial operator, and write exp[&] as shorthand for the

formal expression:

op[E] = Z B/ o, summed over all nin M.

whith 39 equal to: 1 the identity operator.
Gilbert Labelle in [L1], has given a combinatorial interpretation of the division of
B by nl, for operators of the form B = [Y/(1-Q)]-6/8X, with Q a fixed species. This

division plays a crucial role in an explicit description of &xp[%] As a special case of

Labelle's results, we get a combinatorial version of Taylor's formula, giving the
description of explY-8/8X]:

DPIY-5/8X] TOX) = TOX+Y)

Here T(S) is the species obtained by substitution of Sinto T.

Note: A combinatorial description of explY-FB] is equivalent to the resolution of a
combinatorial differential equation. G.Labelle has shown in [L2] that it is not always
possible to solve combinatorial differential equations. Thus a combinatorial description
of explY-B] is not always possible in the context of usual species. It is, however, in the
context of L-species (see Leroux-Viennot in this volume). For an operator & which does
not depend on Y, Jet us observe that when oxp[Y-B] can be given a combinatorial
interpretation, then we can give a combinatorial interpretation of the substitution FY-T}
of Y-& into any species F. We define F[Y-B] by its action on two sorted species T(X,Y) . Let
A and B be two finite sets, and define:

FIV-21 (T) [A,B] = FIB] x {eply-B] (T)}IA Bl
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For the following special cases of operators, we also know how to interpret this
exponential:
PROPOSITION 3
(1) exp[YX-8/8X] T(X) = T(Xemxp(Y))
(2) opiX2-5/8X] T(X) = T(X/(1-X))
(3) oxplx2.8/8X + YX] T(X) = mxp(YsCycle(X))oT(X/(1-X))
where X/{1-X) /s the species of ‘thains" (tolal oraers) orf points of type X, and
Cycle(X) /s the species of cycles”
Proof
(1) is folklore, it is @ good exercise for the reader.
(2) 1s a consequence of the following observations. Note that a structure of species
(X2:3/8X)T is constructed out of a T-structure "t", by attaching (possibly empty) chains
to every points of t, with n equal to the total number of points in these chains; then to alt

the points in these chains we assign distincts numbers between 1 andn :
i’ )—(—;J——-e—«r ‘—‘—{g\F—i—{'—\

w

&
&)
&
@)

Figure 4.1
This is verified by a recursive argument. in fact, the structures of species (X2.5/8X)n+ 1T

are constructed out those of species (X2.§/6X)nT , by insertion of a new point labeled
‘n+1" in one the chains as follows: start by selecting any point of the (X2.§/8X)nT-
structure. The new point is inserted, immediately “before” this selected point, in the
surrounding chain. To divide (X2.6/8X)n by n! , we forget the labels. Finally, if n is
arbitrary, we get a description of exp[X2.8/8X], as an operator identified to the operator
that substitutes X/(1-X) to X into species.

(3) is obtained in a similar way, by describing how to successively insert points in
a structure of species T, with operator (X2.5/6X +YX). Let us only present geometrically,

the resutt of n (= 16) such insertions:
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Figure 42
The ingertion in a cycle is also done just "before” the selected point.

5. LiE ALGEBRAS AND LIE GROUPS
Let &5,,%,,..,8, be linear combinatorial operators over the same category of

species. Consider the set K[%,&%,, .,8,] of formal linear compositions
ay & ra B, +a X, with coefficients in a ring K with unity. We will work with
operators for which it can be shown that all Lie brackets [£i,33j] =85;8;- 5%, for

I<i,j<n , are linear combinations of &,,8,,..,8,

z

. Thus we clearly have a Lie algebra
structure on K{R,, 55, .., B, )
EXAMPLE:

Let By= §/8X , By = X6/8X and By = X2 §/8X . And, recall that: [B,,8; 1=&,,
[B;,B5]=85 and [B,,8B3] = 285, . The Lie algebra, thus described, is isomorphic to

A2(2), the algebra of two by two matrices with trace zero. To verify this last assertion,
set:

[o -1] [12 o] [ o O]l

Ly = | | . L= | Lana Ly=|
[o o] | o -1/2] [ 1 o]

which gives a basis of 8.£(2). The isomorphism that sends &; toL; , 1<i<3 , preserves Lie

brackets.

The elements of the Lie group, cofresponding to this algebra,are of the form
oplaz Bzloxpla; Bl oxpla, B, ] in a neighborhood of the identity of this group. From

proposition 3, we easily deduce:

OPIWE )} P25 ) oxplYB,] T(X) = T(exp(Y)e{Z + (X/(1-WX)})
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with v,Z, and W representing three different sorts of points. Thus, using proposition 3,
we obtain a combinatorial interpretation for the well known representation of SL(2), as a
group of operators acting on analytic functions of one variable. Recall that this action A
[ 3]
Al [ FOO = F(ixek)/¢jxn)

L*

is defined by:

6. LAGUERRE POLYNOMIALS

Now that we have described all the basic concepts needed for our discussion, let us

study, through examples, how useful results can be obtained by means of combinatorial
Lie group representations. Consider the algebra Zlo, tl3B,8,, B3, B4l with:

By = (Y/X)X5/6X - t6/6t} By = X6/8X
Bz = X28/8X + tX§/6t + tX + X B4~}
In &y we have a formal division by X which becomes a real division by % in the analytical

“world". Those operators act on the Z[o,t]-weighted species obtained by substitution of
tX for W in any three sorted species F(X,W,Y) , with weight in Z[x] We write F(X,Y) for

FOX,W,Y)w=tx . A typical F¢(X,Y)-structure can be represented as:

0 o

Figure 6.1
The circular points with a dotted pattern, are the points of type X having weight t.

Note that t6/6t , as a combinatorial operator, corresponds to pointing a2 dotted
circular point. Thus we can see that the effect of B, on Fy-structures, is to replace a

circular point, without dotted pattern, by a point of type Y. Moreover, the action of &3 on

typical Ft-structures, is that of adding a new point in one of the four following ways: The
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first and second one (corresponding to tX and «X), add an isolated point respectively with
weight t (dotted circular point) or o . The last two possibilities (X2 §/8X and tX&/5t),
both attach a new point to a previously selected one. We have already explained how X2
8/8X acts. The action of tX6/5t is similar, but with the condition that the point selected
for an adjonction is a dotted one. To differentiate between these last two constructions,

we represent geometrically tX5/5t in a distinct manner (see figure 6.2):

L 0

W ALL POSSIELE ™,

i WAYS

Figure 6.2
The attaching arrow is oriented in the opposite direction to the one selected in figure 3.4

to represent X28/8X. Then the dotted pattern (weight) of the selected point is transferred
to the new point.

Now, the Lie algebra structure on linear combinations of &,,5,,&z and By, Is
characterized by the identities:

[B),84)=[B5,54]1=[83,841=0
[B,8,]= &, (B2, 831 = &3
[By,B3l=28, + By
which can be deduced as in propesition 2.

It is also straightforward to verify that [(B335,+5, ), 831=[(F;2 + aB,), Bl Or in
other words, if we write ®, for (B3 3,+35, -B,2-al,) , that [R, Bz] = 0. We conclude
that, if T is a species such that ®T =0, then R-op[Bz] (T) = 0 . Weisner, in Grouw -
Thearetic origin of certain generating functions (W1}, has shown how generating
functions and identities, for families of orthogenal polynomials, can be obtained by
studying the action of a Lie group of a differential operator, on the solutions of a PDE

"RT =0". Essentially, what we have just outlined, is a proof of:
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THEOREM 1
The cardinality of ©p 831 (V) /s @ formal power series of the form:
Card(op[Bs] (1)) = ZLn(oc;t) xn/nt = op{tx/(1-x) + ocleg (1/1-x)}
where the Li(o;t), are Laguerre polynomials. The L(ot) also sastisries the aifrerential
equation: nY = tY" + (x+t)Y' (with Y=L {ox;t) and Y'=5/5tY}.

For more details on these results, and proof of several other identities, see [B2].

7. KLEIN-GORDON EQUATION

Let us study another kind of example for combinatorial Lie groups and their

manipulation. Gver two sorted species, consider the operators:
L= 8/0X , By =5/8Y , and Bz = YB/5X + Xo/5Y

for which, we Clearly have:
[B1,8,1=0,[8,,85]= 8y, and [B, B3] = B,
as well as:
LEMMA 1:
[8312,8;] = [8,2,83] = 28, 5,
Proof: It is easier to study Z&, instead of & , and then set Z equal to 1 . The effect of

{Z33,)253 on typical structures, is first to change the type of a point of type X to Y, or

vice-versa. Then, we successively change two different points of type X to type Z. The
only possible obstructions to the commutation of (235,)2 and &5 , occur when the points,
on which we would want to perform changes, “collide”. This can happen only when the
first change is a replacement of a point of type Y by a point of type X . And then, when

this same point is further replaced by a point of type Z, either in the first or the second
application of 5, .

Thus, [(Z52)2,551=272 53,53, showing the first identity. By a symmetry argument,
we also have : [B52,85 1= 285,
We conclude that:
THEQREM 2:
The operators By , By , and Bz form 7 basis (as a vector space) of 7 Lie
algebra of symmetry operators ror the Klein-Gorden differential operator:
62/6%2 - §2/6Y2 + o
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Proof:

From lemma | we can conclude that 3 commutes with the operator §,2-%,2 Since &3
also commutes with o1, the theorem follows immediately.
The Lie group corresponding to this algebra, is a representation of Poincare’s group

for two-dimensional space-time. That is to say, it is isomorphic to the group of matrices

of the form:
cosh(z) sinh(2) 0
sinh(z) cosh(z) 0
v w 1

More precisely, we show:

PROPOSITION 4

oPl253) xp VB, 1 plWB,] T(X,Y)

T(Xecesh (Z)+Yosinh (2)+V,Yocesh (7)+ Xosith (7)+W)
where sih (Z) and ceskh(Z) are respectively, the species characteristic of odd and even
sets, of points of type 1.
Proof: We only need to describe exp{Z%5], since everything else has already been done.
Now, &5 exchanges the sorts X and Y, and the Z in Z&x can be thought of as a counter of

exchanges. S0, the effect of @xp[Z%s] on typical structures, is to attach to each point of

these structures, a set of points of type Z. If this set is even, then the point to which it
is attached is of the same type as it was originally, since it has been changed an even
number of times. Otherwise, when it is odd, the original point was of the other type. This
argument shows that:
oPl2B3] T(X,Y) = T(Xecesh (2)+ Yesink (Z), Yocesh (2)+Xesink (Z))

Finally, with similar arguments, one can compute the adjoint action of this
representation of Poincaré's group on its Lie algebra. This action permits the
determination of inequivalent separable coordinate systems for §2/8X2-52 /8Y2+x 1. It is

characterized by the following identities:
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PROPOSITION 5
(1) By opliBs] = oxpliBs] {cosh(2) B, + sink (2)-Bo}

(2) By oplIBs] = oplzB5] {coskh (2)- B, + sk (2)-B,}
(3) op[VEB] By = (VB + B3) op(WEy]
(4) op[WB,] By = (WB, + B3) op[WEB,)

Proof: Left to the reader.

8. And more ...

We have only given examples of the kind of results, and computations, that can be
worked out in a combinatorial setup for Lie groups and Lie algebras. Other families of
orthogonal polynomials can be studied with combinatorial Lie group techniques. Our
purpose was only to show why this kind of approach should be given a combinatorial
meaning. First, it is easy to implement, and the combinatorial calculations involved are
straightforward. But more important, is the possibility of extending known analytical

methods to new contexts. Many paths remain to be explored, and will be in the future.
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Definite Integral Evaluation
by Enumeration,

Partial Results in the Macdonald Conjectures

D. M. Bressoud*
Department of Mathematics
The Pennsylvania State University

University Park, PA 16802

1. Introduction
In this paper we shall present a combinatorial approach to the problem

of evaluating definite integrals of the form

n/2
-f/2

Iﬂ/z m sin2k(a)a)da dex
" d_m/2 «es 1 e

I(n,S,k( )) = I
as well as their basic or g-analog generalizations, where 8 is a set of

non-zero linear sums of elements of {ql,..,,mn} with non-negative

coefficients and k 1is a mapping from S to the positive integers. An
example of such an evaluation is a result conjectured by F. J. Dyson [5] and

first proved by Gunson [6] and Wilson [9]:

1 <i<j<n} and let k{ ) be

Proposition 1 Let T = {ai+ui+1+...+aj { <

the constant function Kk{(x)=k, then

n+1]

tn i < U2 (g

i=2

This proposition was proved combinatorially by D. Zeilberger {10] and

the purpose of this paper is to expand his approach.

*Partially supported by N.S.F. grant no. DMS-8404083
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The Key to nice evaluations of 1I(n,S,k{( )) is for S to possess
symmetry. It was Ian Macdonald's idea [7] to consider sets S reflecting

the symmetries of the root systems associated with Lie algebras.

Definition Let < , > be the usual inner product on R". A subset R of

R" is a reduced, irreducible, finite root system, or for our purposes simply

called a root system, if

i} R spans Rn, 0 ¢ R,

ii) oo € R implies that nx € R if and only if n = %1,
g - 2<g,a> o is

<gx, o>

iii) given «,g € R, then ca(B) € R where ca(s)
the reflection of g in the hyperplane thru the origin and
perpendicular to «,

: : 25, o>
iv) given o,8 € R, then oo € Z,

v) R cannot be partitioned into two disjoint, mutually orthogonal,

non-empty subsets.

One result from the theory of Lie algebra (see for example Carter [4],

Prop. 2.1.2) is the following lemma.

Lemma Let R be a root system in R®. There exists a subset
A= (al,....an} of R with the property that if o € R then o = £ ;o

where the c; are integers and are either all non-negative or all

non-positive.

We call A a base for R and let R’ denote the elements of R which

are positive linear sums of elements of A, R those which are negative

linear sums, R = R* U R™. Before stating Macdonald's conjecture for

evaluating I{(n,S,k( }), we need one more definition.

Definition Given a root system R, let W, the Weyl group, be the group of
symmetries of R, that is to say W = <°a( } | o« € R>. Let dl""'dn be
the degrees of the fundamental invariants for W. These are most easily

defined as follows., Given w € W, let N(w) = w(R") 1] R7, n(w) = |N(w)].
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Then {d ,dn} is defined by

1o

4.
z @MW - Ua
wew i=1 14

That such di's exist and are distinct integers >1 is a result of the

theory of Lie Algebra ([4]; Chapt. 9). Their unigueness follows from the

uniqueness of polynomial factorization.

Conjecture 1 (Macdonald) Let R be a root system in R" with base

A= {al,...,un} and degrees d;,...,d;. Let k( ) be the constant

+ n kd,
function k{a)=k, « € R*. Then I(n,R™.k) =m" 4 IRk i { kl}.
i=1
This conjecture has been proved for the root systems An {where it

becomes Proposition 1), B C and Dn, the last three being consegquences

n' “n
of A. Selberg's multi-dimensional beta integral evaluation [2,8]. There are
strong heuristic arguments for the remaining special root systems 82, F4,

Ee, E7 and E8 but no proofs for arbitrary positive integral k as yet,

Macdonald has also conjectured [7] the evaluation of I(n,R",k( )) where

one only requires that if |«| = |g| then k(«) = k(). For B ,C  and

D this conjecture also follows from the Selberg integral evaluation.

h’
2. Restatement of Problem and Basic Analog

We shall restate the evaluation of 1I(n,S,k( )) as a counting problem.

By making the substitution

sin « = (el®-e7i&y/oj

we see that

/2 /2
{ .

I(n,8,k)( )) = (—4)‘2*““)} m (ei“—e‘i“)z“‘“)] dx,. ..o

-n/2 I»n/z «€S

If the inner product is expanded, then all terms yield zero except for the
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constant term, and thus

I(n,S.k( ) = M(-4) 2K (1] 1 (eloeim)2kla))
x€S

n

where [xn]P(x) denotes the coefficient of X in P(x), [1]P(x) denotes

the constant term. Our problem is now to evaluate

I

a€S

C(n,$,k{ }}

]

(11 m (1_ea)k(a)(1_e—a)k(a)
€S

x

where e is a purely formal exponential satisfying e® . ef = e B, The

second form of C(n,S,k( )) given above suggests a basic analog
K{ax) ; f_1
C(n,$.k( )ig) = [1] W1 (1-gle®)(1-g17e™),

a€S i=1

and Macdonald [7] has made the following conjecture.

i

Conjecture 2 Let R be a root system in R" with base A = {al"“'“n)
degrees dl"“’dn‘ Let k{ } be the constant function k{x)=k, o € R'.
Then
n kd.
c(n,R".k;q) = T { kl]
=1

g . B (-8
where [B} = I 3 is the Gaussian polynomial.
J=1 (1-q”)

and

We note that with g=1, Conjecture 2 becomes Conjecture 1. Conjecture

2 has only been proved for the root system An {see Zeilberger and Bressoud

f11}) and small values of k. For k=1, it says that



which has been demonstrated combinatorially by Calderbank and Hanlon [3].
Macdonald has also generalized this conjecture to the case where one only
requires that if J«j=]g] then k{x)=k{g}.

Before stating what C{n,S,k{ );q) counts, we need some definitions.

, We

Definition Given a finite sequence of non-negative integers w=CyCo. .. Cp

define the inversion number of «, INV(w), to be Z X(ci>cj), 1<i<j<m,

where X(A)=1 if A is true, X(A)=0 otherwise.

Definition Given S,k( }, we define a multi-choice set M=M({S,k{ }) to be
an ordered set of finite sequences of zeros and ones, M=(wa } = € S), such

that the sequence W, has length 2k{x) and

2 o) =0
€S
where k{«)+[T{e) 1is the number of ones in w,- Let m=m{(S,k{ )} be the set

of all multi-choice sets for §,k{ ).

Definition Given a multi-choice M, we define its weight, wt(M), to be

(—1)TM(=) QE(INV(waHﬂ(a)(n(a)+1)/z)

, both sums over all o € S.

Proposition 2:

C(n,S,k( );q) = 2 wt(M).
M€ M(S,k( ))

Proof: The g-binomial theorem (see [1], Thm. 3.3) implies that

K
n

i

(1-¢ 7 1e ™) (1-qle¥) = £(-1)Iqi(3*1)/2 [21(] *J, k< j < +k.
1

k+j -

Thus we have that
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(1-q* 7 1e™®) (1-qle™)
x€S i

_ [= - A

[=4

Jo dg i t1)/2 {2k(u) ] o
e
[=4

e @M (-1)%q < k() +

Zaj Jo Jgligtl)/2 {2k(u) }
p>
(Jg | = €58) €S o

2k

Proposition 2 now follows from the facts that [k+j

] = ZqINV(w) where the

sum is over all sequences w of length 2k with k+j ones and k-j zeros
(see [1], Thm. 3.6) and that we shall get a contribution to the constant term

precisely when Za«j =0. []

We now consider what is counted by the right-hand side of Conjecture 2.

Definition Let Q(d,k;D), ¥ = {d, 1

il

IA

i<n, 1c« d1 < ... <d =d}, be

the set of words w in d letters such that each letter appears k times
and given any letter e ¢ P, the first e comes after the last of each of

the letters 1 through e-1.

n o [kdy INV ()
Observation ] Kk =3 q @) the sum being over all w € Q(dn,k;D).
i=1

If for w € R, we let the weight of w, wt(w), be qINV(w) then

Conjecture 2 can be restated as follows.

Conjecture 2' Let R be a root system in R" with base A = {ul,...,an}

and degrees D = {dl,...,dn}. Let k be a positive integer. Then there is

a one-to-one weight preserving mapping from Q(dn,k; D) into m(R+,k).

Furthermore, if @& denotes the image of @ in M and 8 denotes the

complement of G in M, then
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Z wt(M) = 0.
Meg

There is a natural way of constructing a one-to-one weight preserving

mapping from R into I as follows.
We shall specify a partition of R into dn non-empty and mutually

disjoint sets, R ={)S;, 1 < i < d . First we partition R’ = oty .

1 < j <n, such that ITJQ = dj—l. This is possible since 1R+| equals

dy*+...+d -n (see [4], thm. 9.3.4). For each Jj, 1 < j < n, we order the

= (J) L(3) (3) i -
elements of Tj, say Tj = {84 Ba ""'ij~1}' For 1 < i < dJ 1, place

—g(j) in 8.. Then place all elements of T. in S, .
i i j dj

0

Observation The partition R<{JS;, 1 <i < 4d given above satisfies the

following conditions:

i) no Si is empty,

ii) if o € R and « € Sj' then -« € Si for some 1 < j,

iii) given i < j, if jep = {d ..d ) then there is no o € R

10

such that o € Sj and o € Si'

iv) given i < j, if j € B, then there is exactly one « € R such

that o € Sj’ -t € Si'

Now, given a word «w in §, we read it from left to right, one letter
at a time. We begin with a multi-choice set in which each sequence of ones
and zeros is empty. If the letter read is i, we consider the set Si' For

each o € Si 0 R+, we append a 1 to the end of the seguence - For each

« €5; f] R, we append a 0 to the end of the sequence w_. - We continue

until all letters have been read.

Proposition 3 The mapping given above is one-to-one and weight-preserving
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from § into .

Proof Since each letter appears in « exactly k times and each root
o € R 1is in exactly one Si, we end with a multi-choice set M with
exactly Kk ones and Kk zeros in each sequence o - This is an element of

m. Since M{«)=0, we also have that

ZINV(w )
wt({M} = g x -

By the definition of the words in @, if j P and i < j then
must follow i. Thus the only inversions counted in « involve a j € D

followed by an i such that i < j. Since there is exactly one o € R such
that o € Sj’ - € Si and since o 1is contained in R+, the inversion j

followed by i in w creates an inversion 1 followed by 0 1in W

Conversely, each inversion of a 1 followed by a 0 in W for some o

corresponds to an inversion Jj followed by i, i < j, in « because o 1is

contained in SJ for some j € P and -o is in Si for some i < j. Thus

we have that

INV(w) = = INV{%I}’

and so the mapping is weight-preserving.

The mapping is one-to-one because the original word « is uniquely
reconstructible from its image M. We read the initial entry of each
sequence Vo and construct a choice set € for which o € C if the first
entry of Vg is 1, - € C if the first entry of o is 0, neither is in
c if W is empty. We find the smallest i such that Si C C, i becomes

the next letter of the word. We delete the initial entries of all sequences

. such that #u« € Si and continue until the multi-choice set is empty. [

3. Killing Bad Guys
The problem of proving conjecture 2 or 2' has thus been reduced to

showing that
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(*) S wt(M) =0
Me®

where 8 (the set of "bad guys"} is the complement in M of the image of
®. The equation ({*} has been proved by Zeilberger [10] when R=A , g=1

by an involution on 8 which matches elements with cancelling weights. It

has also been proved by Zeilberger and the author [11] for R=A ., ¢

arbitrary, by a combination of summation and involution arguments.
The equation (*} has at least a heuristic argument for an arbitrary root

system when ¢=1. In this case,

wt(M) = (-1)F(e)

where k#lT{(x) is the number of ones in W, - One can choose the partition
R={]Si such that for the choice set C formed by the leading entries of the

sequences o, if C=w(R+) for some w € W, the Weyl group, then C 2 Si

for some Si. Thus if M 1is an element of &8, then as we attempt to encode

it as a word in @ we must eventually reach the point where the choice set

C 1is not of the form w(R+), w € W. It is a theorem of Calderbank and

Hanlon [3] that for any root system R there is an involution on the set of
choice sets C which are not of the form w(R+). w € W, this involution

changing the parity of |[C{) R+] but leaving invariant the sum of the
elements of C. This is exactly what we need to change the sign of the
weight of M. Unfortunately, the mapping from 8 to itself that this
defines no longer is self-inverse, and thus does not give us the desired

pairing in all cases.
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ENUMERATION OF CERTAIN YOUNG
TABLEAUX WITH BOUNDED HEIGHT

Myriam DESAINTE-CATHERINE and Gérard VIENNOT
Université de Bordeaux |

U.E.R. de Mathématigues et d’ informatique
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ABSTRACT -~ We consider Young tableaux strictly increasing in rows,
weakly increasing in columns, and each column having an even number of
elements.We show that the number of such tableaux with entries between f
and n, and having at most 2k rows, is the product i) (i+j+2k)/ (i+j).
1gigign
The proof is mainly bijective, using configurations of non-crossing
paths. At the end we need the qgd-algorithm from Padé approximants
theory.

§ 1 - INTRODUCTION.

We consider Young tableaux with entries from the set {1,...n},
strictly increasing in rows and not decreasing in columns. Note that
usually the reverse convention between rows and columnsg is used.

Gordon {103 proved that the number an,p O0f such tableaux having
at most p rows is given by the product

ptit+j-1
(1) 8n,p ~ rﬂ E—

1gigign i+j-1

in fact this product is obtained by setting a-1 in the product
giving the generating function of the corresponding plane partitions,
proved by Gordon, and conjectured by Bender and Knuth [11.

We prove here a companion formula for the number by,x of such
Young tableaux having oniy cotumns with an even number of elements and
bounded by height p=2k.

2k+i+]
@ man= N ——

igigign i+

Our motivation comes from the question of Stanley [17] about
finding a "natural"” proof of (1) . We propose a "90% bijective” proof of
{2). We believe that the main interest of this paper is not in the
formula (2) but in the techniques wused to get it, especially the
introduction of the well-known (in numerical analysis) quotient-
difference algorithm in order to enumerate configurations of non-



59

intersecting paths. It should be of interest to appiy such methods for
other "“hard"” Young tableaux enumeration formulae, written as a ratio of
two products, as in (1) or (2).

Our proof is in three steps . The first step uses the Robinson-—
Schensted correspondence between permutations and pairs of standard
Young tableaux. This classical algorithm (for a survey see for example
Knuth [141 and more recently Viennot [191) has been extended by Knuth
{131. An equivalent direct version has been given by Burge [2] for the
case of an involution. We will use here a siight modification of Burge’s

version of Knuth’s extension.

The second step is inspired from Viennot’s geometric interpre-
tation of the Robinson-Schensted correspondence, with paths and shadows.

Combining steps 1 and 2, we get a bijection between the above
Young tableaux and certain configurations of non-crossing paths. in fact
these paths are the so-caited Dyck paths, enumerated by the Catalan
numbers.

We <can apply the Gessel-Viennot’s methodology [81 [8] about
combinatorial interpretation of determinants with non-crossing paths.
Here we get a Hanke! determinant of Catatan numbers. The third step is
the <computation of this determinant with the gd-algorithm. Remark that
some part of this third step can be again put at the bijective level, as
shown by Viennot [211. In other words, we replace Dyck paths by shorter
Dyck paths. in this “"compression” process the shorter paths need to be
weighted, as in the combinatorial theory of continued fractions and
orthogonal polynomials (Flajolet {71, Viennot [201). The same
*compression" is applied to configurations of non-¢rossing paths and the
number of such configurations becomes the weight of & single
configuration. Thus the product (2) is nothing but the product of the
weights of all the elementary steps of the paths of this unique
configuration.

The computation of these elementary weights, which are rationnal
numbers is the opiy "analytic” step of the proof.

In the final section we give the origin of the formula (2). In
fact the above Young tableaux are in bijection with other configu-
rations of non-crossing paths, interpretating certain pfaffians. The

analog of Gessel-Yiennot’s methodology for determinants has been made
for pfaffians {see Desainte-Catherine, Viennct [51). The present paper
solves Desainte-Catherine’s conjecture [3]. Using bijections ciosed to
other bijections introduced in the combinatorial solution of the ising
mode | (see for example Fisher [61, Kasteleyn [121), Desainte-Catherine
showed [4]1 that the product (2) also enumerates certain perfect
matchings of graphs formed with hexagons and pentagons,

§ 2 -~ PRELIMINARY DEFINITIONS AND NOTATIONS.

We denote by [0,n]l the set {0,1,...,n} and,for short, Inl=C1,n}.
A partition X = {Ay1,Xhg,...,xp) of n is a seguence Xxi13...3xp>0
such that n = Xj+...+xp and usually visualized by & Ferrers diagram as

in figure 1. The it® row has Xy cells.
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A=(1,2,24)
4

3
3] 4] 6]

NNM\J

L]

Figure 1. A Ferrers diagram and & Young tableau.

in this paper, we define a Young tableau of shape ) as a tableau
of integers filling the Ferrers diagram X such that these integers (or
entries) are strictly increasing in each row (from left to right) and
weakly increasing in each column (down-up).

Definition 1 - The set of Young tableaux having oniy columns with an
even number of elements, having exactly (resp. at most) 2k rows and with
entries in In]l will be denoted by Tp,2x (resp. Tn,¢2x)-

A path of 7§ = 22 is a sequence wW={sSp,S1,...,5p) of points or
vertices of m. We say that w goes from sg (starting point) to s, (ending
point}. The length fml of the path w is n. An elementary step is a
coupie (sj-3,8;)

Ltet K be a commutative ring and v a map (called valuation) v
7% o+ K. The wvaluation v(w) of the path w s the product of the
valuations of the elementary steps

n
vii= T v{si-1,8i).
i=1

A Dyck path is a path o =

Yy (S0,...,S2a) Of M x M such that
s0=(0,0) , Sgn = (2m,0) and having

only elementary steps North-East

\\ (i.e. Si = Sj-1 + (1,13 or

T T\h/q\\ . South-east (i.e. sy = $3-1 - (1,1)) ,

? X see figure 2. The path w has a valley
in sy iff (si-1,5i) is a South-East
step and (8i1,51+1) is a Narth—-East

Figure 2. A Dyck path. step.

(0,0)'123456789“)

Definition 2 - A fan of Dyck paths is a k~uple 1 = (wi,...,wx) of Dyck
paths satisfying the two conditions

(i) each path goes from (0,0) to 2n,0),

(i) for every j, 1 ¢ j <k , wy is under wy+s , that is for
every 1, 1 ¢ i €& 2n, the ordinate {(or level) of the jtn
vertex of wj; is less or equal than the ordinate of the
pth vertex of Wj4+1.

¥e will denote by Even,x the set of such fans (see figure 3).
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‘ N

0ot 2 3 4 S5 6 7 8 9 10
Figure 3. A fan of Ev.o

3

§ 3 - BIJECTION BETWEEN YOUNG TABLEAUX AND CLOUDS OF POINTS.

Definition 3 - A matrix M = (ajj)14i,jgn With non negative integers for

entries ajj , o will be represented as a cloud ﬁ, that is a subset of
points of [nlxIn]l where each point (i,j) has the "multiplicity” a;;.The
number of points of the cloud is z ajj- The cloud is subdiagonal
when aj = 0 for i<j. 1£i,34n
y
3 }
(¢ 3 L¢3 3]
2 000 An example is displayed on
2,2) 31 A = t 10 figure 4. The point (3,3)
' H 112 (denoted ®) has multiplicity
[ DN & 38 ) 2. Remark the reverse
[ N notation between the matrix
(] 1 2 3 X M and the geometric

Figure 4. A subdiagonal cloud. representation.

A decreasing subsequekce extracted from a cloud M is a sequence

¥ = (S1,...,8p) of points of M such that for each i, 0 ¢ i € P, Si+1 i8S
focated at the South-East of s; (i.e s;5 = (Xi,¥1), Si+1 = (Xie1 5 Yie1)
with xj41 3 x3 and yi41 € Yi). The same point may appear several times,
but no more than its multiplicity . For example ((2,2),(2,1), (3,1)) or
((3,3),(3,2), (3,1)) or ((3,3),(3,3),(3,2),(3,1)) are three decreasing
subsequences extracted from the cloud of figure 4.

The depth of a <cloud is the maximum cardinality of its

decreasing subsequences. For examplie, the cloud of figure 4 has depth 4.

Proposition 4 - There exists a bijection  between the set Tn,2x of
Young tableaux (definition 1) and the set of subdiagonal
clouds of [n]l x [nl (definition 3) having depth k.

Such bijection comes from Knuth’s extension of the Robinson-
Schensted correspondence. We use a modification of Burge’s presen-
tation in the case of symmetric matrices with zero trace. The bijection
® is described by successive insertions of pairs of integers. First we

describe the insertion process of a pair (x,y),x»y, in the Young tableau
P.
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Notation - For a non-empty tableau P, the first row is denoted by o1 (P},
the tableau obtained from P by deleting this first row is denoted by
$(P). Putting back this row is the operation %, so that P = py(P}x §(P).
The insertion algorithm is the following.

Procedure fnsert (P, (x,y))
input Young tableau P, (x,y) with x 3 vy 3 0
output tableau Q = iInsert (P, (x,y))
x
begin if P is empty, then @ = |y
elsif y > afl the elements of the firgt row pq (P)

then Q is obtained by adding y at the end of ¢4 (P), and
adding x at the end of the second row of P (this second
row may be empty)

else et y’ be the smalliest element of o3 (P) which is 3vy.
Let R be the row obtained from p¢(P) by replacing y’ by y.
Then @ = R % insert (§P, (x,y"))

end
Example 5. 3
2
For p = 2 3 s Insert (P, (4,2)}) =
13
12 4
12 3
Remark that if x is 3 all the elements of P, then Q = Insert
(P, (x,y¥)) is again a Young tableau. The insertion of y in P is nothing
but the classical bumping process of the Robinson-8chensted

correspondence (with Knuth’s extension}), but with the modification to
get the rowsg strictly increasing and columns weakly increasing (instead
of the reverse wusual definition for Young tableaux}.This is the oniy
difference frgm Burge’s presentation [21.

Let AM be a subdiagonal cloud of {nl x [nl. We totally order the
points of M according to the increasing order of their abscissa x and,
for the same abscissa, with decreasing order of their ordinate y. We get
a sequence of pairs (x,y), x 3y . For a point (x,y) with multiplici;y m,
the pair (x,y) is repeated m times. We define the Young tableau o (M) as
the tabjleau obtained from the empty tableau by successive insertions of
these pairs (with respect to their tota! order).

Example 6 - With the cloud M oof figure 4, the sequence of pairs |is
2,2y, (2,1), (3,3), (3,3), (8,2}, (3,1). The successive insertions are
the following



63

z - 2 -
2,2y {2142, 1)

- -

(3,3) (3,3)

-

(3,2)

-

3,1

=N NN

- NN
ww w w

= PN W W
N W Www

- =2 NN W Ww
N W ww

As in Knuth [131 and Burge [2]1, one can prove that v(g) is a
Young tableau having 2k rows and each column with an even number of
cells, iff the cloud has depth k. We get the desired bijection » O

(pedagogical and historical remark)

Remark 7 - The Robinson-Schensted correspondence is a bijection between
permutations v and pairs (P,Q) of standard Young tableaux (i.e. strictly
increasing in rows and columns) having the same shape. !f ¢ is an
involution, then P = Q s and the correspondence gives a bijection
between involutions and standard Young tableaux. From Schiitzenberger
[1861, the number of fixed points of ¢ is the number of columns having an
odd number of eiements (odd columns for short). N

Knuth’s extension [13] is a bijection between cliouds M of [n]l X
[n]l and pairs (P,Q) of tableaux {weakly increasing in rows and strictly
increasing in columns) with same shape. |f the matrix M is symmetric,
then P = Q and the number of odd columns is the trace of M. Thus one
deduce a bijection between symmetric matrices having a zero trace and
such tabieaux having only even columns (i.e. columns with an even number
of elements). This would correspond to “generalized involutions".

in [21, Burge defined an equivalent <correspondence for
involutions, by Successive insertions of fixed points and cycles of
length 2. The fixed point insertion increases by one the number of odd
columns. This number is invariant wunder the insertion of a cycle of

length 2. This fact explains Schitzenberger’s property [161].

Knuth’s extension can also be visualized as follows. From every
cloud, one <can associate, with "infinitesimai" moves of the points,
another clioud having only one point in each row and cotumn. !f the moves
are such that the points in each row and column form a “strictly
increasing subsequence” of the cloud, then Knuth’s extension is obtained
by applying the "“light and shadows"” ©process of Viennot [181. The
modification used here is to make the moves such that the points of each
row and column becomes a “strictly decreasing subsequence” of the cloud
(see figure 5). The subdiagona! cloud would be extended by symmetry with
corresponding symmetric matrix. The trace is$ no more zero, but each
number of the trace has to be doubled, (i.e. the diagonal elements are
not considered as fixed point, but as cycies of length 2).
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§ 4 - BIJECTION BETWEEN CLOUDS AND CONF IGURATIONS OF DYCK PATHS.

Proposition 8 ~There exists a bijection ¥ between the set of subdiagonal
clouds of Inl x [nl (definition 3) having depth k and
fans of k Dyck paths of length 2n+2 (definition 2), such
that each path has at least a valtey.

The bijection is obtained by appiying a sequence of "light and
shadow” of the cioud, as in Yiennot [181,{181. The light is now located
at the North-West of the cloud. The original process is defined for
¢louds having at most one point in each row and column of [nl x Inl
Viennot’s process can be immediately extended to general clouds, in the
same way of Knuth’s extension of the Robinson- Schensted correspondence.

More precisely, the shadow of the point {(x,y) (for light coming
from North-West) is the set of points (x’,y’) with x’3»x and y’ gy. We
then consider the outstanding line formed by the border of the union of

the shadows of all the points of the cloud.

This line contains the outstanding points of the cloud, that is
points which are not contained in the shadow of another point. In a
second step, we remove from the original cloud these outstanding points.
Iin the <case of point with multiplicity m »2, it remains a point with
multiplicity m-1. Then we light again the remaining cloud and, if not

empty, obtain a second outstanding line. Recursiveiy, we thus define a
sequence of such lines, until obtaining an empty cloud (see figure b}.
By extending these lines with horizontal and vertical lines (in dot
lines in figure 5), we get lines visualizing Dyck paths (up to a
rotation of 135°). From Viennot [181, the number of such Dyck paths is
the depth of the cloud.

Remark that the wextension to general clouds of Viennot’s
construction {181 can be interpretated as transforming the cloud with
"infinitesimal” moves of the points such that the points (wi th

myulttiplicity) in each row and column becomes strictly decreasing
subsequences of points.

\\L1ant

4N

3 rotation

2 ! —_— '

0 1t 2 3 4
Figure S. Successivelightings and shadows of the cloud.

Theorem 9 -The set Tp,cox f{definition 1) of Young ableaux is in
biiection with the set Ey of fans (definition 2) of
k Dyck paths of length 2n+2. 2R*2:k

Let mMan+2 be the unique Dyck path of length 2Zn+2 and not having
valleys. From proposition 4 and 8, the map ?ov'l is a bijection between
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Young tableaux of Ty,,2p (height 2p g 2k) and fans of p Dyck paths of
length 2n+2 , not reduced to the Dyck path Mgn+e - |f p< k , it suffices
to add k-p times this path Tan+g I(Nto the fan to get the desired
bijection O

§5 -~ END OF THE PROOF OF THE FORMULA (2).
A fan of k Dyck paths of Jlength 2n+2 can be transformed

bijectively into a configuration 1 = (Wy,We2,...,wx) of k Dyck paths, two
by two disjoint (no common vertices) and such that for |,Igigk, wy goes
from (-2i+2,0} to the point (2n+2i-2,0). It suffices to transiate to the
North successively the paths of the fan 2 steps, 4 steps, etc..., as
shown on figure 6, and add at the beginning and the end of each
transtated path 2,4,6... North—-East and South-East steps.
|
—_—
2
72 N
2n+2-8 i

Figure 6. From & fan tonon-crossing Dyck peths.

We are thus back to section 6 and 7 of Viennot [211. Such
configurations of non-crossing Dyck paths are interpretated, using
Gessel-Viennot [91,[{20]1 methodology, as an Hanke! determinant of Catalan
numbers. This determinant is computed using the so-called qd-algorithm
from Padé approximants theory. Corollary 11 of {211 ends the proof of
our formula (2) giving the number of Young tabieaux of Ty, 6 42k O
Remark that the number of fans of Dyck paths of Ey can also be
given by another determinant due to Kreweras [15]1. ZR*Z.k

§6 ~ RELATIONSHIP WITH PFAFFIANS AND PERFECT MATCHINGS.

For n and k 3 0 , let Ay = (0,n+2k+1-1i) for igign+2k, and
Ay=(i-n-2k, i-n-2k) for n+2k < i € 2n + 2k {see figure 7). We consider
configurations of n+k non-intersecting paths joining two by two these
2{n+k) points. Each path goes from a point Ay to a point Aj with i < j
and has elementary steps only North or East (see figure 7) . As shown by
Desainte-Catherine, Viennot [51 , the number of such configurations can
be expressed by a certain pfaffiar Pf, k. The term aj;,i<j<2n+2k of this
pfaffian is the number of paths going from Ay to Aj; that is aj; = 1 for
1Igi<jgn+2k, ag; = n+2k+1-1i for 1gign+2k<jg2n+2k, a;; = 0 else.

n+2k-j

Such <configurations of paths are in bijection with Young
tableaux of Tp,2x . A one-to-one correspondence can easily be found as
shown on figure 7.
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- oo s (o
NNWDLA
W W

>
= 3
it
W

Figure 7. Bijection between Young teblesux
end configuretions of poths interpretating
the pfaffien Pf,"k.

Thus we have proved the following formula

(i+j+2k)
©  Ptaaz ] ——
Tgigign  (i+])

which was conjectured by Desainte-Catherine [3].

Another interesting coroltary is the following . Let Hp,x be a
graph formed with n-1 rows of hexagons and one row of 2k+n-1 pentagons,
as shown on figure 8. A perfect matching of a graph is & set of two by
two disjoint edges covering the graph.

2k=4 Desainte~Catherine {31 , {41 has
et a— constructed a bijection between the
set of perfect matchings of Hn,x and

the set of configurations of pathsg

n=3 interpretating the pfaffian Pfy x
(figure 73}.

This bijection is ingpired from

. physicist’s work about the

F‘gure 8. A perfect rnetchlng combinatoriat solution of the lsing

of the graph H3‘2‘ mode! [61 [12]. Thus, from above, we

deduce that the number of perfect
matchings of the graph Hy,yx is again
the product T (i+j+2ky/(i+§). In particutar, when k=1, this product
igigign
becomes the Catalan number Cj.
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FONCTIONS SYMETRIQUES ET SERIES
HYPERGEOMETRIQUES BASIQUES MULTIVARIEES, II !

PAR

JACQUES DESARMENIEN et DOMINIQUE FOATA 2

En Phonneur de Marcel-Paul SCHUTZENBERGER

REsUME. — Dans un article précédent [8], nous avons fait apparaitre des fonctions
hypergéométriques basiques multivarides dans I’étude de certaines statistiques sur le groupe
symétrique. Nous établissons ici les propriétés de symétrie de ces fonctions en faisant appel
a ’'algébre des tableaux de Young.

ABSTRACT. — In a previous paper [8] we showed how some multivariate basic hyper-
geometric functions arose in the study of certain statistics on the syminetric group. Here we
establish symmetry properties of those fonctions by means of the Young tableau algebra.

1. Introduction

Pour chaque entier n > 0, posons :
(a59)0 =1,
(eig)n=(1-a)1—aqg)... 1 —ag™') (n=>1),
(a;9)oo = limn(a;9)n = [] (1= ag™).

n>0

D’autre part, pour chaque paire d’entiers positifs r, s, adoptons la notation :

(w;q1,92)rs = 1, sir ou s est nul;
=11 Il a-wi g™, sirs>1;
1<:i<r1<5<s

et
(u; q1, QZ)oo,oo = hmr,s(u; q1, q2)r,s

= [T 11 -wuai ™.

121721

1 Ce texte a été composé par le laboratoire de typographie informatique de I’Université
Louis-Pasteur & Strasbourg, au moyen du préprocesseur STRATEC. Le fichier obtenu a été
ensuite traité par le logiciel TEX/SM 90.

2 Départernent de Mathématique, Université Louis-Pasteur de Strasbourg, 7, rue René-
Descartes, F-67084 Strasbourg Cedex.
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Dans [8] nous avons établi que I'identité :

u™ —2U;q1,92)r+1,541
1.1 E Cn E t1"to o
(1.1) - (t1;91)nt1 (25 92)nt1 ! (%591, 92) r 41,541 ’

7,8

définissait une suite de polynomes
Cpn= Z C(n;m,r,s,4,7) 2™t t3q4 )

& cinq variables 2, 1, t3, q1, g2, ol les coeflicients C(n;m,r, 5,1, 7) étaient des
entiers positifs, de somme égale & n!2",

Cette identité contenait comme cas particuliers, d’une part, les formules
classiques sur les g-séries (par exemple, la formule g-binomiale [1, p. 17,
2, p. 66]), d’autre part, les identités sur les distributions multivariées de
statistiques sur le groupe symétrique.

Soient (al,ag,...,ak) une suite d’entiers positifs de somme n et W =
W(a1,az,...,ax) ensemble de tous les réarrangements du mot 121292 ... k%%,
Siw = z122 -2z, est un tel réarrangement, sa ligne de route, notée Lignew,
est définie comme ’ensemble des entiers z tels que 1 < i< n~1et z; > z,41,
tandis que le nombre de descentes Desw et 1’indice majeur Majw sont définis
par :

Desw = |Ligne w| Majw = Z{z : 1 € Lignew}.

On doit a MAacMAHON d’avoir introduit la notion d’indice majeur (“major
index”), d’avoir également calculé sa fonction génératrice sur tout ensemble
W de réarrangements, enfin d’avoir montré qu’elle était la méme que celle du
nombre des inversions (cf. [22, 23 § 104, 24, 25]).

Lorsque tous les a; sont égaux & 1 (et donc k & n), chaque réarrangement w
dans W est une permutation de 12---n. On peut alors définir les quantités :

—1 1

Idesw = Desw Imajw = Majw™ ",

ot w™! est l'inverse de w dans le groupe (symétrique) W. Les distributions

univariées ou multivariées des statistiques Des, Ides, Maj, Imaj sur V ont fait
Pobjet de nombreuses études et ont été calculées avec succés. Par exemple, le
polynéme générateur de Des sur W n’est autre que le polynéme eulérien (cf.
[10]), les g-nombres eulériens donnent la distribution du couple (Des, Maj) (cf.
[3, 4, 5]). La fonction génératrice du quadruplet (Des, Ides, Maj, Imaj), toujours
sur le groupe symétrique W, fut calculée par GARS1A-GESSEL [13] et RAWLINGS
[26], tandis que le groupe de symétrie de la distribution de ce quadruplet fut
obtenu dans le contexte des tableaux de Young (cf. [11]). D’autres résultats sur
ces statistiques sont dues & CARLITZ [6], CHEEMA-MoOTZKIN (7], GESSEL [14],
RawLINGS [27], ROSELLE [29], STANLEY [33]. Voir également [9].

Dans [8], nous avons étendu la définition des statistiques Des, Ides, Maj,
Imaj a ’ensemble des permutations colorées, ensemble de cardinal n!2", et
fait apparaitre les polynémes C, de la formule {1.1) comme des fonctions
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fait apparaitre les polynémes C, de la formule (1.1} comme des fonctions
génératrices d’un 5-vecteur sur cet ensemble. Nous avons ainsi pu démontrer
que, par spécialisation, on obtenait toutes les formules sur le groupe symétrique
faisant intervenir les quatre statistiques ci-dessus.

Rappelons également que (1.1) se particularise en la formule :

k23

¢ —2u;q1,
ch(za q1, Q2) - ( : q1 Q2)oo,oo ’
n (QX,QI)n (Q‘Z,Q2>n (anI,Q2)oo’oo

(les Cy(2,q1,92) étant des polyndmes), formule considérée comme un analogue
de la formule g-binomiale au cas de deux bases ¢y, ¢5.

Dans notre article, nous n’avions cependant pas respecté le principe de
RIORDAN, qui veut que toute définition nouvelle de polynémes ou de suites
de nombres soit nécessairement accompagnée de la table des premiéres valeurs
(permettant ainsi au lecteur de vérifier aisément les relations de récurrence dans
les cas initiaux). Nous nous proposons ici de réparer cette offense et de calculer
les premiéres valeurs de C,, pour n = 1,2,3,4,5,6. On trouvera celles-ci dans
Pannexe 2, qui contient les tables des coefficients C(n;m,r,s,1, 7).

Comme le lecteur peut le constater ces tables présentent plusieurs symétries,
suivant la diagonale principale, 4 I’intérieur de chaque bloc correspondant a une
valeur fixée de 7, 7, entre blocs, . .. Le but principal de cet article sera de prouver
ces symétries, de fagon plus essentielle, de dégager le groupe de symétrie sous-
jacent. Le résultat prouvé s’exprime analytiquement sous la forme suivante :

THEOREME 1.1. —  Pour tout 5-vecteur v = (m,r,s,1,7), on a les
relations :

(1.2) C(n;m,r,s,1,5) =

C(n;m,r,s,1,7)

( )

)=

C(n;m,s,r,3,1),

I

(
C(n;m,r,s,1,ns — j),

C’(n mn—1-rn—1-s,(3) —1(3) —7),
C(n;n—m,r,n—1-s,1, (2) - 7).

fl

(1.3)
(1.4) Cln;m,r,s,1,7
(1.5)

C(n;m,r,s,1,7

Le calcul effectif des polynémes C,, repose sur la manipulation des (t,q)-
tableaux F,,/g(t,q). Ceux-ci sont introduits dans la prochaine section comme
polyndmes générateurs de tableaux gauches d’une forme donnée v//6. L’algébre
des fonctions de Schur permet d’exprimer les polynémes C, en fonction des
(t,q)-tableaux (formule (3.5)). De fagon équivalente, C,, s’exprime comme
fonction génératrice de paires de tableaux gauches par une certaine statistique
V (formule (3.8)). La section 4 contient des indications pour le calcul effectif
des (t,q)-tableaux. Dans la section 5, nous donnons la construction de trois
involutions sur les tableaux de forme A® i, permettant dans la section suivante
de dégager le groupe de symétrie d’ordre 32 de la distribution V.
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2. Les (t,q)-tableaux

Désignons par partition toute suite finie décroissante v = (v1,v2,...,Vp)
d’entiers supérieurs ou égaux a 1. Si la somme vy + v3 + - - - + v, de ces entiers
est égale & n, on dit que v est une partition de n et on pose |v| = n. Le

diagramme de Ferrers associé & v est l’ensemble des couples (7,7) du plan
euclidien satisfaisant 8 1 <7 < v, 1 < 7 < p. Il est commode de I'identifier a
la partition elle-méme.

Soient v = (vi,v2,...,vp) et 6 = (01,02,...,0,) deux diagrammes de
Ferrers. Si v D 0, la différence ensembliste v — 8, qu’on note le plus souvent
v /0, est appelée diagramme gauche. On s’intéressera plus particuliérement aux
diagrammes gauches /6 de la forme suivante : on part de deux diagrammes de
Ferrers quelconques A = (A1, Ag,...,A,) et w = (p1,p2, ..., pr) et Pon consideére
I’ensemble, noté A ® p, de tous les translatés (A; +7,7) (1 <i<p;; 1< 7<)
et (4,r+7) (1<i< A ; 1<5<p).

Par exemple,avec A = (2,1) et 4 = (3,1), on obtient pour A®pu le diagramme
gauche matérialisé par les croix :

X
X X
X
X X X

Soit I un sous-ensemble de cardinal n et v/6 un diagramme gauche contenant
n points. Supposons que 'on écrive les n entiers de I sur les n points du
diagramme v/ de fagon & obtenir une croissance dans chaque ligne (de gauche &
droite) et chaque colonne (de bas en haut). La configuration obtenue est appelée
tableau standard, de contenu I et de forme v/8. Lorsque I = [n], on remplace
“de contenu I” par “d’ordre n”. Dans la suite, on utilisera essentiellement
les tableauz standard d’ordre n, de forme v/f (et plus particuliérement ceux
de forme X\ ® p pour A et u quelconques tels que |A| + |p] = n) et les tableaux
standard, de contenu I et de forme . On dira aussi qu’un tableau est droit (resp.
gauche), si sa forme est un diagramme de Ferrers (resp. diagramme gauche).

Par exemple,

68 28 3 4

sont des tableaux standard, de forme A = (3,2), pour les deux premiers et
g = (3,1) pour les deux derniers. Ils ont des contenus différents les uns des
autres.

Les deux tableaux

s s
R1:‘~4593 R2:12
127 4

359
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sont standard, d’ordre 9; le premier est de forme A®pg, le second \’®p (notant ici
A le diagramme transposé déduit de A). Ils sont formés au moyen des précédents
tableaux de fagon claire. La notation

Ri=P QP et R2=Q;®Q2

est alors évidente.

La ligne tnverse de route (¢f. [11]) d’un tableau standard R, d’ordre n, de
forme v/0, est ’ensemble des entiers k tels que 1 < k < n—1 et tels que (k+1)
soit écrit plus haut que k dans R. Cette ligne inverse de route est notée Iligne R.
On pose également :

(2.1) Ides R = |Iligne R)| et Imaj R = Z{z .1 € Iligne R}.

Dans I’exemple précédent, on a Iligne R, = {2,3,5,7}, de sorte que Ides Ry = 4
et ImajR;y =2+3+5+7=1T7.

La statistique Imaj introduite ici sur les tableaux gauches reprend !’infor-
mation contenue dans la charge et la cocharge des tableaux, deux notions intro-
duites par LAScoux~ScHUTZENBERGER [17, 18]. Voir également MACDONALD
(21, p. 129].

Pour chaque diagramme gauche v/6 de cardinal n, on introduit le polynome
générateur du couple (Ides,Imaj) sur ’ensemble de tous les tableaux standard
R, d’ordre n, de forme v /8, A savoir le polynome :

(2.2) Fu(t,q) = Ztldes Rglmaj R (R standard, de forme v/6).

Ce polyndme sera désigné par (t,q)-tableau.
Dans le présent article, on considérera essentiellement les (¢, g)-tableaux
Fygu(t,q) correspondant aux diagrammes A ® p.

3. Fonctions de Schur

Nous rappelons briévement ici comment les polynémes C,, (cf. (1.1) et (1.2))
s’expriment en fonction des (¢, g)-tableaux et comment P’algébre des fonctions
de Schur fournit tous les éléments de calcul nécessaires.

On note S, p(z) la fonction de Schur gauche associée au diagramme gauche
v/, avec  comme ensemble de variables {cf. [21, p. 42]). Lorsque v/ = A® p
(avec X et pu diagrammes de Ferrers, comme indiqué dans la section précédente),
il résulte de la définition méme des fonctions de Schur (cf. [21, p. 42]) que 'on a:

(3.1) Sxgn(z) = Sx(2)Su(z) = Suea(2)-

Par ailleurs, les produits de fonctions de Schur s’expriment comme combi-
naisons linéaires d’autres fonctions de Schur :

(32) SA(I)S;L(I) = Zga\uvsv(z),
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ou les coefficients gy, sont des entiers positifs, qu’on peut évaluer par
Palgorithme de Littlewood-Richardson.
Partons alors des deux formules de Cauchy (cf. [21, p. 33 et 35]) :

Yo Sa@8a() = [J(1 - z,) 7",
A 1,5
Z Sx(z)Sx(y) = H(l + ziy;),
A i,}'
et multiplions les membre & membre compte tenu de (3.1) tout en introduisant
une variable d’homogénéité u. Nous obtenons :

n 1+ zuz;y;
Youty PMSheu(@)Sveuly) = [] (Lt uzivy)
n A, ]

o (- umy;)

ol, pour chaque n > 0 fixé, la seconde sommation est sur les paires de partitions
(A, p) telles que |A| + || = n. En prenant pour z (resp. y) un ensemble fini
{z1,...,Zr41} (resp. {y1,...,¥s+1}) de variables et en faisant les substitutions
T; ¢ q'i_l, Yj — q%‘-1, on en déduit la formule :

—2U;q1,4 ,
Zunzzb\isk®#(1,...,QI)S)‘I®#(1,...,q;) = ( . 141 2)T+1 s+1‘
oo (43 91,92)r+1,541

Multipliant par t]t§ et sommant par rapport a r et s, on obtient, comme second
membre, le second membre de ’identité (1.1). Le premier membre, lui, s’écrit :

Dour Y MY Seu (1, q0) ) | t3Sheu(l, - ,65)-
n A1 T g

Comparant avec (1.1), on voit donc que Cj, est égal & ’expression :

(3.3) Cn = Zzl)‘](tl;ql)n+1(t2QQ2)n+1

A
Y tit3Saeu(l, - -, 0))Svau(Ls -5 93)-
7,

Le lemme suivant, énoncé et démontré dans [8, théoréme 4.1}, permet
non seulement de prouver que C, est un polyndme, mais fournit aussi une
interprétation combinatoire pour C,, compte tenu des propriétés bien connues
des fonctions de Schur. REMMEL [28] a utilisé récemment ce lemme pour
exploiter combinatoirement plusieurs formules classiques sur les fonctions de
Schur. Notre colléegue Richard STANLEY, dans une correspondance privée, nous
a fait savoir que ce lemme pouvait se déduire de la proposition 8.3, p. 24 de sa
thése [32], pourvu que I’on sache faire le rapprochement souhaité entre (P,w)-
partitions et (¢, g)-tableaux.
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LEMME. — Soit v/0 un diagramme gauche de n éléments, alors le (t,q)-
tableau F,/4(t,q), tel qu’il est défini en (2.2) est donné par :
(34) Fusp(t,q) = (t:Q)ns1 Dt Suys(1,9,0%,...,0").

Comparant (3.3) et (3.4), on en déduit que Cy, est un polynéme et qu’il peut
étre exprimé au moyen de la formule :

(3.5) Cn= ZZIAIFA®/1,(t1,ql)FA’®u(t27q2)7

A

ol la somme est étendue sur I’ensemble des couples de diagrammes de Ferrers
tels que |A| + || = n.

Donnons enfin une autre expression pour C,, qui prend en charge la
définition (2.2) des (¢,g)-tableaux. Soient R;, R deux tableaux standard,
d’ordre n, de forme Ay ® p; et Az ® u,, respectivement. On dit qu’ils sont
Jumelables si Ay = A} et py = po. La paire Ay @pui,A2@p2 (= A1 Q g1, M Qpy)
est appelée forme de R R;. Le V-vecteur de la paire R;R5 est, par définition,
le vecteur :

(36) V(Rle) = (l)\ll ) Ides Rl, Ides Rz, IIl'la._] Rl, Ima] Rz)
On note aussi v(R{R2) le mondme :
(37) ’U(R1 R2) — Z|A|t11des th;des R,y qimaj Ry q;maj Ry ]

Enfin, on désigne par T,/ ’ensemble des couples jumelables de tableaux standard
d’ordre n. Il résulte de (3.5) et de (2.1) que C,, est le polynéme générateur des
paires de tableauz standard d’ordre n, jumelables, par le vecteur V, ou encore
que l’on a :

(3.8) Co= Y v(RiR)) (RiR€T)).
Rle

4. Le calcul des polyndomes

Nous montrons ici comment on peut simplement calculer les polynémes
F\(t,q), puis en déduire I’expressionde F,(t, q), enfin déterminer C,, au moyen
de la formule (3.5).

Chaque (¢, g)-tableau F)(¢,q) sera représenté par son diagramme de Ferrers
sous-jacent. Par exemple :

Faa(t,q) = L]
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De la méme maniére, le symbole | |désigne la fonction génératrice, par
Ides et Imaj (cf. (2.1)), des tableaux standard de forme A = 4,2, ayant Pentier
6 dans le coin supérieur droit.

En se reportant & la définition méme de la ligne inverse d’un tableau et de
ides et Imaj, on a:

6
= LT [COT8),
5[6 6
T O 4 O,
=gt T T T 4 ege L4 11,

= tq* F4(t,q) +tq°F3.1(t,q) + Fa2(t, q).

Si on connait déja I’expression des polynémes Fy(t, q) pour les A tels que [A] < 5,
on obtient donc celle de Fy 5(t,q). Dans I’annexe 1, c’est ainsi que les Fy(t,¢)
ont été calculés jusqu’a ’ordre 6.

Maintenant, les identités (3.1) et (3.2) sur les fonctions de Schur entrainent
les formules :

(4'1) Frou(t,q) = Fuea(t,q)
et
(4.2) Frgult,q) = Z D Ful(t, q).

La premiére de ces formules permet de ne calculer Fig,(t,q) que pour les
couples A, it tels que A < p (pour un ordre total donné sur les partitions). La
seconde dit qu’une bonne table des coefficients g,,, de Littlewood-Richardson,
telle qu’elle est donnée dans JAMEsS-KERBER [15] ou WYBOURNE [34], suffit
pour déduire ’expression de Fig,(t,q) de celle des Fy(t,q).

Muni de la table des F)\g,(t,q), on peut utiliser directement la formule {3.5)
pour calculer les polynémes C,,. On peut aussi faire usage de la formule :

(43) Ch = Z zll\l Z gz\uulg)\'ﬁuzlpvl (tla QI)Fug (t2: q2)-

)"”‘ Vi,V
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5. Les involutions

Soit T, ’ensemble de tous les tableaux standard d’ordre n dont la forme est
un produit A ® g (éventuellement réduite & un diagramme de Ferrers). Nous
nous proposons de montrer qu’on peut construire trois tnvolutions J, S et T
de T, ayant les propriétés suivantes :

St P® Q est un tableau standard d’ordre n, de forme A @ p, alors
(5.1) (P® Q)5 est de forme p@ X et
(6.1)  Nigne(P® Q)° =NligneP® Q;
(5.2) (P®Q)7 est de forme A ® u et
(5.2") Higne(P® Q) =n — lligne P® Q ;
(5.3) (P Q)T est de forme p' @ N et
(6.3%) Higne(P ® Q)T = [n — 1]\ lligne P ® Q.
De plus,
(5.4) S, J et T commutent deuz & deus.

L’involution T est simplement la transposition des tableaux, de sorte que
(5.3) et (5.3') sont des propriétés immédiates.

La construction des deux autres involutions repose sur les propriétés du
Jeu de taquin et sur les propriétés de I'opération de vidage-remplissage J des
tableaux droits (¢f. [30, 31, 16, p. 48-73]). Rappelons qu’a tout tableau gauche
(par exemple un tableau P ® Q de forme A ® u), on peut faire correspondre
un tableau droit de méme contenu et ayant la méme ligne inverse de route.
Ce tableau droit, que 'on notera Taq(P ® @) (si I'on part du tableau gauche
P ® Q), s’obtient & partir de P ® Q en appliquant un nombre suffisant de fois
les mouvements de base du jeu de taquin {cf. [31, 20]). On a donc :

(5.5) Iligne P ® Q = Iligne Taq(P ® Q).
Considérons, par exemple, les deux tableaux :
68 6
_ 459 _ 48
PRQ= 3 et R = 359
127 127

On vérifie qu’ils ont la méme ligne inverse de route {2,3,5,7} et que 'on a
R =Taq(P ® Q).

Rappelons aussi que le vidage-remplissage des tableaux droits est une
involution R + R7, conservant le contenu et la forme et satisfaisant 3

(5.6) Tligne R = n ~ Iligne R,
si R est d’ordre n (cf. [11]).
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Par exemple, le vidé-rempli R’ du tableau R ci-dessus est donné par :

8
79
T 356

124

et 'on a lligne RY = {2,4,6,7} =9 - {2,3,5,7} = n — Iligne R.

Soient maintenant A, u, v trois partitions de I, m, n, respectivement, telles
quel+m = n et A\, u C v et soit Ry un tableau standard, d’ordre n, de forme v.
On note Wy = W{(A, p, Ro) 'ensemble des tableaux standard P ® @, d’ordre
n, de forme A ® p, tels que Taq(P ® Q) = Ro. Le résultat remarquable di a
SCHUTZENBERGER (cf. 31, p. 95]) est que le cardinal de W (A, i, Ro) ne dépend
que de la paire non ordonnée {, u} et de la forme v de Ry il est, de plus, égal
au coeflicient g(A, g, v) de Littlewood-Richardson. On a, enfin,

RJ

(5.7) g(A, pv) =g\, i, V).
Comme le vidage-remplissage conserve la forme des tableaux droits, on
conclut immédiatement que les huit ensembles W;, W, = W(u, A, Ro),

WJ = W(’\’ K, ROJ): We:)' = W(/"”\,ROJ)7 Wy = W(p'l”\l,ROT)a Ws =
WX, @' RoT), Wy =W (', N, Ro'T), Wyje = W(N, i/, Ro’T) ont tous méme
cardinal, égal & g(\, p,v).

Supposons que le triplet (A, u,v) soit tel que v < V' (par exemple, par
rapport & 'ordre lexicographique inverse des partitions), le tableau droit Ro
étant toujours supposé de forme v. Au quadruplet (W;,W,, W, W;,) faisons
correspondre quatre bijections arbitraires, comme indiqué dans le diagramme :

W(\mRo) -  W(m\ Ro)
J J
W\ pRo?) 5 W(g) Ro'S)

Si P® Q est dans Wy, notons (P ® Q)5, P®Q)7, (P ® Q)’5 les images de
P ® Q par les applications de ce diagramme, soit :

PRQ — (P®Q)S

(P2Q)Y — (PRQ)’S

Ce diagramme étant construit, formons ensuite le diagramme obtenu en rem-
placant les quatre tableaux par leurs transposés :

PeQT — (PQPT

!

(P®Q)JT — (P®Q)JST
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Comme on sait (¢f. {11, 31]) que, si Taq(P ® Q) = Ro, alors Taq((P ® Q)T) =
RT il est clair que ces quatre tableaux transposés (P ® @)T, (P ® Q)57T,
(P® Q)T et (P ® Q)’5T appartiennent respectivement & W;, Wey, Wy,
W,st. Ceci prouve les propriétés (5.1) et (5.2). La propriété (5.4) résulte de
la construction méme de ces involutions.

Enfin, les propriétés (5.1') et (5.2) sont automatiquement vérifiées, puisque
'on a pour tout P ® @ € W (A, i, Ry), la relation Taq(P @ Q) = Taq Ro, d’ou
Iligne P @ @ = lligne Ry. Par définition méme des ensembles W, on en tire :

ligne(P ® Q)° = lligne Ry = lligne P ® Q ;
Nigne(P ® Q)’ = lligne Ry’ = n — lligne Ry = n — lligne P ® Q.

Remargque. — On peut obtenir une construction explicite des involutions
S, J et T en utilisant les deux lemmes 3.7 et 4.5 de SCHUTZENBERGER [31].
Cependant les bijections entre les ensembles W dépendent de deux tableaux
standard Py et Qo, de forme A et u, choisis arbitrairement.

6. Les symétries

Nous disposons de tous les éléments pour démontrer le théoréme 1.1. Pour
visualiser les quatre propriétés & établir, il est bon de se reporter aux tables
de I’annexe 2, ou sont reproduites les tables des valeurs C(n;v) pour tous les
vecteurs v et les valeurs n de 1 a 6.

La relation (1.2) dit que chaque table est symétrique par rapport a sa
diagonale principale.

La relation (1.3) exprime le fait que, dans chaque table, pour tout couple de
valeurs (r, s), le bloc correspondant & (r,s) a un axe de symétrie vertical. Il a
donc aussi un axe de symétrie horizontal en conjuguant les propriétés (1.2} et
(1.3).

La relation (1.4) dit que le centre de la table est un centre de symétrie.

Enfin, (1.5) affirme que la table correspondant a la premiére valeur n — m
du vecteur V se déduit de la table correspondant a m par une symétrie par
rapport & son axe vertical. De ce fait, on peut représenter en une seule fois les
tables m et les tables n — m en disposant les variables de fagon adéquate.

Notons T/ ’ensemble de toutes les paires R; Ry jumelables (cf. section 3).
Pour démontrer (1.2), on considére P’involution i de 7,] définie par :

(62/) i(Rle) - Rle.

Cette involution envoie bien chaque paire R; Ry, de forme A ® u, X' ® u, de V-
vecteur (m, 1, 8,4, j) sur RaR; de forme A'®pu, AQu et de V-vecteur (m, s, r,751)-
Pour obtenir (1.3), on considére la bijection de T, sur lui-méme définie par :

(6.3") j(RiR2) = RiRy7.
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D’aprés (3.5) et (5.5), on définit bien 13 une bijection, qui envoie chaque R R;
de forme A®u, \'Qu, de V-vecteur (m,r, 5,17, 5) sur Ry Ry7, de forme A®pu, X' @pu
et de V-vecteur (m,r,s,7,ns — 7).

Avec t définie par :

(6.4') t(R1R2) = R,STR,ST.

on tient une involution de T/, qui d’aprés (5.3) envoie Ry Ry sur R,STR,ST,
de forme M @ p/, A @ p’ et de V-vecteur

(m,n—l—r,n—l—s,(’;)—i, (’;)-—g)
La derniére involution, notée s, est définie par :
(6.5") s(R1Rz) = RSR,T.

Elle envoie la paire Ry Ry, de forme A @ u, ) ® u et de V-vecteur (m,r,s,1,7)
sur une paire R{¥RyT, de forme LA u ®A, de V-vecteur

(n—m,r,n -1~ 5,1, ('2‘) -7).

Ceci achéve la démonstration du théoréme 1.1.
Soit G le groupe engendré par les involutions i, j, t et 8. On vérifie
immeédiatement les relations :

P=32=t?=s=(ij)* = (is)* =1,
it =ti, jt=1tj, st=1ts, Js=s].

Par conséquent, le groupe G contient le groupe diédral Dy4(i,j), d’ordre 8,
engendré par {i,j}, ainsi que le produit de ce groupe par le groupe {1,t}
d’ordre 2.

Soit Ry R un élément de T,!. Les éléments de 'orbite de Ry Ry, par rapport
au groupe G, sont de la forme Ry*R,?, avec {k,l} = {1,2} et o, 3 des mondmes
de degré au plus égal & 1 en chacune des variables S, J, T. Les éléments R *R;?
de Vorbite ne contenant ni S, ni T dans les exposants « et 3 sont au nombre
de huit. Ce sont en fait les huit éléments de ’orbite de R; R, par rapport au
sous-groupe Dy(1,j) :

RiR;, RyRy, ReRy”, R/ Ry, RV Ry’, RoVRy7, Ro/ Ry, RiRy7.
Les éléments R.®R;? tels que « et 3 sont divisibles par ST sont au nombre de

huit :

ST p ST ST p ST ST p JST JST p ST

R\°" Ry°7, R°" Ry”7, Ry Ry , By Ry”",
JST p JST JST p JST JST p_ ST ST p JST
Rl R2 ) R2 Rl 3 R2 RI 3 Rl R2 .

Les seize éléments écrits constituent ’orbite de R{Ry par rapport au produit
Dy4(i, ) x {1,t}.

cause de la définition de s, les seules autres paires R R;? possibles doivent
satisfaire I’'une des deux conditions :
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i ivise o, T ne divise pas a, ivise 3, S ne divise pas 3,
NS divi T ne divi T divise 8, S ne divi 3
(ii) T divise o, S ne divise pas o, S divise 8, T ne divise pas 3.
Ces paires forment P’orbite de Ry R;T par rapport au groupe Dy4(i,j) x {1,t}
et sont au nombre de seize :
RSRyT, R"R\%, R,TR,7S, RO R,T,
R1JSR2JT, RZJTRIJS, RzJTRls, RISRZJT7
RiTR,S, RSR\T, R,SR,'T, RyTR,,
RiITR,S, RyVSR,'T, Ry'S R T, RiTR,7S.

Il n’y a pas d’autres paires possibles. Le groupe G est donc d’ordre 32.

BIBLIOGRAPHIE

[1] ANDREWS (George E.). — The Theory of Partitions. — Reading, Mass., Addison-
Wesley, 1976 (Encyclopedia of Math. and Its Appl., 2).

[2] BAILEY (W.N.). — Generalized Hypergeometric Series. — Cambridge University
Press, 1935.

[3] CARLITZ (Leonard). — g¢-Bernoulli and Eulerian numbers, Trans. Amer. Math. Soc.,
t. 76, 1954, p. 332-350.

[4] CARLITZ (Leonard). — FEulerian numbers and polynomials, Math. Magazine, t. 33,
1959, P. 247-260.

[6] CARLITZ (Leonard). — A combinatorial property of g-Eulerian numbers, Amer. Math.
Monthly, t. 82, 1975, p. 51-54.

[6] CARLITZ (Leonard). — The Expansion of certain Products, Proc. Amer. Math. Soc.,
t. 7, 1956, p. 558-564.

[7] CHEEMA (M.S.) and MoTzKIN (T.S.). — Multipartitions and Multipermutations,

Combinatorics [Los Angeles. 1968], p. 39-70. — Providence, Amer. Math. Soc., 1971
(Proc. Symposia in Pure Math., 19).

[8] DESARMENIEN (Jacques) et FOATA (Dominique). — Fonctions symétriques et séries
hypergéométriques basiques multivariées, Bull. Soc. Math. France, t. 113, 1985, p. 3-
22.

[9] FoaTA (Dominique). — Distributions eulériennes et mahonniennes sur le groupe
des permutations, Higher Combinatorics [M. Aigner, ed., Berlin. 1976], p. 27-49.
Amsterdam, D. Reidel, 1977 (Proc. NATO Adv. Study Inst.).

[10] FoATA (Dominique) et SCHUTZENBERGER (Marcel-Paul). — Théorie géométrique des
polyndmes eulériens. — Berlin, Springer-Verlag, 1970 (Lecture Notes in Math., 138).

[11] FoATA (Dominique) et SCHOTZENBERGER (Marcel-Paul). — Major Index and Inver-
sion of Permutations, Math. Nachr., t. 83, 1978, p. 143-159.

[12] FouLkEs (Herbert). — Enumeration of Permutations with Prescribed Up-down and
Inversion Sequences, Discrete Math., t. 15, 1976, p. 235-252.

[13] GARSIA (Adriano M.) and GESSEL (Ira). — Permutation Statistics and Partitions,
Advances in Math., t. 81, 1979, p. 288-305.

[14] GEssEL (Ira). — Generating functins and enumeration of sequences, Ph.D. thesis,
department of mathematics, M.1.T., Cambridge, Mass., 111 p., 1977.

[15] JAMES (Gordon) and KERBER (Adalbert). — The Representation Theory of the
Symmetric Group. — Reading, Mass., Addison-Wesley, 1981 (Encyclopedia of Math.
and Its Appl., 186).



81

[16] KNUTH (Donald E.). — The Art of Computer Programming, vol. 3, Sorting and
Searching. — Don Mills, Ontario, Addison-Wesley, 1g72.

[17] Lascoux (Alain) et SCHOTZENBERGER {Marcel-Paul). — A new statistics on words,
Combinatorial Mathematics, Optimal Designs and their Applications [J. Srivastava,
ed., Fort Collins, Colorado. 1978], p. 251-255. — Amsterdam, North-Holland, 1980
(Annals of Discrete Math., 6).

[18] Lascoux (Alain) et SCHUTZENBERGER (Marcel-Paul). — Sur une conjecture de
H.O. Foulkes, C.R. Acad. Sc. Paris, t. 286A, 1978, p. 385-387.

[19] Lascoux (Alain) et SCHUTZENBERGER (Marcel-Paul). — Formulaire raisonné des
fonctions symétriques, L.1.T.P., U.E.R. Math., Univ. Paris VII, 138 p., 1984.

[20] Lascoux {Alain) et SCHUTZENBERGER (Marcel-Paul). ~— Le monoide plaxique,
Non-commutative Structures in Algebra and geometric Combinatorics [A. de Luca,
ed., Napoli. 1978], p. 129-156. — Roma, Consiglio Nazionale delle Ricerche, 1981
(Quaderni de “La Ricerca Scientifica”, 109).

[21] MAcDONALD (Ian G.). — Symmetric Functions and Hall Polynomials. ~ Oxford,
Clarendon Press, 1979.

[22] MacMaHON (Percy Alexander). — The indices of permutations and the derivation
therefrom of functions of a single variable associated with the permutations of any
assemblage of objects, Amer. J. Math., t. 35, 1913, p. 314-321.

[23] MACMAHON (Percy Alexander). — Combinatory Analysis, vol. 1. — Cambridge,
Cambridge Univ. Press, 1g15 (Réimprimé par Chelsea, New York, 1g55).

[24] MACMAHON (Percy Alexander). — Two applications of general theorems in combina-
tory analysis, Proc. London Math. Soc., t. 15, 1916, p. 314-321.

[25] MacMAHON (Percy Alexander). — Collected Papers, vol. 1 [George E. ANDREWS,
ed.]. — Cambridge, Mass., The M.I.T. Press, 1978.

[26] RAWLINGS (Don). — Generalized Worpitzky Identities with Applications to Permu-

tation Enumeration, Europ. J. Comb., t. 2, 1981, p. 67-78.

[27] RawLINGS (Don). — The Combinatorics of certain Products, Proc. Amer. Math. Soc.,
t. 83, 1983, p. 560-562.

[28] REMMEL (Jeff). — Symmetric functions and g-series, preprint, Univ. Calif. San Diego,
1984.

[29] RoseLLE (David P.). — Coefficients associated with the Expansion of certain Products,
Proc. Amer. Math. Soc., t. 45, 1974, p. 144-150.

[30] SCHUTZENBERGER {Marcel-Paul). — Quelques remarques sur une construction de
Schensted, Math. Scand., t. 12, 1963, p. 117-128.
[31] ScHUTZENBERGER (Marcel-Paul). — La correspondance de Robinson, Combinatoire

et représentation du groupe symétrique [Actes Table Ronde C.N.R.S., Strasbourg.
1976], p. 59-113. — Berlin, Springer-Verlag, 1977 (Lecture Notes in Math., B79).

[32] STANLEY (Richard P.). — Ordered Structures and Partitions. — Providence, R.L.,
Amer. Math. Soc., 1972 {Memoirs Amer. Math. Soc., 119).

[33] STANLEY (Richard P.). — Binomial posets, Mobius inversion, and permutation enu-
meration, J. Combinatorial Theory Ser. A, t. 20, 1976, p. 336-356.

[34] WYBOURNE (Brian G.). — Symmetry principles and atomic spectroscopy. — New
York, Wiley 1g70.



82

Annexe 1
TABLE DES (t, q)-TABLEAUX

Lorsque A est un diagramme de Ferrers, le calcul du (¢, q)-tableau Fi(t,q)
a été expliqué dans la section 4. Pour un diagramme gauche A ® g, on part
des tables des (¢, g)-tableaux F,(t,q) et on utilise la relation (3.4), ainsi qu’une
table des coefficients de Littlewood-Richardson (cf. [15, 34]).

Dans les tables suivantes, les rubriques des colonnes sont les exposants r de
t, et ¢ de ¢ du polynéme F,(t,q). La rubrique de ligne est le diagramme A ® u.

Par exemple, dans la table n = 5, sur la ligne 2®21, on trouve les coefficients ;

122113431 11 ||

Se reportant au haut de la table, on obtient donc pour le polynéme Fags2; (%, )
la valeur :

tlg+2¢2 +2¢° +¢*) +t%(¢® +3¢* +4¢° +3¢° + ¢7) +t3(¢" + ¢8).

n=4
r—1 0 1 2 3
:—1 01 2 33 4 5 6
n=1 4] 1
31 111
r—1| 0 22 1 1
1—1 0 211 1 11
111 n=3 1111 1
T 13141 11
A®p r—{ 0 1 2 1®21 12 11 21
11— 011 213 1®111 11 1)1
n=2 311 221111 2 1 1
21 11 2®11 1117111
r—| 0} 1 111 1 11®2 11 17111
t—| 0] 1 12| 1|1 1 1111 1 1 2 1)1
211 1®11 1 1)1 3111 1 1
11 1 211111 1 21®1 12 11 2 1
I®1i 1)1 11®1 1 171 1111 11 111
T 1 1

A®pu AQpu A®u
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Annexe 2

TABLES DES NOMBRES C(n;m,r,s,1, )

Les polynémes C, définis par la relation (1.1) sont des polyndémes a cinq
variables :

Cn = Cn(zatlatZaQ'Zan ZC n m,7r, S,Z,]) mtrtZQIQZ)

oom=12,....,.n;r,s=0,1,...,n—1et 7,7 = 0,1,...,(;). Les tables qui
suivent donnent les valeurs des coefficients C(n;m,r,s,7,5) pourn = 1,2,3,4,5
et toutes les valeurs de m, ainsi que pour n = 6 et m = 0,1, 5,6. A chaque
couple (n,m) tel que 0 < m < n/2 et 1 < n < 6 est associée une table des
valeurs de C(n;m,r,s,, 7). Les tables correspondant a n = 6 et m = 2,3, 4 font
apparaitre des coefficients a trois chiffres et deviennent ainsi trop volumineuses
pour la reproduction. De plus, la capacité mémoire du logiciel TEX est dépassée!
On notera que r et 7 sont des indices de ligne et s et 7 des indices de colonne.

Se reportant, par exemple, a la table n = 5,m = 1, on constatera qu’a
Pintersection de la ligne r = 2,7 = 5 et de la colonne s = 1, 7 = 3, on trouve
le nombre 8. Donc C(5;1,2,1,5,3) = 8.

Lorsque n/2 < m < n, les coefficients C(n;m,r, 5,1, 5) sont lus dans la table
associée au couple (n,n—m). Les indices de ligne r et 7 restent les mémes, mais
les indices de colonne s et 7 doivent étre lus de droite & gauche, en prenant la
numérotation des deux dernieres lignes de la table.

Enfin, I’avant-derniére ligne du tableau {n,m) contient la somme des coeffi-
cients de chaque colonne, divisée par le coefficient binomial (::1) :

Clnym,-,s,-,5)/(}) = (1/(;)) ZC(n;m,r, 5,%,7).

Comme on peut le vérifier facilement (par exemple en utilisant I'interprétation
de C,, en termes de permutations colorées décrite dans notre article précé-
dent [8]), ces sommes divisées ne sont autres que les coefficients des nombres
q-Eulériens A, s(q) définis par CarLiTZ [3, p. 336]) :

Ano(a) = D (Clmsm,-,s,5)/ (7))

La derniére ligne du tableau (n,m) contient la suite familiére des nombres

Eulériens :
An,s = An,s(l) = ZC(n; m,-, 8, ])/(:rlz)
J
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RAISING OPERATORS AND YOUNG’S RULE

A. M. Garsia ().

ABSTRACT: In a few mysterious lines of QSA VI Alfred Young introduced: the
notion of Raising operator. Very sketchily he goes through some rather remarkable
manipulations to derive what is now sometimes referred to as Young’s rule. In
previous joint work [3] we have made rigorous a portion of Young’s argument by
interpreting these operators as acting on Ferrers’ diagrams. Other authors, somewhat
later have presented similar interpretations (see [8] and [10}). In the present work we
bring some evidence to suggest that in Young’s interpretation, raising operators acted
on Tableaux rather than shapes. With this view, we can finally put together a rigorous
version of the remaining unexplained portion of Young’s treatment. This effort has also
led us to a remarkably elementary and very combinatorial proof of Pieri’s rule.

Introduction

One should only read the few sentences in the introduction to G. James book {7} to appreciate some of our
contemporaries attitude towards the work of A. Young. Indeed, Young’s style of writing is quite forbidding. His
definitions are vague, his proofs are sketchy and sometimes only carried out in a few simpie cases. One gets the
impression that he may have discovered the result by experimentation, convinced himself of its general validity
but only succeded in proving it in the cases presented. Matters are made even worse by the fact he often
expects (without explicit mention) the reader to be familiar with definitions and arguments given in his
previous writings on the subject.

The best attitude to have in regards to Young’s work is to view it not as a place to learn the subject (a
much less painful introduction to QSA can be found in Rutheford [9]) but rather regard it as a collection of
hints and a source of combinatorial inspiration. With this view, one discovers that Young could do with the
algebra of the symmetric group pretty much what he wanted or for that matter whatever anyone eise would
ever want to do.

This work is concerned with only a few pages of Young’s writings. (QSA IV p. 259-261 and QSA VI p.
196-201). Starting from the cryptic sentences that we find there, we have been led to remarkably simple proofs
of two basic results in the representation theory of the symmetric group. Namely: Young's rule and Pieri’s rule.

Perhaps we should recall that Young’s rule is concerned with the decomposition of the character of the
permutation representation induced by the action of S, on the left cosets of a2 Young subgroup (a product of
smaller symmetric groups). Pieri’s rule is traditionally stated as a combinatorial recipe for obtaining the Schur
function expansion of the product of a Schur function by a homogeneous symmetric function. In Young’s
context it simply gives the decomposition of the representation of Sy, obtained by inducing from S, X S

1980 Mathematics Classification. 05A15, 05A19, 20C30, 20C35, 68-04, 68C05.
(*} Work supported by NSF grant at the Univ. of Cal. S8an Diego and by ONR grant at the MIT.



92

the outer tensor product of an irreducible representation of S, by the trivial representation of Sy, .

The contents are divided into three sections. In the first we review some notation and give Young’s natural
units in a form which is convenient for our developments. In the second section give our derivation of Pieri’s
rule and derive some remarkable identities concerning Young’s idempotents. In the final section we we present
our new interpretation of Young’s proof of Young's rule and complete Young’s argument by means of the
identities obtained in the second section.

Whether or not our interpretation of those pages of QSA is in agreement with what Young had in mind,
what matters is that it is in reading those pages that we have been led to the present developments. We
therefore hope that our experience will stimulate further readings of his remarkable works.

We wish to acknowledge here our gratitude towards Jeff Remmel and Luc Favreau who patiently
participated in endless discussions as to the possible interpretations of Young’s cryptic statements. Their specific
mathematical contributions to this paper will be quoted later and in context,

1. The natural units.

Let G be a finite group and let N(G) , k(G) denote respectively the order and the number of conjugacy
classes of G . We shall also denote by A(G) the corresponding group algebra.

Let A denote an index set of cardinality k(G) and
e}y forh€A and for i,j=1,2,.,m,

be elements of A(G) satisfying the following conditions

1) each e} is different from zero.

2) elek =0 if As=u or jZr.

3) efed = e forall ijk and X .

3

) Y md = NG

A€EA

Then it is quite elementary to show that every element f € A(G) can be expanded in the form

m,
f= 2 hy 2 fej)fi le ei):j ’ 1.2

AEA ij=1
where | denotes the operation of taking a coefficient, ¢ denotes the identity of G and h, can be computed
from the identities:

% el i=12..m, . 1.3
It is also quite easy to show that we must have
ehl.=0 for all \€A and all i=j . 1.4
Finally, we can easily show that the coefficients a}\{c') in the expansion
c=2 X @ ey (0€G) 15
LN

give a complete set of irreducible representations of G . Moreover, the fundamental characters of G are
given by the expressions
X' = h)‘i el . 1.6
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Such units as the e} are in principle all that we need to have to study the representations of G. Of
course for an arbitrarily given G these units are hard to come by. But remarkably, for the symmetric group
S, , Young was able to write down explicitly two different sets of them. They are referred to now as the
natural and the semi orthogonal units. The latter are so named since they give rise to a set of unitary irreducible
representations.

Young succeded in establishing quite a number of basic properties of the representations of S, simply by
working with the natural units. In particular his approach to the proof of Young’s rule is based on some
remarkable properties of these units.

Nevertheless, his constructions are unduly intricate in this case and we shall have to give here a simpler
and more convenient definition. To this end we need to introduce some notation.

We shall follow as closely as possible Young’s notation, with some exceptions. For typographic reasons
it is more convenient to represent Ferrers’ diagrams as left justified rows of dots, of lengths weakly increasing
from top to bottom. Rows will be numbered from bottom to top. As customary we shall identify partitions with
Ferrers’ diagrams. The notation Afn as usual indicates that A is a partition of n , or equivalently that the
corresponding Ferrers’ diagram has n dots. A tableau of shape X is obtained by replacing the dots of the
Ferrrers’ diagram corresponding to A by arbitrary integers. We shall follow the French notation and call a
tableau standard, when the dots are replaced (if A:-n ) by the successive integers 1,2,...,n so that they result
in increasing order from left to right on the rows and from bottom to top on the columns. Column strict
tableaux are analogously defined. That is they are tableaux with entries weakly increasing in rows from left to
right and strictly increasing in columns from bottom to top. With these exceptions, whatever concept we shall
use here undefined, its definition may be found in [4], [5], or [6].

In the picture below we depict the Ferrers’ diagram corresponding to the partition A = (1,3,34) , a
standard tableau T of shape X and a column strict tableau S of the same shape.

L 6 4

¢ o o T 4810 g 334
e o o - 259 - 223 ’
e o o o 13 7 1t 1112

The multiset of entries of a tableau is usually referred to as the content of the tableau. For instance, the content
of the tableau S given above is 1323 33 42

For a given set A of integers we shall denote by [A] the formal sum of all permutations of A . In
other words, if S, denotes the symmetric group of A then

Al = Y o . 1.7

a€S,

It is convenient to write these permutations as products of cycles. For instance, we write

[248] = e+ 2,4)+ (2.8) + (4,8)+ (2,48 + (2,8,4) .
We also set
[Al = ¥ sign(o) o . 1.8
a€S,
In particular
[248] = e — (2,4) — (2,8) — (4.8) + (2,4.8) + (2.8.4) .
This given, if the rows of a tableau T are R, ,R,, --- , R, and its columns are C;,C,, --- , C
then Young sets
P(T) = [R]IRy] - [RJ , N = [QIC] ---[C] .

Thus for the tableau T given above we have

P(T) = (1371112591 [4810] and N(T) = [1246)[358)[7910) .
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For an injective (all entries distinct) tableau T of shape A , we shall set here

_ P(DND 19

y(T) h

where h, is the product of the hooks of the Ferrers diagram of A . The constant h, was first computed by
Young in QSA II (pp. 364-367), it is precisely the integer that makes y(T) into an idempotent. This latter
fact is not trivial (see [4] for a proof). If Af-n and h, is defined as the ratio

n!
hy = =
0y

where 1, denotes the number of standard tableaux of shape A , then the idempotency of (T} can be shown
with a reasonable amount of work (see [4]).

For two standard tableaux T, and T, (not necessarily of the same shape or size) we shall let T; (T,
denote their common subtableau. That is, if the integers 1,2,...i occupy the same positions in T; and T, but
i+1 does not, then T, ()T, is the subtableau of T, (or T,) containing 1,2,...i . We shall also call i+1
the first letter of disagreement between T, and T, .

This given, we shall say that T, precedes T, if the first letter of disagreement between T, and T, is
higher in T, than it is in T, . This total order of standard tableaux is introduced in QSA IV (p. 258). We
shall thus refer to it as the Young order. Let then

LT LT
denote the standard tableaux of shape A arranged in the Young order. It is also convenient to denote by oh
the permutation that sends the tableau T} into the tableau T} . For, simplicity we shall sometimes omit the
superscript A whenever dealing only with tableaux of the same shape. Of course we intend a permutation o

to act on a tableau T by simply replacing the entry i with its image o; . With these conventions, we can
easily derive that we have

PeTD=cPMo! , NeT=c NT o !, yeD=0cy(Mo! . 1.11
Now, a very elementary argument, (see for instance [9]) shows that we have
N(T) P(T) =0, foraltj> i, 1.12
and therefore we must also have
Yy y(T)=0, forallj>1i ., 1.13

In general, this may not hold for j < i. Nevertheless, for some shapes (such as hooks for instance) 1.12 does
hold for all i . In this case it is easy to show, using 1.11, that the units

e}y = P(TM) o} N(T))/ hy
do satisfy the conditions 2) and 3) of 1.1.
To compensate for the fact that 1.12 does not always hold as desired, Young sets
el = P(TH) o) N(T) M}/ b, 1.14

where M} are elements of the group algebra put together precisely to make the relations 2) and 3) valid
without exception.

The only thing that remains to be verified is condition 1.1 4). However, the identity
nl = z n?

when n, gives the number of standard tableaux of shape A is well known and easy to prove. Indeed, a very
elementary and quite straightforward proof is given by Young in QSA II.
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Young’s definition of the M} is rather messy and difficult to use. Yet in several occasions Young uses
these factors in a very surprising manner, indicating that he knew a lot more about them than he ever

explicitely stated. Now, it develops that if we set

M = (= (M) (1=y(Th)) (G—y(T3)) |

then conditions 1), 2) and 3) of 1.1 are easily shown {using 1.11 and 1.13) to hoid without exception.

115

This will be our construction of the natural units. We shall see that this definition makes the natural units

a very convenient tool for studying the representations of the symmetric groups.

In Young’s terminology, P(T) is the row group of T and N(T) is the column group. We shall indicate,
as it has become customary, by o and B generic permutations of the row and column groups respectively.
Now a very basic fact (see [9] for a proof) is that for any two tableaux T, and T, of the same shape the

inequality

N(T) P(Tp) = 0

implies the existence of permutations «, ,8; and o, , 8, respectively of the row and ¢olumn groups of T,

and T, giving
Ti=Bra; =81 Th=0:8,T, ,
from which we derive that
P(Ty) N(T) P(T)) N(T,) = sign{8;) P(T,) N(T{} B, a; P(Ty) N(T,) =
P(Ty) N{Ty) P(T) N(T}} By -

I

Thus using the idempotency of every y (T} we get
y(T) y(Ty = sign(@y) (T .
Now omitting the superscript A let us set as Young does
E; = P(T) oy N(T)
To show that our units are the same as those given by Young we need only show the basic
Lemma 1.1

The following identities hold for the natural units corresponding to shape \ :

N
Es = h 2 bye, .
Fs
where by is different from zero only if the permutation o5 is expressible in the form

T = Bjs Qs

with the last two factors elements of the column and row groups of T; and in the latter case we have

bs = sign{By)
Proof
To simplify our notation let us set
Po=P(T}) , Ny= N(T}) , yi=v(T}) , g=¢} .
Then from 1.15 and 1.2 with = E, we get {by repetitive uses of 1.11)
& E e = b, By el ey~
=Po NPy N (~yi) -+ (1=yy) |, =

=Wy, ooy Q=yu) - (I=y,) le &=

1.19

1.20

1.22
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=hlojyi U=y - U-yp) yeonle &y
Now using 1.12 it is easy to derive that

v, if i=r1,
Yill=yid  U=ya) ¥e = | o otherwise

This gives
e B = h? Tir ¥r Trs I e = hlyjoponlo ey =
=hlyjoislee; = B B Noj | e; =
=h, bse; .
Now clearly either o is of the form 1.21 and b;, is given by 1.22 or this term will necessarily be equal
to zero. Thus the lemma follows from 1.2 .

Comparing our formula 1.20 with the expressions obtained for the natural units in Young’s QSA IV (p.
258) or Rutheford ([9] P. 51) we can easily derive that our units are the same as Young’s.

Remark 1.1
Of course we see from the definition of the bj; that by = 1. Thus the matrix
B=| by (by=0 for j<s)
has determinant one, and therefore is invertible over the integers.

Introducing the matrices

e=| e . E=] B ,L=| L] =B", 123
we can write 1.22 in the form
E=heB 1.24
or equivalently
- L
e = B EL 1.25
and in component form:
n.
& = L 2 Ey Ly - 1.26
h, o

Remark 1.2

The presence of denominators in some of these formulas has led several workers in this area to the
mistaken belief that Young’s developments concerning the natural representation are only valid in characteristic
zero. Actually, it develops that both Specht work on the so called Specht modules and Rota’s Straightening
Formula, which are generally regarded as characteristic free developments can be related to the natural units. In
particular, the derivation of Specht Modules that is given in [7], in each of its significant steps, can be identified
(see [11) with Young’s derivation of the natural. Thus, when James’ polytabloids are taken as basis the
resulting representation matrices are of course identical with those originally given by Young. Familiarity with
these two derivations, reveals that Young’s is not only more elementary but also simpler. It should be
mentioned that the natural representation can also be used to put together an efficient algorithm for carrying
out Rota’s straightening.

The present development should help making all this a bit less surprising. For, we can at the least deduce
from formula 1.25 that there are no denominators in the final expression giving the natural representation. In
fact, formulas 1.5 and 1.25 combined give
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1,
ajlo) = 2 By Lig |- - 1.27
=i

We shall not dwell any further into this here since we come back to it with greater detail in [1].
Remark 1.3

There is an interesting partial order of standard tableaux which underlies the Young order, it is worthwhile
studying it on its own merits. Given two standard tableaux T,, T, let us set

T -1 1.28
if and only if
N(Tp P(Ty) = 0. 1.29

Note that if T, comes before T; in the Young order then there is a pair of letters that is vertical in T; and
horizontal in T, and the product in 1.29 is then equal to zero. Thus the Young order is a linear extension of
the relation T;— T, . Note further that in a chain

T, T,— Ty3— - =T — - 1.30
the common subtableaux
TlnTz . Ty ﬂTa R ﬂTk

form a weakly decreasing sequence. Indeed we see, for instance, that if T; (YT, 2 T, () T; then the first
letter of disagreement between T; and T, is the same as that between T; and T, and is higher in T; that
in T, and a fortiori than in T;. This forces T; (YT,2 Ty {1 T;. On the other hand, if
T, NT,< T, T; C(strictly} then T; as far as T, is concerned behaves exactly like T, and

TNTL=T,NT,.

Thus the only way that a chain as in 1.30 can loop back on itself (say T,=T;) is that all of the
intermediate tableaux contain T, as a subtableau. This means that for tableaux of the same size we can define

s

a partial order by taking the transitive closure of " — *.
Remark 1.4

A useful property of tableaux idempotents is that they do reflect in some weak sense tableau containment.
Indeed, if T, is a subtableau of T, then using the fact that the row and column groups of T, are subgroups
of those of T, we can (by means of two coset decompositions) write

P(Ty) N(T,) = P(T,) RCN(T;)

with R and C sums of coset representatives respectively lying in the row and column groups of T,

2. Pieri’s rule.

Before we can proceed we need to introduce some notation. Let us go back for a moment to the general
case of a finite group G . For a given element { of the group algebra A(G) set

Tgf= 2, ofo! 2.1

a€G

It is immediate that the operator T'g is linear and maps A(G) into its center. Moreover, we see that for any
two elements f, g € A(G) we have

FG f g = FG 4 f.
Using this simple fact we can easily verify that for any set of units e-,’; satisfying 1.1 we have:
Fgel = 0 (for i#=j) 2.2

Tgel= x* (for i=1,.,m, ) 2.3
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Going back to the symmetric groups, it will be convenient to use I';, rather than I'; for the case when
G =S5, . Now, it is easy to see that 2.3 in the case of the natural units reduces to the statement that

Foy(M = ¥

holds for any tableau T of shape Afn. Indeed, it is clear that the left hand side of this identity is
independent of the particular T that is chosen. But in the case that T= T,Q‘A we have

y(TR) = eq

Here and in the rest of this section, for n= a+ b we shali let T, denote a standard tableau of shape A
in the integers 1,2,..,a and B denote the set of consecutive integers at+1, at2, .., n. We shall say that a
standard tableau T, in the integers 1,2,..,n is B-pieri over T, , if and only if T can be obtained by adding the
etements of B to T, so that no two of them fall in the same column. Similarly a shape u is said to be b-
pieri over & if the Ferrers diagram of u can be obtained by adding to the diagram of A b dots no two on
the same column.

For a given At-a, let A* denote the irreducible representation of the symmetric group [1..a]
corresponding to A . Furthermore, let the symbol A* a1 n denote the representation of the symmetric group
[1.n] obtained by inducing from [1..alx[a+1..n] the tensor product of A* by the trivial representation of
[B} .

This given, the following resuit is basic in the representation theory of the symmetric groups.
PIERI'S RULE

The irreducible constituents of A* al n are the representations A* corresponding lo the partitions u that are
b-pieri over N and each occurs with multiplicity one.

In Young’s work this result appears as an identity involving characters of symmetric groups. It is expressed
there in terms of the operator I', . Namely, Young states (see QSA IV p. 260) that for any A+a and any
tableau T, of shape A as indicated above we have

[B]
I‘ny(TA)—B-!— = be“ . 24
In
where the b is to indicate that the summation is to be carried out only over the partitions wx that are b-pieri
over A .

It is not difficult to see that this identity implies Pieri’s rule. Indeed, the character version of the rule is
simply the identity

* 1B
rnﬁr%‘—:ZbX#. 25
! ' w
However, since
XA = ra Y (TA) s

and

( Fay (TA) ) [_B_]_

I a! bt

= Fn ’y(TA) {bi’]

>

we see that 2.4 and 2.5 are equivalent identities.

We have found Young’s proof of 2.4 difficuit to decipher. Nevertheless using his sentences as a collection
of hints, and taking 1.14 and 1.15 as the definition of the natural units we have put together the argument
given below,
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We start with formula 1.2 with

y(Ta) Gl

f= 161

h, b!
In view of 2.2 and 2.3 the identity in 1.2 yields that

rnf=2hﬂ2feﬁlex*‘. 26
" =1

We are thus reduced to calculating the expressions

P(T,) N(T,) [B]

- o P(T#) N(T#) M¢ |, . 2.7
N .

h,fef | =

If we expand the factor M{ here according to its definition 1.15 we are led to summands of the form
P(T,) N(T,) [B] P(T#) N(T¢) P(T¢) N(TE) P(TE) N(TE) - -+ P(T) N(T2) |,
with
r<ip<i< - <ig<n, .
Now, this may be rewritten as
N(T,YP(T#) N(T#) P(TE) N(TE) P(T) N(TE) - - - P(TY) N(T¢)P(T,) [B] |e ) 28
and the non vanishing of such a term yields us the relations

TA—.T#—.T{T_.TI;;_. _.T';:_.TA .

In view of Remark 1.3 we must conclude that T, must then be a subtableau of all the successive ones,
Moreover, owing to the presence of the factor [Bl in 2.8 we derive that no two elements of B can be in the
same column of T{; . In other words T{: itself must be B-pieri over T, , and thus also that x must be b-

pieri over A . Since the tableaux

TELTELTE L o L T2

A
have all the same shape, they must all necessarily be B-pieri over T, . However, a moments reflection reveals
that this last condition forces a term such as in in 2.8 to vanish identically. The reason for this is that if two
different standard tableaux T, and T, of same shape are both B-pieri over the same tableau T, then some
element of B must be in a higher row in T; thanitisin T, and for some other element of B the opposite
must hold. This will give pairs of elements in the same column of T, that are in the same row of T, and vice
versa. Now this fact implies that

P(T) N(T;) = 0 = P(T,) N(Ty}

We must then conclude that the only surviving term in the expansion of M# is the trivial identity term. In
other words we can omit M# altogether in the identity 2.7

We are thus reduced to calculating terms such as

P(TON(T
POINTL peppyneriy L |,
h, b!
with T¢ B-pieri over T, . However using Remark 1.4 we can reduce this to
B
paranen &L |,

Finally we can get rid of the last factor [B] by the following argument {typical in Young’s work). Assume that
B splits in to the subsets By , B,, --- , By in successive rows of T# . Letting

Bl = X 7 [BlBy} - - [B]

i
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be the left coset decomposition of [B] we can rewrite our term in the form

3 7 BB, - - - [BJ PTEINCTE) |,

i
Now the "B" factors get absorbed by P(T#) yieiding the numerical factor
byl byl byl
b; indicating the cardinality of B .
We are finally reduced to evaluating terms of the form
7 P(TH)N(TE) |, = N(T#) PG T8 |,

Now since each 7; (with the exception of the identity) moves around the elements of B in T# bringing
some of them down and some of them up, there will necessarily be pairs of entries in of the columns of T#
that are in the same row of +;T# . But this forces all these terms to be zero, leaving us with

by byl - - - by byl by! - - - by

..%__L_ P(T#L)N(T‘,ft) |E = %

Note that the muitinomial coefficient

b!
bl byl - - byl

gives precisely the number of standard tableaux of shape u that are B-pieri over T, . Denoting this
coeffiecent by b, we can recapitulate these findings as follows:

L if T# is B—pieri over T, ,

[B] b,

YT lee = | 0 otherwise »

combining this with formula 2.6 we see that we must have 2.4 as asserted.

3. Young’s rule.
Let
a={a,a, -, a/}
be a composition of n and let A, ={1,2,..,a} and
Ay={atayt - - -+a_,, -, aptagt - +ag) (for i=2,..k )
be the corresponding decomposition of the interval [1,n] into successive disjoint intervals.

For a partition X and a composition & it is customary to denote by K, , the number of column strict
tableaux of shape A and content 1% 2% ... %

The character version of Young’s rule can be stated as follows

(AdIA - - [A) .
Ly alay - - ay = ; X Kk,a - 31

It is well known and easy to show that the left hand side gives the character of the permutation representation
induced by the action of S, on the left cosets of the Young subgroup [A;][A,] - - - [A]. Thus this identity
simply says that the multiplicity of A* in this representation is given precisely by the number K, , .

Young states 3.1 in a very curious manner. Under the assumption that a;>a,> - - - >a, he writes

r [A]][A2] s [Ak] _ H 1 (ay..... a) .

"l ay ey I-s; X 32

i<j
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Where he says that §; ; is the operation of " moving one letter from the i row to the i" ",

He then states that this relation may be inverted to

(“1 ..... a) — e [A]][A2] o [Ak} 33
X il;Ij(l Sig) T alay! ---a! '
This development is extremely puzzling, for it is clear from Young’s use of words that he intends S;; to act on
tableaux, yet it appears (see [3]) that the only way to make simuitaneous sense out of 3.2 and 3.3 is to interpret
S; ; as an operation on shapes. That is, we replace the word /etter in the quoted sentence above by the word
dot.

However, since we have

"a
x* = haz era.r .
=1

and each unit e?, corresponds to a uniquely determined tableau, it is quite possible that Young really meant
S;; to act on tableaux. This possibility should be further reinforced by the proof of Young’s Rule that we are
about to present.

Our argument stems from the few cryptic sentences at the end of page 196 of QSA VI The starting point
is again formula 1.2 with the e}y the natural units. For the case
o [adiay)
a}! 32!

let us write

n

A

f 2hL = 2 AMN(D) e}, + NDT
A =1

where "NDT" stands here for non diagonal terms, that is terms in ei*J- with i j. The nature of these terms is

of no consequence here since (in view of 2.3) they are sent to zero by T, .

Now Young states that when A = (ai+b,a-b) with b>0 the coefficient of e}, is zero unless T}
has the letters 1,2,..,a; all in the first row and in this case

From this assertion, 3.1 (in the case of two part partitions) can be easily derived since the binomial coefficient

(12) gives precisely the number of standard tableaux T2, that have 1,2,.,3, in the first row and the

coefficient K, , is precisely equal to one in this case. Young then goes on to say that the general case can be
proved in the “same way'. No justification whatsoever is given for the assertion even in the case of two part
partitions.

Actually it is not too difficult to verify the validity of Young’s assertion in the case of two part partitions.
The real puzzle starts when we try to interpret the cryptic same way and state the basic identity in the general
case.

To formulate the most natural and tempting interpretation we need some notation. Given a column strict
tableau S of shape A and content 1*12%2 ... k™ let us say that a standard tableau T fizs S if and only if
T is obtained by replacing in § the 1’s by the elements of A, , the 2's by the elements of A,, --- ,the
k's by the elements of A, . Finally, let n(S) denote the number these tableaux.

This given, we may conjecture that

[AJIAS] - [A] AL
A - 2;2‘ AM@)e, + NDT . 34
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where AN(@) is equal to zero unless T? fits some column strict tableau S of content 127 - k™ and in
this case.

1
A} (a) = e 35
o n(s)
In a joint effort with J. Remmel we succeeded in proving this coniecture for the case of three part
partitions, however the general case presents insurmountable difficulties. Nevertheless the effort was not totally
fruitless since it inspired the argument we used in this paper for the proof of Pieri’s Rule.

We should note though that, for the sole purpose of proving Young’s Rule, it is sufficient to prove 3.4 with
A}M.@) given by 3.5 as indicated above and "NDT" replaced by terms annihilated by T, . Now it develops that
we can indeed prove this version of the conjecture.

More precisely, given two elements [, g of the group algebra of S, let us write f==_ g if and only if
I,{(f—g) = 0. This given, our basic identity may be stated as follows.

Lemma 3.1
For any composition 8 = (a, ,a;, - - ,a ) wehave
[ATA,] - - - (A 1
O - (m , 3.6
alay - al ZS n(s) ”Z(S o
where the first sum is to be carried out over all column strict tableaux of content 1% 2°2 - -+ K™
Proof

We proceed by induction oni k . The assertion is trivial for k=1 . For k—1 we can write it in the form

(ad - lad (T
Ll LRAR T X D Y AL 37
all ! S e s n{S)
where the superscript (k—1) is to indicate that now the first sum runs over all column strict tableaux of
content 1" - - (k=1)*'. Furthermore, assuming that
a+ - 4+ oau = a,

the error term E satisfies

[LE=0.

Aiming to prove the identity for k let us set

B = {a+tl,a+2, - - |, atb) (with atb=n )
Multiplying 3.7 by [?Bl]- we get
(A ---[A] [B] e v(Ta) [B] (B]
Al e b ZS T%s 2 o T Eh 38
b A

Note now that the summand is precisely of the form studied in our proof of Pieri’s rule. Indeed, equation 2.9
can be written as

y(Ty) {bl,_} =Y 3 -Z% + NDT . 39
# TE B-pieri over T,
Moreover, from 1.20 we derive that
et = y(TH) + NDT .
and thus 3.9 yields
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y(TA)%] -3 3 3’(;?) + NDT . 3.10

& TE Bepier over T, Lt

Now this equation gives us precisely what is needed to complete the induction argument. For, substituting it in
3.8 and observing that

rEm) = r (P m) -0

we finaily deduce the identity

(Ad---[Ac] Bl _ . y(T#)
Tal gl b ="Zs<k "L X )2 n(S) b,

! ;
k-1 Tp fits S n T# Bpieri over T,

which is easily seen to be merely a more complicated way of writing our identity 3.6 .
Remark 3.1

Starting from our identity 3.6 it is possible to justify Young’s expression 3.2 with the raising operators
acting on tableau idempotents. Just as in [3] we do not have associativity and we shall have to define the action
of a compound raising operator

Q=1]J1s7 301
<]

rather than the action of the individual S;;’s. To this end, for a given cotumn strict tableau S let Q(S) be
the compound operator obtained by letting a; in 3.11 be equal to the number of js that are in the i" row
of S. For instance if (in English notation)

1234
4

w
I

B R S
JE S PR g
B W —

then
Q) = $,;8,35835514 5454 .

We may say for instance that Q(S} raises 2 letters from the fourth row to the third. We may also write the
equation

1111 1111234
22 2334
Q® 3333 = 344
44444 4
Or even more generally we may write equations such as
1 2 3 4 1 2 3 456
) 6 5 9 10
51250354 g 9 10 T 3 13

12 13 12

In other words if Q is given by 3.11 then Q T is obtained by raising in succession for each j and for =1 to
71 the a;; last letters of the j* row of T up to the end of the i row.

Now, the basic rule in defining the action of a compound raising operator Q on an idempotent y (T) is to
set the result equal to zero if Q T is not a tableau or if two letters which are in the same row in T end up in
the same column of Q T . If neither of this two events occurs then we set

Qy(M = y(QT) .
We can easily see then that if T is a tableau of shape (aj,a,,...,a) then Qy(T) =0 unless Q= Q(S) for

some column strict tableau of content 1% 2°2...k™  and then of course QT is precisely the tableau
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obtained by replacing the j's of S from left to right by the elements of the j" rowof T.
Note now that since for any tableau T of shape A + n we have
Foy(T = x

equation 3.6 can be rewritten in the form

il a5

aplay! - a! S

where T(S) is the tableau obtained by replacing for each j in succession the s of S from left to right by
the elements of A, in their natural order. However, due to our conventions concerning raising operators we
can rewrite this last equation as

[alA)] - -{Ad 1
= A) 3.13
alay - - a! ];'[J 1-5;; (&
where (assuming a;32a,2 - - - >3, ) the tableau A is simply that whose j' row consists of the elements of

A;j in their natural order.

Now it is easy to see that since a raising operator acts on the position of a letter and a permutation acts on
the value these two actions commute. Thus, for any Q and any permutation o , we do have that

Qo T=0QT
and a fortiori we do have as well that
g QyMao't = QylT) .
We thus deduce from 3.13

Adlad - Iad
aytay! - - gt 7

N H —I'.y(crA) N 3.14
s,

i<
If we now sum these identities for all ¢ in S, we derive that

r {A}”Azl co {Ak} — H 1 X(al,az...;,ak)

? 31132! e ak! n i< 1"S,J ’
But now the congruence becomes equality since both sides are central elements of the group algebra of S, .
Thus 3.2 holds true as Young asserted even with this interpretation of the raising operators.

Remark 3.2

We have no idea whatsoever how Young could justify inverting 3.2 to get 3.3. This is done in [3] with a
completely different definition of raising operators. The closest we can come in tying 3.3 to 3.2 via the present
definition of raising operators is by working not with idempotents but rather with words in the free monoid.
However, since this topic would lead us far out of the present context, we have to refer the reader to {2} for
further details.

We are thus left with two open problems. Namely, whether or not 3.4 (with 3.5) holds true as generally as
Young seem to indirectly assert and the derivation of 3.3 from 3.2 with the present definition of Raising
operators.
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Counting Three-Line Latin Rectangles

Ira M. Gessel*

Department of Mathematics
Brandeis University
Waltham, MA 02254

A k x n Latin rectangle is a k X n array of numbers such that (i) each row is a permutation
of [n] = {1,2,...,n} and (ii) each column contains distinct entries. If the first row is 12- - - n, the
Latin rectangle is said to be reduced. Since the number k x n Latin rectangles is clearly n! times
the number of reduced k X n Latin rectangles, we shall henceforth consider only reduced Latin
rectangles. It is known |7, exercise 4.5.10, p. 288; solution, p. 507} that the number of (reduced)

3 x n Latin rectangles is the coefficient of z"/n! in

2 - z"
Z
e §n1(1+z)3n+3. (1)

For other work on the enumeration of 3 X n Latin rectangles, see {1},{2}],(8]-{12], and [13, pp.
204-210].

A 3 x n Latin rectangle may be identified with the pair (r,0) of permutations of 1,...,n
which are its second and third rows. A pair (w,¢) of permutations corresponds to 2 3 x n Latin
rectangle if and only if for each 1 in [n], 7(3) # 1, o(3) # 4, and n(1) # o(3); in other words, =, o,
and o~ ! are derangements.

We generalize (1) to count 7 and o by their numbers of cycles, and we obtain the following

result:

Theorem 1. The number of pairs (x,0) of permutations of [n] such that m,0, and no~! are

derangements, = has j cycles, and o has k cycles, is the coefficient of & %z" /n! in

7

g2abz i (a)n(ﬁ)u T

n! (1 +az)ntA(1 + Bx)nta(l + g)ntas’

(2)

n=0
where (a)p = ala+1})...(a+n~1).
Our approach is similar to that taken by Foata and others [3]-[6] in their combinatorial study

of orthogonal polynomials. We work with digraphs corresponding to permutations. We may

identify the permutation 7 of [n] with the digraph on [r] having an edge from ¢ to 7 (i) for each 1.

* partially supported by NSF grant DMS-8504134



107

We define a Latin configuration to be a digraph on [n] with edges in three colors, yellow,
blue, and green, with the following properties:

1) The yellow edges form a derangement x on [n].
2} The blue edges form a derangement ¢ on [n].

3) If there is a green edge from ¢ o j, then there must be both a yellow and a blue edge from ¢
to j.

The weight of a Latin configuration is defined to be al™lgl714#, where || is the number of cycles
of m, |o| is the number of cycles of o, and g is the number of green edges. Let L,(a,f,7)
be the sum of the weights of all Latin configurations on [n] and let K,(«a,B,7) be the sum of
allglolyl1(m.0) oyer all pairs (r,0) of derangements of [n], where I(r, o) is the set of values of i

for which #(5) = o(s).
Lemma 1.
Ln(aaﬁy '7) = Kﬂ(aiﬁl 7+ 1)-

Proof. Let D(n) be the set of derangements of [n]. Then

K,.(a,ﬁ,'g+ 1) = E a’*lﬂ!”‘(,\, 3 1)“(7\',0)! — Z a}xlﬁ[ﬂ,}{G{‘
%x,0€D0(n) x,06D{n)}
GCI{no}

But a pair (m,0) of derangements together with a subset G of I{r,¢) corresponds to a Latin

configuration in which the green edges are those from i to #(i) = o(§) for i € G.

1t follows that K,(a,8,7) = Lp(a, 8,7 — 1). We now determine the generating function

= Ln B,y

n=0

'l.

for Latin configurations.

First we may split the vertices of a Latin configuration into two classes: those in green cycles
and all others. A green cycle is coextensive with a blue cycle and a yellow cycle, and therefore
can have no edges connecting it with any other vertices.

The set of green cycles of a Latin configuration constitutes a derangement, since the only
restriction on them is that there be no fixed points. Since the generating function for derangements
is €7*/(1 — z), the generating function for green cycles, together with their associated blue and
yellow cycles, is (e77=/(1 - '72:})&’8 because every edge is weighted v and every cycle is weighted
ef. Thus L(z) = (e~7%/(1 —'yz))a’sR(z), where R{z) is the generating function for green-acyclic

Latin configurations, that is, Latin configurations with no green cycles.
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We shall count green-acyclic Latin configurations by constructing them in two steps, with
each step translating into a generating function operation. We first insert the green edges, ob-
taining a set of green paths and a set of isolated vertices. We then “mark” certain vertices with
indeterminates. Finally, based on the marks, we insert the yellow and blue edges.

First we. make two observations which are the basis for the derivation of our generating

function.

1} The green edges constitute a set of disjoint paths, each of which has at least two vertices.
2) H the green edges are contracted (together with their associated yellow and blue edges), what
remains is a digraph consisting of a yellow permutation and a blue permutation. Any yellow

or blue loop in the contracted graph must be attached to a vertex that was contracted.

Now we do the construction. We start with a set of green paths, each of at least two vertices,
and a set of isolated vertices. We mark each isolated vertex with A and B. We mark the head of
each green path with either A or a and with B or .

The generating function for the configurations we have constructed so far is

oxp (42U e

+ ABx) , (3)

where each green edge is weighted 7.

Next, we put in the yellow and blue edges as follows:

1. Construct a yellow derangement through all the vertices marked A and a blue derangement
through all the vertices marked B.

2. For each vertex v which is the head of a green path, do the following: Let u be the tail of
the path. If v is marked A, there is a yellow edge {w, v). Replace this edge with the yellow
edge {w,u). If v is marked a, add the yellow edge (v, u).

3. Repeat step 2 with A, «, and “yellow” replaced by B, 3, and “blue.”

4. Add a yellow edge and blue edge parallel to every green edge.

It is clear that only Latin configurations are obtained, and each is obtained exactly once.

We now describe the operation on the generating function (3) which corresponds to the
insertion of yellow and blue edges. Let D, (s) = 3, sI*|, where the sum is over all derangements
x of [n]. Then the Latin configurations coming from a term A*B7a*B'y™z"/n! in (3) will have
total weight D;(a)D;{B)a*B'y™z"/n! . This is because each vertex marked a yields a yellow
cycle, each vertex marked f yields a blue cycle, and the contribution from the vertices marked A
and B is Di(a)D;(f).

It is convenient to adopt the “symbolic® or “umbral® convention

Al = Di(a)
B = D,(6),
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by which we mean that henceforth after an expression is expanded, any occurrence of A® is to be
replaced by D;() and any occurrence of B? is to be replaced by D;(8). As shown by Rota [14],

this means formally that we apply to all our formulas a linear operator ® defined by

I"

o (AT L) = DDt

Thus we need only evaluate (3) with this interpretation. First we study some properties of these

“umbral variables.” We note that

and thus

—_— [24
e‘“:(ez) .
1-z

Now we introduce umbral variables a and b defined by a = a + A and b = § + B, that is,

a" = (a+ A)"
and
b" = (8 + B)"
for all n. Then we have
oo n 00 n
Z a"%—! = % = %A% — (1 - g)7% = Z(a)nz—!.
n=0 n=0

Thus a™ = (a),, and similarly, b™ = (§),,.

k
e*%ak = (1 - )™ (1 i z) .

Lemma 2. For all k,

Proof. We have
e o] n e o] n
az_k __ nt+k T -\ z
e**a" = E Attt — = 2 (a),,+k—‘

n! n!
n=0 n=0

00 n a k
= (e Y_(a+ ks = (T_%)ﬁﬁ = (-2 (l—:c) '

It follows by linearity that for any series f for which f(a) makes sense,

@ =0-277 (725).

l1—-z

Similarly, we have

i) = (1- 241 (125)

1—z

Putting these together, we have
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Lemma 3.

AU fla b) = (1 )% (1 - v} P ( a b ) .

I—u'l—v

Now we write (3) as

e ab
exp (:‘_’7; + abz — afiz — abz + aﬁz) = g¥PTgmafz—abz oy, (1 = 2z) -

It then follows from Lemma 3 that this ig

N » B g abz
¢*P2(1+ z)"%(1 + az) ﬁexp((i +Bz)(1 + az)(1 - 7”))
_ yafz = (a)"(ﬁ)" z

so multiplying by the generating function for green cycles, we get the generating function for

Latin configurations,

n

3 2 japiome 3= (0a(B) :
ZLn(a;ﬂ)’ﬂ n! =€ 7 Z n! (l+az)n+ﬂ(1+ﬁz)"+a(1_7x)ﬂ+aﬁ'

n=0 n=0

Then changing 7 to 7 — 1, we have

3 ﬂ _ paf{2—7)x = (a)n(ﬂ)n z"
';)Kn(a;ﬂy 7) n! exP (3= HXZ:O e (l T az)“*ﬁ(l +ﬁz)"+°‘(1 — (- 1)z)"+‘1ﬂ

as the generating function for pairs (7,0) of derangements by cycles of 7, cycles of o, and equal
values of 7 and o. Setting v = 0 yields Theorem 1.

Note in particular that setting v = 1 yields

> D“(“)D"(ﬁ}%s = et ?;0 (a),;(!ﬁ)n 1+ az)"+§(l + Br)nta’ (4)

n=0
and setting o = § = 1 in (4) yields

n

had "™ > z

)
Z Dz; = g% L n!‘(‘l—+ z)2"+2’
n=0 ' n=0

where D, = D,(1)} is the derangement number.

The methods used in this paper can also be used to count pairs {7, 0} of permutations by the
number of cycles of 7 and o and the number of fixed points of 7, o, and ro~!. If we omit from
this generating function the number of fixed points of mro~! then we obtain a formula equivalent

to the bilinear generating function for Charlier polynomials (of which (4) is a specialization).



10.

11.
12.
13.
14.
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The first six values of the polynomials K, {a, 8, ) are as follows:

Ky=1
K, =0
K2=aﬁ'?2

K5 =20p(1+7%)
Ky =3cB(2 4 20+ 28 + 208 + 87 + 4a7? + 487% + 279* + af7?)
K5 = 4a(48 + 30a + 308 + 30af + 30 + 60ay + 6087 + 30af8y
+ 607% + 35a87% + 30 + 3087° + 64° + 5afr®)
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CHEMINS SOUS-DIAGONAUX ET TABLEAUX DE YOUNG

Dominigque GOUYOQU-BEAUCHAMPS
Université de Bordeaux I
U.E.R. de Mathénatiques et d'Informatique
33405 TALENCE, France

Abstract

We consider path in the lattice of positive integer coordi-
nate where the possible "moves" are of four kinds : (1) increasing
the x coordinate by 1, (2) decreasing the x c¢oordinate by 1, (3)
increasing the y coordinate by 1, (4) decreasing the y coordinate
by 1. The number of such paths of length 2, from (0,0) to any point
whose y-coordinate is 0, lying below or touching the main diagonal,
is ¢cC ,, for %=2n and c_,,C , for £=2n+l where C_ is the
Catalan number. We give a bijective procf of this result. As corollary
we give exact formulas for the number of standard Young tableaux

having n cells and a most k rows in the cases k=4 and k=5

I - Introduction.

i
Les nombres de Catalan C_ = Lot interviennent danz de
n!(n+1)!

trés nombreuses formules d4d'énumération. Citons, entre autres, le nom-

bre de fagons de partager un polygone en triangles (Euler [8],

Segner [21]), le nombre de maniéres d'effectuer un produit de n fac-
teurs (Rodrigues [21], Catalan [3]), le probléme du scrutin (Bertrand
[2]), les arbres desszinés (Harary, Prins, Tutte [15]), les chemins
minimaux sous~diagonaux (André [1]). Plus récemment des formules

d’énumération ont fait intervenir le produit de deux nombres de

Catalan consécutifs CnC et la carré d'un nombre de Catalar cncp.

n+1
Cn rencontre ces nombres dans 1l'é&numération de certaines familles de
cartes planaires (Mullin [17], Tutte [18]) et dans 1'énumération des
permutations de Baxter alternantes {Dulucg [6], Cori, Dulucg, Viennot

[51).

Le principal résultat de cet article est d'é&tablir que CnCn

et CnCn+1 énumérent aussi une classe de chemines sous-diagonaux.

On appelle chemin une ligne polygonale dans le guart de plan

des coordcnrnées entiéres constituée par une suite de points
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AO’AI""’An tels que AO soit 1l'origine et gue les coordonnées

(pi,qi) de Ai et (pi+1’qi+1) de Ai+1 vérifient l'une des quatres
conditions suivantes (i=0,1,...,n-1)}

(1) Py 7Pyt et g =qy (pas Est)

(2) Pii17Py et aj4,79; %L (pas Nord).

(3) Piy17Py-1 et aqyg=qy (pas Ouest).

(4) Pi+17Py et qi+1:qi_1 (pas Sud).

La longueur d'un tel chemin est n. Il peut &tre considéré
comme non minimal car ce n'est pas forcément le chemin le plus court
qui relie l'crigine av peint An. Il est dit sous-diagonal si pour
i=1,2,...,n P, est supérieur ou égal & q; - Ces cheming scus=-
diagonaux ont é&té& introduits par G. Viennot qui a conjecturé le

résultat suivant qui est démontré ici

Théoréme 1 - Le nombre de chemins sous-diagonaux de lcngueur 2n

dont l'extrémité terminale est sur l'axe des x est &gal a CnCn+1'

Le nombre de tels cheming de lcngueur 2n+l est égal a Cn+lcn+l .

La preuve donnée ici est purement combinatoire. Elle utilise
la notion classique de chemin minimal ou chemin de Dyck. Ce sont les
chemins précédents gui n'utilisent pas les pas Cuest et Sud. Ainsi,
dans le troisiéme paragraphe on construit une bijecticn entre les
chemins sous-diagonaux et des paires de chemins minimaux sous-diago-
naux et des paires de chemins minimaux sous-diagonaux reliant l'ori-

gine & un mé&me point et ne se coupant pas.

Le guatri&me paragraphe démontre 1l'é&galité du nombre de
paires de chemins minimaux sous-diagonaux ne se coupant pas et du
nombre de paires de chemins minimaux sous-diagonaux dont les longueurs
sont les mémes ou différent de 2. Ces deux bljections prouvent le
théordme 1 car le nombre de chemins minimaux sous-diagonaux reliant
lforigine au point (n,n) est égal a Cn.

Un corollaire de ce résultat est la démonstration combinatoire
des deux identités suivantes

-5 (2n) ! (2n+2) ! (2k+3)!
k=0 (n-k)! (n-k+1)!(2k) ! {n+k+2} ! {n+k+3} !

2 cc =3 (2n-1) ! (2n+1) ! (2Kk+4) !
nn

k=0 Tn-k-1) ! (n-k)! (2k+1) ! (n+k+2) | (n+k+3) !

() cncn+1

Ces identités sont a rapprocher ce celle-ci (cf [5]) bien

n

2n , . .
: = t démontrer
connue : Cncn+1 kEO(ZK) cn—kck . Mais cette derniére peut se
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trés facilement par le calcul en utilisant la convolution de
Vandermonde alors que la démonstration par le calcul des deux premie-

res n'est pas immédiate.

Un deuxiéme corollaire du théoréme 1 est l'é&numération des
tableaux de Young standard ayant n cases et au plus k lignes pour
k=4 et k=5. En effet, il existe une bijetion ([13] ,[14]} entre les
tableaux de Young standard ayant n cases et au plus 4 lignes et les
chemins sous-diagonaux de longueur n dont l'extrémité terminale est

sur l'axe des x.
ITI - Définitions

On utilisera des ensembles finis appelés alphabets dont les
éléments seront appelés des lettres. Les principaux alphabets utilisés
seront 2={x,x,y,y} et Ba={a,al. Un mot est une suite finie de lettres
que ldon notera f=ala2...an . Le mot vide (la suite vide) sera notée
€ . L'ensemble X* de tous les mots sur 1'alphabet X (monoide libre
engendré par X) est muni classiquement de l'opération binaire de

concaténation gui met bout-3-bout Z mots.

La longueur d'un mot, notée ]f], est le nombre de lettres
de f. Pour une lettre x, ]f]x note le nombre de lettres X
contenues dans £, Un mot £' est un facteur gauche d'un mot £ si
il existe un mot £" tel gue £f=f'f",
On définit les deux morphismes 6X et 6y de z" dans W par:
6X(x)=l, Gx(§)=—l, 5X(y)= 6X(§) =0 et
S_(x)=8_(xy=10, 8 =1, & _(y)= -1.
y( y( ) , y{Y) r Oy y)
De méme on définit le morphisme 6 de A" dans W par

S(ay=1 , &{a) = -1.

On appelle langage de Dyck (parfois appelé& langage restreint de Dyck)

le langage suivant :
{f €n"| §(f)=0 et ¥f' facteur gauche de f alors &(f')=0}.

On le note D. Il est bien connu gque [D N Azn[= SN L'ensemble des
facteurs gauches de D de longueur 1 et d'image p par ¢ est

noté F, p {1 et p sont de méme parité). Le nombre
7

11 P -

|F = (p+1) a souvent &té& calculé {cf Comtet [4],

1 = 1+
P L55R-1r (2R
André [1 ], Kreweras [16], Narayana [18],Gouyou-Beauchamps [12] ).
Les mots de Fl P codent les chemins minimaux sous-diagonaux. Il suffit
7

de coder les pas Est par a et les pas Nord par a . Les chemins de
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Dyck, cas particulier des chemins de Motzkin définis par Viennot (cf.
{26] [9 ] et {10 1), sont des chemins minimaux sous-diagonaux & qui
on fait subir une rotation. Les pas Est deviennent alors des pas Nord-
Est joignant un point de coordonnées (i,j) au point de coordonnées
{(i+1, j+1) et les pas Nord des pas Sud-Est Jjoignant (i,J) au point
(1+1, j=1). Le chemin au lieu de devoir rester au~dessous de la
diagonale principale doit ne pas passer au-desous de 1l'axe des x. La
figure 1 montre le chemin minimal sous-diagonal et le chemin de Dyck

correspondant codés par aaaaaaaaaaaaaaaa.

Y

FIGURE 1

III - Chemins de Dyck ne se coupant pas.

Soit V le langage composé des mots f de 7" vérifiant

les deux propriétés suivantes
i) Gx(f) =0 .
ii) v£' , facteur gauche de f,éy(f') > Gx(f')éo.

Il est facile de constater que les mots du langage V codent
les chemins sous~diagonaux dont 1'extrémité terminale est sur l'axe des
x. Les pas Nord, Sud, BEst et Ouest sont codés respectivement X,X, y
et §. L.a contrainte 6y(f')26x(f') force le chemin & &tre sous-diagonal
la contrainte Sx(f')zo empéche le chemin de passer au-dessous de 1'axe
des x, et la contrainte 6X(f) = 0 oblige le chemin & finir sur 1'axe

des x.

La paire {g,h} de Fl’px Fl,p est formée de mots qui ne se
coupent pas si pour tout g' (resp. h') facteur gauche de g (resp.
h) tel que |g'| =fh'| on a &8(h')28(g"'). On note Vi,p 1'ensemble des
paires de mots de Fl,p b4 Fl;P gqui ne se coupent pas. On peut
remarquer que si (g,h) est formée de mots qui ne se coupent pas,
alors | fl=lg] et 6&(f) = 8(g). La figure 2 donne un exemple d'une
paire de mots qui ne se coupent pas et d'une paire de mots qui se

coupent.
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Mots qui ne se coupent pas (1=15,p=5) Mots qui se coupent (1=15,p=5)

(g=aaaaaaaazaaaaaa,h=asaaaaaaaaaaaaa) {g=aaaaaaaaaaaaaaa,h=aasasaaaaazaaas)

FIGURE 2

Propriété 2 ~ L' ensemble des mots de V de longueur 1 est en bijection

avec l'ensemble des paires de mots (g,h) de péO Vl o qui ne coupent pas.
Démonstration - On définit le morphisme E de Z* dans £xa" de la fagon
suivante :

E(y) = (a,a) ; E(y)=(3,3) ; E(x)=(a,a) ; E{x)=(a,a).

E est clairement une bijection de Zl dans Alx Al.

Soit £ un mot de V de longueur 1. Posons E(f)=(g,h). Par
construction |f|=|g|=|h|. Soient £',g' et h' les facteurs gauches de
f,9 et h de longueur m(0 =m < 1l). on constate facilement gue
5(h')=dx(f')+5y(f‘) et que 6(g’)=5y(f’)—6x(f'). La propriété ii des
mots de V implique alors que &(h') 28(g’) 20 et la propri&té i gque

§{h}=8(g). Ainsi E{f) est une paire de mots qui ne se coupent pas.
E est donc bien la bijection annoncée.

E{eraalrgxle -

La paire {(g,h) de F est formée de mots gui ne

1,p " F1e2,pt2
se touchent pas si, pour tout g' (resp. h') facteur gauche de g

(resp. h) tel que |g'{=|h'|-2 on a &(h') &(g'). Notons que 1 et p
doivent &tre de méme parité, que les deux premiéres lettres de h doivent
&tre des a et que |h|=|g|+2 et &(h) = &(g) + 2.

La figure 3 donne un exemple d'une paire de mots gui ne se

touchent pas et d'une paire de mots gui se touchent

K

5 X
Mots qui ne se touchent pas (1=13,p=3) Mots qui se touchent (1=13,p=3)
(gﬂaaaaaaaaaaaaa,hxaaaa;aggaaaégaa) (g=aaa§aaa§§2§aa,h=aaaa§a§;aaa;§aa)

FIGURE 3
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. ' .
Soit Tl,p l'ensemble des paires de mots de Fl,pXFl+2,p+2
gui ne se touchent pas. On remarque que ]Tl p]: Nl p[ puisque (g,h)
appartient & v1 P si et seulement si (g,aah) appartient 3 Tl o
£ 14
Propriste 3 - W) 1= 1T 1= 18 pIF 0 pp I Pl p 1) gl

Démonstration -

On utilise une techniqgue désormais classique de Gessel et
vViennot [11] (cf. aussi [20],(22], [27], [7 ] et [19) qui consiste,
pour évaluer la différence du nombre d'éléments de 2 classes de
n-uplets de chemins, & mettre en bijection les n-uplets de chemins qui
se coupent de chacune des deux classes et ainsi & ne garder gue les

n~-uplets de chemins qui ne se coupent pas.

Soit (g,h) un élément de F % Notons

1.,p F1+2,p+2'
g3,g4,...,g1+2 les lettres de A composant g et hl'hz""'h1+2 celles

de h. Deux cas peuvent se produire

- Soit {(g,h) est une paire de mots ne se touchanit pas.
- Soit (g,h) est une paire de mots qui se touchent, c'est-d-dire
qu'il existe un entier i (3sis<1+2) tel que 6(h1h2...hi)£5(%g4...qi)

Supposons gue {g,h) soit une paire de mots qui se touchent. Scit 3 1e
plus petit indice (2s3j51+2) tel gque é(hlhz...hj)=5(g3g4...gj). Si j=2
on prend g3g4...gj=e.L'indice j existe car si deux mots se touchent
les chemins de Dyck correspondants passent au moins une fois par le
méme point puisque d'une part Ié(hlhz...hi)—é(q394...gi}I est
toujours un nombre pair et d’autre part B(hlhz...hi)-é(hlhz...hi_l)]
est toujours égal & 1 (ainsi que [6(g3g4...gi)—d(g3g4...gi_l)|).

Congtruisons les deux mots g“=hlh2...h.g et

399+4195+2°* "9142

h“=g394...g.h h ...h . I1 est clair que (g",h") appartient a

U+l g+2
F1+2,p>< F1,p+2'

1+2

Par le mé&me procédé&, on peut faire correspondre d un
A A n "
élément (g",h") de F1+2’px Fl,p+2

mots qui se touchent. En effet les chemins de Dyck correspondants a

un élément (g,h) de l'ensemble des

g" et h" se croisent et donc se touchent obligatoirement au moins une
fois . Il suffit d'inverser les deux chemins & partir du premier point

ol ils se rencontrent. La correspondance est bijective.

Le nombre d'é&léments de T et donc de V est bien égal

1,p 1,p
¥

IF l+2,pHFl,p+2 I

a lFl,p l+2,p+2]_
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Corollaire
) |vre?t|- 3 v I"? (2n) 1 (2n+2) ! (2k+3) !
k20" "2n,2k' k=20
(n-k) ! {n-k+1) ! (2k) ! (n+k+2) ! (n+k+3)!
n-1
2n-1
n e =
b) {vnz I kioiv2n~l,2k+l‘
Tt (2n-1) ! (2n+1) ! (2k+4) !
k=0 (n=k=1)t(n=k) ! (2k+1)! (n+k+2) ! (n+k+3)!
Preuve : Comme on l'a vu dans l'introduction
1! ~ <
F |=(p+1) si 1 et p sont de mé&me parité et
f1,p [l 1) (LB ). P
p) 2 1
iFl,pl: 0 sinon.
Donc ]V 11(1+2) ! (p+3)! et ainsi, en

2:
1,p [—1—;-9—3 s[*%:—hﬂ 1pt [S5Pe2] 1 ESRe3 ]

reportant les valeurs de }Vl p} pour 1=2n et 2n-1 on démontre le
’
corollaire. La figure 4 donne le tableau des premiéres valeurs de V,

P’

1 p 0 1 2 3 4 5 6 7 8 9 10
0 1

1 0 1

2 1 0 1

3 0 3 0 1

4 3 0 6 0 1

5 0 14 0 10 0 1

6 14 0 40 0 15 0 1

7 0 84 0 30 0 21 0 1

8 84 ¢ | 300 0 | 175 0 28 0 1

9 0 | 594 0 | 825 0 | 308 0 36 0 1

10 | 594 0 |247s 0 |25 0 | 504 0 45 0 1

FIGURE 4
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IV~ Le nombre de chemins sous-diaggnaux se terminant sur 1'axe des X.

On appelle M21 l'ensemble des mots f=flf2...f21 de F2l,0
tels que fl_l=fl=a. De méme on appelle Doy l'ensemble des mots
f=flf2...f2l de F2140 tels que fl—l: flsa .

On note f 1'image de f € a* par le morphisme gqui change les

a en a et les a en a.

f est 1'image miroir du mot f, c'est-i-dire que si

f=flf2...fn alors f:fn...fzfl .

Propriété 4 - Le nombre de mots de V de longueur 1 est égal 3
1My1041=1D21441

Démonstration : Soit (g,h) un élément de Fl,pXF1+2,p+2' Le mot

gaah appartient a F21+4,0 et donc a M21+4. Inversement, pour tout

mot f=flf2...f21+4 de M21+4, il existe un entier p tel que f1f2"'fl
appartienne 3 Fl,p et f21+4f21+3...fl+3 a Fl+2,p+2 . Donc
1
|
M = !
21+4] pgo ‘Fl,p1§F1+2,p+21

De méme si (g,h) est un &lément de F le mot

1,p+2°< F1+2,p

ggaﬁ appartient a et donc & D Inversement pour tout mot

Foi+4,0 2144°

£ de D21+4 il existe un entier p tel gue flfz...f appartienne a

1

TE t £ £ a

1,p+2 e 2144 f21+3... 143 Fl+2,p' Ainsi

1
D33 441= EO‘F

1,p+211Fl+2,pI'

= 3 (= s+ & 1 &
Comme M21+4F021+4— ¢, on a bien 1'égalité, d'apreés la

propriété 3 :

v N zlj= ;-(!F

p=0 Lol 1F1a2, pea 1Py e 1Ty 0=y g =10, ]
Propriété 5 : a) IM4n+4]_}D4n+4}: C Chs1
b)Y IMyppl=IDyal=CoC
Démonstration :
a) 1=2n
Soit f un élément de Fylsq- Le mot f peut s'écrire
f=f f,f, avec Ifl}= [f51=1 et [£,]=4. Soit 2p 1'image de £, par § .

Si de plus f appartient 3 M il est dans 1l'une des quatre classes

21+4'
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suivantes définies par la valeur de f., :

o) f2 = aaaa , 6(flf2)=2p avec 0O<ps<n .
B) f_ == aaaa , 6(flf2)=2p+2 avec O<psn~-1
vy f. = aaaa , 5(f1f2)=2p+2 avec Ospsn~1l .

8} f2 = aaaa , 6(f1f2)22p+4 avec Os<psn-2 .

Si f est un élément de D21+4, suivant la valeur de f2, il

appartient & 1'une des guatre classes suivantes

a') f2= aaaa , 6(f1}=2p avec l<ps<n .

B') £, = aaaa , §(£,)=2p+2 avec Os<ps<n-1.

v £, = aaaa , §(f,)=2p+2 avec lspsn-1
6y £, = aaaa , §(£,)=2p+4 avec Ospsn-2.
Scit P l'application de 221+4 dans 221+4 définie par
P(f f,£,) = £,£,f, avec |fl|=[f3]:l et [f2\= 4,

Si on décompose les classes 2 et vy de M21+4 en les 3 classes suivantes:
al) f2=aa5§ , 6(f1f2)=2p avec l<ps<n ,
Yl) f2=aaa5 , 6(flf2)=2p+2 avec ls<psn-1 ,

€) soit f2=aa5§ et 6(f1f2)=0,soit f_=aaaa et 6(f1f2)=2 ,

2
il est clair que P est une bijection entre la classe al(resp. B,Yl

et §) de M 4 bt la classe o' (resp. B',y' et §') de D Donc

21+ 21+4 -~

le nombre d'éléments de la classe £ est &gal & | |D (cf.

M4n+4I- 4n+4|

figure 5).

Or un élément de la classe e est égal soit a flaa55f3 avec

§(£,)=8(£4)=0 soit flaaaaf avec 6(fl):6(aaa5f3)=0.

3

Notons soit f4=a5f3 dans le premier cas, soit f4=aaf3 dans le

second cas. Le couple (fl,f4) appartient alors a F2n,0 x F2n+2,0 .

Inversement a tout couple de F On peut associer un

2n,0" Fone2,0°

élément de la classe ¢ de M21+4 .

Ainsi Cncn+l=IM4n+4I-ED4n+4I ¢
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b) 1=2n-1.

La démonstration se fait de la méme maniére.

Soit £ un &lément de Fpi44- Le mot f peut s'écrire

f=flf £, avec ]f

of4 =1f31=1 et |f

=4, Soit 2p-1 l'image de fl par § .

1! 2!

Si de plus f appartient a3 M il est dans l'une des

21+4"7

quatre classes suivantes définies par la valeur de f2 :
o) fzxaaaa . 8(f,£,)=2p-1 avec lspsn.

g) f2=aa5a 6(flf2)=2p+l avec l<psn=-1.

~

Y) f2=aaa5 » 8(£,£,)=2p+1 avec lspsn-1.
§) f2=aaaa , d(flf2)=2p+3 avec lspsn-2.

Par contre si f appartient & D il est dans 1l'une des

21+4°

gquatre classes suivantes définies selon les valeurs de f2 :
a’) fzzaéaa , 6(fl)=2p~1 avec 2<psn .

B') f2=55a5 . 8(£,)=2p+l avec lspsn-l.

v') f2:555a , 6(fl)=2p+1 avec l<ps<n-1,.

§Y) f2=5555 5(f1)=2p+3 avec l<psn-2 .

~

Si on décompose la classe a en les deux clagses suivantes :

o) fZaaaaa » 6(f,f,)=2p-1 avec 2spsn ,

£) f2=aa55 o S(E E)) =1,

il est clair gue l'application P décrite plus haut est aussi une

bijection de la classe a, (resp. B,y et §) de M dans la classe o'

1 21+4

cesp. B',Y' et §') de D Et donc le nombre d'éléments de la classe

21+4°

e est égal a (cf. figure 6).

My a2l =P

Mais un élément f de la classe ¢ s'éerit flaa§5f3 avec la
condition 6(f1)=6(§3)=1. La classe £ est donc en bijection avec l'en-

. o (2n) !
semble Fpy 1 ¥ Fono1,10 O Fono1 ™% WTmel) T
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[

. s _ .
Alnsi C.C = My ol1=1Dy 5

Ceci termine la preuve de la propriété 5.

Le théoréme 1 est une conséquence directe des propriétés

4 et 5.

Les premiéres valeurs des coefficients de la série
énumératrice sont : 1, 1, 2, 4, 10, 25, 70, 196, 588, 1764, 5544,

17424, 56628, 184041.
Les identités (1) et (2) résultent des propriétées 3 et 5.

Remarque 1 :
On voit facilement gue le langage V n'est pas algébrique.

Les séries

(e8] n TF/Z R
h(z) _niO Chlp2 =4 /7 J (1—/{—162 sinzy)(sz Sin2\9)_lcosz@ 0y
0
3 " 2 /62 sin2 -1 2
et g(z) = nio CoChyp 2 =2/m jo (1-/1-162z sin®p ) 2z "cos®y d y

ne sont pas algébriques et donc la série génératrice des mots de V ne
1'est pas non plus. Par contre elles sont "differentiably finite" au
sens de Stanley [24] puisque leurs coefficients vérifient les

relations

2 2 -
(n+2) Cn+lcn+1—4(2n+l) Cncn~0

et (n+3)(n+2)Cn+lCn+2—4(2n+3)(2r1+1)CnCn+l = 0.

Remarque 2 :

On appelle R-chemins les chemins sous-diagonaux gui sont
colorés de la fagon suivante : les pas Ouest (resp. Nord, resp. Sud)
dont le point de départ a des coordonnées de parité différente sont
colorés avec quatre (resp. deux, resp. deux) couleurs. Par les mémes
technigues que précédemment {(cf. [13]), on peut démontrer le résultat

suivant : le nombre de R-chemins de longueur 2n aboutissant &

) /2 ot Rn est le nombre de Schréder

; 5 2
l'origine est égal 3 (Ran+2 Rn+l



Ce résultat peut &tre rapproché du fait que le nombre de

chemins sous-diagonaux de longueur 2n retournant 3§ l'origine est égal
5 cc —CZ _ 31 (2n) ! (2n+2) !
nn+2 n+l nl(n+l) ! (n+2)! (n+3)!

Les premiers nombres de R-chemins de longueur 2n aboutissant
a l'origine sont (0Ox<ns<6) : 1, 4, 28, 284, 3652, 55108, 932476.

Remargue 3 :

I1 existe une bijection ([ 13]1,[14]) entre les tableaux de
Young standard ayant n cases, p colonnes de hauteur impaire et au plus
4 lignes et les chemins sous-diagonaux de longueur n aboutissant au
point de coordonnées (p,0). On a alors les résultats suivants : Le
nombre de tableaux de Young standard ayant 1 cases et au plus 4 lignes

est égal a Cncn pour 1=2n-1 et CnC pour 1=2n.

n+1
ILe nombre de tableaux de Young standard ayant n cases et au plus 5
n/2 ,
. P " 3!nt (2i+2)!
tignes est &gal @ T TRIIE) 11T (L1) T (17D T(1F37]

FIGURE 5
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Foncteurs analytiques et espéces de structures
par

André Joyal
Université du Québec & Montréal

Introduction

Le but de ce travail est d'exposer la théorie des espéces de structures en relation avec la théorie
des foncteurs analytiques. Ceci permet de donner 2 la théorie des opérations sur les espéces de structures
une base conceptuelle satisfaisante. Nous développerons ensuite la théorie des espéces tensorielles en
gardant en vue des applications aux alggbres de Lie libres.

Chapitre 1. Foncteurs analytiques

1.0.  La construction du monoide librement engendré par un ensemble A est succinctement résumée
par la série géométrique

L(A)= 3 AP

n>0

De méme, la série exponentielle

exp(A)= T A",
n=0 !gn

nous donne la construction du monoide commutatif libre sur A (le quotient A"/&, est pris relativement 2
I'action naturelle du groupe symétrique &, sur A™),

Une troisieme construction est celle de 'ensemble C(A) des mots circulaires sur un alphabet A:
C(A)= 3 AP,
020 Cn

ol C,, est le sous-groupe de &, engendré par la permutation i - i+ 1 (mod n).

Avec 1'appui financier du programme FCAR, Québec, EQ 1608, et du CRSNG, Canada.
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Ces trois constructions sont en fait des foncteurs de la catégorie des ensembles vers elle-méme,
L, exp, C: Ens— Ens
Plus généralement, soit
@, X Fln] — F[n] nz0)

une suite de représentations ensemblistes des groupes symétriques.

Définition 1. Un foncteur F: Ens —> Ens est analytique s'il posséde un développement en série de
Taylor

FA)= % Al é Fin]

n20 n

le n-iéme terme de cette série étant le quotient du produit cartésien A™ x F[n] par la relation d'équivalence
identifiant (f, ot) avec (fo, t) pourtout f € A, 0 e &, t e F[n].

Remarque. Nous avons fait agir & 2 droite sur A" en posant fo = (fy, ....f))o = (fG(I)’ ...,fc(n)).
On peut aussi faire agir & 3 gauche en posant 6.f = f oL, On a alors une bijection.
Al >(<§l;{n} z F[n] x AT /@n

Nous dirons que (F[n] | n 20) est la suite de coefficients de Taylor du foncteur F. Cette terminologie
présume de l'unicité du développement en série de Taylor d'un foncteur analytique. Nous allons énoncer
un résultat 2 cet effet. Remarquons d'abord qu'une suite 6 = (8, | n20) d'applications
& —équivariantes

8,: Fin] — Gin] nz0)

induit une transformation naturelle

8F—G

entre les foncteurs analytiques correspondants. Nous dirons que la suite 8 est un morphisme de la suite
(F[n] | n20) vers la suite (G[n] | n=0).

Théoréme 1. L'application 8— @ est une bijection enire l'ensemble des isomorphismes de
(F[n]in20) vers {G[n] | n>0) et 'ensemble des isomorphisimes naturels de F vers G.

Autrement dit, la série de Taylor d'un foncteur analytique est unique a isomorphisme canonique
pres. Ce résultat se généralise comme suit. Un carré commutatif

B
lv
D

f
—

o2
Q>

—
u

est régulier si pour tout (b, c) € B x C tel que v(b) = u(c) il existe a € A tel que (f(a), g(a)) = (b, ¢).
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Définition 2. Soient F, G des foncteurs Ens —— Ens. Une transformation naturelle o F—— G est
réguliére si pour tout f: A—— B le carré

F(H
F(A) —> F(B)

] Lo

GaA) — G(B)
G
est régulier.

Proposition 1. L'application 6 +3 § est une bijection entre I'ensemble des morphismes de (F[n] | n=20)
vers (G[n] | n20) et I'ensemble des transformations naturelles régulitres de F vers G.

La démonstration est contenue dans I'appendice. Le théoréme 1 est une conséquence de cette
proposition puisque tout isomorphisme naturel F—— G est régulier.

11 est possible de caractériser les foncteurs analytiques par des conditions simples: bicontinuité et
régularité (appendice).

La proposition entraine que pour tout foncteur analytique F il existe une et une seule
transformation naturelle réguliére (le support ).

supp: F—— exp
En effet, comme exp[n] = 1 pour tout n 2 0, il y a un et un seul morphisme de suites

©: (Fin] |n 2 0)— (exp[n] | n = 0)

et par suite une et une seule transformation naturelle réguliere 9 = supp.

1.1.  Les foncteurs analytiques de plusieurs variables sont définis au moyen des séries de Taylor en
plusieurs variables. Soit d & IN. Pour toutn = (ng,.,ng) € N9 et pour tout A = (Ay,..,Ag) € Ensd,
posons

o Ny _ :
A = Aj'X X A S, @a’nlx.‘_x@nd
Soit (F[n] | ne INd) une famille de & —ensembles
&, x F[n]— Fin] (ne N9)

d

Un foncteur F: Ens“ > Ens est analytique s'il posséde un développement en série de Taylor

F(Aq,.,Ap)= ¥ F[n]xADl
1 d neNd / @n

On démontre que la suite de coefficients (F[n] | n € INd) est uniquement déterminée (& iso-
morphisme canonique prés) par le foncteur F.
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Notation. Nous utiliserons, pour désigner les foncteurs, les conventions usuelles de I'Analyse pour les
fonctions d'une ou de plusieurs variables. Nous éerirons souvent F(X) plutdt que F pour désigner un
foncteur d'une variable X. Nous écrirons de méme F(X, Y) pour désigner un foncteur de deux variables.
Avec ces notations, X pourra dénoter aussi bien le foncteur identité Id: Ens —— Ens que le foncteur
projection py: Ens?—— Ens.

1.2.  Soit I un groupe fini agisssant sur un ensemble fini I. Pour tout ensemble A, le groupe I" agit
naturellement sur Al = {fi - A}:

(6.5)() =f(o™h) (iel, oel)

La puissance symétrique de A par le T-ensemble I est le quotient Al r - Vérifions que I'opé-
ration de puissance symétrique est un foncteur analytique. En effet, soit n = Card I et soit A(], n)
I'ensemble des bijections de I vers {1, 2, ..., n}. La composition (v,f) — fov définit une application

A, n) x Al — Al
Les groupes I' et &, opérent sur A(I, n) et ces actions commutent entre elles. On obtient, par passage

au quotient, une application

AQ, my /7% AT — Al/p
et, finalement, une bijection I
A(l, n) /- x AD “ A
(I, n) /T x At/ @n-—> T

Les puissances symétriques se généralisent au cas de plusieurs variables: soit I" un groupe fini
agissant sur des ensembles finis Iy, ..., [3. La puissance symétrique d'un multi-ensemble
(A1, .y Ag) par (Iq, ..., Iy) est e quotient
I I
Aflx .. xAf
X XAy T
On vérifie qu'il y a un isomorphisme
Allx xajd — AL, xA"
1 d T s /r / &

n
ol n=(ny, .. ng) = (card Iy, ..., card Iy) et Al n) = A(Iy, ny) X ... x A(lg, ng).

1.3.  Nous allons maintenant décrire des opérations sur les foncteurs. Nous démontrerons plus tard
que ces opérations préservent I'analycité.

(i) la somme

(F + G)(A) = F(A) + G(A)
et, plus généralement, la combinaison linéaire

(2 CxF)A)= I CixF(a)
iel iel

ol (C; | ie I) est une famille d'ensembles et (F; | ieI) est une famille de foncteurs;
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(i) Ie produit (fini)
(F-G)(A) = F(A) x G(A)
et, plus généralement,

(IT Fp(a) = I1 Fi(A)

iel iel
et aussi la puissance
Fl(A) = FA)!
(iil) la composition (ou la substitution )
(FoG)(A) = F(G(A))
et, plus généralement,
F(Gy, - ,G(A) = F(G{(A), .. ,G(A))
ot F:Ens'—— Ens et Gy Ensd—— Ens  (1<i<n) ;
(iv) le quotient par I'action d'un groupe
(FIp)(A) = FQA)

ou I' agit sur F par transformation naturelle.

Théoréme 2. Les foncteurs analytiques sont clos sous les opérations suivantes:
i) les combinaisons linéaires finies ou infinies
ii) les produits finis
iif) la composition
iv) le quotient par I'action d'un groupe.

Pour démontrer ce théoréme, on peut utiliser les propriétés caractérisant 1'analycité (appendice)
ou encore procéder par calcul direct des coefficients des séries de Taylor. Cependant, il appert que ces
coefficients ont une forme compliquée quand on choisit de les décrire, ainsi que 1'avons fait jusqu'a
présent, comme des représentations ensemblistes des groupes symétriques. Nous obtenomns des calculs
plus transparents en prenant un autre modéle: les espéces de structures. La démonstration du théoreme

est par suite reportée en 2.1.

Chapitre 2. Espéces de structures

2.0. Lathéorie des espéces de structures est essentiellement une théorie des coefficients des foncteurs
analytiques. Elle entretient une relation étroite avec la théorie des séries formelles et avec la combinatoire.
Grice 2 elle, il devient possible de développer une vision combinatoire des opérations définies sur les

foncteurs analytiques.
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Définition 1. Une espéce de structures F est un foncteur
F[ ]: B—— Ens
ou B est la catégorie des ensembles finis et bijections. Un élément oe F[S] est une structure d'espéce F

sur S; nous dirons aussi que c'est une F-structure sur S. Si f = Flul{a) ol u: S = T, nous dirons que
B est obtenue en transportant o le long de la bijection u et que u est un isomorphisme de o vers f.

Les F-structures forment une catégorie (un groupoide): la catégorie el F des éléments de F; un
objet de e/ F est un couple (o, S) ol ae F[S]; un morphisme u: (¢, S)—— (B, T) est un isomorphisme
de a vers . Les composantes connexes de ce groupoide sont les zypes de structures: deux structures ont
le méme type si et seulement si elles sont isomorphes. Nous désignerons I'ensemble des types de
'espéce F par

2. FiS]
S
Pour chaque entier ne N, on définit, par transport de structures, une action du groupe

symétrique & sur F[n] = F[{1,2, ...,n}].

Proposition 1. On a une bijection canonique

Y FiS]= ¥ Fin]
S =0 ! /gn

Preuve. Toute structure oie F[S] est isomorphe 2 une structure o'e Fln] o n = Card S. De plus, ¢’ et
o sont isomorphes i « si et seulement si elles sont isomorphes entre-elles, c'est-a-dire si et seulement si
il existe oe &, tel que o.a' = a". C.Q.F.D.

Une espéce de structure de plusieurs variables est un foncteur

F[ ]: Bd— Ens

ol de M est le nombre de variables. On définit sans difficulté les concepts d'isomorphisme et de type
de F-structures. Nous dénoterons

Y _ FiSy,.,S4l
Sposy  Cboed

I'ensemble des types de l'espéce F. 1l est aussi possible de définir des sommations partielles; ainsi

S FS, T
T
désignera, pour chaque Se B, l'ensemble des types de l'espéce T FS, T].

Un exemple d'espéce de deux variables est I'espéce A. Pour tout (S, T)e BZona

A[S, T} = {f: S— T | f est bijective}

Nous allons maintenant dresser une liste d'identités gouvernant l'utilisation de X etde A. Ces
identités seront utiles dans les calculs 2 venir,
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a) associativité o~ o~ -
2 XF[S,T]= X FIS, Tl
ST S, T

b) commutativité - -
2 F[S,TI= £ FIS, T]
ST T.S

c) distributivité
3 GIS] x FIS, T] = G[S] x £ FIS, T]
T T

d) remplacement
F[S] x A[S, T] = F[T] x A[S, T]

€) -
YA[S, T]=1
T

Le symbole d'égalité dans ces identités signifie qu'il y a un isomorphisme naturel entre les deux
membres. Les especes figurant dans ces formules peuvent comporter d'autres variables que celles
décrites explicitement. Cependant, pour la distributivité, il est nécessaire de supposer que G[S] est
indépendante de la variable T. Ajoutons 2 cette liste quelques relations:

f)

¥ FS.TI=% I FIS,TI
ST R S+T=R

ol la sommation ordinaire est indexée par les couples (S, T) tels que SNT = D et SUT = R.

g ~
z X AiXA[Ti,S]= z Ai
S iel iel
h) AlU+V,R]= X A[U, SIxA[V,T]
S+T=R

Voyons qu'une espéces de structures F est entirement déterminée (3 isomorphisme canonique

pres) par la suite (F[n] | n20).

Proposition 2. On a un développement en série

FISI= 3 Finlx AIS, 0l /o
2 n

Preuve. On a successivement

FIS] = F[S] x £ A[S, T]
T

= T F[S] X A[S, T}
T

2

=X F[T] x A[S, Tl

T

Fln] x A[S, n] / S
n

>0
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oll nous avons utilisé e), c), d) et la proposition 1. On peut aussi faire une démonstration directe que
nous laissons au lecteur,

Le développement en série de la proposition 2 nous permet de voir que toute suite (F[n] | n>0) de
représentations des groupes Symétriques définit une espece

(=)
S 112()F[n] X A[S,n]; 3,
Nous dirons que c'est I'extension de la suite (F[n] | n=0).

Pour tout entier n20, soit Ens®" la catégorie des & ,-ensembles. Posons

Sx &

Ens = J1 Ens n
00

D'autre part, soit EnsB 1a catégorie des espéces (les morphismes étant les transformations naturelles). on
a le foncteur restriction 1: Fv> (F[n] | n20)
B ©x
I:Ens —— Ens
et le foncteur extension

Sx B
€¢:Ens ——Ens

Proposition 3. Les foncteurs I et € sont des équivalences de catégories (quasi-)inverses l'une de
T'autre,

Nous pouvons maintenant donner une description combinatoire du foncteur analytique associé a
une espéce F. Pour tout ensemble A, considérons 1'espéce

St F[S]x AS
Nous dirons qu'un élément (o, p) € F[S] X AS est une F-structure étiquetée par A;la fonction
p: S—— A est un étiguetage de o par A; un élément de A est une étiguette . Posons

F(A) = S F[S] x AS
S

Un élément de F(A) est un type de F-structures étiquetées par A. Pour toute fonction f: A—— B,
nous noterons F(f): F(A) —— F(B) l'application obtenue en composant les étiquetages par f. Nous
avons un foncteur

F(): Ens— Ens

Proposition 4. Le foncteur F( ) est analytique et I'on a

- n
F(A) = II:.“,ZOF[?{A] x A% ®,
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Preuve. C'est une conséquence de la proposition 1.

Les résultats démontrés jusqu'ici nous permettent maintenant d'affirmer qu'il y a équivalence
entre les trois concepts suivants:

A) Une suite de représentation ensemblistes des groupes symétriques
&, x Fin]— Fn] nz0)
B) Un foncteur analytique
F(): Ens—— Ens
C) Une espéce de structures

F[]: B—— Ens

Notation. Nous utiliserons indifféremment F ou F(X) pour désigner I'un ou l'autre de ces concepts.
L'usage de parenthéses nous permettra de résoudre, au besoin, I'ambiguité. Autrement dit,

F[S], F(n], FX)IS], FX)(n]

sont des coefficients de F alors que F(A) est le résultat de 1'évaluation du foncteur analytique F(X) en
AcEns.

2.1. Dans ce paragraphe, nous allons donner une liste de formules pour le calcul de la somme, du
produit et de la substitution d'espéces de structures. Chacune des formules est une recette combinatoire
permettant de construire les structures de 'espece désirée.

(1) la somme

(F+G)[S] = F[S] + GI[S]
et la combinaison linéaire
(iEICi x F)[S] = 12611 C; x F[S]

(i) le produit fini
(FG)[S1= X FUIxGIV]

U+V=8
(T FIsi= = II Fif1@)]
iel fel® iel

Fiis]= ¥ 11 Frla
fel” iel

(iii) la composition FoG (si G[D] = &)

FG)IS]= X FISRIx II  GIC]
ReEqg[S] CeSR

ol Eq[S] est l'ensemble des relations d’équivalence sur S.
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(iv) la composition FoG (cas général). Considérons l'espéce en deux variables

WIS, TI= ¥ F[T] x IT GIf'()]
f£.5-T ieT

Ona
(FsG)(S] = £ WIS, T]
T

(v) la composition F(Gy, ... ,Gp)  (si G;[D] = @, 1<i<n)

F(Gy, ..., GPIS] = T FISRIx I GyylCl
(R, e Eq’(S] CelSlg

ol S = (S, ...,8g) ISI=81 +...+ Sgetol
Eq'(S] = {(R, t) | ReEq(IS]], t: ISR — {1, 2, ..., 1}}
Nous avons posé

SR =@l),..,tl@)e B et C=(CnSy, ... ,CnSy)e BY

(vi) I'évaluation (partielle). SiF =F(X, Y) et A€ Ens, alors
F(A, Y)[T] =X FS, TIx AS
S
= X _Fn, TIx AR/
n>0

@

(vil) le quotient par un groupe
(FpIS] = FISir

Preuve. Les formules i), vi) et vii) sont évidentes.
i) F(A)x G(A) = (& FIS] x AS) x (5 G[T] x AT)
S T
= 3 F[S]x G[T] x AS+T

S,T

=¥ ¥ FSIxG[T]x AS+T
R S+T=R

=S$( T FSIxGTHAR
S+T=R

=

v) F(G(A)) =2 F[T]x G(A)T

F[T] x GT(A)

=My 3 M

=My M

FIT]x ¥ GT[S] x AS
S

3 FT]xGI[S] x AS
S
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FIT] x GT[S] x AS

#

]
wM b wh
™ At

FIT] x GT[S]) x AS

it

WIS, T]) x AS

It St

puisque I'on a WIS, T] = F[T] x G1[S].

(iii) L'hypothése que G[Q] = @ entraine que

1 GIf ') =2
ieT

pour toute fonction f: S— T non surjective. On a donc

WIS, TI= ¥ F[TIx II GIf (i)
£:S»T ieT

Comme tout élément (o, B, f) € WIS, T] est isomorphe 2 un et un seul élément (v, B, p) € WIS, S/R}
ol p: S—5S/R est la projection canonique, on a

SWIS,T]= ¥  FSRIx II GIC]
T Re Eq[S] CeSR

(v) est laissé au lecteur diligent.

Remarque. Toute substitution se raméne 4 une substitution sans terme constant suivie d'une évaluation
partielle. Par exemple pour calculer F(Gy, ..., G), calculons d'abord l'espéce

H=H(X,Y)=F(Y] G{(X), ..., Y; G(X))
ot X = (X1, s X@)» Y = (Y1, ..., Yp). Soient S = Sy, ..., Sg) € Bdet T=(Ty, ..., Tp € BT
Un éiément de H[S, T] est un triplet (f, ., B) ol
DSy +..+5g—> Ty +..+T;

. ii) o est une fonction qui associe & chaque élément x € T; une structure d'espece G; sur la fibre
(%)

i) B e F[Ty, .., T/
Nous dirons que (f, o, B) est une fibration (Gy, ... , G;)-enrichie sur les fibres et F-enrichie sur la
base. Pour obtenir F(Gy, ..., Gp), il suffit de substituer Yy = 1, ... .Y = 1 dans H(X, Y). Autrement
dit,
F(Gy, ..., G)ISI = X HIS, T]
T

2.2. Dans cette partie, nous allons examiner les opérations de produit cartésien et de produit scalaire
d'espéces et aussi les opérations de base du calcul différentiel.
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Le produit cartésien F O G de deux espéces F, G: Bd— Ens:
(F 0 G)[S]=F[S] xGiS] (Se Bd)
Le produit scalaire <F,G> :

<F, G> = ¥ F[S] x G[S]
S

Si la sommation est restreinte 3 certaines variables, on obtient le produit scalaire parte! :

<F(X,Y), G(X, Y)>x = S FIS, TI X G[S, T]
S

Remarque.
<FX, Y),GX, Y)>x = F0G)1,Y)
<FXY),GX, Yy =(FOGOX, 1)
<FX, Y),GX, Y)>=(F0G)(1, 1)

Proposition 5 Soit F(X) une espéce de structure. On a
F(XY) = FX) ¢ exp(XY)
= F(Y) ¢ exp(XY)

Preuve. En effet, un calcul simple nous montre que
exp(XY)[S, T] = A[S, T}

et
F(XY)[S, T] = F{S] x A[S, T}

=F[TIxA[S, T]

Proposition 6. [Y.N. Yeh] Soit F(X) une espéce de structures et soit A un ensemble. On a

F(AX) = F(X) 0 exp(AX)

Preuve. 11 suffit de constater que
F(AX)[S] = FIS] x AS
et S
exp(AX)[S]= A
C.Q.F.D.
Pour le calcul différentiel, on pose

@dx) TEEOS] = FKD(X)[S] = FIS+T]

On vérifie les identités suivantes:

a) la formule de Leibniz
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w¢eD- v FAGHB)
A+B=T
b) la formule de Taylor

FX+Y) = T F®Ox Y/ o
= n

c) la "reégle de dérivation en chaine”

F(GX))' = F(GX)NG'(X)

Pour toute espece H(X), on peut définir un opérateur différentiel H(d/dx).

H(d/dx)F(X){S] = £ H[T] x F[T+S]
T

L'opérateur H(d/dx) est adjoint & l'opérateur de multiplication par H(X):
<H(d/dx)F, G> = <F, HG>
en effet,

<H(d/dx)F,G> =3 ¥ H[T] x F{T+S] x G[S]
T S

il
= ML

S+T=R

M M

S+T=R

(HG)[R] x F[R]

= <HG, F>

Chapitre 3 Espéces virtuelles

H[T} x GIS] x F[T+S]

( X H[TIxGIS) x F[R]

3.0. Le but de ce chapitre est d'introduire le concept d'espéce virtuelle pour pallier 4 1'absence de

l'opération de soustraction en théorie des espéces. La définition des opérations de somme et de produit

d'espeéces virtuelles ne pose pas de difficultés car il suffit d'imiter les régles de l'algebre. Par contre, le

prolongement de I'opération de substitution est plus délicat et nous introduisons pour cela une Régle des

signes qui permet de résoudre le probléme de fagon satisfaisante.

Définition 1. Une espéce de structures F: Bd— Ensest finitaire si
Card Fn]<ee, pour tout ne nd

Si de plus
Card F[n] =0

sauf pour un nombre fini de ne Nd, nous dirons que F est polyndmiale.
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Définition 2. Une espece virtuelle V est une différence formelle V = F-G entre des espéces finitaires.
La relation d'égalité F-G = M-N entre especes virtuelles signifie que F+N = M+G.

La transitivité de 1a relation d'égalité entre especes virtuelles est conséquence de la propriété de
simplification des espéces finitaires:

FtM=G+M = F=G

Pour démontrer cette propriété, nous utiliserons le principe suivant (équivalent au principe d'involution de
Garsia-Milne [G.1]). Soient A, B, C des ensembles finis et soit

©: A+C -y B+C

une bijection. Alors on peut construire une bijection résiduelle
y:A—--B

ne dépendant que de ¢. En effet, pour tout x€ A la suite x, ¢(x), ¢%(x), ... doit se terminer en un
élément y = y(x)e B. De méme, pour tout ye B, la suite y, ¢"1(y), 7%(y), ... doit se terminer en un
élément x = Yy l(y)eA.

Supposons maintenant qu'un groupe I agisse sur A, B, C et que ¢ soit I'-équivariante. On voit
immédiatement que y est I-équivariante. De méme, si on suppose que ¢ est une transformation naturelle
de foncteurs (a valeurs dans les ensembiles finis), on voit que W est aussi une transformation naturelle.

La somme et le produit d'espéces virtuelles sont définis comme suit:
F-G)+M-N) = F+M)-(G+N)
F-G):M-N) = (FM +GN) — (GM + FN)

Ces opérations donnent 2 I'ensemble des especes virtuelles en les variables X, ... Xg une
structure d’anneau commutatif que nous désignerons par B[[X;, ..., X4l]. Les espéces virtuelles
polyndmiales constituent un sous-anneau que nous désignerons par B[X, ... , X4].

Pour tout groupe fini T, soit B(I') l'annean de Burnside du groupe I'. Rappelons sa
construction, Les éléments de B(I") sont des différences formelles entre I'-ensembles finis avec la méme
relation d'égalité que dans la définition 2. Nous dirons que les éléments de B(I') sont des représentations
ensembliste virtuelles du groupe I'. La somme et le produit sont définis comme ci-haut, sauf qu'il faut
plutét utiliser le produit cartésien de I'-ensembles.

La proposition 3 du chapitre 2 entraine que I'on a un isomorphisme de groupes additifs

BIX,, ..., Xq] = @d B(&,)
ne N

En outre, puisque
B(&,)- B(E,)cB@&

n+m)

pour le produit des espéces, on voit que B[X, ..., X4] est un anneau gradué. Le complété de
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B[X,, ..., Xq] s'identifie avec BIIX,, ..., X4ll:

BX), .. Xgll =TT B(&p
ne N

Tout élément F € B{[X,, .. , Xql] s'écrit sous la forme d'une série formelle

F- ¥ F,
neNd

ot F, est la partie homogéne de degré ne N9, La partie homogeéne de degré O est le terme constant
Fq = F(0) = FQ, ... ,0).

Lemme (Classique). Si F(0) = 1, alors F est inversible dans I'anneau B{[X{, ..., X11.

Preuve. Posons F = 1+T. La série géométrique
1+ 1= 3 1B T
nz0

converge puisque T est sans terme constant,

En vertu de ce lemme, l'espéce exponentielle exp(X)e B{[X]] est inversible puisque exp(0) = 1.
Nous allons calculer I'espece virtuelle exp(X)™1. Posons, pour tout Se B,

£0[S1 = {f: S = (2k) | ke N}
€1[S1={f: S — (2k+1) | ke N}

ol (n) = {1, 2, ... ,n} pour tout ne N.

Proposition 1. Ona
exp(X)"! = £(X) - £1(X)
Preuve, Posons exp(X) = 1 + T(X). On trouve que pour tout ne N,
TS = {f: S —» M)}

ce qui donne le résultat,

I1 faut souligner ici que I'égalité
exp(X) =T (X o
n

est fausse. Nous sommes maintenant en mesure de définir exp(-X):
Définition 3.
exp(-X) = exp(X)"!

Cette définition suggére la notation suivante:

€5 = g,[5] - &S] (SeB)
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11 est peut-€tre bon de souligner ici que €3 nlest pas la différence entre deux ensembles mais la différence
entre deux foncteurs. Ainsi, €D est la représentation ensembliste virtuelle obtenue en effectuant la
différence entre €g[n]} et €;in]. Nous allons maintenant énoncer la régle des signes. Soit F(X) une espéce
virtuelle.

Régle des signes [J.1]

F(-X)[n] = €0F[n]

Dans cette formule €¥F[n] désigne le produit de € et de F{n] dans l'anneau de Burnside B(&,,).
Dans le cas de plusieurs variables, nous aurons

F(-X, Y)[n,m] = €® F[n,m]
ol €7 désigne I'élément de B(&, x &) obtenu en composant la représentation €1 de &, avec la
projection &, X & | —> &,. Nous aurons de méme
F(X, -Y)[n, m] = €M F[n, m]
F(-X, -Y)[n, m] = €8 ™ F[n, m]
= €0+ Fln, m]

ol MMM est I'élément de B( &, x &) obtenue par restriction de I'élément €2+ de B( &, 1)) au

sous-groupe & x &, < S .

La Regle des signes permet de résoudre le probléme de la substitution. Par exemple, supposons
que l'on veuille substituer M—N dans F(X). On calcule d'abord l'espéce virtuelle F(X~Y):
F(X-Y)[n, m] = €M F[n+m]
ce qui donne
F(X-Y) = Fy(X, Y) - F;(X, Y)
et on pose ensuite
F(M-N) = FyM, N) - F;(M, N)
On montre que cette opération est bien définie, c'est 2 dire que
FoM, N) - F{(M, N) = Fy(P, Q) - F;(P, Q
si M-N=P-Q.
Pour éliminer les problémes de convergence, nous allons limiter la substitution F(G) aux deux

cas suivants:
a) F est polyndmiale b) le terme constant de G est nul

Théoréeme 1 [J.2, Y.1] La substitution des espéces virtuelles, telle que décrite avec la Régle des signes,
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est une opération bien définie. De plus, elle donne lieu & une loi de composition associative.

Remarque. Il est intéressant de reformuler la Régle des signes en utilisant le produit cartésien des
especes virtuelles. On pose

F-G)OM-N) = (FOM + GOM) — (FON + GOM)
La regle des signes devient
F(-X) = F(X) ¢ exp(-X)
F(-X, Y) = F(X, Y) 0 exp(-X)

3.1. Soit B(I') I'anneau de Burnside d'un groupe fini I. Nous allons voir que chaque élément
FeB[X|, ... ,Xd] définit une opération

F: B(Nd— BMD)
Remarquons d'abord que si F est une espéce polyndmiale ordinaire (nous dirons aussi que F est positive)

et Ay, ... ,Ag sont des I'-ensembles finis alors F(Aq, ... ,Ag) estun T-ensemble fini. Cette opération
s'étend aux especes virtuelles:

F-G)A,..,Ap = FA, ... Ap-G@A, ... ,Ap
Nous allons prolonger ces opérations aux [-ensembles virtuels. Soit (A;-B;, .. ,Aq-Bg) € B(F)d. La
Regle des signes nous permet de calculer I'espéce virtuelle
FXp, o Xg5 Yy o Y9 =FX =Y, .., Xg - Yyg)
On pose ensuite
F(A;-By,..,A3—-Bp =F(A,, .. ,A4:B;,..,.By)
Pour s'assurer que cette opération est bien définie, il faut s'assurer que

F(Al, ’Ad ;Bl’ ,Bd) = F(Ul, ’Ud ; Vl’ ,Vd)

désque A;-B; = Uj-V, (l<izd)

Théoreme 2 [J.2]. Les €léments F € B[Xj, ... ,Xg] donnent lieu a des opérations bien définies
F:BMd— B
De plus, on a l'associativité
F(Gy, .. Gg)®) = FG(b), ... .Gg(b))
ol G;e BIX,, ... X ] (lkigd) et b=(b,,..,b) e BT
3.2. Le théordme des fonctions implicites se transpose aisément en théorie des espeéces. Soient

X=X X Y=Y .., Y et FX,Y)=(F(X,Y), .. FX Y)) des especes virtuelles.
Nous dirons que les especes virtuelles N(X) = (N, ... ,N;) sont solutions du systtme d'équations
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FX,Y)=0
silona N(O)=0et
FX,NX) =0

Théoréme 3. Si la matrice jacobienne (@F/9Y)(0, 0) est inversible, alors le systéme d'équations
FX, Y)=0

posséde une et une seule solution Y = N(X).

La démonstration est laissée en exercice. Le théoréme montre en particulier que si F(X) est une
espece telle que F(0) = 0 et F'(0) = 1 alors F(X) posséde un inverse G(X) pour l'opération de
substitution:

F(G(X)) = GF(X)) =X

On peut donner une description combinatoire des coefficients de G(X) et, plus généralement, des
coefficients de H(G(X)) od H est une espéce quelconque. Soit S un ensemble fini. L'ensemble Eq[S]
des relations d'équivalence sur S est ordonné. Notons 6 I'élément minimum de Eq[S] et 1 I'élément
maximum. Soit R = (6 = Ry < Ry <Ry < ... <Ry} une chalne strictement croissante d'éléments de
Eq[S]. On a une suite de projections canoniques

P . P . P .
S= S/RO > S/Rl > ... 3 S/Rn

Posons

FR) = {plx) %8, R, 1<ksn}

Nous dirons que f (R) est 'ensemble des fibres de R. Posons
S/R =S /Rn

Nous dirons que S/ est la base de R. Soit

QniSl={R=(6=Ry<R; <. <Rp)|R, € Eq[S], 1<izn}

WolSI- I HSgix I FIC]
Re Qn[S] Cef[R]

Proposition 2. Ona

HGX) = £ 1w,

Preuve. Nous allons appliquer aux espéces de structures une méthode d'inversion des séries formelles
due 2 G. Labelle [L.1]. Considérons I'opérateur additif
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&: B[X]]— B[[X]]

qui transforme H(X) dans H(F(X)) — H(X). On a par définition

SHISI= ¥ HISR]Ix [ FIA]
ReEq[S] AeS;R

= WI[S]

Un raisonnement par récurrence nous donne
SM(H)[S] = W [S]

Ce qui entraine que 8M(H){S] = & d&s que n est assez grand et, par suite, que la série

ngo D" H) = nizlo(“l)n WaX)

converge vers un élément W(X) € B[[X]]. Ona
W(F) = 1+3)(W)
=(1+8) T (DM 3H)
nz0

-H
C.QF.D.

Considérons maintenant le cas ot HXX) = X. Pour tout ensemble fini S et pour tout n>0 posons
PplS]= {(6 =Rg <Ry <.. <Ry =1) | Rj€ Eq]S], lgign}

VySl= X I FC
ReP,[S] Cef(R)

On a alors
_ 130
G(X) = Il2‘,20( VLX)

Dans le cas oi F(X) = exp(X) — 1, la proposition 2 nous donne

Corollaire.

log(1+X) = lgo 1P P(X)



145

Chapitre 4. Espeéces tensorielles

4.0. Dans cette partie, nous développerons certains aspects de la théorie des foncteurs analytiques
définis sur la catégorie des espaces vectoriels. Cette théorie est en quelque sorte le prolongement de la
théorie des foncteurs polyndmiaux formalisée par 1.G. Macdonald [M.1]. Du point de vue algébrique,
cest la théorie des A-anneaux, des fonctions symétriques et des fonctions de Schur [K.1]. Les espéces
tensorielles sont 1'analogue linéaire des especes de structures: ce sont les coefficients des foncteurs
analytiques & valeurs dans la catégorie des espaces vectoriels. Certaines especes tensorielles sont
équipées d'une structure d'algebre, en particulier d'algébre de Lie: ce sont les algébres de Lie tordues de
M.G. Barratt {B.1]. Nous utiliserons la théorie des espéces tensorielles pour démontrer que la
construction des algébres de Lie libres s'obtient en évaluant un foncteur analytique Lie (X). Les
coefficients de Lie (X) sont des représentations du groupe symétrique isomorphes aux représentations de
Reutenauer [R.1]. Nous exprimerons ces coefficients au moyen de 'homologie du treillis des partitions.
Ces calculs permettent de jeter une lumigre nouvelle sur certains travaux de R. Stanley [S.1] et de P.
Hanlon [H.1].

4.1.  Soit k un corps de caractéristique 8. Nous désignerons par Vect ou Vecty la catégorie des
k-espaces vectoriels.

Définition 1. Une espéce tensorielle F est un foncteur

F[ ]: B~ Vect

A toute espéce tensorielle F est associée une suite (F[n] | n>0) de représentations linéaires des
groupes symétriques

&, XxFln]— Fn] n>0)

Définition 2. Un foncteur F: Vect—— Vect est analyrique s'il posséde un développement en série de
Taylor

- ®)
F(V) = QOF[H]®V o, %,

On démontre que la suite des coefficients (F[n] | n=0) est déterminée (2 isomorphisme canonique
prés) par le foncteur F et que de plus elle détermine (3 isomorphisme canonique prés) l'espéce tensorielle
F. Autrement dit, les concepts suivants sont équivalents:

i) une espéce tensorielle F=F[ ]

it) une suite (F[n} | n>0) de représentations linéaires des groupes symétriques
iif) un foncteur analytique F = F(): Vect—> Vect

Nous adopterons pour les espéces tensorielles, les mémes conventions d'écriture que celles que

nous avons adoptées au Chapitre 2 pour les espéces de structures.
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Remarque. Nous dirons qu'un élément t€ F(V) est un tenseur d'espéce Fsur V. Cette terminologie est
conforme & l'usage du mot tenseur en physique, en géométrie et en algébre.

Exemples.

L(V) = @ v® _ galgibre tensorielle T(V)
n20

exp(V) = @ ven, . = algébre symétrique S(V)

120 n

AV) = g% A} ® ven o, - n@% AR(V) = algebre extérieure

Dans ce dernier exemple, le coefficient A[n] est la représentation alternée de @n:

Aln]j=ke, C.e,=(sgno) ey

La catégorie VectB des especes tensorielles est une catégorie abélienne semi-simple. Elle est
munie de sommes directes quelconques

<g> F;)[S] = iC-g Fy[S]

et d'un produit tensoriel

(FRG)S]= @ FA]®G[B]
A+B=§

associatif, symétrique et unitaire [M.1].

Les foncteurs analytiques sont clos sous la composition, ce qui se traduit par I'existence d'une loi
de composition sur les espéces tensorielles. Dans le cas ol G[@&] = 0, les coefficients du composé FoG
sont donnés par la formule

FQ)S1= @ Fsple @ Gl
ReEq[S] CeSip

Pour tout ensemble A, nous noterons k(A) ou kA 'espace vectoriel librement engendré par A.
De méme, pour toute espéce de structure F nous noterons k(F) ou kF l'espéce tensorielle obtenue en

composant les foncteurs
F
B —— Ens

S

Vect

S'il n'y a pas d'ambiguité, nous désignerons par F I'espéce tensorielle kF. On vérifie que le foncteur

k(): EnsB—— VectP
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préserve les opérations de somme, de produit et de composition.

Soit V un espace vectoriel. L'évaluation en V définit un foncteur F - F(V)
e(V): VectB—— Vect
Nous allons voir qu'il posséde un adjoint 2 droite [K.1]
{V, }: Vect—> VectB
Pour tout We Vect et pour tout Se B, posons
{V, W}[S] = Hom(V®S, w)
Ona

Hom(F(V), W) = go Hom(F{n] g v W)
n

=[] Hom _, (F[n], Hom(V®, W))
n

020 2]

= Hom(F, {V, W}

Ce qui montre que (V) et {V, } sont adjoints I'un de l'autre. De plus, €(V) préserve le produit tensoriel:
FBGYV) = F(V) ® G(V)
k1(V)=k
et par suite on a des transformations naturelles
{V, W} ® {V, W} — {V, W, @ W,}
k~— {V,k}

4.2, Dans cette partie, nous allons étudier les espéces tensorielles munies d'une structure algébrique.

Définition 3. [B.1] Une alg2bre tordue est une espéce tensorielle F munie d'une structure d'algébre:

F®F -~ F
11y a plusieurs variétés d'algébres tordues: associative, commutative, algeébre de Lie, etc.

Exemples. Pour toute espéce G, l'espéce

T(G) = n@g G®n

est une algebre tordue associative. De méme,

- - ®n
exp(G) = S(G) = @ZOG /o,

est une algebre tordue associative et commutative. Voici une description plus détaillée du concept
d'algébre de Lie tordue: le crochet
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F®F—[—’-}—->
doit satisfaire aux identités
I,1+[, k=0
i) [,[,LN+[,[,N6+[,[,llc?=0
ol 1: FOF “— F®F est la symétrie du produit tensoriel et oll 6: FOF®F —— FOFQF est la
permutation cyclique des facteurs. Les parenthéses [, [, 1] désignent le morphisme composé

F8[,]

FOFQF s FOF -1

> F.

Pour tout espace vectoriel V, soit Lie(V) I'algébre de Lie libre sur V.

Théoréme 1. Le foncteur Lie: Vect—— Vect est analytique:

. _ . ®n
Lie(V) = S—goue[n]cav I &,

Remarque. Ce résultat et sa démonstration sont valables pour une variété quelconque d'algebres et pas
seulement pour les algebres de Lie.

Preuve. Nous avons vu, 2 la fin du paragraphe précédent, que pour tout Ve Vect, le foncteur évaluation
e(V) posséde un adjoint a droite {V, }. Remarquons d'abord que si W est une algébre de Lie, alors {V,
W} est une algebre de Lie tordue: en effet, le composé

{V,W}®{V, W} ~— {V,WOW}

\ l AR}

v, W}

est une structure d'algébre de Lie sur {V, W}. Dautre part, soit F = F(X) l'algébre de Lie tordue libre
sur l'espece tensorielle X = kX. Le foncteur évaluation en Ve Vect préservant le produit tensoriel, on
constate que F(V) est munie d'une structure d'algdbre de Lie. Pour toute algébre de Lie W on a alors des
bijections naturelles entre les morphismes suivants

FV)— W 1
F— {V, W} @
X—> {V,W} ©)
V=XV)— W &)
Lie(V)— W 5)

ol les morphismes (1), (2) et (5) sont des morphismes d'alggbres. Ceci montre que l'on a

Lie(V) = F(V)
C.QF.D.
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Remarque. La suite (Lie[n] | n20) de représentations des groupes symétriques est isomorphe 3 celle
obtenue par C. Reutenauer [R.1].

Théoréme 2. (Poincaré-Birkhoff-Witt). Soit U(F) I'algébre enveloppante d'une algébre de Lie tordue
F. Le morphisme canonique F——> U(F) est injectif et I'on a de plus un isomorphisme canonique

U(F) = exp(F)

Preuve. On vérifie d'abord, par un argument de foncteur adjoint, que pour tout Ve Vect ona

UEVY) = UF(V))

Remarquons [B.2] ensuite que pour toute algebre de Lie L on a un isomorphisme

n: UL) = S(L)
naturel entre les foncteurs Uet S, Ceci entraine que I'on a des isomorphismes naturels
UEV)) = SF(V))
et finalement que
U(F) = exp(F)

C.QF.D.
Proposition 1.
exp(Lie X)) = 17/1-X
Preuve. Appliquant le théoréme précédent, on a successivement
exp(Lie (X)) = U(Lie (X))

=TX)

=1/1-X
4.3. Dans cette partie, nous allons discuter de la théorie dus espéces tensorielles virtuelles. Celles-ci

sont obtenues en prenant des différences formelles entre espéces tensorielles finitaires. La transitivité de
la relation d'égalité

F-G = M-N ¢ FON -~ M®G
est conséquence du fait que VectB est une catégorie semi-simple. Les espéces tensorielles virtuelles en
d-variables Xj, ..., X4 forment un anneau que nous désignerons par
R[[X}, ... »X4l]
Les espéces polynémiales forment un sous-anneau
R[X,, ... Xgl € R[[Xy, ... . X4l
On a un isomorphisme de groupes additifs

RIX, .. Xz @ R@p
ne N
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ot R(&, ) est le groupe des représentations virtuelles de &,,. Ceci donne 2 R[X;, ...,X4] une

structure d'anneau gradué puisque
R(@&p) ' R(@&p) ER@G )

pour la multiplication des espéces. L'anneau R[[X|, ... X, ]] s'identifie au complété de I'anneau gradué
R[Xy, ... . Xyl

R(X), ... Xgll = T R(@p)
nelN

L'opération de linéarisation se prolonge aux espéces virtuelles et on obtient ainsi un homomorphisme

d'anneaux

K(): BI[X > .. Xpll— RIXp, .. Xyl

S'il n'y a pas d'ambiguité, nous désignerons parfois l'espéce tensorielle kF par F.

La Régle des signes prend une forme simplifiée en théorie des espéces tensorielles. Posons

A =L NI @X" 1 = 3 ACX)

Proposition 2.

exp(X)! = X (1" ATK)

Preuve. Pour tout SeB et pour tout n>0, posons
LyfSl= {f: S — @)}
La proposition 1 du chapitre 3 nous donne

exp(X)~1{S] = Z>0 (-DML[S]

Nous allons décrire un complexe de chaines
KLgiST & kL, S] & kLys] €2 ..
dont I'homologie est donnée par la suite
A%S], AlST, AZ[S], ...
Une identité classique sur 'homologie des complexes nous donnera:

T DPLGIS1= X (-1)PATS]
n20 020

Si Card S<1, alors 9=0 et AP[S] = kL;[S]. SiCard S>1, posons, pour tout n20,
ColSI = {(@<Ap< ... <A<S) | ACS, Bgign}
11y a une bijection naturelle évidente

CplS1 2 Lyy,[S]
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Soit A°S le complexe simplicial des parties propres non vides de S. Gé€ométriquement, A°S est le bord
du simplexe dont les sommets sont les éléments de S; la réalisation géométrique de A°S est une sphére de
dimension égale & Card S-2. Par définition, C,[S] est I'ensemble des simplexes de dimension n de la
premiére subdivision barycentrique de A°S, L'homologie réduite de A°S peut donc se calculer au moyen
du complexe de chaine

k ¢—kCylS] ¢~ kC,[S] & ...
Comme on a {résultat classique de topologie):
H, (A°S) = AP+2[S] (n20)

la démonstration est terminée.

Utilisant les notations du chapitre 3, cette proposition montre que
€= (-1)2A[n]

dans l'anneau R(& ).

Pour tout ensemble S, soit [1[S] l'ensemble ordonné des relations d'équivalences propres sur S:
[1[S] = {Re Eq[S] | 6<R<i}

Dans ce qui suit, ﬁ*(H[S]) désignera 'homologie réduite du complexe simplicial des chaines non vides

de [1[S].

Théoréme 3.
log(1+X)[n]=k.1 sin=1
=-k.1 sin=2
= )™, JIm) sin>?2
Preuve. D'apres le corollaire de la proposition 2 du chap. 3,
log(1+X) =n§,0 -DPPLX)
ol
P,[S] = {(6=Ryx< ... <Ry=1) | Rie Eq[S], 1si<n}
Pour tout 020, soit C,(IT[S]) l'ensemble des chaines de longueur n de l'ensemble ordonné [1[S]. Ona
Cn(H[S]) = P}, 5[S]. Considérons le complexe augmenté
kP [S] ¢ kC((1[S]) ¢~ kC,(T(S]) ¢ ...
dont I'homologie est (si Card S$>2)
0, Hy(TI(SD), H(TI(SD, ..
On a alors
P[]+ £ (DRCATIS) = £ (-DPHLITISD
n>0 n=0
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Autrement dit, ~
log(1+X)[S] = x]220(-1)HHH(I-I[S])

dés que Card S > 2. Pour terminer la démonstration on utilise le fait que le treillis Eq[S] est un treillis
géométrique [F.1, S.1] et par suite que

H, (TS = 0 sauf sin = (Card S) - 3.
Théoréeme 4.
LieX)=1log1/1-X
® Lie[1] = k.1
Lie[2] = A[2]
Lieln] = Aln] ® Hy y[In])  (m3)
Preuve. La premiére égalité résulte de la proposition 1 du chapitre 3. On en déduit que

Lie(X) = -log(1-X)

Utilisant 1a Reégle des signes et le théoréme précédent, on obtient le résultat.

4.4. Pour terminer, nous allons calculer le caractére de l'espéce tensorielle Lie(X). Rappelons
quelques résultats. A toute espéce tensorielle finitaire F(X) est associée une série indicatrice

Zg=3 1m! I TrFc] o]

n=>0 oe Gn

ol Tr Flo] est la trace de I'opérateur linéaire F[G]: F[n] — F{n]
d .
et {(0) est e mondme x LI xndn ol d; est le nombre de cycles de longueur i dans G.

Zr. est une série formelle d'une infinité de variables: Zg = ZR(X1,X5,X3, ... )

On a les identités
Zp.G=2F+ZG

ZFG =ZrLlG
ZpGy =ZrZg)

oil le membre de droite de la dernitre égalité désigne le pléthisme : sif=f(x{,xy ..) et

g = g(xq,X,, ... ) alors
f@®=f@;8 )

g = g(xi, Xois -+ )

Proposition 3.

Ziog(1+X) = n§1 () log(1+xp)

- -l T p@(-1d xgvd

n>1 dn



153

Preuve. Inversant la relation Y = log(1+X), on obtient

1+ X =exp(Y)
et par suite

1+x;=exp(X yy/m)
n=1
log(1+x) =X y,/m
n=>1

ce qui entraine que pour tout k=1

log(14+xy) = X yp/n
n=1

Une inversion de Mdbius nous donne finalement le résultat

yi= X Bk log(i+xy)
k21

Remarque. Sion combine ce résultat avec celui de la proposition on obtient le résultat de P. Hanlon sur
la fonction de Mébius du treillis des partitions invariantes par une permutation donnée [H.1]

Proposition 4.

Zyie(x) = Z>1u<n);n log 1/1-x,
n2

n
=% In ¥ pd) xg 74
n21 din
Preuve. 11 suffit d'utiliser le théoréme 4:
LieX)=1log1/1-X
Remarque. La proposition permet de généraliser la formule de Witt. Soit I" un groupe fini agissant sur
un espace vectoriel V. L'action du groupe I se prolonge 2 I'algébre de Lie libre sur V:
T x Lie(V)— Lie(V)
Lie(V) est une algébre graduée
Lie(V) = ¥ Lie™(V)
>0
et le groupe I agit sur la partie homogene de degré n
T x Lie™(V)— Lie™(V)

Désignons par y le caractdre de la représentation V et par x, le caractére de la représentation Lie™(V).

Proposition 5. On a pour tout e T

n/d
%a(©) = 11 g x(ch
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Appendice

Dans cet appendice, nous allons démontrer I'unicité de la série de Taylor d'un foncteur analytique
et donner des conditions simples qui caractérisent les foncteurs analytiques.

Définition 1. Le diagramme DF d'un foncteur F: Ens —— Ens est la catégorie dont les objets sont les
couples (x, A), ol x€ F(A), et dont les morphismes (x, A) —— (y, B) sont les fonctions f: A—— B
telles que

F(H(x) =y
Définition 2. Un élément xe F(A) est générigue si pour tout
(z, O)

l g
f
(X, A)_) (Y! B)
il existe h: (x, A)— (z, C) tel que le triangle
(z,0)
h /‘ l g
f
(X, A) — (Y! B)

soit commutatif,

Lemme 1. Soit u: (x, A)—— (y, B). Siy est générique, alors u est surjective. Si x et y sont
génériques, alors u est bijective,

Preuve. Siy est générique, il existe h: (x,B) —— (y, A) tel que le triangle
(x, A)

h u
{ !
(y,B) — (v,B)

soit commutatif. Ceci entralne que u est surjective. Si de plus x est générique, alors h est surjective et,
par suite, u est bijective.

Pour tout ensemble fini S posons
F°[S] = {xeF(S) | x est générique}

Le foncteur F°[ ] est défini sur la catégorie B; c'est donc une espéce de structures. Considérons le
foncteur analytique F°() dont les coefficients sont donnés par F°[ |:
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F°(A) = ¥ F°[S]x AS
S
On a une transformation naturelle

i:FP——>F

qui envoie la classe de (x, f) € F°[S] x AS dans I'élément F(f)(x) € F(A).
Lemme 2. La transformation i; F°—— F est injective.

Preuve. Soit

x, ) € F[S1x AS et (y,g) € F[TIx AT

Supposons que F(f)(x) = F(g)(y). Nous allons montrer que (x, f) et (y, g) sont isomorphes .
Ona

(v,
l g
f
x,S) — (z, A)

ol z = F(f)(x) = F(g)(y). Comme x est générique, il existe h: (x, S)— (y, T) tel que le triangle
(v, T

h/l g
(x,S)—f—)(z,A)

soit commutatif. La bijectivité de h est conséquence du lemme 1.
C.Q.F.D.

Proposition 1. Soit F: Ens —— Ens un foncteur analytique. On a un isomorphisme canonique
Fl] = FI]
Preuve. Cet isomorphisme envoie x€ F[S] dans la classe de

(x, 1g) € F[S]x S5

Le lecteur pourra compléter la démonstration.

Proposition 2. Un foncteur F: Ens —— Ens est analytique si et seulement si il est engendré par ses
éléments génériques finis, c'est-2-dire si pour tout x& F(A), il existe un élément générique (y, S), avec S
fini, et un morphisme (y, S)—— (x, A).

Preuve. En effet, xe F(A) appartient 3 1'image de i: F°(A) —— F(A) si et seulement si il existe un
élément générique (y, S) avec S fini et un morphisme (y, S)—> (x, A). La proposition 1 montre que la
condition est nécessaire. La suffisance résulte du fait que si 1 est surjective, alors elle est bijective
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(Lemme 2), ce qui montre que F est isomorphe au foncteur analytique F°.

Lemme 3. Soit &: F—— G une transformation naturelle réguliere entre les foncteurs F et G. Si
xeF(A) est générique, alors aux)e G{A) est générique.

La démonstration est laissée au lecteur.

Proposition 3. Soit a: F—— G une transformation naturelle réguli¢re entre les foncteurs analytiques
Fet G. Alors il existe une et une seule transformation naturelle 8: F[ ] —— G[ ] telle que o = 8 (voir le
chapitre 1).

Preuve. D'aprés le lemme précédent, o induit une transformation
o’ Fo[ }—— G°[ ]
et par suite (prop. 1) on a une transformation naturelle

0:F[1— Gl ]

Le reste de la démonstration est laissée au lecteur.
Il reste & caractériser les foncteurs analytiques.

Définition 3. Un foncteur F: Ens —— Ens est continu s'il préserve les limites inductives filtrantes.
Si F préserve de plus les limites projectives filtrantes, nous dirons qu'il est bicontinu.

Définition 4. Un foncteur F: Ens —— Ens est régulier s'il transforme les carrés commutatifs réguliers
en carrés réguliers.

Théoréme 1. Un foncteur F: Ens — Ens est analytique si et seulement si il est bicontinu et régulier.

Preuve. Pour démontrer la nécessité, remarquons que la classe C des foncteurs bicontinus et réguliers
est close sous 1) les produits finis 2) les sommes quelconques 3) le quotient par I'action d'un groupe
fini. Remarquons ensuite que le foncteur identité X: Ens —— Ens appartient & C et que tout foncteur
analytique F posséde un développement en série
= n
F= iﬂF[n]xX /s,
Pour démontrer la suffisance, nous allons vérifier qu'un foncteur bicontinu et régulier est

engendré par ses €léments génériques (prop. 2)
Définition 5. Soit F: Ens —— Ens un foncteur. Un élément xe F(A) est minimal si pour tout
morphisme
f
(y, B)— (x, A)

f est surjectif.
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Lemme 4. Soit F: Ens —— Ens un foncteur continu. Alors F est engendré par ses éléments minimaux

finis.

Preuve. Soit xe F(A), La continuité de F entraine qu'il existe un sous-ensemble fini SCA et un
¢lément ye F(S) tel que F(i)(y) = x, ot i dénote l'inclusion SCA. Choisissons un couple (y, S) de sorte
que la cardinalité de S soit la plus petite possible. L'élément (y, S) est minimal. C.QF.D.

Lemme 5. Soit F: Ens ——> Ens un foncteur continu régulier. Un élément xe F(A) est générique si et

seulement si tout morphisme
(x,A) «—(y,B)

ol B est fini et y minimal, est un isomorphisme.
Preuve. Démontrons la suffisance, la nécessité étant laissée au lecteur. Soit

(z. O)

l

xA) — .B)

La régularité du foncteur F entraine l'existence d'un carré commutatif (oi D = AxC):
B

W, D) —— (2,0

! !

x,A) — (y,B)
La continuité de F entraine I'existence d'un morphisme (lemme 4)
v, S)— (w, D)
ol (v, S) est fini et minimal. Le composé
G: (v, §)— (W, D)~ (x, A)
est alors inversible si Ihypothése est satisfaite. On a par suite un triangle commutatif

ol
(X, A) N (V’ S) — (W, D) — (Zs C)

3 B)
v C.QF.D.

Définition 6. Soit F: Ens —— Ens. Nous dirons que x& F(A) est irrégulier si

xe Im(F°(A) —— F(A))
Lemme 6. Soit F un foncteur continu régulier et soit xye F(Sy) ot Sy est fini. Si xj est irrégulier et
minimal, il existe un morphisme

(Xo, So) (l (Xl, Sl)
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tel que
1) S est fini et x, est irrégulier et minimal
2) p est surjective sans étre bijective

Preuve. Six est irrégulier, & plus forte raison il n'est pas générique, ce qui entraine, en vertu du lemme
précédent, l'existence d'un morphisme
(xgs Sg) &= (x1, Sp)

tel que

1) (x4, Sy) est minimal

2) un'est pas bijectif
La minimalité de (x;, Sy) entraine que u est surjective. De plus, si on avait x;€ F°(S;), on aurait a fortiori
xq = F()(x1)e F*(Sq) ce qui est absurde puisque x est irrégulier. Donc x; est irrégulier.

C.QFED.

Lemme 7. Soit F un foncteur continu et régulier. Alors les deux conditions suivantes sont
incompatibles entre elles:

1) F préserve les limites projectives filtrantes

2) N existe un élément irrégulier xe F(A)

Preuve. Supposons les deux conditions satisfaites. La continuité entraine l'existence d'un morphisme

(lemme 4):
(X, A) e (x07 SO)

ol S est fini et x est minimal. L'irrégularité de x entraine celle de x;,. Une utilisation itérative du lemme
précédent implique I'existence d'une chaine infinie
qi 9z
(XO’ S()) & (Xl, S]) & (ng Sz) ..
telle que pour tout n20

1) (xp, Sp) est fini et minimat
2) gy, est surjective sans étre bijective

Posons
Seo= lim Sy
6—
et soient pp: S, ~—— S (n20) les projections. L'hypothése que F préserve les limites projectives
entraine I'existence d'un élément ze F(S_,) tel que
Flpp)(@) = x, pour tout n>0

11 existe par continuité un morphisme i
(Zy Sm) e (W, S)
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ou S est fini. Comme

lim Card S =
n—oo

il existe un entier n tel que le composé

pnoi
(xni Sn) o (wi S)

n'est pas surjectif. Ceci contredit la minimalité de (xj, Sp).
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ENUMERATION UNDER FINITE GROUP ACTION:
SYMMETRY CLASSES OF MAPPINGS

Adalbert Kerber
Lehrstuhl II fir Mathematik, Bayreuth, W.-Germany

It is the aim of this talk both to give a guick and easy 4introductdion
to as well as a neview of part of the theory which is often called
Polya's Ltheorny o4 enumernation. I do not use this name for two reasons.
First of all I want to embed it into the much more general theory of
finite group action (which does not need more effort, in fact as I
dare say, it makes things easier to understand), and secondly this
theory is older than Pblya's famous paper, it is in fact due to

J.H. Redfield.

The main point is that along these lines the main theorems of Pblya's
theory of enumeration turn out to be beautiful but particular cases of

lemmas on finite group actions.

1. Introduction

The theory in question is devoted to the genenal problem of definition,
enumenation, classification and consitruction of staucturnes in mathema-
Z4cs and sciences by way of considering them as orbits of finite groups
on sets of mappings. The historic origin dates back to the middle of
the nineteenth century when chemists discovered the phenomenon of iso-
merism, part of which was solved by representing molecules by graphs.
The question arose for the number of graphs with a given edge degree
sequence since it is the same as the number of connectivity isomers
with a given gross formula (as long as the different atoms have pairwise
different valencies).
But it needed another seventy years until J.H. Redfield (1927) and
G. Pblya {1937) put this problem into a group theoretical context which
uses the following quite general Ansafz:
(i) Choose suitable finite sets X,Y # ¢ and groups G,H acting on X,Y,
which yield natural actions of G,H,HXG,HlG on YX 1= {f:X > Y}.
(ii) Recognize the structure in question, say? a graph on v vertices

as an orbit of such an action.
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(iii) Use algebraic and combinatorial methods in order to get as much

of information as possible on these orbits.

2. A list of problems

Let us consider an example, the graphs on 4 vertices, and list a few
of the related problems:

AR N NI S ™
. £ X

N

[ - 1

Some of the obvious questions are:

(1) Give a definition of "graph" which is flexible in the sense that
it easily generalizes to multigraphs, directed graphs,....

(ii) Provide a formula for the total number of graphs on v vertices
(which is 11 if v = 4, as you seej.

(iii) Enumerate the graphs on v vertices by weight (:= no. of edges).
In our example the answer is the following sequence of numbers:
1,1,2,3,2,1,1, which again gives rise to the question if all such
sequences of numbers of graphs by weight are unimodal, i.e.
weakly increasing to the middle term and then weakly decreasing.

{iv) Enumerate graphs by edge degree seguences.

(v) For which v do selfcomplementary graphs exist?

(vi) Count graphs by automorphism group. Characterize the subgroups
of the symmetric group Sv which occur as automorphism groups of
graphs on v vertices.

(vii) Enumerate graphs by weight and automorphism group.

(viii) Construct the graphs on v vertices exhaustively and redundancy-
~free.

(ix) Construct graphs on v vertices uniformly at random.

All these questions can be answered except question (iv), for which no
satisfactory answer is known yet and which is, as it was mentioned in
the introduction, in fact the question which gave rise to the whole
theory. I shall describe some of the solutions in the next sections
starting right now with question (i) which asks for a flexible defini-
tion of graphs on v vertices.

Let v := {1,...,v} dencte the set of vertices, so that the set of
2-subsets
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V2o e v 2 )
is the set of padirs 0§ vertdces. Hence putting Y := 2 := {0,1} and
X := 2[2], a Labefled graph on v vertices can be considered as an
(2]
f ¢ YX = 2(2 ), where

0, if 1 and j are not connected

1, otherwise.
The symmetric group SV acts on v and hence on v[21 and therefore also
(2] - a -
on Z(X ) in a natural way, namely by nenumbening the vertices, so

that an orbit is an isomorphism class of labelled graphs, which is
exactly what we mean by a graph.
This definition is very flexible, for if we want to shift to k-multi-

graphs on v vertices, i.e. if we want to allow up to k-fold edges {(but

still no loops), then we need only replace 2 = {0,1} by k+1={0,...,k}.

If instead we want to consider directed graphs without loops, then we
(2] <2> oy s . ) ,

replace v by v := {(i,3) | 1,3 € v,1 # 3}, and so on.

3. Finite group actions

Let G denote a finite group (written multiplicatively) and 8§ a finite

nonempty set. An acfion of G on S is a mapping
Gx5 » S:{g,s) » gs
subject to the conditions
gl(g's) = (gg')s, 1Gs = 3.

The basic notions in connection with actions of finite groups are:

- the onbi{f of s: G{s) :
- the stabilizen of s: G_ := {g | gs = s},
i
|

H
Q
2]
«Q
m
o
ot

]

- the {dixed podints of g: Sg := {s gs = s}.

Furthermore it is very easy to see that GgS = qGSg—1, sc that

g _ _ -1
Gy == {GgS = 9G_g | g € G}
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is a full class of conjugate subgroups, and that G(s} =~ G/Gszgs!+ gGg

turns out to be a bijection between the orbit G(s) and the set G/Gs of
left cosets of Gg in G. This leads to the following very important re-
sult on the order of G(s): |[G(s)]| = lG/GS

.

Using this and denoting by
8/G := {G(t) | t € T}

the set of orbits of G on S, one easily derives the following lemma,
usually called Burnside's lemma (but in fact it is older, it is due

to Cauchy and Frobenius):

w
—_

e o
. 5/G) = £ Is_|.
3.1 8/6 = o1 % %!

There exist various refinements of this lemma. The most important ones

are contained in the following result (due to Stockmeyer):

3.2 The Fundamental Lemma:

Let v denote the Moebius-function on the Latiice of subgroups of G. Let
w:S + R denote a (wedight-) function from S into a ning containing @, w
being constant on the orbits w; 0§ G on S, wy the value on wy, s; € w,.
Then fon each subgroup U ¢f G and its class U o4 conjugate subgroups

we have
T w, = Tég%T LU,V I w(s).
G_ €l v V<G

8. s
i .

Let me show how easy it is to prove this lemma:

p> wi(s) z z w(s)

UsG UV V=G
s . s

i

z ~%— z . w(s)
UV |V G eV

= % iELYL z w

oV |V Gy eV

Moebius-inversion now yields the statement.
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3.3 Corollaries:

(1) The generating function forn Zhe enumeration of the orbits of G
by wedlght w i3

Z w, = 1 z z wi(s).

i i G geG s€S
(1i) The numbern of orbdits of Length k o G on S is%

z Z u(u,Vv) syl
lc/ul=k v

(4§ 8, := (s | v gev (gs=s)}).
{(iii) The numbern of orbits of type U [L.e. the stabilizens of the

]
Té7%T 5 u(U,v)|sV\.

It is most important to notice that in order to apply 3.2/3 we need

1
k

elements are in U) 4s

only o charactendize the seft Sy 0§ kixed podinits of V, for each subghroup
V. The rest is done by an application of the Moebius-function u which
does not depend on the action of G on S which is examined.

Let us conclude this section by slightly simplifying the above eguation

by using that (as w is constant on the orbits):
z wis) = z w(s),
V<CS ng_1<GS

and introducing the abbreviation

u(U,V) = Z_ u(u,wW).
weV

Now if 61”“’6d are the classes of conjugate subgroups of G, U; € Gi’
then we obtain the following eqguation

10 | -

z w, = T u(u.,0,.) 2 w(s).
G ev, T 1G/050 Ky, <6

s; 3 k s

Putting :
101
S i .=
bjk : IG/Uj! u(Uj,Uk), B(G) : (bjk),

a matrix which we call the Buinsddematrix of G, and which is the inverse
of the ftable of marks:

1

B(G) M(G) = (m

jk)’ mjk =

¢ being the zeta function of the subgroup lattice. Thus:
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3.4 Corollary:

The genenating function fon the enumenation ovf such onbits by wedight w,
the elements 0§ which have stabilfizens 4in ﬁj, is the element in the
j-th now o4 the column vecton

B(G) - Z  w(s)
<G

This theorem has the advantage that it clearly seperates the things
which do depend on the particular action of G from B{(G) which does only
depend on the isomorphism class of G. Unfortunately the evaluation of
B(G) needs the knowledge of the subgroup lattice. A different approach
which allows to avoid this can be found in the cited paper by

Rota/Smith. I wanted to emphasize the finite group action aspect.

4. Symmetry classes of mappings

Let X,Y denote two finite nonempty sets on which finite groups G,H act.

Then G,H,HxG and the wreath product H\G := HXXG act on YX in a natural
way: X
GXYX - YX:(g,f)'+ fog—1,
HxY® + ¥%: (h,£f) = hof,
(HXG)XYX > YX:((h,g}’f) > hofog_1,
X X

(H1G) x¥" + Y : ({o,g),£) » F, where
X Fx) = 0o(0E(g %),

The orbits under these actions are called symmetrny classes of mappings.
In order to apply the above mentioned results on finite group actions
we first of all remark that we obviously can embed G,H and HxG into the
wreath product H|G so that all what we need to derive is a characte-

X

rization of the fEYX which remain fixed under an element (¢,g)€H|G.
X

4.1 Lemma

c(g) 1 -1
Let g = 1 (x,9% ...9 v x ) denote a cycle decomposition of the per-
mutationvanuced by g on X info disfoint cycles. Forn 1 < v < c(g) we
put -1 -1,
hv(wlg) := w(xv)w(g xv)...@(g xv)'
Then £ € Y* is Reft fixed by (o,g) if and onky if
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(i) Fon each v f(xv) is a fdixed podint of hv(w,g):

’

f(xv) € th(w,g)

and
{(ii) zhe othexr values of £ can be obtained from these values f(xv)
according £o the equatdons

1

f(x) = o{xX)f(g %), x € X.
Proof: Iteration of f(x) = @(x)f(g_Tx) yields
£(x) = 0()olg X E(g  x), ... £(x,) = h (0,9)f(x).

An application of 3.1 now yields for the total number of gymmetry

classes:
. X 1 c{q)
4.2 (i) [Y* /G| -T-TE [yl .
L
. X 1 X
(ii) |y /H| = z 1y, |
Hi g

- X 1
(iii) |Y®/HxG| = o0y .
H| |G (h,g) i hl

1

1 i

(a;{g) := no. of i-cycles induced by g on X).

1

X
Giv)y  [yt/r\e| = T only b,

(Dlg) v

This answers the second one of the guestions put in section 2. The ans~-
wer to the third one now follows by an application of 4.1 to 3.3 (i).
The most general weight on YX which is constant on the orbits of G on

YX is the mapping

4.3 wiYX o Qlvlif > T £(x),
xeX

where we took Y as set of (commuting} indeterminates over Q. 4.1 shows
that £ is left fixed by g € G iff f is constant on the cycles of g {on
X). If such a cycle is of length i, then it contributes to the weight of
f the factor yi, if y is the value of f on this cycle. Thus

. yi)ai(g)

i yey
is the sum of the weights, of all the fEEYX fixed under g. Hence 3.3

(1) yields POlya's famous theorem:
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4.4 The sum of the values of the wedi{ght w on the orbits of G on v s

z 1y eyt
w, = TeT no(Zy™)
i 1 G g i y
In terms of the cycle-4indicator for the action of G on X, i.e. the
polynomial
1 a, (9) ]
Cyc{(G,X) := TaT Z N z, € Plz,,.-.,2
G geG i 1 x|
and the so-called Pdlya-insertion of polynomials p(...,y,-..) € Q[Y]
into the cycle-indicator
| 1 i )ai(g)
Cyc(G,X Ple.-yy,---)) == ToT T pleeesysen. ’
G geG 1

we can rephrase 4.4 as follows:

4.5 Pdlya's Theorem:

The generating function fon the enumenation of symmetny classes o4 G
on YN by weight (c§. 4.3) is

Cyc(G, X | Z wy).
yEY

The other theorems on the enumeration by weight under the actions of
H,HxG and H|G can be derived similarly, since lack of space I have

to leave X that to the reader.

5. Enumeration of G-classes by weight and automorphism group

According to 3.4 we obtain for the enumeration of G-classes on YX by

weight and autormorphism group the following matrix product

=

[X/0 | 1.(U)
. Be){ nk (z y t k)
i=1 YEY

[S,]
-

o

where li(Uk) denotes the length of the i-th orbit of U, on X. This co-
lumn contains in its j-th row the generating function for the enumera-
tion of such orbits by weight, that have their stabilizers in Gj'

If we are interested only in the enumeration by automorphism group we

map each y onto 1, obtaining the matrix
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lx/u |
5.2 B(G) - ||Y| k

Let us consider an example: G := Sy- The Aachen subgroup lattice pro-

gram yields the following transversal of the classes of conjugate sub-
groups:

Up = <1>, 0, = <(24)>, Uy = <(12)(34)>, U, = <(132)>, Uy = <(24),(13)>,
Ug = <(1324)>, Uy = <(12) (34),(14) (23)>, Ug = <(132), (13)>,
Uy = <(1234),(24)>, U,o = <(132),(142)>, Uy, = <(1324), (1342)>.

It is easy to evaluate the sequence of numbers of orbits of the Uj on

a'2) ) ynicn is

‘Q[Z]/UJI = 6,4,41213121312121111-

Besides this we obtain from the Aachen subgroup lattice program the

table M(S4) of marks which we have to invert (which is again easy since

M(S4) is E}iangular. The resulting columns for k = 1,2,3,4,5 which
give the numbers of {(k-1)-multigraphs by automorphism group are
(cf. 5.2): k: 1 2 3 4 5
[ 6‘ r 1
k e} O | 11100465
x* o | 221 84|230
k4 0 1 94 364100
k2 olo| ol of o
x> o 2] 9}24|50
B(S,) x? | = o|o| of of o
= x> olol| 1] 4] 10
k2 o2l 6i12] 20
x? o2} 6f12] 20
k] o{of| o] o
x| L1 20 3t el s

The last column (k=5) shows for example that there exist exactly 900
different 4-multigraphs on 4 vertices of which 465 have trivial auto-
morphism group U, = <i>.

Notice that the fourth, sixth and tenth row of this matrix consists of
zeros only. This means that neither U, = <(132)> = Ay, nor Ug = <(1324)>
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= C4 nor Uip = <(132),(142)> = A,

k-multigraphs on 4 vertices, 1 <k < 4. Let me show how it can be

occur as automorphism groups of

proved that this is true also for bigger k and that Av is, for v = 3,
never the automorphism group of a graph on v vertices.

Choose an f € YX. Its inverse images X _ := f—1[{y}] form a decomposition
of X into disjoint subsets (some of which may of course be empty): X=0Xy.
The stabilizer of f in the symmetric group Sy is the direct sum of the

symmetric groups on the Xy:

(S,). = & S, .

X" f yey Xy
These subgroups of SX are called the Young subgroups. Thus the stabi-
lizer of f in G, the permutation group induced by G on X, must be the

intersection of this Young subgroup (SX)f with G and we have obtained

5.3 Corollary
A subgroup U 0§ G cccurs as the stabilizen o4 an f € y* L4 and only

i6 T i4 the intensection 04 G with a suitable Young subgroup of Sy-

Thus in particular the alternating group Av, v 2 3, does never occur

as automorphism group of a graph on v vertices. For Zv = Wﬂ§v, W a
Young subgroup of SX’ X = 2[2]

(2]

vely on v and hence Wﬂ§v = §v' Similarly it turns out that the cyclic

» yields W = s, as Ev acts transiti-

group Cv cannot be the automorpnism group of a graph on v vertices, if
v 2 3.

This can be made more explicit by considering the mapping
zp:SX > YX:TY + fom.

We call the |Y|-tuple of the orders of the inverse images the content
of f:
Cf) i= (oo, LE LY, en ),

It is not difficult to check that ¢ has the following properties:

5.4 (1) ® maps Sy onto the union of G-classes on Y® that consist
o4 mappings of content C(f).
(ii) The invenrse image of the G-class of for 4is the double
coset (Sy)em G.

Thus in particular a transversal of the double cosets (Sx)fn G in SX
is mapped under ¢ onto a transversal of the G-classes of content C(f).

(cf. Hdsselbarth/Ruch/Richter). This can be used for a redundancy-free
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construction. One can take advantage of the fact that S, can be linearly

ordered if X has this property, so that there exists a ﬁanonic system
of representatives, consisting of the least members of the double cosets
{see Brown et. al.).

This can be considered as an answer to guestion (viii) put in section

2, but one should be aware of the fact that double coset calculations
are very cumbersome. One gets a list of all the graphs with v vertices
only up to v = 9 in a reasonable computer time.

An algorithm for generating orbit representatives uniformly at random
was recently given by Dixon and Wilf. The method is: choose a conju-

gacy class C of G, which acts on S, with the probability

i s, | ,

p(C) := S/G G , g & C,
then pick a g € C and construct a fixed point s of g, uniformly at
random. Then the probability that s belongs to the orbit w of G on 8
is IS/GI_1. One can use this for graphs with v < 30 vertices easily

and for bigger v if a very good long integer arithmetic is at hand.

6. The Burnside ring and a generalization

The enumeration of the orbits of G on S by stabilizer class ﬁi can be
considered as the problem of identifying S with a certain element in a
specific ring, the Burnside ring of G, as we shall see in a minute.
This ring theoretic approach has a useful generalization (Plesken)
which will be described next. Assume (S,<) is a poset on which

G acts as a group of automorphisms, i.e. we assume in addition that
v x,y€85, geG (x <y < gx < gy).

If again both S and G are finite, then the following is easy to verify:

6.1 (1) Efements in the same orbif are {ncomparable.
(ii) The onbits B; can be numbened in such a way that

(iii) 14 s < s' then
|G(s)|]{y € G(s*) | s <yl}| = [G(s")|]{x € G(s) | x < s'}i.

Lattices are posets. Assume that the finite group G acts on a finite

lattice (L,A,v). Then the following properties are equivalent:
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6.2 (i) vV x,yE€L, g€G: x <y = gx < gy,
{ii) Vv x,y€L, g€G: g{xXAy) = gxagy.
(iii) Vv x,y€L, g€G: g(xvy) = gxvgy.

The lattice (L,a,v) defines two semigroups: (L,a) and (L,v). Hence let
us assume that ($,.) is a finite semigroup and that the finite group

G acts on it as a group of automorphisms:
v X,y€S,9€G (g(x-y) =gx.gy).

The semigroup #ning Z [S,-] consists of the £:S > #Z where addition f+f'

is pointwise and where the multiplication comes from that of S:

(F#f') (x) := T fly)y.-£'{(z).
yz=x

As usual we write its elements as "formal sums"

f= ZT f x, f_ = f(x).
XES * *
It is very important to notice that we can put, for each 1,3,k and
s € Bk:
ajj = H(x,y) € BiXBj | .y = s}| ,

(the upper point in aijk indicates the semigroup multiplication) for
this number does not depend on the chosen representative s of By - These

numbers are the structure constants of the following subring.

1

:= {f € Z[s,.] | v geG (f = fog )},

consisting of the G-{invardiant elements of the semigroup ring.

6.3 Z [S,.}G has the orbit sums b, := z X as % -basis. Their pro-
ducts satisfy the equations XEBi
Biby = T ajsx Py

The main theorem (Plesken} is

6.4 Theorem

Let By,...,By denote the onbits of the finite group G acting on the
§inite Lattice (L,A,v) as grnoup 0f automorphism, and indicate by by, the
onbit sums. Then

(i) T4, 4on any % € Bi

A

ajy = [{y € By | x < vy},

then the mapping
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defines a ninglsomonphism between Z [L,A]G and %g.
(ii) 1§, for any y € By

v

a := |{x € B, | x <y},

ik k
then the mapping
a¥
1k
. _. .V
bk - : =1 ooy
aV
dk

G and E§(+,*).
(iii) These rings and their images are helated by the Ldentities

defines a rninglsomorphism between Z [L,v]

A v
aj Byl = a8y
(iv) Fon the (coorndinatewise} products ai*ag o4 the columns of the
matrnix A = (a?k) we have the undque Linear combination

a”. a’
11215

_ . _ A A

@j¥ey 3T : = i a3 9k%k
A A
2a1%a5

And coanespondingly

(v) aé = al

— A"
ik kii’ Bix T @

kii

The main point in the proof is to show that A" and A" are triangular
matrices with 1's along the main diagonal.

Beautiful examples are provided by the regular polyhedra and their
symmetry groups. For example, the tetrahedron on which A4 acts gives
rise to the matrix

- ) N
-t N3 0 b
b d

’

where ag*az = 2a§+3a3. This means (64 (v)): ag43 = 2, ag42 = 3, so

that each edge can be represented in exactly two ways as the infimum
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of a face and an edge while a vertex can be represented in exactly three
ways as such an infimum.

Now what about the Burnside ring?

From G and a transversal {U1,...,Ud} of the classes of conjugate sub-
groups we obtain a complete set of pairwise nonisomorphic transitive

G-sets w, as follows:
w, = G/U, = {xU | x € 6}, 1 <1 < 4.
G acts on G/Ui by
GXG/Ui - G/Ui:(g,in) > ngi.
We indicate the G~isomorphism class of wy by
9. := {8 | G-set, G-isomorphic to wy}

Thus
0 == {91,...,Qd}

is the complete set of G-isomorphism classes of transitive G-sets. The
Bunnsdide nding EQ := {y:08 » Z } consists of the "formal sums”

d
Y = ? ziﬂi, Zi = w(Qi),

Which we can add:
X .= Y -
Q 13 = w,Vuw

(form the disjoint union wiowj and then take its G-isomorphism class)
and multiply

Qi.Qj r= i biijk’ if miij = i bijkﬂk'

6.5 Theorem:
(i) The mapping

2, - ING(Ui):UiIui, u, := 2 U € Z[L(G),alg

1 i ~
U Ui
degines an embedding

z" > @ [L(6), Al

04 the Bunnsdide ning o4 G into %Z [L(G),A]G.
(ii) For the matrix A" of = [L(G),Al, and the table M(G) of marks we
have
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.. 0

_ A . .
M(G) = A INg(Uy) 2U; |

.

I .
This finally explains the role of the table of marks.
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JOINT DISTRIBUTIONS
OF THREE DESCRIPTIVE PARAMETERS OF BRIDGES

Germain Kreweras
Université Pierre et Marie Curie (Paris VI)
4 place Jussieu 75005 Paris

§1. Introduction

A bridge is a finite word written with a's (ascents) and b's (des-
cents) in equal number, such that, for whatever i , the i-th descent ne-
ver appears before the i-th ascent. If the total length of the word is
Zn , we shall call it a bridge of span n , or n-bridge. It is well known
that the total number of n-bridges is the Catalan number H%T‘(%F) = Cp

Bridges have been investigated extensively, especially from the fol-
lowing viewpoint : if some descriptive parameter of an n-bridge is sub-
Jject to take a prescribed value z , the corresponding number of n-brid-

ges is an integer function f(n,z), with the property I f{n,z}=c

n
A

One of the most familiar distributions f(n,z) is the so-called
Narayana distribution

6 ifn»1

1:n n
Noln,z) = =(_){ ) No(n,0) =
0 niztiz-t 0 1 ifn=0 |,

which enumerates the n-bridges with z “peaks” (occurrences of ab).

It will be convenient for the aims of this paper to consider, in-
stead of the number z of peaks, the number of occurrences of aa (dou-
ble ascents), which is of course n-z since any of the n ascents a is
followed either by another a or by a b . In all the sequel we shall de-
note the latter parameter n-z with the letter h. Thus the number of n-
bridges with a prescribed number h of double ascents will be

N(n,h) = (M) h€ 10,1,...an-1} (1)

The discovery of this distribution essentially goes back to a paper
by Narayana [6].
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More recently it was discovered that two other descriptive parame-
ters, the consideration of which may appear as slightly less natural,
also follow the same Narayana distribution. hkamely

(i) the number d of ascents in even position, with the obvious ex-

treme values

d = 0 for the bridge abab...ab = (ab)"

d = n-1for the bridge aabab...abb = a(ab)" 'b

The general result is implied by the set of papers [1], [2) and [3].

(ii) The number k of Zong non final sequences. By "seqguences" we
mean here maximal subwords made either only of ascents, which we call
Jumps, or only of descents, which we call landings (if there are z peaks,
there are z Jjumps and z landings) ; we call a sequence long if it is ma-
de of at least two letters, and we exclude the final sequence, neces-
sarily a landing, from the enumeration, irrespectively of whether it is
long or not. Example : the 9-bridge

aaabaabbabbabaabhb

has 3 long jumps and 2 long non-final landings, so that the total num-
ber of long non-final sequences (l.n.f.s.) is k = 5 . Again it is ob-
vious that the extreme values of k are

k =0 for the bridge {ab)"

n
k = n-1 for the bridge (aabb)7 if n is even
n-1
or (aabb) 2 if n is odd

The general result has been proved by the author and P. Moszkowski [4].

Once ascertained that the three parameters h (number of double as-
cents), d (number of ascents in even position) and k (number of lL.nf.s.)
follow the same distribution, it is natural to wonder what the joint
distributions are, i.e. to calculate the number of n-bridges for which
two of the three parameters have prescribed values.
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This was first done for the parameters h and k by the author and
Y. Poupard [5], who were naturally led to a problem in which not only k
is specified at the same time as h , but even the number i of long jumps
and the number j of long non-final landings are specified separately (of
course i+j=k). The noteworthy result can be stated in the following way :
the number of n-bridges with h double ascents, i long jumps and j long

non-final landings is given by the monomial expression

E(n,h,i,j) =

==

MdhErhah (2)

The treatment of the particular cases i=0 or h=0, which both lead
to the only bridge (ab)" , is trivial.

We shall have to remember in §2 that the way to prove (2) in [5]
leans on the combinatorial proof of an identity equivalent to

E(nhiog) = L QDM eGeg g (3)
u,v

As far as only the joint distribution of h and k is needed, it can
be easily calculated by

B{n,h,k) = £ E(n,h,k-3,3)

Tables of B(n,h,k) for n < 8 are given in §4 , illustrating the
fact that

n-1
I B(n,h,k} = N(n,h)
k=0

and
n-1
£ B(n,h,k) = N(n,k)
h=0

In the following sections, we proceed in a similar way to investiga-
te what happens if we prescribe d and h (§2), or d and k (§3). In both
cases we shall have first to solve a more refined problem than simply
finding the joint distribution of two parameters.

§2. Prescribed d and h
2.1 The double ascents, i.e. the occurences of aa, can have two sorts of

positions : odd-even (OE) or even-odd (EQ) ; the first double ascent en-
countered is necessarily in OE position. Let us call r the number of dou-
ble ascents in OE position (DAOE) and s the number of double ascents in
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E0 position (DAEO), so that r+s=h ., In the following example with n=9,
where the word is sliced into 9 pairs for clarity, we have r =2 (under-
lined double ascents) ans s =3 (overlined)

P = aalablaa|balablbalab|bb|bb

In the same $-bridge we have d=14 (pointed ascents).

Qur goal in this section is to determine the number E*(n,d,r,s) of
n-bridges with d ascents in even position, r DAOE 's and s DAEQ's ; we
shall in fact prove that E*{(n,d,r,s) depends on its four arguments exac-
tly in the same way as E{n,h,i,j) depends on its own.

2.2 We shall need the concept of "squeezed bridge" as introduced by
Y. Poupard [7].

Squeezing & bridge P means spotting all the occurrences of ab , de-
leting them and joining the remaining subwords together. The example P
above, once squeezed, yields the bridge

P' = aaaababbbhb
(I J
{(the "scars"™ of the deletions are marked).
We shall first prove the following

Lemma : If an n-bridge P has d ascents in even position, r double as-
cents in “odd-even” position {DAOGE) and s double ascents in “even-odd"”
position (DAEQ), its squeezed bridge P' is an {r+s)-bridge with r as-
cents in odd position (A0) and s ascents in even position (AE).

The lemma is easily verified for small values of n . Assume that it
is true for any span < n-1, and consider an n-bridge P with r DAOE 's
and s DAEQ 's

If P is connected (i.e. is not the concatenation of two non-empty
bridges), the deletion of the initial a and the final b yields a (n-1)-
bridge § ; this can be written P=aQb . Clearly enough P'=2aQ'b, where
Q' is the bridge obtained by squeezing Q . Obviously

r{P) = s{Q} + 1
and s{P) = r{(Q) ,

it
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so that, when passing from §Q to P, the sum r+s is increased by 1 unit.

Furthermore any odd position in § becomes even in P and conversely,
so that DAOE ' s and DAEOC 's are exchanged between P and Q . Thus the
proof of the lemma is strajghtforward if P is connected.

If P is not connected, it is a concatenation of several connected
components (or "arches"), each of which has a span < n-1 ., Since the
lemma is supposed true for each arch separately, it is true for P be-
cause each arch is of even length by definition.

2.3 Consider now a given (r+s)-bridge P' , with r A0 's and s AE' s

P' has a certain number of double ascents, say u DAOE 's and v DAEO's.
It follows easily that the occurrences of ab in P' are r-u times in OEF
position and s-v times in EO position.

In order to go back from P' to the n-bridge P whose squeezed bridge
is P' , we have to Znsert, in each of the 2r + 2s + 1 possible positions,
a certain number (possibty 0) of occurrences of ab, i.e. {ab)? with a
certain non-negative exponent. The exponent must in fact be positive for
the positions between an ascent a and a descent b (else this a and this
b would have been deleted by squeezing P into P'). The sum of all these
exponents must be n-r-s.

Instead of calling the successive exponents

0 Z1 ZZ 23 24 ......... ZZF+2$—1 ZZF+2$

it will be convenient to call them

yO X1 y1 XZ y2 ........ Xr+s yr+s

(ab)Xk will be inserted between the positions 2x-1 and 2x , thus
r-u of the exponents Xy must be positive since T;A?. ab appears r-u
times in position {2x-1,2x). In the same way (ab”")will be inserted
between the positions 2% and 2i+1 , thus s-v of the exponents Yy must
be positive since in P' ab appears s-v times in positicn (2x,2x+1). In
P the inserted (ab)xk will all be in EO position, while the inserted
(ab)yk will all be in OE position ; the former alone will increase (by

Xy units) the number of ascents in even position (AE's),

It follows that the exponents Xg Xp o eew Xy will be a sequence of
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r+s integers, r-u of which must be positive and s+u non-negative ; their
sum must be d-s since the number of AE ' s must be increased from s (in

P*) to d {in P). The number of such sequences is easily proved to be the
d-1+u
( )

binomial ( . _4

In a similar way the exponents Yo Yq - Y will be a sequence of

r+s
r+s+1 integers, s-v of which must be positive and r+v+! non~-negative ;

as for their sum Yotyqte. .y , it must be such that

r+s

r+s r+5

+
X + Xy = n-r-s ,
A=t A A

span increase from P' to P ; whence
L ¥y, = n-r-s-{d-s} = n-d-r

Again the number of such sequences is easily proved to be a binomial,

n-d+v)

viz.{ ris

Finally, given a squeezed (r+s)-bridge P' with s AE's , u DAQE's
and v DAEO ' s, the number of possible n-bridges P having d AE 's , r
DACE ' s and s DAEO 's , whose squeezing generates P' , is the product

d-1+u,,n-d+v
(r+s-1)( r+s )

The immediate consequence is that the numbers E*(n,d,r,s) satisfy
the identity

d~1+u)(n-d+v)

EX(n.d,r,s) = z (r+s—1 r+s

(u,v)

E*(r+s,s,u,v) (4)

We observe here that {(4) is identical to {3) in &1., except for the no-
tations. Since {(3) was the central tool to prove {2), we can now state
the result corresponding to (2}, viz.

Ex(n,d,r,s) = 2 (@9 ()

§3. Prescribed d and k
3.1 Again we shall proceed to enumerate n-bridges with d AE ' s, and pres-

cribe additionally not only the total number k of long non-final sequen-

ces, but separately the number of long jumps and the number of non-final
landings.
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For this purpose we shall need a "symmetry Temma" which will be in-
troduced by the following remarks.

Let us start from the expression {(2) of §1, which enumerates the
n-bridges with h double ascents, i long jumps and j long non-final lan-
dings. Among these bridges, some begin with aa... ; their number is

Eo(nahaisj) = E(n,h,i,j) »E(n-1,h,1,j) s (6)
since the subtracted term counts those which begin with ab . Let us now
find an expression F(n,h,i,j) for the number of n-bridges with h double
ascents, 1 long ron-initial jumps and j long non-final Tandings. Among
such bridges, F1 begin with ab... and FZ begin with aa... Clearly

F1 = E(n-1,h,i,3)
and F, = Eo(n,h,1+1,j) s
so that, with use of the suitable form of (6)

s

Fln,h,i,3)

"
1y

= E{n-1,h,i,3) + E{n,h,i+1,3) - E{n-1,h,i+1,])

Since the expression of E is known by {(2), it is elementary (although
not so short) to derive the result

. .y _ (hy/hy,n-h-1y ,n-h-1 h+1y,h-1y,n-h~-2,,n-h

Floon,i,g) = (A h 7 h-ArhdTh O G (7)
Any of the n-bridges counted by (7), if preceded by an additional ascent
a and followed by an additional descent b , is bijectively transformed
into a connected (n+%t)-bridge with h+1 double ascents, i+1 long jumps
{(initial or not) and j+1 long landings (final or not). Thus the number
IR
h double ascents, is given by F(n-1,h-1,i-1,j-1), whence

(h) of connected n-bridges with i Tong jumps, j long landings and

- (h=1y/h=-1y n-h-1y ,n-h-1, _ by h-2, n-h-2,,n-h
Hn,i,j(h) - i_1)(j_?)( 5“1 )( j_1 ) (i)(j_z ( i_z )( j ) s

expression which makes it easy to check that

Hnaisj(h) - Hnsisj(n_h)
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This result, which we call the "symmetry lemma", is interesting by
itself because it extends to the connected n-bridges with prescribed
numbers of long Jumps and lony landings a remark which is a straight-
forward consequence of the symmetry o0f the Narayana distribution as far
as all the connected n-bridges are concerned.

3.2 In this section we shall consider the set 5P(n,1,j) of the connected
n-bridges with prescribed numbers i and j of long jumps and long lan-
dings.

The following remarks are obvious

(i) &%1,1,j) is non-empty only if i=j3=20
(bridge ab or "micro-arch")

(ii) 6p(2,1,j) is non-empty only if i=j="1

(iii) For any n » 3 , 5p(n,1,j) is non-empty if and only if i » 1 ,
J» 1 and i+j < n-1

. P .o,
Our main statement will be the following : in L/(n,1,J) the para-
meters "total number of landings (or jumps, or occurrences of ab)" and
"number of ascents in odd position (A0 's )" have the same distribution.

The assertion is trivially checked for n=1 and n=2 . 50(3,1,j)
reduces to the two bridges aaabbb and aababb , the first of which has 1
landing and 2 A0 's , the second 2 landings and 1 AO

Let us assume that our assertion is true for the spans 1,2,...,n-1
and for whatever i and j (recurrence assumption), and consider a bridge
P belonging to éD(n,T,J)-

Since P is connected, it may be written

where Q is an (n-1)-bridge. The latter is either connected or decomposa-

ble into m arches Q1 Q2 ... Q , the t-th of which is an nt—bridge with

m

1t long jumps and jt long landings ; Qt € éo(nt,it,jt) and Ny < n-1,

so that we can use the recurrence assumption.

Note that N = (n1 No we nm) is a sequence of positive integers
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(with sum n-1), but not necessarily [ = (11,12...im) or J =(j1 jZ"' jnL
which can have vanishing terms because of "micro-arches” ; it is easy to

make sure that

T, A= 1 ifon, > 2
i-1 if ny = 1
and j1 + j2 +ou.. + jm = 3 if N > 2
-1 if n_ =1
m

Let the sequence N be specified and consider the subset of éﬂ 2i,3)
for which the successive arches of the (n-1)-bridge Q have spans
1Mo eee N This subset can in turn be partitioned into classes
¢ = (N,I,J), each of which corresponds to specified N, I and J (general

class ﬂ(n,i,j;C))-

Example : {(n,i,3)

[
—
—
N
S
»
w
e

N = (5,6) (m = 2, ny = 5, n, = 6, n,+n, = 12-1) .

There are four possible systems (I,J) ; one of them is defined by

I =(2,2) (i, =2,1i,=2)andJd =(2,1) (J; =2, ;= 1)
Iﬁp(n1,i1,j1); -1 P2, -2

Bridges : aabaabbabb 3 landings, 2 A0 's
aaabbaabbb 2 " 3 "

lépinz,iz,jz)i = | Ple.2,1)] = 10

Bridges : aaaabaabbbbb
aaabaaabbbbb
aaabaababbbb
aaababaabbbb
aabaaaabbbbb

2 3 A0 ' s
2 4
3 3
3 4
2 3

aabaaababbbb 3 ! 2 "
4 4
3 2
4 3
4 2
)

landings,

aabaabababbb
aababaaabbbb
aababaababbb
éababaéaébbb
{In both Tists above,.the A0 ' s are pointed).
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The equal distribution of landings and A0 's on each of the sets

ﬂp(nt,it,jt) is achieved according to the recurrence assumption (and

immédiately checked on the above example).

ges in ﬂa(nt,1t,3t) that have z

More precisely, if we call At(zt) (resp. Bt(zt)) the number of brid-

rence assumption means that

0%n

A0 's (resp. z

t

landings), the recur-

(8)

As a consequence, in the class of (n-1)-bridges Q corresponding to

,1,3:C), 1.e.

=3

t=1

ﬂ%”t’it’jt)

the cartesian product

the number AC(Z) of bridges having z A0 ' s is equal to the number BC(z)

of bridges having z landings, since both are obtained by multiplying

together the corresponding number At(z

) and Bt(zt

) and summing up with

respect to all the admissible sequences (z1 Zy wunn zp) with sum z

ges

to 4
to 5
to 6
to 7

In the above example, the class C is composed of 20 (=2 x 10) brid-

Q ; the number of landings, as well

times
times

times

W NN W

times

it is convenient to consider a

6z(n,1,j) grouped by classes C

2

s

as the number of A0 ' s

since 4 = 2 + 2
" 5 =2 +3 =23+
! 6 =2 + 4 =3 +
" 7 = 3 +
have

(vertical) list of the bridges

and to write in front

row in a column (a), the number of A0 's in P : say y

in a column (a'), the number of AE's in P

(or of AO's in Q)

n-y

in a column (b), the number of landings
(common to P and Q)

, is equal

)
2)
3)
4)
(9)
P in
of each

Let y be a given integer and x its complement to n ; x=n-y . The
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number of occurrences of y in column (a) is equal to the number of oc-
currences of x in column (a'), i.e. to the number of bridges Q having

x AD's. By virtue of {9), the number of occurrences of x in {(a') is the
same as in column (b), since the equality of these numbers is achieved
in each of the classes (. But by virtue of the "symmetry lemma" proved
above, this x appears in (b) the same number of times as its complement
y=n-x . Finally y appears the same number of times in (&) and (b},
which means that in Oa(n,i,j) the number of bridges with y A0 ' s isequal
to the number of bridges with y landings ; which completes the proof of
the assertion announced in this section.

The 1list 52(6,2,1) taken from the above example illustrates the ar-
gument ; we indicate here the classes C1 C2 C3 C4 and in each bridge P
the decomposition into aQb and the decompoesition of Q into its arches,.

P {a) {a) {b)
“a aaabaabbbb | b 3 3 2
C a aabaaabbbb b 4 2 2
! a aabaaabbbb | b 3 3 3
a aababaabbb |, b 4 2 3
a ablaaaabbbb 3 3 2
¢, a ablaaababbb b 2 4
a ablaabababb b 4 2
a ablataaabbb b 2 4
C3 a abbpababb b 3 3
C4 a aﬂaqabkabb b 2 4 4
Q

In the sequel we shall use the result in the following equivalent
form : in the set ép(n,i,j) of connected n-bridges with 1 long Jjumps and
J long landings, there are as many bridges with x double ascents as with
x ascents in even position {AE 's).

3.3 It is now easy to come back to the original problem, which concerns

the set 0Q(n,i,j) of n-bridges {no longer necessarily connected) having

i long jumps and j long non-final landings, and to show that in this set
the parameters "number h of double ascents” and "number d of ascents in

even position" are also equally distributed.

For this purpose, consider separately two types of bridges in
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Cﬁ(n,i,j). The first type consists of the bridges ending with ...ab ;
for these bridges, prescribing the span n and j long non-final Tandings
goes back to prescribing the span n-1 and simply j long landings. For
the second type, i.e. for all the bridges of AR(n,i,j) ending with ...bb,
prescribing j long non-final landings ¢oes back to prescribing simply
j+1 long landings.

To whichever type a bridge of Cﬁin,i,j) belongs, it can be decompo-
sed into its successive arches Pl’PZ""’ where Pt belongs to some
69(nt,it,jt) ; moreover é?(n,i,j) can be partitioned into classes
C =(N,I,J), each of which is included in one of the two types and cor-
, i

responds to given sequences of n and jt . The same argument as in

t t
§ 3.2 proves that within each class the number h of double ascents and
the number d of AE's are equally distributed. The result obviously ex-
tends to either "type" , thus to Ge(n,i,j), as 1s illustrated by the fol-

towing example, with n=5, i=2, j=1

h d
type 1 aabaabbbab 2 2
aaabbaabbb
aabaabbabb 2 3
aaabbblaabb
type 11 aababbpabb 2 3
aabbjaaabbb 3
aabblaababb 2
aabbjabhabb
ablabblabb 2 2

The final conclusion is that if, among the n-bridges with i long
jumps and J long non-final landings, we have to enumerate those with d
ascents in even position, we find the same number as the one that enu-
merates those with d double ascents. The latter, as was proved in [5],
is given by (2), with replacement of h by d ; thus the number looked
for is

1 d d n-d-1 n-d

GGG G, s
a third interpretation of the same function of four arguments as met in
(2) and (5).
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§4. Summing up the last two arguments

In order not to privilege any of the three problems solved by the
same four-argument function, we shall now adopt Greek letters and write

E(n,a.o,0) = & My () (A (Y (10)

A 0 o o-1 g+

To recapitulate, we know now that (10) enumerates the n-bridges with

(a) A ascents in even position, o double ascents in “odd-even" posi-
tion, o double ascents in "even-odd" position (§2)

(b) A ascents 1in even position, p long jumps and ¢ long non-final
landings (§3)

{c) A double ascents, g long jumps and o long non-final landings
{([51).

Moreover, if we set p+o=u , the function of three arguments defi-
ned by

Bln,a,u) = T E{n, ,u-c0,0) (11}
gives explicitly the three joint distributions of the parameters d (as-

cents in even position), h (double ascents) and k (number of long non-
final "sequences", i.e. jumps or landings indistinctly) in the cases

{a) A= u = h
(b) A= d u = k
(c) o= wo= k

The function E would not be easy to tabulate because of its four ar-
guments. Its values are readily calculated ; they are, in a way, genera-
lizations of the Narayana numbers defined by (1).

On the other hand, B is susceptible of a tabulation, which is given
below for n < 8 ; it illustrates in particular the announced property of
the row sums and column sums, viz. that both yield the Narayana numbers.



190

u: u:
n=3/0 1 2] n-4/0 1 2 3
R :1 Y= 01 }1
1 2 1 .3 1 3 3 ;6
2 1 ¥ 2 2 3 1] 6
BRI I I
16 6 14
W= U=
n=5{0 1 2 3 4] n=6l0 1 2 3 4 5
A= 0|1 P A= 0 Py
1 4 :10 1 5 10 '15
2 3.9 7 1,20 2 418 22 6 50
3 2 5 3 |10 3 31522 9 1 450
4 1 P 4 2 7 6 15
——d el L
110 20 10 1 | I
115 50 50 15 1 |
u= U=
n=7]0 1 23 4 5 6, n:8012345671l
A= 0 |1 ;1 A= 0|1 D
1 6 15 21 1 7 21 | 28
2 5 30 50 20 hos 2 6 45 95 50 !196
3 4 30 70 55 15 1 [175 3 5 50160 185 80 10 490
4 3214530 6 o5 4 4 42144 185 96 18 490
5 2 910 "21 5 3 27 76 70 20 196
6 1 1 6 2 11 15 }28
121 105175105 21 1| _,7j o .{_L
1 28196 490490 196 28 1

These numbers B deserve to be studied for their own sake. They ex-
hibit various properties which may be more or less easy to prove ; we
only mention one of them as an example, leaving the proof up to the rea-
der

If n is odd {=2m+1), the differences between row m and row m+1 are
positive and form a symmeiric sequence {taking the same values for u
and n-u).
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If n is even {(=2m), the differences between row m-1 and row m form

a skew symmetric seguence {taking opposite values for u and n-u, thus

value 0 for u=0, which means B(2m,m-1,m)=B(2m,m,m)).

[1]

{2]

[3]

[4]

[5]

6l

[7]
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SOME NEW COMPUTATIONAL METHODS
IN THE THEORY OF SPECIES

Gilbert Labelle*
Université du Québec a Montréal

0. Introduction.

The strong interactions between Classical Analysis and Enumerative Combinatorics
are reflected by the fact that different kinds of series -- including the "calculus” of the
operations between them ~- can be associated with each given combinatorial species
[J2,J5] The purpose of the present paper is to describe some computational techniques,
involving inversion and Newton-Raphson iteration, that can be applied in @ "uniform
manner” to such series.

For simplicity of presentation, we shall state and prove our results within the
context of unisorted unweigthed combinatorial species . Their generalizations to
multisorted and/or weighted species (see [J2], also [L7D) can be obtained in a
straigthforward manner. [t is also possible to further extend the resuits to the case of
virtual species (i.e. formal differences of species) using the various operations between
them (including substitution) introduced in [J3] and [Y1-2].

Let F be a species. We shall be concerned with the following series :

® The generating series of F, givenby F(x) =2, f,x"/nl where f, is the number
of (1abeled) F-structures on n distinct points.

e The type-generating series of F, given by F(x) = X, T,x" where T, is the
number of isomorphism types of F-structures on n points (i.e. unlabeled F-structures).

® The cycle indicator series of F, given by
Ze(XaXaXy, ) = Zpiop eapys . oo fpopy p, X0 XB xR /1P3B, 12Rp, 1 3PP,
where fg o o = fIXF[By,BaBs .. 1 IS the number of F-structures on n distinct points
(n = B+2PB#3B5+ ... ) which are invariant under the action of any permutation B, of these

n points, of type B4,B5Bs... (here By denotes the number of cycles of length k in B).

* Avec 1'appui financier du programme FCAR (Québec, EQ1608) et du CRSNG (Canada, AS660).
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Cycle indicator series are also called indicatrix series, for short. Standard
references about them are [BBN;B1,B86-7;H1-2;HP;HR;J2;JK;L2,L5-6,L9;P;R1,R2,R3;W].

e The molecular series of F, givenby F(X) = X, , fy X"/H where f, denotes the
muitiplicity (up to isomorphism) of the molecular component X"/H , of F. Here, for
each n, the variable H runs through a (fixed) set of representatives of the conjugacy
classes of subgroups of the symmetric group &, and X denotes, as usual, the species of
all singletons. See [J3-5], [L4,L8-9] and [Y1-2] for more informations (and various
tables) concerning the calculus of molecular series (see [L10] for related series).

Consider now any two species F and G . It turns out that the equality F(X)=G(X) of
their respective molecuiar series is a much stronger condition than the mere equality
Zg = I of their corresponding cycie indicator series (see [L8] for the "simplest” explicit
combinatorial {1iustration of this phenomenon). This can be expiained as follows : Each
species F determines, by functoriality, a sequence (FIn]),,, of permutation -
representations of the symmetric groups &, and, by linearization, a corresponding
sequence (8in FInl),,, of linear representations of each @, (these two sequences
are arising from the sets F[n] of all F-structureson {1,2,3,.,n},n=0,1,2,.. ) One
can check that

F(X) = G(X) iff each FIn] is isomorphic to GIn]
while
Zp=1g iff each RinFn} is isomorphic to Sin 6In],

which is a weaker condition. In the first situation, we say that F and G are isomorphic
species (and usually write F = G); in the second, we say that they are linearly
isomorphic species. Stili weaker conditions are

F(x)=G(x) (i.e. F and G are equipotent species)
and

F(x)=8(x) (i.e. F and G are type-equipotent species).
Moreover [J2], F(x)=Zp(x,0,0,..) and F(x)=Zp( xx2x3, ..).

The whole situation is conveniently summarized by Figure 1 which displays the 3
main levels of structural information in the theory of species: the "combinatorial”
level, the "linear” level and the “analytical” ievel. "Going down" in this figure means
"forgetting structurail information”.

In 81 we present a general principie by means of which one can "lift" formulas from
classical (multidimensional) Analysis up to the linear level. We apply it to obtain
explicit expressions for the cycle indicator series of certain species of “enriched" rooted
trees (in the sense of [J2, L1)), including, as a special case, the species of "ordinary”
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rooted trees. This is done by lifting to the linear ievel, the ciassical muitidimensional
inversion formulas due to 1.J.Good [62] and S.AJoni [J1] In 82, we show how a certain
combinatorial approximation problem concerning recursively defined species gives rise,
in a natural manner, to an efficient Newton - Raphson iterative scheme that can be
applied to all 3 levels. This generalizes the combinatorial approach to Newton - Raphson
iteration given in [DLL). The standard references about combinatorial species are [B2-5;
D; DLL; FL1-2; J2-5; L1~10; LS; LV; Y1-2]. For the representation theory of the symmetric
group see [JK] for instance.

SPECIES OF
LABELED STRUCTURES

G,F , GF ,G(F) G=F
G+F , GxF , G (1SOMORPHISM)

UNLABELED | ... etc
STRUCTURES

CYCLE INDICATOR SERIES

Lo, Ly, Lo Ze 220 |
26+ ¢ 16*Ze o L 6~ LF

COMBINATORIAL
LEVEL

LINEAR
LEVEL

., etc

POWER SERIES

6(x). Fx), 6(x) - F(x) , G(F(x)) N

G(x)+F(x), GO)xF(x), G'(x) Gx)=F(x)
G(x)=F(x)

é(x) ?(x) .. etc (EQUIPOTENCE)

GOING DOWN MEANS
FORGETTING STRUCTURAL INFORMATION

ANALYTICAL
LEVEL

Figure 1
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t. A "lifting” Principle from classical Analysis.

Let CI{ x,,%zXs, ... )} be the ring of (formal) indicatrix series

f(xyXoXz,..) = Zfg o a xbr xBz xBs_.. /1B B 1 2B B, 1 3R, 1
whose coefficients fg o 5~ belong to the field C of all complex numbers. Many
supplementary operations can be added to that ring structure, including a derivation
and a substitution (plethysm) defined by (see [J2] :
' = 3f/0x, and glf) =gl f,f,f5, .0

where the following convention is used

fk = f( Xk’ XZK’ X:l)k, ), k=}, 2, 3, -

Each of these operations has its counterpart in both the Combinatorial and the
Analytical levels. Moreover, the "chatnrule” takes its usual Torm:

h=g(f) = h=g(Hf.
This analogy with classical Analysis goes very far in view of the following observations
(see [L2)) : Define, for each indicatrix series f, the infinite vector f andthe infinite
“jacobian” matrix f' by
L=(fi)’$i<°° =(f(Xi, Xoi, X3, - ))1$i<°° and f=((a/an)fi)1 $i,jeoe

respectively, then

Observation 1. h=g(f) <= n = gll) where the right member denotes the usual
(inrinite dimensional) vectorial substitution.

Observation 2. h' =g'(f)f' <= h' = (0" where the right member denctes the usua/
(Infinite dimensional) matricial muitiplication

Observation 3. 7re jacobian matrix £ = (/x)})y ¢ j oo /5 3IWays upper triangular
and we have, foreach i,j: 1,

@/73x))fy= Qf/dx); 7§ divides ,  and = O olherwise.

tMoreover, if £(0,0,0,.)=1 then detf' = T1;, £'(x;, Xz, X35, )
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Hence, we can state the following "heuristic” principie:

Lifting Principle : ‘“Fvery” formula from classical m-dimensional power Series
Analysis gives rise, letting m — e, (o 3 corresponding formula at the Jevel of
indicatrix series.

We shall illustrate the use of this principle by lifting the classical multi-
dimensional inversion formulas due to 1J.Good [G2], and S.AJoni [J1] to compute the
indicatrix series of the species A = A(X) and B = B(X) which are respectively
characterized by the following two combinatorial equations

AX) = XR(AKX))  and  B(X) = X + G(B(X)),

where R and G are any two given species satisfying RI@]l= & and Gl@]=G18]=2 A
structure of species A can be describedV2.L1} as an R-enriched rooted tree (French:
arborescence R-enrichie) and a generic example is given by Figure 2a. Similarly, a
B-structure can be describedl2! as a G-Catalan rooted tree {(French: G-arborescence
de Catalan) and is given by Figure 2b.

Figure 2a Eigure Zb

Theorem A. Let A = XR(A) be the species of R- enriched rooted trees and /et ¥ be an
arbitrary species. Then the indicatrix series Iy of the species F(R) /s given by

fix FCA By.BaBs, ..} = coerf of (x§ xBe x§a /1B1B 1 2P2B,13RB,1 ) in
ZF( X1,X2,X3, ... )“1 31 p( xi,xzi,xm, ) ZR( x‘,x21,x3,, )Bi

where
p( Xy,X9,X3, ... y=1- X|ZR‘( Xy, X0, Xz, .. )/ZR( X1,X0,X3, .. ).



197

Proof. We have Zpa) = Zp(Zy) where 2, = ZyZp(Zy). To Simplify the notation, let us
write f,a and r for Zg,Z, and Iy respectively. We must compute f(a) = f(a,,3,,a;, ...)
given that a = x,r(a). By Observation 1 above, this last equation is equivalent to the
infinite system

3= Xjr( 8,333, .. ), 1=1,2,3, ...

Now, Good's multidimensional inversion formula, which is valid for finite systems
a; = xiM (33,3 ...,8,), 1 S 1 <m, with a; = a;(x,X5, ...,X,), €an be written as

[x,Bx B £y, 3 = [xPrx 8™ f(xy, %) KO X))l Ty cem Py, o)

where [K(xy, ...xp)| = det [ 8;; - x;(dry/8x;)/r; ). Hence, the result follows by letting
m— o and using the fact, due to Observation 3, that the resuiting determinant
involves an upper triangular infinite matrix. ]

Theorem B. et B=X+0G(B) ose the speciesof G- Catalan treesand let F  bean
arbitrary species. Then the indicalrix series Iggy of the species F(B) /s given by

Zeg) = 2& _D_K Ze( X1,X2,X3,... )“izl YO x4,%04,X34,-- ) Z( X{,X04,X 350w K k!

where
T(Xyxp ) =1 -Zg(x,%g, . ) and DK = (3/dx)%1d/dx k...

Proof. We have Zpg) = Zp(Zg) where Zp = Zy+ Z5(Zg). Adain, to simplify, write f, b and
g for Zp,Zg and Zg respectively. We must compute f(b) = f(by,bybs, ..) given that
b = %, + g(b). By Observation | above, this last equation is equivalent to the infinite
system

bi =Xt gi( D,,0,,03, ... ), i=1,2,3, ...

Now, Joni's multidimensional inversion formula, which is valid for finite systems
bj = Xj + §j( by,by .,.0RY, 1 <1 <M, With by =by{Xy,X5 .., Xp), Can be written as

f(Dy-b) = Zie DE1.Dprkm FX s Xnd MOy Xen) | Ty i G % K7

where [M(x,,..,xy)| = det 81,4 - 89;/8% ). Hence, the result follows by letting m —s o
and using the fact, due to Observation 3, that the resulting determinant involves an upper
triangular infinite matrix. .

Other multidimensional inversion formulas (e.g. Abhyankar'siBCW] Gegsel'si®l],
Labelle'stt2], StieltjesTS)) can be lifted using the same technique. Each particular
choices of the species F, R or G in the above theorems gives an explicit formula for
corresponding series Z, or Zg:
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Corollary Al. (et 8ub e the species of all endofunctions, then
fix SublB,B. By, = PPr(fix B2)B2(fix p3)Ps
where By 15 the number of cycles of length k In the permutation B and fix gk =

Zai By denotes the number of fixed points of the k " jterate B* of B,(7e k-recurrent
points of B2

Proof. Take, in Theorem A, R = the species E of all sets and F = the species 5 of all
permutations. Then A =X exp(A) = the species T of all ordinary rooted trees and F(A) =
S(T) = the species &ubd of all endofunctions. But R =E' =E =R, so that p(xy,Xp,..)
=1-x,Ig'/Zg = 1-%; Moreover, it is well-known [see BK1;J2,R1,R2,;R3] that Zg= ﬂi(l—xi)"
and Zg =exp Zj X;/ {. Hence,

ZF( X1,X0,%3, .. ) “‘ > 1 p( X1, %01,X34, ) ZR( X1:X21,X34, )Bi
= M O-x) " T (- exp (B 2 x71) = T exp ((Fix BIx /K],

Taking the coefficient of ( xP+ xBz x8 . /71Bf, 1 2Bp, 1 3Bp, 1 . ) in this last expression
gives the desired result. s

Corollary A2. let T be the species of all (ordinary) rooted trees, then

]

fix TIBy,BaBs,} = BB, , ((Fix BRIk - kB (Fix BB, 77 By2 1)

t

0, If By=0.

Proof. This time, take R=E and F =X (the species of all singletons). Then F(A) =
X(9) =% and Iy = x, 50, proceeding as above, one gets

ZF( X1, %0,X3, . )“] 31 p( X§,X91,X34, - )ZR( X$,X%21,X34, - )Bl

= x M O-x)exp (BT xiy /1) = % T -x) exp ((Fix BIX,/K)

it

x M T ((Fix PRI - kicrix pRy-1) x, 1/kdit,
which gives the desired result. u

Corollary B. Lef Wep be the species of all binary commutative parenthetisations
[J2,L2), then

Imep = 2k O/ K@/ xq My ¢ (1= xDICX{Z # x5 )/ 20K 7Kyt
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Proof Use Theorem B with G =the species E, of all unordered pairs of {(distincts)
pointsand F =X Here, Zg=(x{+x}/2 and Ig=1Ig=X, .

Notes. An alternate proof of Corollary A2, involving the matrix tree theorem, has
been recently suggested by Doron Zeilberger [Z]. Also, Corollary Al can be easily verified
by a direct combinatorial argument.

Another computational tool consists of the following "convolution” operation
between sequences of (formal) indicatrix series.

Definition. 7he convolution asb of any two sequences
a={alMyyy = @N; X, XaX3,. 0051 @10 D= (BN, = (BIN; X4, X X5, M0y

of indicatrix series Is the sequence ¢ = (c(Npyy = (CN; X4, X0, X3,y gIVEN by the
formula
(N Xy X5X3,.) = Zd;n ald; Xy XpXs,..) DIN/G; XgXogXag, .}, N2l
/n short:
c=asb M cn) = 2, ald) [bn/dy.

The next proposition shows, among other things, that this convolution is closely
related to the chain rule for indicatrix series.

Proposition C. a) 72eset Cl xyX%5Xs,.. W™ o7 a// sequences of indicatrix series is
a non-commutative ring. with unity, under termwise adaition and the above convolution.
The unity is the sequence € =(&(N))y,, =(1,0,0,0, .. ) of constant indicalrix series.

b) Denote by %f = @F/3xp)ny, Lhe ‘gradient” of the indicalrix series f. For any three
Indicatrix series 1, Q,h such that h=((f), the chain rule W = gDt (takes the
following form . ¥h = [{Vg)f)]e T,

€) Let a,b:N*— Cl xy,X%3,.. )] be two sequences of indicatrix series and 1, g,
h e indicatrix series such that

h=2mr an) gy . 9= b0 T,
then
h=2py N f, where c=asb (here f, means f(XyXpn..) ).

Proof. a) Straightforward verification.
b) It is easy to see that the jacobian matrix f of any indicatrix series f is completely
determined by its first line 9. Now, the matrix version h'=g(f) [ of the chain rule
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gives, for any i, j (where i divides j):
(ah/aX’”)i = ZHKU [(ag/axk,,)(f)], (af/an/k)k .

Hence, the result follows by putting i =1 in this last equality.
€) We have successively,

h = 212, a(I)gi =2 i21 a(l)(Z j21 b(])f])] =2 ij21 a(i)(b(j))ifji = an, C(n)fn.
Remark. Note that the "usual” commutative convolution ¢c=a#*b,
c(n) = Z g ald) b(n/d), 21

of multiplicative number theory [HW], for complex-valued arithmetical functions a, b, ¢:
N* — €, is a special case of the above convolution. This is easily seen by viewing
aln), bn) and c(n) as “constant” indicatrix series and using the fact that (b(n/d))y =
b{n/d} in this case. In the general noncommutative case {(of arbitrary sequences of
indicatrix series), it is easily seen that the classical Mobius inversion splits into two
different forms: [b=usa &= pusb=2a], [b=asu & bsyu=2al Hereun)=
Mdbius function evaluatedat n and u(n) =1, n2l.

From a practical point of view, the "convolution of gradients™ in part b) of
Proposition C can be used to simplify the computation of certain classes of indicatrix
series. For example, it can help in the manipuiation of the Lie-Grobner indicatrix series
introduced by the author in [L2]. Explicit formulas for indicatrix series can also be
obtained by direct applications of part ¢) of Proposition C, as the following corollary
shows.

Corollary C. [CY,LS;R3) Let E, S and C respectively denote the species of all sets,
all permutations and all cyclic permutations. Let M be a species for which Iy /s
aiready known. The roliowing formulas held
a) /7 N /s aspecies such that M=EN) then

Iy = 2oy (HKIZK ) 10g Zl Xy, Xop, Xagr - -

b) /7 N Jjsaspecies such that M=S(N) then

ZN = |- n K21 [ ZM( Xk, X2k, Xsk, ) ]_}l(k)



201
c) /F N issuchthat M=CIN) then

Iy = V-exp{ -3, wk)Zy( Xy, Xo, Xak, - ) )
where  w(k) = k' T (1-p), p prime

Proof. Let a=(a(n)),,, and b = (bln)),,, be any two sequences such that asb = ¢.

Then by part ¢) of Proposition C, we have for any two indicatrix series f and g:
[g=2y;,aK) f, &= f=2,,,bk) g ] The corollary will follow from special choices
ofa,b, f,g

a)let M=E(N) andwrite, for simplicity, m=Zy and n=Zy. Then we have
m=exp(n+ Ny/2+ng/3+-) andso logm =n, +n, /2 +ng /3 +~ Putting g =1logm,
f=n, alk) = 1/k, we get b(k) = p(k)/k. Hence the formula n =2 ,,,(u(k)/k) log my, as
desired.

b)Let M=SIN), m=12y,n=12 Then m = (1-n,)"H(1-n)"'(1-ng)71~ and so
(-logm) = 2y, (log(1-n)), . Putting g =-logm, f =1log (1-n), a(k) = u(k) = 1, (k21), we
get b(k) = p(k). Hence log(1-n) =2, p(k)(-log m), , which gives the desired result.

c) Let M=CIN), m =2y, n =2y Then (see [J2] example 22) using the Euler totient
function @ we can write m =2 ,,(®(k)/k)X-log(1-n)). Putting g=m, f = -log(1-n),
alk) = @(k)/k, we get after short manipulations, b(k) = w(k) = k“ﬂp|k(l-p). Hence
10g(1/(1-n)) = 2y, wlk) my, as desired. »

Referee’'s notes. The idea of using the Mdbius function for the sort of inversion given
in part a) was propounded by Cadogan {Ct] in a fairly general setting, and applied
specifically in the cycle index sum setting by Robinson {R3]. An alternate proof of the
result in part ¢) can be obtained by applying part b) to E(M) = E(C(N)) = S(N).

2. Combinatorial Newton-Raphson iteration.

A computational iterative scheme for successive approximations to an object is
often better than an explicit expression -- unless the object is given in “closed form” (as
in Corollaries At and A2 above, for example). With this in mind, we shall solve, at the
combinatorial level , @ problem involving successive approximations of certain very
general families of species, including all the above "enriched” ones. Down, at the
analytical level, the solution of the problem will correspond to the classical
Newton-Raphson iteration (the “tangent” method) frequently used in Numerical Analysis.

Definitions. Given any species ¥ and any K » 0, denote by F, (respectively, Fy J the
species of all F-structures puiit on exactly k (respectively, at most k) points.

a) 7he specles Fy =Fo+Fo+ -+ F Iscalleqdan approximation te v of order K.
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b) Forany two species F and G, a natural isomorphism Fg —= Gy Iscalled a
contact of order X between F and G andisdenoted by F = G.

Let now M=MXY} be a given (bi-sorted) species such that Mg, &] =
(@M/3Y)IE, B} = B . It is known [¥2] that the combinatorial equation

A = MX A,

with the initial condition Al@] = &, determines, up to isomorphism, a unigue species
A=A(X). So that it can be taken as a "recursive definition” of the species A = AXD.
For convenience, an arbitrary A-structure shall be called a M-tree. Figure 3 shows a
typical M-tree.

Of course, R-enriched rooted trees and G-Catalan rooted trees are particular
instances of M-trees (take M(X,Y)=XR(Y) and M(X,Y)=X+G(Y) respectively).

Problem. fef A=M(X, A) obe tne species of all M- trees and let k 2 O be a given,
fixed integer. Consider the approximation Q to A aefined by

Cl = Ao"AA]"'”"’Ak _“_*k A
/5 it possible to compute, Ina naturdl way, a new species @ such that

a* ==y A,

using combinatorial constrictions depending only on QA and M 7
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Here, "naturality” means that if @ is isomorphic with another species a* then
a* must be isomorphic with the corresponding species a*

Note that the contact of @* with A is required to be more than fwice that of G
Here is the (positive) solution to the probiem:

Solution. Define a species ® by B®= A,y + Ao+~ + Ay, and let us agree with
the following suggestive terminotogy :

An Q-structure is a light tree, a ®B-structure is a heavy tree.

Analyzing any given heavy tree {see Figure 4a) we find that at most one heavy tree can be
attached to its "root”.

t1
J//gﬁgche\é\vy o, @
®- @— & @
e @
Figure 4a

This is due to the fact that if at least two heavy trees were attached to the root, then
the underlying set of the given heavy tree would be of cardinality at least (k+ )+(k+1)>
2k+1, a contradiction. lterating this decomposition until there remain only light trees
we find Figure 4b:

° - F[]LL[]\'IED @
,,:
[]NEHEAVY
" @

Eigure 4b

®-

Of course, the right member in this figure depends, in a natural way, only on @ and
M. Hence, using classical operations among species, we have established the foilowing
contact:

B ===y, L My(X,0) M MX,Q) - @)
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where L = L(X) is the species of all linear orders and My =8M/3Y. The "combinatorial
substraction” in the right-hand side is due to the fact that the last tree inFigure 4bis a
M(X,Q)-structure which is heavy, i.e. not an Q-structure (it can be checked that & isa
subspecies of M(X,@)). Summarizing, we have established the foliowing theorem
describing Q*:

Theorem D. (A Newton-Raphson scheme for species)
Let QA = Ag+ Ap+ -+ A === A bea given aoproximation to the species A of all
M - trees. Then the new species QA aelined by the formula

a* = a + UMya) (MXa-a) |52k+1
coinciges (up to 1somorphism) with the better approximation

Q+® = AO‘A?""*AK‘Aké}""‘AZK*! =2k+1 A. .

in practise, Theorem D can be used to compute the molecular series A(X) via a

sequence of successive approximations Q(X), QP(X), QPX),.. defined by

QO(X) =0 and A I(X) = @®*(X), n=0,1,2, ... This sequence is highly convergent to

AX). In fact, it is a "quadratically convergent” sequence and we have QW oni A

The following algorithm can be used to generate A% from @ ina very efficient manner,
without having to compute first the "auxiliary” species

LOMy(X,@) ) = 1+ My(X,@) + My(X,@)2 + My(X,Q)3 + -
Let P:=M(X,Q) and Q:=My(X,Q).

Algorithm D. (INPUT : Ag, A,, .., Ay; OUTPUT : Ay ts ) Aggst)
FOR 1:=1 TO k*1 DO

BEGIN

Agei™= Prais

FOR j‘= i 70 i-t DO Ak*i: Ak*i + QjAk*i’j
END.

Proof. The ®-structure in the left-hand side of Figure 4a s, in fact, an Ay, -
structure, for a certain value of i, 1<ick+1 ( the cardinality of the underlying set being
k+1 ). For this value of i, the right-hand side displays either a OjIB-structure (fora
certain value of j) or a Py,-structure. The condition (3M/3Y)(d, &)= & implies that
j 21,50 that the Q;®-structure (if it exists) must be a QAy,i-j-structure with
1<j<i-1. Hence,

A = Prai® QiAG -+ 2 QA Qi Ay "
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Example D.Let A= A(X) be recursively defined by
A = X+ CXA+EX+A), Alg] = &
where C denotes the species of all oriented cycles and E,, that of all sets having at
least 2 points (see Figure 5). Here M(XY) = X+ CXY + E(X+Y).  Put @@= 0,
QM P= @M+ n=0,1,2, ..; then AP = A+ A, AP = Ay+ A+ A+ Ay Wwhere
A= 0, A =X Ap = 2X2+2E,,  A; = 6X°+ OXE,+ 2E,,

AP = A+ A+ Ap+ -+ A, =, A contains dozens of terms involving
products and compositions of species suchas X, £, Cp for small values of k.

Moreover,

.90,
©-- o (&} - o o

Figure S

The computations involved in the above example have been done with the help of
Algorithm D and various elementary identities about species such as: E = 20 Ei,
Eo=1, Co=0, E;=Ci=X, GCp=E; E,p(M+N+P+-) = E(M+N+P+) = 1 = (MeN+P+) =
E(MENEPPY -+ =1 - (M+N+P+-). A computer program dealing directly with molecular

series would be of great use to carry on similar computations, say up to degree 15 (or
more).

Corollary D1. ( A Newton-Raphson scheme for indicatrix series)

Lot o =0 Xy, X, Xy, ... ) == Lp D€ 3 given approximation to the indicalrix series Iy
of the species A of all M-trees. Let Iq( Xy, Xy ..; Yy, Yo .. ) D€ lhe indicalrix series
or the (bi-sortea) species M=MXY).

Then the new indicatrix series ot = &« (X, Xg X3, .. ), 0€fined by the formula

o = o+ (1= BZy/BY, My, Xy, - Oy, O )T (2%, X o Oy, O, ) = OO ¢ pay

where oy = o Xy, Xop, X, . ), Satisries of ==p .y Iy-
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Proof. Simply apply the operator Z to every formula in Theorem D and use the fact that
i = (I-x,)". For any two indicatrix series u and v, the notation u ==, v means that
every monomial x',‘1 x'§2 x§3... satisfying 2 ik; < k, appears with the same coefficient in
both u and v. ]

Of course, an adaptation of Algorithm D to the context of indicatrix series can also
be made.

Example D1. Let B=X+E,(B) be the species of all binary commutative
parenthetisations considered in Coroliary B, section !, above.
Let B = B( Xy, Xy X3,..) = Zg and define B* by

B = B+ (1-BY (%, + B2+ 1Ba- B ke

then B* ==, Zg. This leads to a very efficient iterative method for the computation
of successive approximations B to Iz, m0.

Corollary D2. ( A Newton-Raphson scheme for type-generating series).

Let A(x) = 35,03\ e the type-generating series of the species A of all M- trees
and let B(x) = Zoiq ax' == Ax) be a given approximation to  K(x). Then the new
series Q*(x) aefined by

B(x) + (1-(0Z/0y)( x, %2, ... A, B(R), .Y (Zy(x, %2 i AR, AGA), L) =T ey
satisfies Q') =y, AW,
Proof. Simply replace (X,,X,Xs, ..) inCoroliary D1 by (x,x2,x3, .. ). [

Example D2. When applied to the species B of ail binary commutative
parenthetisations, Corollary D2 takes the foltowing form

BOO =, B0 = B0 = Bl + (1-BY " (x + 18200 + 1B6D-B0) =,, B

It is interesting to compare the resulting computational scheme with the (iinearly
convergent) one given in {C2, vol.1, p.67].

Corollary D3. (The usual Newton-Raphson scheme for generating series).

Let AX) =S40 3 X/l be the generating series of the species A of all M- trees and
MOGY) = S 5y0 My iy} /i1l be that of the (bi-sortea) species M = M(XY). Let A(x) =
Zocia X/ = A(X) ve agiven approximation to AX). Then the new series Q*(x)
aefined by
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a0 = at) + (1= MLx, a0 ) (Mx,A00) - A0 | (509
satisfies Q' (x) ==y, AlX). (Here Mxy) stands for aM(x,y)/dy ). ]
This time, the "iteration step” corresponds to the classical "newtonian step”
n* = n - Y/ Y, currently used in the computation of truncated power series (see
[BK2-3]), when applied to the equation ¥(y)=y-M(x,y)=0 to obtain successive

approximations n©(x), n¢P(x), NP(x), ..., to the "unknown" series y = y(x), y(0) = 0.

Example D3. The first few terms of the generating series A(x) of the species
A =X+ CODA + E,»(X+ A) (considered in example D above) are given by

X+ 6x2/21+ 65x3/31 + 1092 x4/41 + 25272 %x5/5! + 749034x8/6! + 271084407/ 71 + -

Aknowledgements. The author wishes tothank F.Bergeron, H. Décoste, A Joyal,
J.Labelle, P.Leroux, and the referee for their helpful suggestions.
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COMBINATORIAL RESOLUTION OF SYSTEMS
OF DIFFERENTIAL EQUATIONS, I.
ORDINARY DIFFERENT{AL EQUATIONS.

by

Pierre Leroux*, Université du Québec a Montréal
Geérard X. Viennot, Université de Bordeaux I

§1. Introduction

There is a strong interplay between differential equations and enumerative
combinatorics. A simple and classical example goes back to 1879 with the enumera-
tion by André [AN] of alternating permutations o = o(1) > 0(2) < 0(3) > o(4) .. of
[n] ={1,2,..,n}. The sequence of numbers E, of such permutations (known as the Euler
numbers) satisfies a certain recurrence relation which is equivalent to the following
system of differential equations

y = 1+y2  y(0)=0

(.
Z =yz ,  Z{0y=1

where y = ¥(t) =3 1,0 Eonat 127 1/(2n+ 1 and = 2(t) = 3,0 Eop t27/(20)F, whose uni-
que solution is given by the trigonometric (generating) functions y = tant and z = sec t.

One direction is the use of differential equations in order to obtain some infor-
mation about the generating functions of finite combinatorial structures. For example,
Collins et al. [CGJ] consider the enumeration of permutations of {n] having a “periodic
up-down sequence”. They show that the corresponding generating functions satisfy a
differential system of Riccati type. A similar enumeration problem involving the reso-
lution of systems of differential equations can be found in [CA1], [CA2] where the so-
called Ollivier functions appear. As another example, see [TU} where Tutte establishes a
second order differential equation for the generating function of map colourings.

A second direction is to start from a (system of ) differential equation(s) satisfied
by a given function f(t) =3, qa, t"/nl. Now the problem is to find finite combinatorial
structures enumerated by the integers a,. This gives a so-called "combinatorial inter-
pretation™ of the numbers a,, or equivalently of the function f(t}. The combinatorialists

*  Avec I'appui financier du programme FCAR {Québec, EQ 1608) st du CRSNG ( Canada, AS660).
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want to derive the identities satisfied by these functions f(t) from bijections and cor-
respondences between the combinatorial objects themselves. These constructions cons-
titute a "combinatorial” or "geometric” theory of the functions, giving @ new insight into
their analytic properties. Such a methodology can be applied to a wide class of func-
tions, including, for example, elementary trigonometric functions or generating func-
tions of orthogonal polynomials. A sample is given by the following frigonometric
identities which can be proven directly from correspondences between finite combi-
natorial structures:

sec?t = | +tan‘t (1.2) tan (u+y) = tanurtany (1.3)
I -tanutanyv
[*tan x dx = log sec t (1.4 [secxdx = log(tant+sect) (1.5)
0 0 g

See {LO} in this volume for a combinatorial proof of {1.3) and §6 for (1.5). Another ex-
ample is the combinatorial theory of Jacobi elliptic functions that has been initiated by
Dumont [D1], [D2], F1ajolet [FLA] and Viennot [V2] and where many questions remain open.

The first purpose of this paper is to give a systematic way to find combinatorial
interpretations of the solutions of (systems of) differential equations of the form

yi = Gty e yi(0) = &; , i=1,.,k (1.6)

where fy, .., fy are generating functions (in k+1 variables) of some combinatorial finite
structures. The combinatorial objects may be weighted by some formal parameters. We
will give a "canonical” combinatorial interpretation of the solution of such sys-
tems (see §3 and §6). tn order to work at this level of generality, without expliciting
the combinatorial structures having fy, .., f, as generating functions, we need an
abstract formalization of what we mean by "combinatorial structures”, together with
some basic operations on these structures.

The fundamental notion used here is that of L-species, a variant in the theory of
combinatorial species of structures ([BL], [Ji], [LA]). Intuitively, a L-species cor-
responds to a certain kind of combinatorial objects constructed on totally ordered sets.
An example of IL-species is the "alternating permutations”™ or, more generally,
“permutations having a given up-down sequence”. "Young tableaux” is another example. In
comparison, the species of structures originally introduced by André Joyal (herein called
B-species, see §2) do not make use of a total order on the underlying sets. Examples of
B-species are “endofunctions”, "permutations”, “involutions®, "linear lists", "graphs-,
“trees”, "binary trees”, etc.
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In fact the differential equations themselves can be lifted to the combinatorial
level and written, in the case of one equation, in the form

Y= M(T,Y) , Yy=2 (1.7)

where Y, Y' and M are certain 2-sorted L-species and T and Z are variables corres-
ponding to two distinct sorts. The standard operations on IL-species, such as derivation
and substitution alluded to in (1.7), are defined in §2.

Our main result is that any differential equation (1.7) has a “canonical” solution
which is given in terms of M-enriched increasing arborescence, as dispiayed in
figure 3.2. , and that this solution is unique, up to a canonical isomorphism. A similar
result also holds for combinatorial systems of the form (1.6). The unicity is in contrast
with the case of B-species: G. Labelle [L4] has shown that the same equation can have
several non-isomorphic solutions (as B-species).

we now illustrate the general method by giving the "canonical” combinatorial
solution of the system (1.1). Here y and z will be denoted by Y and Z and considered as
L-species, that is, as constructions which can be performed on linearly ordered sets.
Starting with the initial conditions, Y and Z are built up recursively using (1.1). The
equations Y' = 1+YZ ¥(0)=0, and Z'=VZ, Z(0) =1, are respectively visualized in
figures 1.1 and 1.2, where "min." designates the minimum element of the underlying sets.

Mk
Yi=l o or Z|= ¢ or \/
: /
min. min.
Figure 1.1 Figure 1.2

iterating these procedures, one finds that Y can be canonically identified with the
construction of so-called complete increasing binary trees. The same is true for Z,
except that there remains an empty leaf at the extreme right end (see fig. 1.3 and 1.4
respectively). The sets of vertices of the trees are linearly ordered and “increasing
means that their elements are increasing when going away from the root.

This canonical solution, the L-Species of "increasing binary trees” should, by
unicity, be isomorphic to that of "alternating permutations”. In this case, the canonical
isomorphism is the well known bijection due to Foata and Schutzenberger (see [FS2, 2nd
part] or [FST], [FR], [V1], [V3], [GY, 5.2.14]) which associates to any increasing binary tree
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{not necessarily complete) a permutation, by ‘projection”. For example the trees
displayed on figure 1.3 (resp figure 1.4) give the permutation of an odd (resp. even)
number of elements 6 =835 1726409 (respect. =41835276) The alternating
property comes from the fact that the binary tree is complete (resp. "almost” compiete).

8 5 7

1

Figure 1.3 Figure 1.4

In fact, at least three different classes of permutations can be used to give a
combinatorial interpretation of the Euler numbers: the above alternating permutations,
the André permutations introduced by Foata and Schutzenberger [FS1], [FST], and the
Jacobi permutations defined by Viennot [V2]. These classes are naturally associated
with the “canonical” interpretations of three different systems of differential equations
(see §6 below).

Note that the canonical solutions of systems of differential equations given in
terms of M-enriched increasing arborescences, remain at a certain “recursive level”.
This is the price to pay for a general method that works for any system of differential
equations. Usually more combinatorial work needs to be done to go to other levels of
combinatorics, as above in going back to the alternating, André or Jacobi permutations.
This last step does not involve differential equations any more. It is taking place only at
the “bijective combinatorics” level and is somewhat analoguous to the transformation of
recursive programs into non-recursive ones in computer science. An advantage of our
method is to bring some order inside the "zoo” of the many known different combinatorial
interpretations of classical functions.

This paper is the first of a series devoted to a combinatorial theory of differential
equations. Our objective is to lift as much as possible of the classical theory to the
combinatorial or discrete level, thus obtaining a completely new insight and also new
teols to effectively handle or solve differential equations.
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in this paper we use the M-enriched increasing arborescences to give
combinatorial ("bifective”) proofs of some classical results such as, for exampie, the
method of “"variation of the constant” for linear differential equations. Using the
beautiful idea of eclosions of G. Labelle [L2], we give in §5 a combinatorial proof of the
classical Lie-Grobner formulas. We recall basic concepts about L-species in §2. For
sitmplicity we work with only one equation in §3, §4 and §5. M-enriched increasing
arborescences are formally introduced in 83 and the main theorem is proven there. In §6
we extend this theory to systems of differential equations and give some applications, in
particular to the Jacobi elliptic functions and the Duffing equation.

The topics covered by the following papers will include a combinatorial
integral calculus [LV1], the method of separation of variables [LV2], and non
linear systems with forced entries, with particular combinatorial methods of
resolution [LV3]. An interesting fact is that the combinatorial interpretation of systems
with forced entries is contained in the interpretation of the corresponding ordinary
system with no entries. Using Fliess theory of such systems {see for example [F1], [FL1],
[FL2], ILLD we will be able to find an explicit combinatorial interpretation of the
coefficients of the so-called Volterra kernels. Then, using other combinatorial tools,
such as the notion of “histories”, we will give explicit new formulas for these
coefficients in certain special cases, such as the one given in [FL2, p. 566]. The cases of
the Duffing equation and of elliptic functions and integrals will also be treated in more
detail in other papers.
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§2. L-species

The LL-species are introduced as a variant of the theory of species of structures to
account for the combinatorial constructions that make use of a linear order on the
underlying set, for example "alternating permutations” or “increasing binary trees”. To
give precise and concise definitions, we introduce the following categories:

E = the category of finite sets and functions

B = the category of finite sets and bijections

L = the category of finite linearly ordered sets and order preserving
bijections.

Recall then {see [J1], {LA], or [LS] and [YE] in this volume) that a species of
structures F (herein calied B-species to emphasize the distinction with L-species) is
a functor

F:B— E. (2.1)

By contrast, an L-species M is defined to be a functor
M:L—E. (2.2)
This means that to each linearly ordered finite set £, M associates a finite set,

denoted by Mi2], whose elements are called M-structures on £, and to each order
preserving bijection w: £y — £, afunction

Mol : M2yl — MLy, (2.3)
called the transport of structures, in a functorial way, that is such that
Meew] = MeloMw] and Milpl = Iyip - (2.4)

A convenient and useful graphical representation of a generic or typical M-struc-
ture on a linearly ordered set is given by figure 2.1, where the curved arrow indicates
the linear order on the set of points and the 1abel M represents the M-structure.

S —

M

Figure 2.1. Generic M-structure

Two L-species M and N are isomorphic if, by definition, there exists a natural
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isomorphism of functors
o M —=s N. (25}

In other words, there should exist a bijection ocp: M2]— N[£], for each £€ L, such
that for any increasing bijection ¢ : £ — h, the following diagram commutes:

Ma —2 N 6
Mie] l o 1 Nle] :

Mh] ———  Nlh]

Given a L-species M, it follows from the definition that the cardinality cardM{£]
of M{£] depends only on the cardinality of the linearly ordered set £. The cardinality
of M, or the (exponential) generating function of M, denoted by CardM or M(t) is
defined to be the following formal power series of Hirwitz type

CardM = M(t) = >, Card Min] t"/nl, 27

where, for any n20, we set [n] = {1,2,.,n}, including [0] = &, and we write Mn] instead of
Mlnll. Of course, {n] is equipped with its usual order 1 <2<..<n.

The following are examples of L-species:

1. "Alternating permutations”; and also other classes of permutations determined by
their up-down sequences.

2. "Increasing binary trees”; and other classes of rooted increasingly labelled trees. As
we have seen, the IL-species of "complete increasing binary trees” and of "alternating
descending odd permutations” are isomorphic.

3. If F is any B-species, then F can be considered as an L-species, after composition
with the forgetful functor L — B, an F-structure on £ simply ignores its linear
order. This class of species includes some important ones that we now point out:

0 : the "empty” species, with Card0=0;

1 : the "empty set” species, with Card1=1;

T . the species of “singletons”, with CardT=t;

T2. “-ordered pairs’, with Card T2 = t2; T2/2! :“doubletons”;
T3. “ordered triples”. Andsoon.

L : the species of "permutations”, considered as “lists” or "linear orders”
We have L(t) = {/(1-t) and sometimes write L =1/(1 -T)
E : the uniform species, with |E[£]] =1 forany £. There are several ways to

describe the unique E-structure on .2; some of them, such as “the increasing {(or
decreasing) list of elements of 2“, actualy use the linear order of £. We have
E=2no TN, E(t) = exp(t) , and sometimes write E = exp(T) .
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Note that two non isomorphic B-species can become isomorphic, when considered
as IL-species. This is the case for the two species of permutations: L, for “linear
orders”, and P, for "bijective endofunctions”, for which L(t) = 1/(1-t) = P(t). The
following proposition shows that L-species constitute a more rigid combinatorial
lifting of formal power series than B-species.

proposition 2.1. Two L-species M and N are isomorphic if and enly if M(t) = N(t).

Proof. The condition certainly is necessary. To show that it is sufficient, assume
M(t)=N(t) and select for each n20 abijection o, : Mn]— NInl. Now for any linear-
ly ordered set 2, say of cardinality n, there is a unique order preserving bijection
@ :[n]— 2. It is then easy to see that the family o = {a p}p ., With op defined as
the composite

-1
S L EV' B IV L RV (2.8)

is a natural isomorphism between M and N. ]

Note. We often write M =N to denote isomorphism of the L-species M and N.

Operations are defined on L-species, with the purpose of reflecting the usual
operations on functions or formal power series. The definitions are similar to those of
B-species, with the additional following observations on linearly ordered sets £.

we will denote by
21 + 22 = £ , (29)

the situation where £, and £ are subsets of £, with their linear order induced from
that of 2, such that

This supplies the category L with a decomposition law (see [J1] or [B1]) which
determines the theory of L-species.

Also, if p € R[2] = the set of all equivalence relations on 2, then each equivalence
class ¢ € &/p has an induced linear order and the factor set &/p is itself linearly or-
dered according to the order of the smallest elements in each equivalence class. As
usual, equivalence classes are required to be non empty. The empty set admits one
equivalence relation with an empty set of equivalence classes.

in the following definitions, the operations + (and 2. ) and x (and J] )on sets
are the disjoint union and cartesian product, respectively. We let min(2) denote the
minimum element of 2 and 1+2 denote the ordered set obtained by adjunction of a new



minimum element. Recall that [0]=& .

Let M and N be L-species, and £ be a linearly ordered set. The following
operations are defined:
The addition, M+ N by
M+ N (2] = ML£]+ N[2] . (211
The product, M-N, (see fig. 2.2) by
PNl = 20 g cp,-p MBI XML (2.12)

Figure 2.2. Generic MN-structure

The substitution, M(N), when NIO]= & , by
MNMRL = 3 oeppe)MI2/p] x TTeep/p Nicl. (2.13)

M(N)-structures are often called M-assemblies of N-structures (see fig. 2.3). If
M=E, the uniform species, we simply speak of assemblies or sets of N-structures.

Figure 2.3. Generic M(N)-structure
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The operation of substitution for L-species is closely related to the concept of
composé partitionnel of Foata and Schitzenberger [FS1] Note that substitution of the
singleton species T is neutral so that we can write M =M(T}.

The derivative, M, also denoted by (dM/dT), (see fig. 2.4), by
MLl = MI1+8] . (2.14)

 —

M M

i

Figure 2.4 Generic M-structure.

The integral, F = F(T) = [gM(X) dX , (see fig 25), by
Flol= &, FLel = MI\{min(®)}], for =&, (2.15)

min.

M

Figure 2.5 Generic JyM(X) dX -structure.

All the elementary properties, associativity, commutativity, distributivity,
linearity, etc, of the operations are true at the combinatorial level, including the
Leibnitz rule and the chain rule for the derivative:

(MNY = MN +MN (2.16)
MINY = MNIN . (217
with equality meaning isomorphism of L-species (see also [J1] and [LA]). Properties

particular to combinatorial integration (2.15) will be studied in a forthcoming paper
[LV2]. The following proposition is now easily verified.
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Proposition 2.2. For any L-species M and N, we have

M+ NX) = M) +NL (2.18)
(MNXD) = MOND (2.19)
MINXD) = MND) , (NIO]= @) (2.20)

M(t) = dMt)/dt (221)
Card Jy MOXOAX =[S MOodx (2.22)
O

A consequence of this is that any formula F(My, Mo, ..) = (M4, Mp, ..), expressing
an isomorphism of L-species and invoiving the above operations, which is valid for any
sequence of L-species My, Mo, .., will also be valid for their generating functions. By
the principie of extension of algebraic identities, the formula will also be valid for any
sequence of formal power series mj(t), mo(t), .. and also for any sequence of analytic
functions. This is the basic principle at the root of combinatorial proofs of analytic
formulas such as the Leibnitz rule (2.16) or the chain rule (2.17) for derivation, the
Lagrange inversion formulas [L1], etc...

We will also consider k-sorted L-species (k » 2), that is functors of the type

IK=LxLx.xL-—E, (2.23)
and mixed species, for example of the type
LxB——E, (2.24)

corresponding to muitivariable functions and series, as well as K-weighted
L-species, that is functors of the type

M:L — Eg, (2.25)

where K is a commutative ring with unity and Ex denotes the category of finite
K-weighted sets, i.e. pairs (A,v) where A is a set and v:A — K is a weight
function; 2 morphism between two K-weighted sets (A,va) and (B,vg) is a function
f:A— B suchthat vy=vgof.

The reader is refered to [J1, §5, §6), [LA, §3] and [YE], for a discussion of k-sorted
and K-weigted B-species, in particular for a definition of their operations and
generating functions, which can easily be adapted to the case of LL-species. Perhaps is it
worthwhile to give an explicit definition of partial derivatives: let M = M(S,T) be a
2-sorted L-species; then we set

(3M/23S)[h, 2] = M[1+h, 2] , (2.26)
(aM/2aT)[h,£] = Mih,1+8] . 227
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§3. Case of one differential equation

In this section we examine the case of one differential equation of the form
(dv/dT) = ¥Y' = M(TY) , Y(0) =2 (3.1)
where M(T,Y) is a given 2-sorted L-species, Z is an indeterminate which will corres-
pond to an extra sort of points, and Y(0) is to be interpreted as the L-species obtained
from Y by substitution of the empty species 0. Specific examples, with, for instance,

MT,Y)=1+Y2, or ay+a,Y +ayy2+ . +a¥" (autonomous), and M(T,Y) = G(T)Y + F(T)
(linear), will be considered in §4.

Formally, a solution of (3.1) is defined to be a pair (A, ¥) where A = A(T) (=Y} isa
L-species such that A(0) =27, and ¢ is an isomorphism of L-species

¥
A(T) —— M(T,A(M). (3.2)

Note that in fact A also depends on the initial condition Z and that we should write
A= A(T,Z) and

W
AT, 2)/3T —— M(T,A(T,Z) , A0,2)=1. (3.3)
Now keeping Z fixed, (3.3) is equivalent to the integral equation

ATZ) = 7+ [gMXAXD)AV . (3.4)

By virtue of the definition (2.15) of the integral (see fig. 2.5) and of the definition
of the substitution in a 2-sorted species (see [J1, Def. 19, p. 46] or ILA, p. 839)), this
integral equation can be visualized as in figure 3.1, where:

A _ O or min.

Figure 3.1

- the dots ® and circles O represent singletons of the sorts T (and X) and Z, res-
pectively, and will be called "points” and "buds”, respectively,
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- the circled A's represent A-structures on equivalence classes of the underlying set,
- the two sorts of elements on which the M-structure is constructed are symbolized
by continuous and mashed lines respectively.

It now suffices to iterate this process to obtain a canonical combinatorial
solution of (3.1), that is the L-species A = Am(T,Z) of so-called M-enriched increasing
arborescences, generically described by Figure 3.2. An AM(T,Z)—structure lies over a
couple (£,s) of linearly ordered sets (in fig. 3.2, £={1,2, .., 18} and s = {3, b, .., e}).
Elements of £ and s will be called points (T-singletons) and buds (Z-singletons) res-
pectively. We make the convention that "all points are smaller than all buds”. in such an
M-enriched increasing arborescence, a point is called fertile if it is the root of some
Am-substructure and sterile otherwise. Note that the buds, like the sterile points, do
not have any sons.

Figure 3.2. Generic An(T,Z)-structure

It should be clear to the reader that the L-species Y = Ay is indeed a solution of
(3.1) since AM(0,2) = Z and there exists an obvious isomorphism

P
AM(T,2) /0T —==—— M(T,AM(T,Z)) . (3.9)
Now suppose that (B,e) is another solution of 3.1, then there will be a unique
isomorphism of solutions

& (A ¥) —=— (B,®), (36)

that is an isomorphism of L-species ¢ : Ay —— B such that the following diagram
commutes
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¥
(0AM/0T) —=— M(T,Ap)
(2¢/3T) j'l [2 MT, &) 3.7
(2]
(8B/3T) —=— M(T,B)
where the natural transformations 24/9T and M(T,®) are defined in an obvious fashion.
This is shown by induction on the cardinality of 2, where (£, s} is the couple of linearly
ordered sets on which the Ay~ and B-structures are taken: to start with, we have

(0,2) =1 =B(0,Z) and the unique choice for &g is the identity Z-=» Z. Now, for n20,
0
suppose that the natural bijection

$(nry: Alhrl— Blnr (3.8)

has been uniquely defined for all linearly ordered sets h of cardinality <n and for all r,
and let £ be of cardinality n. Then we have, for any s,

i ps)

Aml1+£,8] = (QAY/AT)[R,5] —==1r M(T,AM)IA,5] (3.9)
and also, by hypothesis,
BlI+4s] = (aA/AT)RS — 22, M(T,B)A,] (3.10)

In other words, the equivalent of Figure 3.1 with A replaced by either Av or B isvalid
But each Am- and B-substructures that appear in this decomposition (the circled
A-structures in Fig. 3.1) lies over a couple (h,r) with [h|<n and hence, by the induction
hypothesis, correspond isomorphically to each other, using ¢(h,r) . Consequently the bi-
jection M(T, &) p <) can be constructed and afterwards, also 9'(p o) by asking that the
diagram (3.7), applied to (2,5) commutes. This determines ®(y,pq) = (29/2T) g )
uniquely. We thus have proved the following:

Theorem 3.1. For any 2-sorted L-species M, the 2-sorted L-species Y = Aw(T,Z) of
M-enriched increasing arborescences with buds, described above, together with the
natural isomorphism W : (9AM/3TXT,Z) —= M(T,AM(T,Z)), is 8 (canonical) solution of
the differential equation (3.1). Moreover, for any other solution (B,e) of 3.1, there is a

unique isomorphism of solutions ¢ : (Ay,u) —=— (B,@) .
o

We conclude this section by noting that, as shown by G. Labelle in [L4, theorem B,
the combinatorial Newton-Raphson iteration scheme, first introduced in [DLL], can be
applied in the resolution of a differential equation and gives a sequence of approxi-
mations with guadratic convergence. More precisely, for any L-species F, we introduce
the L-species F.,, the "truncation of F to sets of cardinality at most n”, by

Fenl2] = FLRL, if |2] sn, and F_,[2] = @, otherwise.

]

We then have the following:
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Theorem 3.2. Let Y = A=A(T) be the solution of the equation Y'=M(T,Y), Y(0)=0
and set @ = A, Let Y= be the solution of the 1™Storder linear differential equation
Y = F(MY+6(T), Y(0)=0,

where (3.11)
F(T) = aM(T,V)/aY [y=q(Ty and  G(T) = M(T,a(T) - a(T).

Then the L-species @*:= @ + B has a contact of order 2n + 2 with A, i.e. there
exists a canonical isomorphism

A% one2 = A 2ns2- (3.12)
Proof. See[LA, §3] 0

We will see in the next section how to deal combinatorialy with 17t order linear
differential equations.

§4. Examples

In this section, we consider special cases of first order differential equations of
the form (3.1), including autonomous and linear equations.

Note first that the initial condition Y(0) = Z, can take special forms, by
substitution into Z, some of which actually make the solution independant of Z In
particular, Y(0) = 0, the empty species, is to be interpreted as "no buds are aliowed", and
Y(0) = 1, the empty set species, as "buds are unlabelled, indistinguishable and not
accounted for”. This last case however, the substitution of 1 for Z, is not always
possible or legal. In particular, the generation of an infinite number of structures on any
given £ should be avoided. More precisely, writing

Y(T,2) = Yyyo Yil(T) ZR/Kt 41

then each Y,(T) should be combinatorialy divisible by k! and the family {Y,(T)/kl},,q Of
IL-species should be summable.

A first order differential equation is called autonomous if M(T,Y) = G(Y) does not
dependon T, i.e. if it is of the form

Yy =6() , Y0)=Z. (42)

In this case, the M-enriched (or rather G-enriched) increasing arborescences will
have no sterile points and, equivalently, only mashed edges will appear (these are then
unmashed for simplicity of representation). See figure 4.1 for an illustration of this
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canenical solution. The following four examples are special cases of autonomous diffe-
rential eguations.

Figure 4.1
Example 4.1. Consider the autonomous differential equation
Y = 1+Y2 , Y0)=0 (43)

where M(T,Y) = G(Y) =1 + Y2 and Z = 0. Since there will be no buds, the canonical
solution is that of "complete increasing binary trees”, as we saw in §1 (see fig. 1.3).
Moreover the unique isomorphism of solutions between this ang the other solution of
(4.1}, that of "alternating descending odd permutations” was described in §1 as the
“projection along the x-axis".

Example 4.2. The generating function y =tan t + sec t of alternating permutations
(without distinction between the odd and even case) is the solution of the following
differential equation

y = (1+y2/2 , y0)=1 . (4.4)
Defining z =y - 1, this is equivalent to
2 =1+2+22/2 , z2(0)=0 . (45)

Similarly to example 4.1, we see that the canonical solution of (45) at the species
level is that of the so-called increasing 1-2 arborescences, i.e. arborescences such
that every vertex has at most two sons. Note that in the case of two sons, no distinction
is made between left and right, contrarily to the case of binary trees. Adapting the
bijection between increasing binary trees and permutations mentionned earlier, one can
easily give a bijection between increasing 1-2 arborescences and “André permutations”;
see [FS1], [F52], [V3]

1t is also possible to construct directly the canonical combinatorial solution of
(44), where (1 + Y2)/2 is to be interpreted as the L-species 1 + Y2 weigted by 1/2.
The reader will easily show the equivalence between the corresponding weigted
arborescences and the 1-2 arborescences.
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Example 4.3. Planar trees are, by definition, L-enriched arborescences (see [L1]},
where L(T} = 1/(1 - T) is the L-species of permutations, considered as lists. Now, from
theorem 3.1, the L-species Y = Pla(T) of increasing planar trees (see Fig. 4.2,a)) is the
solution of the differential equation

Y =L) , Y0)=0. (46)
This L-species is also solution of the functional equation
Y = T+YZ/2 (47)

which says that an increasing planar tree is either a singleton or a set of two increasing
planar trees. One way to realize this fact is to cut the right-most branch at the root of
any increasing pianar tree which is not a singleton (see fig. 4.2, b)).

9. 16

1 11

13 15
10
7 3
= 5 12 28
6 2
4
]
b)

Figure 4.2

It follows from (4.7) that the generating function y = Pla(t) satisfies the qua-
dratic equation

yZ-2y+2t =0 (48)
which can be solved to give
Pla(t) = 1 - /T-2t (4.9)
Example 4.4 |et a3, a;, .., a, be scalar parameters. From the previous example, the
solution of the equation
Y o=agglraY+ . vay" , Y(0)=2Z (4.10)

is seen to be the L-species of weighted increasing planar trees, such that each vertex
has at most n sons, the weight of a vertex having i sons being a;. We can also consider
the infinite case

Y= 6 = ZigY , YO=LZ @1
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The solution is that of "weighted increasing planar trees”. This point of view is
different from the one adopted throughout this paper which considers G = G(T) as an
abstract L-species rather than as the species of "weighted lists”. [t would be possible
to develop the theory using these weighted increasing planar trees (see [BR1], [BR2)).
Another option would be to start with G(T) = 3,0 2;T'/il considered as the species of
‘weigted sets”.

Example 45. The linear equation. The general first order linear differential
equation can be expressed, at the combinatorial level, as follows:

Y= FMY+&(T) ., Y0)=1Z (412)
where F and G are given L-species.
a) The homogeneous case. If G(T) = 0, we have the homogeneous eguation
Y= KDY . YO=17. (413
Its canonical combinatorial solution, denoted by Y = Ap(T), is given by enri-

ched increasing arborescences of a special form, as illustrated in figure 43, with
My <My <m3 <My

F ~ _OF F FLz
my m, my m,

Figure 4.3 Generic Ag-structure

This is simply an increasing sequence of fertile points to which are attached
F-structures on bigger elements, followed by a bud. Remembering how the integral
{gF(X)dX (or fF for short) was defined (see (2.15) and fig. 2.5), we see that we essen-
tially have an assembly of [F-structures, naturally written in the increasing order of the
smallest elements (increasing list), multiplied by Z. in other words, the solution can
be expressed as

Ap = exp(fg FOOAX) 2. (4.14)
b)  The general case. IfY = B 5(T) is the solution of
Y =FDY+6(M , Y0)=0, (4.15)

that is with Z = 0, then it is easily checked that the solution of the general equation
(4.12) is simply given by the sum

Y = AF(T)*‘BF_G(T) . (4.16)
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The solution Y = Bp (T) of (4.15) also has a simple combinatorial description, given
generically by figure 4.4. We see that a BF,G-structure can be described as an increasing
list of ]F-structures ended by an [G-structure. Unfortunately the combinatorial ope-
ration "to end by is not easily expressed in terms of the other operations.

oW LY

Figure 4.4 Generic Bf g -structure .

Analytically, the classical method of "variation of the constant” gives the solution
= T T X
Y = Cpg(T) = exp(fy F(X)dX) - [5 G(X)-exp(~[o F(U)dU) dX (4.17)

for equation (4.15). This expression can be interpreted combinatorially and shown to be
equivalent to BF,G(T), in the context of virtual L-species, that is formal differences
M- N of L-species (with M; - N; = My - N, & M+ Ny = My + Ny ), as follows.
Notice that Cg g(T) is a product. The left factor is simply an increasing list of
[F-structures while the right factor is an integral structure which is realized by setting
aside the minimum element and structuring the rest with the integrand G-exp(-]F). This
is itself the product of a G-structure and of an increasing list of ~]F-structures, that is
of [F-structures weighted by -1. The product of these -1 gives the global weight of the
Cr g-structure. See figure 45 for a generic Cf g-structure, where the G-structure has
been attached to the right-hand side minimum thus giving an |G-structure denoted by g.
Some of the labels are explicitely given and mashed edges are omitted in this figure.

F F [ G . M S{ Z
12 15 7 10 17
g

20
CED I () (}”

Figure 4.5. Generic Cp g-structure.
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There is a sign reversing involution ¢ on Cf ¢ defined as follows: let f denote the
maximum [F-structure (according to the roots, of course). If f is bigger than g then the
involution & simply switches f from the right list to the left list or conversely and
changes its sign accordingly. This cancels all Cp g-structures except the fixed points of
@ which occur when g is actually the maximum of all integral structures of both sides.
These are obviously isomorphic to B g-structures. In other words, we have, as desired,

§ 5. Lie-Grobner formulas

In this section we adapt to L-species the method of "combinatorial eclosions”
first introduced by Gilbert Labelle in his work on multidimensional Lagrange inversion,
the implicit function theorem and differential equations in the context of B-species (see
[L2], [L3] and [L4]. More precisely we will 1ift to the combinatorial level, the Lie-Grobner
type formulas (see [G1], [62]) for the solution of the differential equation

Y= MTY) , Y(0)=1Z. (5.1

The case of a system of equations will be considered in the following section.

Theorem 5.1 Let M(T,Y) be a 2-sorted L-species. The canonical solution of (5.1), the
L-species Y = Ay(T) of M-enriched increasing arborescences, can be expressed as

AMT) = elZ 1y, (5.2)
where I'=T and O is the differential operator defined by
H = 3/9X + M(X,2) /22 . (3.3)

Before proving the theorem, we have to understand the action of the operators
TH, (TOM/n! (n20), and eTD , on L-species. Actually, these operators act on 3-sorted
L-species ¥ = ¥(T,X,2). The 3 sorts of elements will be named as follows:

points, @, minibuds, O, maxibuds, O corresponding to T, X, Z respectively.
Let ¥ = ¥(T,X,Z) be a 3-sorted L-species and £ be defined by (5.3) and set

=T . Then the 3-sorted IL.-species TY¥(T,X,Z) is the sum
FY(T,X,2) = (To/oX)V(T,X,2) + (TM(X,2)3/32) ¥(T,X,2) . (5.4)

Hence, using a proper combinatorial interpretation of the partial derivatives of
L-species (see 2.26, 2.27) and the idea of Gilbert Labelle, a ['¥-structure can be
described as a ¥-structure which has undergone a combinatorial eclosion of one of
the following two types:
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Type | eclosion, T2/9X : "Replace the {phantomatic) minirnum minibud by an arbitrary
point”. This point comes from the multiplication by T and is called the eclosion point.
See figure 5.1 for a generic (T3/9X ¥ )-structure.

Type 11 eclosion, TM(X,2)3/3Z : "Repiace the (phantomatic) minimum maxibud by a
TM(X,Z)-structure, that is an arbitrary (eclosion) point with an M-structure of minibuds
and maxibuds attached”. See figure 5.2 for a generic (TM(X,Z)2/9Z ¥}-structure.

Figure 5.1. Figure 5.2,

For n20, My is obviously obtained by n successive applications of = T8,
that is by n successive eclosions of either type. The order of eclosion is important and
can be recorded by noting it above the unique “eclosion point” that appears at each step
(see fig. 5.3). This numbering is not to be confused with the labels of these points.
Indeed, for a given set of n eclosion points there are n! different 1abellings of these in an
otherwise fixed IM¥-structure, since their occurence comes from n multiplications
by T. In each case, this gives n! distinct structures; however there is only one of these
whose labels are in the same order as the eclosions; we call this an orderly labelled
FMy-structure. See for example the ™ ¥-structure of figure 5.3 where n = 13 and the
set of points is (a, b, .., o}, in alphabetical order.

Now TM/n! can be interpreted as follows: a (MM/n)¥-structure is identified with
an orderly labelled M¥-structure. Finally el is easily interpreted since it is defined as

e = Sy M0 55)

so that a el'¥-structure is an orderly labetled TM¥-structure for some n 2 0.

Proof of Theorem 5.1. If we take ¥(TX,Z) = Z, the starting structure is simply a
maxibud. After one eclosion, we get T(Z) = T M(X,Z) and after a few more eclosions we
get an M-enriched arborescence on points or minibuds, and maxibuds. Moreover all the
points are eclosion points so that in the properly labelled case, that is for el'Z, the point
labels can be identified with their order of apparition. Hence they should be increasing
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as we go away from the root since the eclosions occur in this way.

Figure 5.3. Generic orderly labelled IM¥-structure, n=13.

Finally, setting X=0 in elz simply imposes the restriction that there should be
no minibuds remaining in the structures. These can obviously be identified with the
increasing M-enriched arborescences defined in § 3 (see fig. 3.2). In other words we have

Az e’®7], 4. o
if we start with W(T,X,Z) = F(Z) , that is with an F-~assembly of maxibuds, where

F is any given L-species, and if we apply eland set X = 0, we obviously obtain F-assem-
bties of Ap-structures; in other words we have the slightly more general result:

Proposition 3.2. For any L-species F, we have
F(Aw) = eFF(D) |y -g (5.6)

where Ay and " are defined as in theorem 5.1.

in the case of the autonomous equation
Y = 6(¥Y), YO)=12, (5.7)
where G is a given L-species, we have M(T,Y) = 6(Y) and, as seen in § 4, the canonical

solution Y = A(T,Z) is given by "G-enriched increasing rooted trees, with buds™ (see fig.
4.1). We then have the following:

Corollary 5.3. The solution Y = A(T,Z) of the autonomous equation {5.7) can be
expressed as
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AT,2) = exp(TG(2)2/02) Z (5.8)

ond AT,Z) = 3y0 (G()/RDNZ Tt . (5.9)
Moreover, for any L-species F, we have

FIA(T,Z)) = 23,0 (G(Z)3/3DMF(Z) T/nl. (5.10)

Proof. Since M(X,Z) = G(Z) , minibuds will never appear in the combinatorial eclosions
applied to any ¥(T,X,Z) = ¥(T,Z). In other words, we have 9/2X = O and I = T = TG(Z)2/9Z
s0 that theorem 5.1 immediately gives (5.8).

Furthermore we also have (5.9) since
exp(TG(Z)9/37) 7 = 3,0 (TG(Z)D/01)"/n!) Z
= Ynso (G277 TV/ni.

Formula (5.10) is obtained similarly from proposition 5.2. g
The expression (5.9) is interpreted as follows: First perform all eclosions with

buds only, keeping track of the order of eclosions (see fig. 5.4), and, when this is com-
pleted, put the points into their unigue position (compare with fig. 4.1).

Figure 5.4. (G(Z)2/9Z)"Z (n=8) Figure 5.5

Moreover each (G(Z)2/9Z)" Z-structure such as that of figure 5.4 can be trans-
formed isomorphically into a structure given generically by figure 5.35. From this
observation resuits the following proposition.

Proposition 5.4. [BR1] The L-species H\(Z) = (6(2) 2/2Z)"Z , for n 2 1, can be written

in the form
Ho(2) = T Coler) 6*0 (61%1(6")°2 (6P (511

where o ranges over all sequences & = (x(,0ty...) of non negative integers and C (ec) is

the number of increasing arborescences on [n] having, for p=0, 1, ..., oy vertices with

p sons. a
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Note that the conditions
N=2pmo% and o = 1+ 35, (-1 (5.12)

are necessary for having C(at) = 0, so that the expression (5.11) is a finite sum. The
first values of H,(Z) are

Hy(2) = 6(2)

H-{Z) = G(Z) G'(Z

2 @ (5.13)
Hz(Z) = 64Z) G'(2) + G(Z) (G'(2))?

Ha(2) = 63(2) 6(3)(2) + 4622) 6'(2) 6(2) + 6(2) (G(2N3.

Another observation which follows from (5.9), or from figure 5.4, is that, forn 20,
(G(2) 272177 = (/3T AT,D) 7.0 (5.14)

Similar interpretations can be given for the general expansion of the differential
operator (G(Z) 3/2Z)" applied to any F(Z), using equation (5.10). See [CO] and [BR!].

Example 5.5 We now consider a simple example to illustrate the use of combinatorial
eclosions. Let Y = Ter (T,Z) be the solution of the autonomous differential equation

Y =¥ | v0)=12. (5.15)

It can be viewed as the L-species of increasing ternary trees, with buds as leaves (see
fig. 5.6). Setting Z=1, we get

Ter(T,2)| 7oy = Ter(T), (5.16)

the L-species of ternary trees.

1
Figure 5.6
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Now corollary 5.3 can be applied, with G(Z) = 73, to get
Ter(T,Z) = 1233/ 7 (5.17)

Hence, to get an increasing ternary tree with buds, we can do the following:
i. Start with asingle bud: O
2. Apply a certain number of times the
combmgtomal eclosmn. TZ° /97 which o — W
can be interpreted as "repiace a bud by a
TZ3-structure”, as in Figure 5.7.

Figure 5.7. T733/az

3. Label the eclosion points according to their order of apparition.

However formula (5.17) can be given a different interpretation by changing
slightly the first two rules given above, as follows:

1 bis. Start with a single bud, with a
stem planted in a flower box labelied by
zero (Fig. 5.8)

0
Figure 5.8
2 bis. The combinatorial eclosion T
233/37 is to be interpreted as “replace a
stemmed bud by a TZ3-structure as in S
Figure 5.9".
Figure 5.9

For example, if we apply a sequence of 10 eclosions, as in figure 5.6, but with this
new interpretation, we get a planar tree iike that of figure 5.10. Setting Z = 1 gives
figure 5.11 which is nothing but an increasing planar tree (see example 4.3) on the
linearly ordered set 1+[10] (zero is the new minimum element), that is a
(d/dT)Pla(T)-structure on [10]. Thus, in general, we have

Ter(T) = e(T28/3D) 7 | ,_, = (d/dT) Pla(T) (5.18)
and, for the generating function, using (49),

Ter(t) = (d/dt) Pra(t) = 1//1-2t. (5.19)
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§ 6. Systems of differential equations

Most of the theory developed so far can be easily extended to systems of
differential equations. We now sketch briefly the main resuits in this case. Let
Mi"‘:’MB be given p-sorted L-species. We will consider the following system of first
order autonomous differential equations:

dYi/dT = Yi = MY, ¥ . Y0 = Z , i=1,2,.,p. (6.1

There is no loss of generality in assuming, as we do, that the equations are auto-
nomous Since we can always reduce ourselves to this case at the cost of the
supplementary equation (6.2), if necessary.

Yo' = 1., Yol0) = O (6.2)
The initial conditions Z,, .., 2‘p are considered as p extra sorts of linearly or-

dered sets (of buds) and the solutions will in fact depend also on them, altough it will
not be explicitely written, to lighten the notations.

A solution of (6.1) is a family (A;, w;) where for i=1,.,p, Ajisa IL-species
such that A;(0) = Z; and ¥; is an isomorphism
w.
AT —2—  MALT), ., AYTY). (6.3)

As in the case of one equation, the system (6.1) is equivalent to the integral
equations

AT = Zi+ Jg MUALO, A dX , i=1,.,p. (6.4)
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For each i, this equation can be represented combinatorially as in Figure 6.1,
where in the non-empty case, the minimum element is marked by the number i and the
M;-structure lies over a p-tuple of sets of lines of p sorts: a line of sort j is used to
attach an Ai—structure to the minimum element.

min.

Figure 6.1

Since this process can be iterated,we obtain a canonical solution (Ay y,....Am p)
where An’,»(T) is the L-species of p-colored M-enriched increasing arborescences as
represented in figure 6.2 (where p = 2), where each point is marked with some color j,
1<j<p, and is the root of an Anlj~structure; the buds of sort i are empty An'i-structures
and are marked by Z;.

Zp
Figure 6.2 Ay ;-structure

Theorem 6.1. The L-species of p-colored M-enriched increasing arborescences
is, up to 1somorphism, the unique sotution Ay y,.,Apm P of the system (6.1) Moreover
this solution can be expressed as, for i=1,.,p,

AT = €10z (6.5)

where & is the combinatorial differential operator



237
H = Z jp= 1 Mj(ZI,,..,Zp) ’C)/’C)ZJ (6.6)

Proof. The expression (6.5) is very similar to (5.8), in the case of onhe autonomous
equation (see cor. 5.3). The only difference here is that the eclosions can be of p
different sorts: for j=1,.,p, the operator TM]-(Z,,.._,ZD)’c)/aZj is interpreted as “replace
the (phantom) minimum bud of sort j by apoint (marked j) with an M;-assembly of buds
attached”. 0

Note also that (6.5) can be written as
A i(T) = Dnyo O Z; T/ 6.7
which says that pointless eclosions can be performed first and then the points placed in

position according to the order of eclosions as in corollary 5.3.

The system of differential equations that we considered in the introduction (see
(1.1)) can be written as

]

Y= 1+YE - Y{(0)=0
Yz‘ = Yle ) Yz(o)zl

6.8

Its canonical solution, as given then, is that of complete increasing binary trees
for Y, and complete (except for an empty bud at the far right) increasing binary trees
for Y,. See figures 1.3 and 1.4 where colors 1 and 2 are modestly realized as black
and white respectively.

The tangent and secant functions are also Solutions of the following slightly
different system of equations:

Example 6.2, Consider the system of equations
YI’ = Y22, Y1(0)=0
Y2' = Y]Yz R YZ(O) =1,

(6.9

Here the two sorts of eclosions are as follows:

1. TZ£3/97; (see fig. 6.3). 2. T1,2,3/91, (see fig 6.4).

O ®@

Figure 6.3 Figure 6.4
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In order to get the canonical solution Yy = Ay(T), Yo = Ax(T), we can then start
withabud Z; or Z, and iterate the eclosion operators a certain number of times. If we
set Zy =0and Zp =1, we get, for A{(T), increasing binary trees of the form illus-
trated by Figure 6.8 and for Ax(T), increasing binary trees like those rooted at white
points in Figure 6.8 (the labels a, ¢ and d on points, and C; and Dg on buds should be
disregarded in Figure 6.8 for the time being. Define & left branch to be a maximal
subtree having only left edges. These increasing binary trees, called Jacobi
arborescences, are characterized by the following properties:

Ay All the Teft branches are even (number of points, not counting buds), except
the leftmost one which is odd.

Ay All the left branches are even.

This combinatorial model of the tangent and secant functions is appropriate for
establishing the integral (1.5) which can be equivalently written as

tanT+secT = exp (J§ secxdx) (6.10)

indeed, if you cut the edges of the leftmost left branch of an A;- or Aj-structure, what
you get is an assembly (in the form of a decreasing list), of [Az-structures.

Note also that this model can take other interesting forms. For example, when the
bijection between increasing binary trees and permutations (projection on the x-axis) is
applied to Ay and Ao, it gives the class of Jacobi permutations introduced by one of
the authors in [V2] in order to obtain a combinatorial interpretation for the Jacobi
elliptic functions (see below).

Another possibility is to apply the bijection between permutations, or increasing
binary trees, and forests of increasing arborescences {see {BU], [V1] or [V3]). This gives
forests, that is assemblies (odd or even), of increasing arborescences where all points
have an even number of sons. For example, the forest of figure 6.5 corresponds to the
binary tree of figure 6.8 under this bijection.

12 10

16 6 5 2 1
Figure 6.5
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Example 6.3. Elliptic functions. We consider the following system

S = aCD , S(0) = Sq ,
C =cDS |, Co = Cq , (6.11)
D' = d5C D(0) = Dg ,

where a, ¢, d are some scalar parameters. The classical Jacobi elliptic functions
correspond to this system ( sn, cn, dn, respectively, for S, C,D ) with a=1, ¢ = -1,
d=-k?,S,=0, C;=D,=1. They can be expanded in Lhe form

SN(t, K) = Dy0 (=M Jgns 1 () 204 1/(20+ 1)1,
cnlt, k) = 1+ 3004 (- DN Jor(k) £20/(2n), (6.12)
an(t, k) = 1+ 30, (=D K20 o (1/7K) £20/(20),

Here Jpn,i(k) and J,(k) are even polynomials with non negative integer
coefficients, of degree respectively 2n and 2n-2 .

We will briefly show how the general theory gives back the interpretations of
Viennot [V2] and of Schett's polynomials [SCH]. There are three types of eclosions, as
displayed on figure 6.6.

c] (o]
aTCD /oS : —>
a
cTDS9/dC : —>
°c
dTSC a/dD @ —>
Figure 6.6

Let us assume that S, = 0. The underlying binary trees of the solutions S(T),
C(T), D(T) of (6.71) are of the same type as in the previous example (see fig. 6.8)).
Moreover, we have to consider the weight of these trees in terms of the parameters a, ¢
and d. Infact, once the underlying binary tree is known, the weight aicid" of an S- (or
C- or D-) structure can easily be determined recursively, starting at the root.
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As pointed out in the introduction a little more work has to be done in order to
define this weight in a "global” form, without recursivity. Define the right-height of a

vertex in @ binary tree as the number of right edges of the path going from the root to
that vertex. We redefine the eclosions of the first type as follows:

0]
{f the eclosion appears at an even a) —>
right-height vertex, use fig6.7, a): A

0]
If the eclosion appears at an odd b) —>
right-height vertex, use fig6.7, b): -

Figure 6.7

The binary trees produced are the same as before. In particular all the left
branches are even, except the leftmost in the case of S(T). See the figure 6.8, where
the weights a, c and d as well as the bud labels Sy, Cq, Dy, have been displayed
according to these new eclosion rules.

Figure 6.8

it is easy to see that all the eclosions of the third type appear at an odd right-
height in the binary tree (vertices iabelled d). Also, on each left branch containing such
vertices, exactly haif of them are labelled d (the others being labelled a). Thus the
weight of a S-binary tree of size 2n+1 (buds are not counted) is a"*'cn-idi, where j is
equal to half the number of nodes having an odd right-height. Setting a=1, c=-1 and
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d=-k2 and taking generating functions, we obtain from (6.12) that, for example,
Jone1tk) = T o danar 2K, (6.13)

where Jon,q o) 1S the number of Jacobi arborescences with 2n+1 vertices among which
exactly 2 have an odd right height. By projection of these binary trees, we get the
Jacobi permutations and the interpretation of Viennot [V2] Also, as in the previous
example, using the bijection between increasing binary trees and assemblies of in-
creasing arborescences (see fig. 6.5), one gets another result of [V2}: Jpn,q o5 15 equal
to the number of forests of increasing arborescences of size 2n+1, with all vertices of
even degree and having 2j vertices at an odd height.

The functions c¢n and dn can be deduced similarly.

Dumont's interpretation of the Jacobi elliptic functions is based on Schett's
method [SCH]. Schett introduced (in a slightly different form) the foltowing polynomiats:

Spixy,z) = &Mx m21, (6.14)
where
& = yza/ox + Zx3/Dy + xyo/oZ . (6.15)

These polynomials can be written explicitly as

. 2y2)+1,20-2i-2j+1
Sons 100Y,2) = T30 Aznat,ij XAyd 122024 (6.16)
Son(%y,2) = Ti ja0 @z, X2 yAz20 22

Schett's result is that the coefficients apn,y g ; (resp. ap, ;o) are precisely the
coefficients Jpq,q o5 Of the polynomials Jyn, y(k) (resp. Jon o5 0 Jpn(k)).

This can be shown as follows. The operator 49 is the operator of theorem 6.1.
Thus S.,(x,y,2) is the polynomial enumerating the m! increasing binary trees according
to the number of buds labelled Sy, Cq and Dy . Let a®c9d) be the weight of such a tree;
i.e. there have been e eclosions of first type, g of second type, and j of third type and
e+g+j=m. Let o (resp. ¥, resp. §)be the number of buds labelied S, (resp. Cq,
resp Dy). We have the equations

x =1-e+g+j, ¥ =e-g+j, §=e+g-j. (6.17)

The case of sn is given by putting o« = O (no buds labelled Sy)and m = 2n+1 .
Eliminating e gives ¥ =2+ 1 and §=2n-2j+ 1 and we get Schett's result. The
functions cn and dn can be treated similarly. We will give more results, in particular
the relationship between the present general theory and Dumont's work [D1], [D2] in
another paper.
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Example 6.4 Duffing's equation
Higher order differential equation are generally reduced to systems of first order

differential equations. We give here the classical example of the cubic anharmonic
oscillator, commonty known as Duffing's equation

y'=ay+by+cyd, yO)=o. (6.18)
Denoting B =y'(0), this is equivalent to the system
‘=u, 0) = «,
Y Y (6.19)
U = au+by+cy3, u(0) = B.

There are four types of eclosions giving birth to the weighted increasing rooted
planar trees as shown in figure 6.9 :

®— Y -
points
9Ma 11 e U
8 O ¢ «
buds
Oes 8

O T gclosions

o I8
a b C

Figure 6.9.

The tree of figure 6.9 gives the contribution a2bc3ac4p? to the coefficient of
t'2/12! of the Taylor expansion of the solution. This kind of planar trees can be drawn
in @ more compact form, as shown in figure 6.10.

There are three types of nodes:

1) some nodes contain two num-
bers (unordered),

2) some contain one number and
a‘ o,

3) some contain a single number.

Figure 6.10
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In case 1 or 2, the father is weighted b or c (depending if there is one or three
sons). In case 3, the father is weighted a. These planar rooted trees are 1-3 (one or
three sons) and still have the increasing property.

The case a=0 is particularly important since it contains that of Jacobi elliptic
functions sn, cn and dn. The equation vy~ = 2y3, y(0) = 1, y(0) = 1, gives birth to
increasing ternary trees with nodes formed by pairs (unordered) of integers or, possibly
for external nodes, by a single integer. Such trees can be put in bijection with per-
mutations. Increasing binary trees correspond to binary search trees in Computer
Science (see Frangon [FR]). The above ternary trees also have a corresponding concept in
Computer Science, as shown by Jonassen & Knuth [JK]. The analysis of the average cost
of comparisons involves elliptic functions.

We will give more details in another paper, combining the general concepts of this
paper with the concept of "histories”. This will be particularily important when the
Duffing equation has forcing terms. Starting from Fliess & Lamnabhi-Lagarrigue's paper
[FL1] we will give more explicit computations of the coefficients of the functional
expansion of the solution, in terms of certain weighted paths.
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UNE COMBINATOIRE NON-COMMUTATIVE POUR L'ETUDE DES NOMBRES SECANTS

André Longtin

Département de mathématiques et d'informatique
Université du Québec & Trois-Riviéres

C.P. 500, Trois-Rivigres, GSA 5H7

There is a non-commutative combinatorial setting in which the up-down structure of
permutations can most naturally be studied. In this setting the definition of
various differential and integral operators and different types of substitution ope-
rations provides us with the tools and language needed to derive and express many

of the laws governing these combinatorial structures.

Introduction. Si o est une permutation de 1'ensemble {1,2...,n} nous disons qu'el-

le est de spécification ascendante ou de type t = (m ,mQ) sim + ... +my =net

R

o(1) < oo <olm) »olm +1) < .oo <alm +m) >alm +m, +1) < ...< olm, + ...
+ mQ_l) > o(ml oo b M+ 1) < ... < o(m1 + ... +my); le nombre de permutations
de ce type est dénoté par S((m , ..., mp)). Il revient semble-t-i1 & Désiré André

. )

en 1879 d'avoir le premier démontré que la série génératrice exponentielle des nombres
S((2,...,2)) est sec(x) et celle des nombres S((2,...,2,1)), tan(x). Depuis ce temps
les nombres S(t) ont été étudiés par plusieurs et de diverses fagons (voir [51, [11,
[33) et nous pouvons dire qu'ils sont généralement bien connus. Dans cette &tude nous
adoptons cependant le point de vue gue le contexte combinatoire naturel dans Teguel

ces objets doivent 8tre &tudiés est essentiellement non-commutatif et que le langage
dans lequel leurs lois doivent Btre formulées est celui des séries a(X,x)= E ar, nX x /n!
Le probléme nous sert donc & la fois de raison et de guide pour jeter 1es prem1ers ja-
lons d'une théorie de ces séries formelles.

Aprés avoir déf1n1 YTes opérations d'addition et de multiplication rnous posons
cos(X,x) = y(- Xt XIT!/!T‘! , ol (1) dénote la longueur de 1 et |t| sa cardina-
1ité, et noﬁs démontrons que sec(X,x) = 1/cos(X,x) est la série génératrice des permu-
tations classées selon leur spécification ascendante. Nous développons ensuite le
calcul différentiel et intégral des séries a(X, x) et obtenons diverses formules de
récurrence pour les nombres S(t). A la section 6 nous €tudions les séries de forme
a(X*Y,x), a(X+Y¥,x) et a(X-Y,x) afin d'obtenir des formules additives pour les nombres
S(ty#1,), S{ty+1,) et S(ty-1,), c'est-a-dire des égalités décrivant les relations
existant entre eux et les nombres S(t,) et S(t,). Puis & la section 7 nous définis-
sons une opération de substitution multivariée et 1'utilisons pour sommer Tes nombres
S(t) selon plusieurs paramétres. FEnfin cette &tude ayant eu pour origine la recher-

che d'une preuve combinatoire pour les formules classiques sec(%+y) = %eignz;§%§£%l}

et tan{x+y) = %az—%%;g—%gg%i% nous démontrons & la section 8 que certaines identi-

tés trigonométriques ne sont en fait que la restriction aux permutations de type
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(2,2,...,2) d'identités combinatoires qgénérales, valides pour les permutations d'un
type T guelconque. Ainsi nous établissons 1'identité
1

1 _rZ]A*r sec(X, x)_.a sec(X, y)

sec(X, x + y) = sec(X, y} {

} sec(X, x)

et montrons qu'elle peut se prouver combinatoirement en interprétant sec(X, x + y)
comme la série génératrice des permutations d'un ensemble bicoloré d'éléments clas-
sées selon leur spécification ascendante.

1. Les permutations de type (mi, ..., mg} . Soient (E, <)} = {2, < .. < Zn} un en-
semble linéairement ordonné et o une permutation de E; Sim, + ... + m, = n et
Giso(eg) > o(ay 40} = {mpy my +mys ooy mp + ..o+ my 1} 5 nous dirons que o est de

spécification ascendante t = (m

Lsexes M) et nous écrirons o ¢ SE (r). Dans le cas
particulier ol {E, <) = {1 < 2 < .. < n} nous écrirons simplement o ¢ § (1) et S(1)
sera la cardinalité de S(1).

2. L'esvace (A, N* x N*). N* sera la monoide Tibre engendré par N = {1,2,3,...}, o

sera son €lément neutre et ses autres éléments seront dénotés par T = (m,, ..., mg)
ol m 2 1 et £ =1. La longueur 2(1) de T = (mi, vers mﬁ) sera % et sa cardinalité
[tl seram, + ... +m. Nous définissons aussi 2{e} =0 = Jel. SiT, ={m, .., mk)

et 1, = {mj, ..., mi) alors 1, * T, représentera la concaténation (m , ..., m s m

2
. mi) de T, et T,. NF pour sa part sera le monofde des entiers {0,1,2,...} sous
1'addition.

%
Si A est un anneau commutatif unitaire de caractéristique o, (A, N X N') sera
*
1'ensemble des fonctions de N x N' dans A et ses &léments seront représentés sous
forme de suites par a = (aT n}TEN* et en séries formelles par
’ +
neN

a(X, x) = § ¥ a X ¥/t Géométriquement 1'élément TeN* sera décrit
+ “1,n
TeN* neN ?

par une chaine e et T'entier neN par un ensemble linéairement ordonné ®©

. . 1 L s ixx _
de cardinalité n. Une suite a « (A, N* x N+} sera alors considérée comme étant une

( £ ) est ar,\E[

T

"sorte de structures" dont le poids sur

3. L'addition et 1a multinlication dans (A, N* x Nil. Va,b « (A, N* x H") on pose:

(a + b)r,n TaLt bT,n
1
(@«b)_ = 7T y (") a b ou( " )=
TN (n.sn,) (7,51,) ny,sn, TysNy Tyely n,.n, npin,.

ny+n,=n TxT,=T

Proposition. (A, N* % N+) est un anneau unitaire non-commutatif. I1 est intégre
= A est intégre et a = (aT n) est inversible = 3, 4 est inversible dans A.



248

Notation: 1) Les &léments neutres additif et multiplicatif de (A, N* x N*) seront dé-

notés par 0 et 1. 2) 7§ et 7§ remplaceront respectivement |}
(nysn,) =n (r,.1,) = 7 (nysn,)
et ) . ny#N,=n
(t,57,)
Tl*TZZT

Ces opérations d'addition et de multiplication dans (A, N* x N+) s'appliquent natu-
rellement aux représentations en séries formelles et nous avons

a{X, x) + b(X, x) = {(a +b) (X, x)

alX, x) b(X, x) = {a « b) (X, x)
Ainsi 1'addition s'effectue termes a termes et la muyltiplicaticn s'obtient de la fa-
con habituelle & la différence que (a_ . X' x"'/n;!) (b X'z x"2/n 1) =

TFT, N M, 1271
b X X /nton !

TysN, TN, 1t

ngnz

T T T
Attention. X ! X' 2% X 2 X!

Géométriquement nous écrirons

a b
T,E T,E
{a+b) = E + 3 et
a . b
TI’EZ TZ,EZ
(a-b)T,E =) , ot la somme s'effectue sur tous les par-
O O o]
Tl T2

i

tages de E en deux sous-ensembles disjoints E1 et EZ que 1'on munit des ordres linéai-

res induits par celui de E, et sur toutes les facons de séparer T S
=\ 3,..;m2

deux sous-chatnes o o)

O
le(ml,...,mi) (m1+],...,m2):rz

4. Les séries cos(X, x) et sec{X, x). On définit (cas}T n = {{-1)£(T), si It] = n
i 0, sinon

Donc cos{X, x) = Z(—?)Q(T) XTX]T;/iTi: . Puisque (cos), o = 1. cette suite est inver-

T
sible dans (A, N* x N*) et nous posons sec = 1/cos , i.e. sec(X, x) = 1/cos{X, x) .

Théoréme. sec(X, x) est la série génératrice des permutations classées selon leur
spécification ascendante
iie. S(X, x) = y LSrn](T)\ xT x"/nt = sec(X, x).

o F

) Tk + : Al sin=20 - K/ 1aK _
Preuve: va e (A, N x N'), si 3y 4 = {D <inon alors 1/a = kzo(-i) {a-1)" de sor

k k
te que la valeur de sec = 1/cos = § {-1)" {(cos - 1) sur est
o D
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{cos-1) E, - (cos—])Tk,E|<
k
-1 E
kzO( ) ( ! E")
o0 0
T Tk
Puisque (cos - T)T«,E- = (-T}R i) , Si ETi% = }E1[ #0
o { 0, sinon
nous avons (]/COS)T,E =0 si {t] # |E|, et si || = |E| (T/cos)T’E =
Q‘(Tl) 9/(’{‘()
) -1 e (-
z (']) E1 e E =
k=0 |E1.‘Z]T1.|;60 & Q
Tl Tk

2 k
(DHDg kg & - 5)

e N P e
T Tk

v nous allons montrer que la plupart des termes de cette somme s'annulent deux &

deux. En effet si est une structure telle que
O 0 e o0
T T
1 k
{Ei{ = irii # 0 v, et 2{t,) > 1, alors on pose
(g EY E, E)
2(S) = (m,) o—o o—o0 ... o—o
T T Tk
oll T, = (ml) * TY s E; est 1'ensemble des m, plus petits éléments de El et E; est son
complément dans El. Nous obtenons de cette facon une bijection entre les structures
satisfaisant [Eil = ‘Til # 0 et Q(Tl) > 1 d'une part et \Eil = \Ti\ # 0, o{t;) =1 et

max(El) < min(Ez) d'autre part. Cependant puisque dans la somme considérée S et (S)
seront respectivement affectées des coefficients (—1)k et (-1)kH les poids de ces
structures s'annulent mutuellement. Nous n'avons donc qu'd évaluer le poids des
structures restantes, c'est-3-dire celles nour lescuelles 1Ei\ = lril £ 0, l(rl) =1

et max(El) > min(Ez) que nous représenterons par

F@‘D &) G
(ml)>

En appliguant

o < e o0

T T
2 4
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Te méme procédé au facteur ———— , et ainsi de suite ..., nous voyons gue

seules les structures de forme

(m,) (m,) (m,) (m

2 3

)s

c'est-3-dire celles pour lesquelles [E;l = [t;l # 0, () =1 et max(E;) > min(E; ,
¥i sont effectivement comptées dans la somme. Puisqu'elles sont toutes des partages
de E de longueur &(t), chacune sera affectée du signe (»1)Q(T) (—1)Q(T) dans (1/cos)T £

de sorte que (sec)"c,E = &SE(T)‘.D

Corollaire. ¥V 1 # @

ol < [T} > fti?
; N I
]TII""’%T}(’ ‘Tl“ .. \Tk||

Cette formule découverte et redécouverte par plusieurs au cours des années apparait
notamment dans [57. Le langage que nous utilisons nous permet cependant de la tradui-
re en une identité "analytique" simple, & savoir S(X,x) = 1/cos{%,x). Puisque nous
avons posé sec{X,x) = 1/cos{X,x) i1 semblerait dorénavant justifié d'utiliser 1'appel-

Tation "nombres sécants” pour tous les nombres S(t).

5. Les opérateurs différentiels et intégraux dans (A, N* x N'). Dans 1'espace (A,

N* x N*) plusieurs opérateurs de type différentiel ou intégral peuvent 8tre définis.
Nous ne nous attarderons cependant gu'd ceux qui nous seront les plus utiles dans
les sections suivantes pour &crire sous forme d'identités certaines lois auxquelles
obéissent les nombres S{t)

Les dérivées par rapport 3 la variable x: V¥r = 0, ¥a ¢ (A, N* x N") 1a derivee

r-iéme de a par rapport & la variable x est la suite dr(a) définie par (dra}T .

Al er Géométriquement dr(a) doit s'interpréter comme étant la suite dent le poids
L]

sur le couple (__
4%) est celui de a sur le couple E fLB— ol

E® R est la réunion disjointe de E avec un ensemble Tinéairement ordonné R ayant r
é1éments, ces &léments étant tous réputés plus grands que ceux de E. Les opérateurs
dr sont essentiellement les opérateurs différentiels habituels. Cependant ils s'ap-
pliquent 4 des &léments d'un espace non-commutatif de sorte que certaines des formu-

les usuelles s'en trouvent modifiées.
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Proposition. va, a,,..., a, et ¢ inversible « (A, N* x N*).
- _ {

1) d(r1 i) (a) = . (er (a) ) = . (drl (a) )

2) d(a +a)) = dr(al) + dr(a )

i 2 2 .
N dla, ccra) = ] Frreeos Ty ) Ay (@)ee wd (a), w2 0
(rx,. , rk) =r 1 k
k r
) di/e) = [T (-1 5 rs-ary) (e s d () oL (e -
k>0 (rsesr) = 1
r1¢0
drk(C)>] “1e L0
. - _ r [ . -
Preuve: Puisque (dr a)mn = AL nep alors rZO (dr a) (%,x) y /ri = a{X,x + y); on vé
rifie facilement que {a<b){X,x + y) = a(X,x"% y)b{X,x + v) de sorte que d ( .- ak)
et dr(]/c) sont respectivement les coefficients de y "/r! dans a; ; OGx + v) -, (Y,x +y)
et 1/e(Xyx + y) = 7} (—]}k[ 1/c(X,x) - (C(X,X +y) - c(x,x)) k (]/c X, x)) o
k=0
Corollaire. 1) dl(a-b) = a -« dl(b) + dl(a) < b, 2] dl(ak) = ) ai . d1(a) . )
i,i)kk-1 '

3) d,(1/c) = - 1/c - d,(c) - 1/c.

Corollaire. d sec(X,x) = -sec(X,x) d,cos(X,x) sec(X,x) d'od la récurrence
S(0) = - o s(r,) (DM ()
2773
1,%@

Les dérivées et intéqgrales mar rapport & la variable X: De fagon générale toute fonc-

tion partiellement définie N _S > NF se prolonge de facon naturelle en une trans-
formation (A, N* x N bs , (A, N* x N*) en posant:
(A5 a)T,n = {ad(r),n , si 8(1) est définie
0

, sinon

Clest ainsi que ¥r = 1, en posant:
o (xr)(t) = T &(r) , ¥T €N*

— (4r) (1) = {(n%,..., metr)s sit=(m,,m), 42
Non définie si 1 = @
e {-pY (1) = (myseens my - r), si T = (mi,..., mﬁ), 221
et m’2 >r
Non définie ailleurs
(=) (1) = f(m,smp g)s sTor= (m,.o, mp), 2> 1
@ si 2(t) =1

Non définie ailleurs.
Nous obtenons guatre familles d'opérateurs que nous dénoterons respectivement par

bp s D b, et A . Ces opfrateurs ob&issent aux Tois suivantes.
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Proposition. V¥r > 1, si {r} dénote xr, +r, ou -r, alors V¥ a, b, ¢ inversible ¢
(A, N* x N*) nous avons

1) A{r} (a +b) = A{r} (a) + A{r} (b)

2) by (a +b)=a- A{r}(b) * by (a) + b
3) brpey (1/¢) = - (1/c) - Bepy (c) - (1/c),
4) a_ (a+b)=2a_ (a)+ A, (b)

-0

@

5) Ao _f(a-b)=a-a_ (b)

-co -co

6) s, (1/c) = (1/e)2 - o_ (c)

ol en général a_ dénote la suite définie par (a@)T’n = {aw,n si 1=

0, si 1T#0
Remargue. Les produits apparaissant dans ces formules doivent &tre effectués dans
1'ordre indiqué puisque la multiplication est non commutative. On peut cependant
faire exception pour les suites '"constantes" de type a, puisoue va, b € (A, N x NT)

a, * b=">b- a,

Corollaire. v¥r =1, si {r} dénote *r, +r ou -r alors:

Bbrry sec(X,x) = -sec(X,x) By cos(X,x)
A, sec(X,x) = (sec(X,x))? a__ cos(X,x)

d'oll les récurrences sujvantes:

- Tl ey ()
e - (TlgTz):T (iTl" 1]‘Tz‘ * r) o) (0
_ Il 2(1,)
S(T) - _(T 5"‘1_ T )‘T <[T1[a ]Tzf, [T31> S(Tl) S(Tz) (-])
177, %377

T1¢T,12¢T

Preuve. La premiére récurrence peut s'obtenir de la premiére identité en prenant
{r} = «r, +r ou -r; la seconde s'obtient en &valuant a__ sec(X,x) en (1 * (m), |tl),
oum# 0o

11 est évidemment possible de combiner les divers opérateurs que nous avons définis
pour analyser plus en détails la structure des nombres S(t). Les deux applications

suivantes serviront & 1*illustrer mais aussi a faire valoir la précision du langage.

(:) Si 1'on veut comparer les nombres S{t«r) et S(t+r) i1 suffit d'évaluer
L. sec(X,x) et bep sec(X,x); sur la base de nos calculs on obtient immédiatement
- A
L. sec(X,x) + B sec(X,x) = sec(X,x) » x /r.
d'ol 1'égalité
S(rer) + S(rer) = ([T 71 ) s(r)
(M),

(:) Proposition. d, sec(X,x) = (A_1 sec(X,x) + X sec(X,x)
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Preuve. Nous savons déja que dlsec(X,x) = -sec(X,x) dlcos(X,x) sec(X,x);on vérifie di-
rectement que

dlcos(X,x) = A_1cos(X,x) - cos{X,x) X(1) de sorte que 1'identité s'obtient en
substituant cette formule dans la précédente et en se rappelant que -sec{X,x} A_ycos
{(X,x) = A_1sec(X,x) o

Corollaire. V 2 21

( ) z ( My +...4 mg -1 ( o |

S{m,.o.omy) = S{m s.esme=1) S{my 75.0.5m, ),

1 L ni>1 m1+...+mi—1, My qFe--+My 1 i i+l 2
si m # 1

(Expression précédente) + S(mz,...,ml) , i m, = 1

Remarques. 1) Il est facile d'interpréter géométriguement cette identité; la valeur

de d sec(X,x) sur est celle de sec(X,x) sur E—Ealx)

O————0 OO
T T

ol * est le plus grand élément de E'. Or si o est une permutation de type T sur E'
1'€16ment * sera ou bien le premier é1ément, et alors on aura

{ g= ([ %> )
T = (1) o0

(1)

et ¢ sera de type X sec{X,x), ou bien il sera situé au sommet d'une montée

g = { < x> )
{T'-: O“"’—:E_-—‘—O 07——0 ’
dans lequel cas noas aurons uneza_}sec(x,x) sec{X,x} structure. Ceci montre que
Torsque 1'on a suffisamment apprivoisé le langage il est souvent possible d'écrire
directement 1'identité recherchée. Ainsi, obtenir d+2$ec(X,x) signifie déterminer

00 peuvent &tre situés les deux plus grands &léments % < x, de £" dans une permuta-

1
tion de type T ; en y réfléchissant quelques instants on trouve: d 2sec(X,x) =
Z(AJsec(X,x))2 sec(X,x) + A_1$ec(X,x) X(1) sec(X,x) + 2 X(1) A_]sec(X,x) sec(X,x) +

(1,1)
X

sec(X,x) + X(z) sec(X,x) + L sec(X,x) sec(X,x) identité que 1'on peut véri-
fier en calculant dl(dlsec(X,x) )au moyen de notre calcul différentiel.

2} La formule que nous avons obtenue pour dlsec(X,x) nous procure une récurrence
non alternée nous permettant de décrire S{t) en termes des nombres S(t') ol |t'| <
|t]. Mais elle est en fait & 1'origine d'une famille compl&te de récurrences du mé-
me type que 1'on obtient par spécialisation ou par sommation & travers une opération
de substitution dont nous parlerons & la section 7. Ainsi par exemple on pourra vé-
rifier qu'en substituant (0,1,0,9,...) & la variable X , 1'identité précédente prend
la forme bien connue gisec(x) = tan{x) sec(x) et Ta récurrence devient
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= 2n-1 Y i
E2n K %):n (Zk, 22_]) E2k EZQ—} » ot Tes nombres En sont maintenant les nombres

d'Euler. De méme en remplagant X par {y,y,y,...) 1'identité devient §/5x A{x,y} =
(AGGYY - 1+ y) ADGY) , ol Alx,y) =(1 - y)/1- Y XY oot 1a serie génératrice
exponentielle des polyndmes eulériens et la récurrence devient alors

A () = (0 +y) A (y)+ (k?&a):n(kr’lg)Ak(y) Ay(y)

k, 220
On pourra voir en [61 jusqu'a quel point une récurrence relativement simple de forme

semblable & celle obtenue ici peut engendrer des familles importantes de nombres, poly-
ndmes et g-analogues.

Les opérateurs duaux. Si nous revenons maintenant aux définitions des fonctions par-

+ * . . . . N .
tielles xr, +r, -r et -» sur N, i1 est clair que nous pourrions tout aussi bien agir

avec r i gauche sur les &1éments T ¢ N* plutdt qu'a droite et obtenir ainsi des opéra-
teurs duaux el A A et A En fait pour toute fonction partiellement
8

daéfinie N* > N* nous pouvons définir la fonction duale N* > N* de § en po-

sant § =0 o § o o , ot N¥ > N* est définie par:

(1) = {(mﬁ,...,ml), si T = (ml,...,mz), 2z
e , sitT=o0 i

La transformation (&, N* x N©) S

de Ag et dénotée par 6A .

> (A, N* x N*) ainsi obtenue est appelée duale

* §

Lemme. vV NY —2—s N*

et vace (A, NNxN) ona

Proposition. v¥r = 1, si {r} dénote r*, r+ ou -r, alors Va , b , ¢ inversible ¢
(A, N* x N*) on a:
}) {T}A (a + b} = {P}A (a) + {T}A {b)

2} (rt {a » b) = (rpd {a} - b+ 3, * b (b}
3) {P}A (]/C} = - (}/C)@ * {F}A (C) * (1/C)

4) _Afla+b)=_n(a)+ __p(b)

-0

Afla-b)= afa) b

=0’

6) _. A (i/c) = __Aa(c) » (1/c)?

Preuve. N* OA > N* &tant un anti-isomorphisme involutif, i1 en est de méme de
(A, N* x BF) —2— (A, N* x N") relativement & 1a multiplication. I1 suffit donc

d'appliquer 1e Temme aux formules déja obtenues pour les opérateurs A5 .

Ces opérateurs duaux seront utiles & la section 8 car ils apparaissent naturellement
d 1'intérieur de formules qui généralisent des identités trigonométriques bien con-
nues.
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6. Les séries a(X Y, x) , a(X +Y, x) et a(X - ¥, x). Afin d'&tre en mesure de

traduire en identités certaines récurrences simples mais importantes concernant les

nombres 5{t) i1 sera utile de considérer des séries § deux variables non-commutatives

c'est a dire de type a(X, ¥, x) = ¥ a x“r y'e x"/nt . Les opérations
T;,Tz,ﬂ AP

d'addition et de multiplication correspondent évidemment & celles des suites {aT T n

apoartenant 34 1'espace (A, N* x §* x N') et sont définies par e

{a + b)TlgTyan = aTl,Tz,n + le,Tz,ﬂ
(a * b) = n a_, ' b_u 0
TI,TQ,n (T;%T\;) =T, (nl,n2> Tl,TZ,nl T},Tz,n2
(1),13) = T,
{n;,n,) =
Pour chague suite a € (A, N* x N7), les séries ) a . X2 x"/n! et ¥ a g, xeyT
TN ’ T,N ’
x"/n! seront comme & 1'habitude dénotée simplement par a(X,x) et a(Y, x). Pour toute
fonction partielle N* 8 >N*, les suites A(6 _)(a) et A(_ 6)(a) seront respective-
ment définies par <A<6,_)(a))T o = aé(rlyTz,n , 8 é(rl) est définie
1,‘2,
0 , sinon

et {4 {a) = la s 81 8{t )} est définie

( (-53) )T TN [1“6(Tz)’n 2 , et A (a) deé-

0t (8,58,)
0 sinon
. * & *
otera A A a) y= A A a)) . Par contre si N* x W* > N
notera Bis ) ((-,6)10) )7 Bess ) (s, (@)
Vs

est une fonction partiellement définie nous utiliserons la notion (A, 0% x NT) >{A,
N x N* x N+) pour désigner la transformation définie par

(Vﬁa)T],Tz,n = aé(r1’T2)'” , Si 5(T],T2) est définie

0 , sinon

C'est le cas en particulier pour la concaté nation N x N >N*, et la suite v*(a)

alors obtenue s'écrit en série formelle sous la forme V*(a) (X,¥ox) = ¥ 4 et on
T T,,T,,n 1 27
Xy’ x"/n! . Nous utiliserons cependant une notation plus suggestive poir la dési-

gner; nous écrirons a{X = Y, x).

Relativement aux opérations et opérateurs déja définis cette transformation posséde

les propriétés suivantes:

Proposition. va, b, c inversible ¢ {A, N* x N')

1) (a+b) (X *+Y, x) =alX « ¥, x) +b{Xs«V¥Y,x)

2y (a +b) (N x¥, x)=alX x)b(X*Y, x} +a(X =Y, x)b(Y, x)

a{¥, x) b{Y, x}

3) (/) (X * Y, %) = 1/¢(Xx) + 17e(V,x) -( 1etux) Jetx = v, x) (1/e(v, %)
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4) y§ = +r, -r et -

(A, a) (X * Y, x) = A(_,é) a(X«Y, x) + Ag a(X,x)

a)(XxY, x) = A(—,*r) a{Xx¥, x)

8

5) ¥rz 1’(A*r

Corollaire. sec{XxY, x) = sec{X,x} + sec{¥,x) - sec(X,x) cos{XxY, x) sec{(Y,x)}
d'oli v Ty T

2 ¥ 0 [T,*7,]
vz 2{t%1!) "
S *7 = - R oy “ S{t!y (-1) ¥ 275(1)
(Tl 12) (g;,T:) =1, (tfl]’ Ty*, i, ITz‘) X ’

(t},13) = v

2 2

Applications.
(:> A(*r,-) sec(X«Y, x) 4+ A(_,r+) sec(X*Y, x) = AL, sec(X,x) sec(Y,x)
d'oll ¥r =z 1 1T1\+r+|T2I

S(Tl*r*Tz) + S(t x(ret,) = 1,140 11, S(Tl*r) S(TZ)

Ceci est essentiellement la récurrence que MacMahon nomme son théoreme de multiplica-
tion [5] .

(:) NDéfinissons A*T(a) = a,si 1=
A*ml (.”. (A*n](a) D , st 1= (m1°""”g)

alors

Proposition va, b, ¢ inversible ¢ (A,N* x N%)

1 « b} o= « A {b . b
) o, (e b)za b (b)+ (Tg,fz}ﬂ b, () - (8,0 0))
Tl¢®
2 1 = - 1 . . 1
) 4, (1/¢) (Tgﬁz)ﬂ (17e) « 8, () (8, ¢ /c))@
T1¢e

. T
Preuve. Puisque a(XsY, x) = § A*Ta(X,x) Y

T

» &,_(a-b) est donc le coefficient de vt

dans (a<b) (X«Y, x) . o
Les séries a(X+Y,x) et a(X-Y,x) sont obtenues de fagon tout-a-fait analogue & celle
utilisée pour la série a(XxY,x), a partir des fonctions N* x N* —FoN* et
N* x NY =
T T, S (ml,...,mk+m;, m;,...,mi} , si T, = (ml,...,mk), T, = (m;,...,mi),
k=21, 22>1

>N* définies par:

Non définie, ailleurs
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Ty =Ty = fmsemempmymp ) sty = (mpsaem )y T, = (m
mk >mp et k=21, 221
Non définie ailleurs.
On montre:
Proposition. va, b, ¢ inversible € (A,N* x NV)

1) (a+b) (XY, x)=alX VY, x)+bX+VY, x)

2) (a +b) (XY, x)=alX,x) b(X + Y,x) +a(X 2 VY, x) b(¥, x)
3) (/e) (X =¥, %) = -(1/e(hx)ex = ¥, x) (1/c(¥, x))
Corollaire. sec(X t Y, x) = -sec{X, x) cos{X + Y, x) sec(Y, x)

Application.

Proposition. sec(X + Y, x) = sec(X, x) sec(Y, x) - sec(X % Y, x)
d'ol ¥ 1, T, %0

It b T |
S{r, + rz) = 2 S(Tl) S(Tz} - 5{11*12}

1111, I,

Preuve. On vérifie directement que cos{X + Y, x) = cos{X, x} + cos{Y, x} -

cos{X = Y, x}) -1 . @

Nous retrouvons donc d nouveau le théoréme de multiplication de MacMahon. La défini-
tion des opérateurs v, et v, nous aura cependant permis d'en obtenir une formulation
analytique a la fois simple, précise et élégante.

7. La substitution multivariée. Sur la base de 1'égaliteé X(ml""mﬁ) = X(ml)

X(mﬁ)

les séries a(X, x) peuvent 8tre considérées comme &tant des séries & une infini-
té de variables indépendantes X2, X(1), X(z),... et une opération de substitution con-
sistant essentiellement & remplacer les variables X(m) par des séries bm(Y) et X2 par

Y peut &tre définie. De facon plus précise si I est un mono?de pour Tequel {(11,12):

i,1, = i} est fini vi ¢ I et (A, 1) dénote 1'ensemble des fonctions de I dans 1'anneau
commutatif unitaire A muni des opérations d'addition et de multiplication

(a + b)i = a; + by

(a-b);= 1
{1

alors les &léments ¢ ¢ (A, I} peuvent &tre formellement représentés par
clyy = § ¢ vyl Sia e (A, N* x N'), et si {c,}

a. b,
y=i iy

i
1’ 2

est une suite d'#1éments

jer 1 m=1,2,...
de (A, 1} pour laquelle la série
Ta  Yox"miey (77 a c (Y)...c (Y)> x"/n
n @ no\ezl (m),...m) (mys.mg)™m, m,

est sommable, 1  étant 1'é1ément neutre de I, alors on dira qu'elle a &té obtenue par
substitution de (¢, ¢,,... ) & X dans a(X, x) et on la dénotera par a({c,, C,, ...: x).
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Proposision. va, b ¢ (A, N* x N), V{cm} c (A, 1), sous les conditions de sommabilité
appropriées, nous avons
1) (a+b) (c;s cpsenns X) = alcys Cpannns X) + blcys Chsnnns X)

2) (a - b) (C1’ Cponees X) = a(cl, Chaeens x) b(cl, € annes x)

Corollaire. Sous les conditions de sommabilité appropriées
sec(cl, Cprenes X) = 1/cos(c1, Channns X).
Cette opération de substitution est fort utile car elle nous permet de sommer les per-

mutations selon divers paramétres. En voici quelques exemples.

Applications.
(:) Sur la base de nos définitions, sec(0, 0, ..., 0, 1, 0, 0, ...; x) = J
k

n=0
S(ky Ko ooy k) xnk/(nk)l est la série génératrice des permutations de type (k, k,
n
k). Puisque cos(0, ..., 0, 1, 0,0, ...5 x) = 7} (—1)k xnk/(nk)! nous écrirons
k n=0
cos(0, ..., 0, 1,0, 0, ...; x) = cosk(x) et sec(0, ..., 0, 1,0, 0, ...; x) =
k k

seck(x) = 1/cosk(x). En particulier lorsque k = 2 nous retrouvons les fonctions tri-
gonométriques usuelles cos(x) et sec(x) et, par le fait méme, le résultat bien connu
que sec(x) est la série génératrice exponentielle des permutations de type (2, 2, ..,
2), dites alternées commencant par une montée.

(:) Si nous voulons scmmer les permutations dont la spécification ascendante ne con-

tient que des multiples de k, nous devons calculer sec(0, ..., 0, 1,0, ..., 0, 1, 0,
2k
..» 0, 1,0, ...; x); or on 6tablit facilement que cos(0, ..., 0, 1, 0, ..., 0, 1,
3k k 2k
0, ...5 x) =1 - xk/k! de sorte que § v ) S(nlk,...,nlk) xnk/(nk)! =
n \ 220 (”1’-""2):”
K, [ nk
VO - Kk et T T S0,k oK) “(k,k,..,k)
21 (”1"""2):”

(® Si nous voulons sommer les permutations dont la spécification ascendante ne con-
tient aucun entier égal a 1, on doit calculer sec(0, 1, 1, 1,...; X); nous obtenons
\
) < ) |S(T)]> N/nt = seca(x)/( 1 - tang1’(x))
T,lTl=n

n=0
m1¢1

oll tan(
3

5|T|:n
m1¢1

Or sit# (3,3, ..., 3) alors il existe un i tel que T = (3, ..., 3, Mes ees ml)

ol m; =2 oum >4. Dans le premier cas, si ms existe on pose (1) = (3,...,

Preuve. cos(0, 1, 1, 1, ...5 x) =} < ) (»1)2(T)> x"/n!
O
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iéi, 2:mi+7, LR mg) et dans le second on définit &(t) = (3, ..., 3, ?, m-2,
Miiqs oo mQ) , de sorte que dans les deux cas |&(t) - 2(@(7)) | = 1. Leurs effets
s'annulent donc dans cos (0,1,1,1,...; x) d'ol c0s(0,1,1,1,...5x) = J (-1)"
n=0
x3n/(3n)! ) (_1)n+1 x3n+2/(3n+2)! = cos3(x) + %;—coss(x) . De 14 on obtient 1'éga-
n=0
1ité
n
S(x) = § y (3k,.3k 4200003k 52 ) -
r:(ml,..,ml) r=0 3kn+(3k +2)+..+(3k_+2)=n
1 r
m.i¢],!'ff'—‘n k]ZO
S(3,...,3) S(3,...,3,2) .. S(3,...,3,2) o
k, k, K,

(:) Pour sommer les permutations dont la longueur des "ascensions” est inférieure a

k nous devons évaluer sec(1, 1, ..., 1, 0, 0, ...5 x). Or
k
05T, Ty ooy 150, 0, oo %) = 3 x™/(mk) = 7 ™ (nka)
k n>0 n=0
de sorte que J s(r) x"/nt = sech, (x)/1 + tanhékv]> (x)
n ot
m.<k
i
[tl=n
oll coshk(x) = 7 xnk/(nk)i » sech (x) = 1/coshk(x)
n=0
et tanhﬁk"1)(x):-d{k-l) coshk{x)/coshk(x)
dx k-1)

Preuve. S 1 # (1, k=1, 1, k=1, ..., 1, k=1) et = # (1, k=1, ..., 1, (k=-1), 1) alors

ou bien t = (1, k-1, ..., 1, k-1, Mis ooos M) olmg # 1 et my < koubient = (1,

k-1, ..., 1, k-1, 1, Mes ooos ml) oll 0 < m; < k-1 et mj < k. Dans le premier cas on

pose &{1) = (1, k-1, ..., 1, k-1, 1, m-1, m . mg) et dans le second &{t) = (1,

15

k-1, ..., 1, k-1, 7+m1, Migs oo mz). Puisque |a{&{t)} - a{1)! =1 leurs effets
s'annulent dans cos(1, 1, ..., 1, E, 0, ...5 X) . O
(:) sec(y, ¥s ¥s ...; X) est évidemment la série génératrice des permutations classées

selon la longueur de leur spécification ascendante. Nous retrouvons ainsi un résultat
bien connu (voir [17):
E % %T!:n S{t) ygxn/ni :(1—y)/1—yex<1'y) =la série génératrice exponentielle
ot)=2
des polynfmes eulériens.

Preuve. Puisque } (-1)Q(T) :( E:%) (-1)2 on obtient cos{y, ¥y, ...3 X} =
itl=n
2(1)=2

1~yex(7_y)/1»y .o
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(:) Si nous voulons sommer les permutations o selon leur nombre m(c) de montées (i.e.
Te nombre d'éléments 1 tels que of{i} < o(i+1}). Nous devons calculer sec{l, y!, v?,

y%, ...3 x). Nous obtenons:

) ( ) S(T)) Y0t = (y-1)7y-e Y 1IX
nm I T]=n
m{T)=m

Preuve. cos(1, y', y%, y* ...sx) =77 ( (—1)Q(T)) Yy /nt = (COS(Ys ¥s ¥,
nm

.3 X))(Uy, ¥x), o

(:) Parmi les transformations qui nous permettent de passer d'un contexte non-commuta-
tif a un contexte commutatif i1 y a celle qui consiste a remplacer la variable X par
(X1’ X5 X5 oe ) ol {Xi}i:1,2,... est une suite de variables commutatives indénen-
dantes. Or si nous définissons le genre d'un type T comme &tant g(t) = (a,> o, o,
) olr a = nombre de fois que m apparait dans T, nous aurons
sec{X s X, X5 «.ei 1) = 3 ( ) S(T}>x1&1X2@2 VAR IR

T
g{1)=a

et ainsi sec(xl, Xys ven3 1) est la série génératrice des permutations classées par
genre d'ascendance. Puisque sec(xl, Xys Xys ones 1) = 1/cos(x1, X)s woes 1), nous obte-

nons 1'identité suiva?tT: 8| (2, | flodl
S( :(_-I o -1 k <A 1)...< k) < >
Ioosto=nil §oen (e§,...,8k):u (8,) (8) ) \I8;l-.osl8,]

gl1)=a Y B, + B, + -
ol fal = a, + o, o, + ..., fiell = o) + 20, + 3a, + ... et )] = \5., 8
3 1 By e

(:) Mous pouvons évidemment utiliser la substitution conjointement avec les onérateurs
que nous avons définis dans (A, N* x Nt). Ainsi, sommer Tes permutations dont la spé-
cification ascendante commence par Tys c'est a dire calculer

N S(ro*r) revient a évaluer la série sec(X*Y,x) (X, (1,1,1,...)) en (t,»n). Or
T

I *1]=n
0

Proposition. sec{X*(1,1,...}, x} = sec(X,x} + &*1sec(X,x)/{1—x)

Preuve. MNous savons que sec{XxY, x) = sec{X,x) + sec(Y,x) - sec{X.,x)cos{X*Y,x)sec{¥,x).
En substituant (1,1,1,...) 3 Y de chaque cGté de 1'égalité et en vérifiant que
cos{Y,x)(1,1,...) = 1-x et cos(Xx(1,1,...), x) = B cos{X,x) + cos{X,x) nous obtenons
1'identité ci-haut . o

Corollaire. 7 S(TO*T§ = {:S (T *(1)). ni/(lt t+1) L stojrgl <
T 5

a
T 3 -
|T0*T|:n S( 0) 3 1 !To"n
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8. Quelques identités trigonométriques. HNous avons vu d la section précédente que
Tes fonctions trigonométriques usuelles cos(x} et sec{x) s'obtiennent des séries
cos{X, x) et sec{X, x) par substitution de {(0,1,0,0,...) &4 X. 11 était donc normal de
chercher 3 savoir si certaines identités trigonométriques classiques proviennent d'i-

dentités plus généralement valides pour les séries cos{X, x) et sec(X, x). Dans cette
section nous verrons que la réponse est affirmative.

De facon générale nous poserons a(X, -x) = } a_ o -1)" x* X/t et
T,N ?
n, n
alX, x +y) =} a X" x 1y 2/n 'n_! . Cette notation se justifie &videm-
TyN,+N 172
T,N,,n, 1ty

ment par le fait que les séries en question sont celles que 1'on obtient en substituant
-x et x + vy & la variable x dans a{(X, x)

Théoréme. cos({X, x) cos(X, -x) - ¥ By cos{X, x) b cos(X, -x) =1
r=1

Preuve. L'Egalité est facilement vérifide pour T = . Si 7 # @, les structures S
dont nous devons calculer le poids dans le terme de gauche de 1'égalité ont la forme
générale suivante

S:
O (v

o (e o
[COIEN) (-r)(x,)

pds(S) = a - (cos(X, x)')rl*r,lEll + (cos(x, -x)) (-r)+1,, |E, |

ol a=+}sir=0et-1sirz=1. Enraison de nos définitions, les structures S

dont Te poids est non nul sont celles pour Tesquelles

{ 1<i<g ou 0<i=<?y , et {IEll =0Tl e
0<|"<:m,i { |E21=IT2!-I"

Etant donné gue (1)T’n = 0 lorsque 1 # @, 1'égalité sera établie si nous montrons que

le poids total de ces structures est 0. Pour ce faire il suffit de vérifier que 1'opé-

ration par laquelle on transfére le plus grand &lément x de £, vers E, ou de E, vers

E selon qu'il se trouve dans E; ou E,, définit une involution & sur 1'ensemble de ces

1
structures pour laquelle on a pds &{S) = -pds{S) . o

Corollaire. sec(X, x) sec(X, -x) + ¥ L sec{X, x)} b sec{X, -x) =1
r>1

Preuve. 11 suffit de multiplier les termes apparaissant de chaque c8té de 1'égalité
précédente, & gauche par sec(X, x) et a droite par sec{X, -x), et utiliser les formu-
les déja obtenues pour Byp sec(X, x) et b sec(X, x). o
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Pour établir la prochaine identité nous devons considérer les séries de type

+ N n,
alX, x, y) = § . Xtxtoy*®
i t

T,nl,n2 2Ty ﬂl. n .

Nous nous situons donc¢ dans 1'espace (A, N* x N x Nt

ol 1'addition est définie ter-

mes d termes et Ta multiplication par

b n n
a-+b = 1 2 a b
( )T’nl’nz (ry )_, ' u 1 " Tlnlln[ T n'"n"
LloTz =T nl’nl nz,n2 2 21 2

¥ 0y ..
(njsn{)=n,
] "y .
(n}sny)=n,
A nouveau, dans ce contexte, Tes séries correspondant respectivement aux suites qui
satisfont a =0sin, #£0eta_ = 0 sin, # 0 seront dénotées simplement
T>N, N, z I,nl,n7 1

par alX, x) et a(X, y).

Théorgme. cos{X, x + y) = cos{X, x) cos{X, y) - A*r cos{X, x) b cos{X, y) .
r=

Preuve. Y1, n,» N, NOUS avons

(cos{X, X 4 y)) nan, = {?-1>;(T> si vl = n, o+ on,
e 0 sinon
D'autre part
(cos(X, x) + cos(X, y) ) = ) <c05(x, x) %

T
sNy s, (Tl”‘rz):’t l,nl,

(cos X, y)Tz,O,n2

- (_1)1(T1)(-])2(T2) . (-])£<T) s'i1 existe un couple (Tl,Tz) tel que T, % T, = T

et vl =n tr,l =n

1 2

0 , sinon

et yr = 1 (A*r cos(X, x) -« b cos(X, y)) = (cos)T - (cos)HT N
T ‘nl,nz (Tl’Tz):T 1 Iy PRLLN

{ .
= (—1)5L\T1)H (-1)Q(12) = (—1)Q(T)+] s'i1 existe un couple (1,,7,) tel que
Ty*T, = T et |111 +ro=an, |12$ -7 = n2
0 , sinon

Par conséquent le terme de droite est non nul en (T,nl,nz} e ltf =+ n,, et alors

i1 existe un et un seul r = 0 pour lequel A, cos{X, x) _ph cos{X, y) est non nul.

r
Puisque sa valeur est alors égale &

(—?)Q(T) si r=0 et (*3)2(T}+] si r=1 , 1'égalité est démontrée.o

Remarque. La premiére identité peut évidemment s'obtenir de celle-ci par substitution

de -x & v.

Corollaire. sec(X, x + y) = sec(X, y) ( 1 )sec(X, x)
T - 1 A*r sec(X, x?f_rA sec{X,y)

IV o~

r



263

Preuve. sec(X, x + v} = 1/cos{X, x + y} =

1
sec(X, }’) ( SeCTX, X) CGSTX, my‘j)SGC(X, X} . o

Attention. L'ordre de multiplication ne peut &tre changé ni dans la formule ni dans
la preuve.

Une des qualités des identités que nous venons d'établir réside dans Teur génrérali-

té. En effet puisque leur formulation ne fait appel qu'a 1'addition et la multiplica-
tion elles demeurent valides lorsque nous substituons a X toute suite (cl, ¢, eel)
qui rend ses termes sommables. En particulier, nous avons vu & la section précédente

que cos{0, 0, 0, 1, 0,0, ..., x) = 7} (»I)k xnk/{nk}f = cosk{x) et que seck{x) =
k = !
l/cosk(x) est h série génératrice des permutations de type {k, k, ..., k). Or la
fonction cosk(x) posséde essentiellement k-1 dérivées différentes de sorte gue par

analogie avec les définitions usuelles on peut considérer les fonctions . d
(r) ax ()

cos (x), 0 <r <k et - g7;-)cosk(><)/cosk(><), 0 < r <k, comme étant respectivement

dx
k-1 fonctions "sinus" et "tangentes". Si 1'on dénote ces derniéres par tanér)(x)
nous pouvons vérifier que la substitution de (0, O, ..., 0, 1, 0, ...} & X dans les

identités que nous venons d'établir méne aux formules suijvantes:

k-1
seck{x} seck(~x} ¥ Z} tanék_r> (%) tanér) (-x) =1
r=
(
seck(x . y) - - sec, x) seck(y)
1 - Z] tanék_rzx) tan&r)(y)
Y

Ces identités furent & 1'origine établies de fagon purement algébrique & partir de

la représentation complexe cosk(x) = 94——*i—4§4w3¥§—~v7, oG £; sont les racines de

xK + 1, dans le but de généraliser & la fonction seck{x} une preuve combinatoire de la

formule sec{x + y) = sec{x)-sec{y})/1 - tan{x)-tan y obtenue en 1983 en utilisant les
permutations alternées comme modéle des nombres sécants et tangents. Alors que cette
démonstration s'avéra relativement difficile, nous verrons dans les lignes qui suivent
qu'il en est autrement de la formule générale obtenue pour la série sec(X, x + ¥)
puisqu'une interprétation combinatoire simple peut en &tre donnée. Nous pourrons par
la suite expliquer cet apparent paradoxe.

Une interprétation combinatoire de la formule de la sec{X, x + y).

Remargue. Cette démonstration s'inspire des méthodes de preuve utilisées en théorie
des espéces de structures, plus précisément en théorie des espdces linéaires (voir
[43).
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Observons d'abord qu'un &lément a ¢ (A, N* x N* x N*) peut se décrire comme aupara-

, E. et E2 étant

vant dans le langage ensembliste en posant a .

= a
TELE, T Y IE 1L IE, |

des ensembles linéairement ordonnés. Puisque (a(X, X + y}) = a , 1'in-
Tah, .0, ToNn 4N,

terprétation ensembliste de <a(X, X + Y} >T’E1’E2 doit 8tre définie par ar,E1$E2

oll E1 & E2 dénote Ta rAunion disjointe de E1 et E? munie de 1'ordre linéaire

<2 w R,8" € E1 et 2 < 2' dans El, ou 2,8' ¢ E2 et & < &' dans EZ, ou 2 ¢ E1 et
2! ¢ E,, c'est 3 dire en considérant tous les &léments de E, comme étant plus petits

que ceux de £ . Dans ce contexte a{X, x + y) peut 8tre considérde comme &tant la sé-
rie des a-structures existant sur un ensemble E Tinéairement ordonné bicoloré dans le-
quel les éléments de E,, disons les éléments verts, sont plus petits que ceux de E,»
disons les rouges. Ainsi sec(X, x + y) apparait comme étant la série génératrice des
permutations d'un ensemble bicoloré vert-rouge avec V < R, classées selon leur spéci-
fication ascendante.

Ceci dit, 1'identité trigonométrique précédente peut alors se lire ainsi: une
permutation de spécification ascendante T sur un ensemble bicoloré V < R est composée
dans 1'ordre suivant: a) d'une permutation sur un ensemble (possiblement vide) d'élé-

ments rouges (i.e. sec{X, y)), b) d'une structure de tyne

—- T " 1 s
® = [] E—_— 5. sec (X, %) B sec(X, v) ] et c) d'une permutation sur un ensemble
rx]

k

(possiblement vide) d'éléments verts (i.e. sec(X, x)). Or comme 1/(1-2) = J a" ,
k=0
une @ -structure est tout simplement un produit fini de J B sec(X, x) _rAsec(X,y)

rz1
-structures, et une A*rsec(X, x) _rAsec(X, y)-structure n'est rien d'autre qu'une per-

mutation bicolorée composée d'une permutation sur un ensemble non vide d'éléments
verts suivie d'une permutation sur un ensemble non vide d'éléments rouges; la présen-
ce de A*r et —rA exprime simplement le fait que le changement du vert au rouge doit
s'effectuer & une distance r > 1 d'un point de séparation de v. L'identité obtenue
pour la série sec(X, x + y) décrit donc dans notre langage le théoréme de (dé)composi-
tion des permutations bicolorées suivant:

Théoréme. Toute permutation d'un ensemble bicoloré linéairement ordonné avec V < R

se compose (dans le sens de la composition des spécifications ascendantes) de fagon

unique d'une permutation sur un ensemble (possiblement vide) d'&léments rouges, sui-
vie d'un nombre fini  {peut-atre 0) de permutations vert-rouge (dans cet ordre),

suivies en dernier d'une permutation sur un ensemble (possiblement vide) d'éléments

verts.

I1lustration du théoréme. Prenons V = {1<2<.. 8} <R ={D< @ <
et considérons la permutation ¢ = (®,a@, 1, 4,5,3,8,0,0Q, @ s

<..

@
7’@9
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®. O, O, 2,Q.@. 6). Elle est de spécification ascendante v = (2, 1, 3, 3,
2, 5, 3, 1) et la décomposition de o décrite par la formule de la sec{X, x + y) est
Ta suivante:

1 - § & sec{X,x) b sec(X,y) |

t

r=2 r:? r=1
o= (DO®, 1 ¢ 5]ﬁ@@@:ﬁ®@@®%®{ 6)
t=(2,1) 1 (3 , 3 o 20) 0| 5 ) : (3 ): (1)
i EIL‘ V-R %l | VR { Fos Ji:} v |
sec(X, y) : ! : sec(X,x)
1
|

Ainsi 1'identité donnée par Ta formule de la sec(X, x + y) peut s'interpréter fa-
cilement dans notre contexte combinatoire, par simple lecture. Comment expliquer
alors gue la recherche d'une démonstration combinatoire des formules obtenues pour
la fonction seck(x) soit plus difficile? C'est essentiellement pour deux raisons:
Premiérement, en passant, au moyen de la substitution de (0,1,0,0 ...) & X, du con-

texte général & un contexte particulier  nous avons perdu 1a non-commutativité ini-

tiale et fondamentale de la multiplication combinatoire des objets considérés.

Deuxiémement en passant des séries s, sec(X, x) et _rAsec(X, y) aux fonctions

tanék r)(><) et tané )(y) nous avons en partie perdu la signification combinatoire

de ces séries.

I1 faut donc reconnaitre que les identités que nous avons établies, en plus d'Btre
générales, ont la qualité d'étre précises, significatives. C'est 13 & mon avis un

des précieux avantages que 1'on peut obtenir & étudier les objets combinatoires dans

le contexte et le langage qui leur sont propres.

9. Extensions et applications. Il est clair que le contexte combinatoire gue nous

avons utilisé peut servir 3 1'étude de plusieurs autres types d'objets combinatoires.
Nous ne parlerons cependant ici que de certaines extensions et applications du problé-
me que nous avons abordé dans ce texte et des techniques que nous avons employées

pour en faire 1'étude.

1) Nous avons étudié les permutations o de {1 < 2 < 3 < < n} sous 1'angle des rela-
tions d'ordre prévalant entre les é&léments o(i) et o{i+1); mais nous pouvons tout aus-

si bien nous intéresser & elles sous 1'angle des relations d'ordre existant entre les
&léments 1 et o{i). A cet effet, il est bon de mentionner qu'a chaque permutation ¢

on peut associer de fagon bi-univogue une permutation t telle que ¥i =1, ..., n,

(::: ;(i) . 01:11)'::. ) = ( T 521 T ) . En effet, si o = (0(1), R
(

a(i)s vens oli,)y oons o(ik) , O n)) ol ¥j, oli J+1) est le premier &lément i
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droite de o(ij) tel que o(ij) > G(1j+]) et si T est 1a permutation dont la décomposi-
tion en cycles disjoints est (0(1) ... 0(11—1))( o(i) ... 0(12—1)) . (o(ik) ... o(n))
alors on a o{i) < oli+l) = ol(i) < r(o(i))vi. A travers cette bijection qui est essen-
tiellement la transformation fondamentale de Foata [2] i1 est donc possible d'appli-

quer nos méthodes et résultats @ 1'étude de ce probléme.

2) Cette théorie s'étend par ailleurs aux ensembles avec répé&titions que 1'on nomme
aussi tas. Pour ce faire i1 suffit d'ajuster notre définition de spécification ascen-
dante en conséquence et de remplacer la combinatoire des ensembles, c'est & dire celle
associée d la variable x, par celle des tas, c'est & dire celle des fonctions symé-

triques.
3) Determiner les permutations de {1 < 2 < ... < n} dont Ta spécification ascendante
est (ml, e mQ) revient & déterminer tous les étigquetages de 1'arborescence linaire

orientée suivante

O ———s0———$p0O ¢+ OO «t::Awoo e O OGO DOt b0
\'*'V_.'_—/

ml m2

au moyen des entiers 1, 2, ..., n de facon & ce gue 1'ordre prévalant entre les &ti-
queties soit compatible avec 1'orientation des arétes. Or nous pouvons montrer que
Jes méthodes et résultats décrits dans ce texte se généralisent pour 1'essentiel au
probléme du calcul des &tiquetages d'une arborescence orientée quelconque compatibles
avec son orientation. Méme les identités trigonométriques demeurent valides pour ces

nombres. Ceci fera 1'objet d'une publication subséguente.

4) Mentionnons enfin qu'il est aussi possible d'utiliser cette théorie pour obtenir
et faire 1'étude de nombreux g-analogues. Par exemple, dans le contexte des séries
de type

aq(X, X} = Xt xn/(n!)q on vérifie aisément que sec (X,x) est la série gé-

) oa
on f g

nératrice des permutations classées selon leur spécification ascendante et leur nom-
bre d'inversions.
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0. Introduction

The (historical) starting point of the present work is a paper of Ree
{101, where an extension of a formula of Baker-Campbell-Hausdorff 1is
given. We give it here in a slightly different formulation.

Let A be an alphabet and Q<<A>> the algebra of noncommutative formal
power series over Q, equipped with the usual noncommutative product
("concatenation algebra") The space Q<<A>> possesses another product.
the shuffle product: the shuffle algebra is commutative; see [10}, [8]
for the definition of the shuffle.

Let 7 be the complete tensor product
7 = Q<<A>> & Q<K<KA>>

where the left factor is the shuffle algebra and the right factor the
concatenation algebra. For instance, if a.b are in A, then

(a®b)(bRa) = (ab+ba) @ ba

Each element of ¥ is an infinite linear combination of couple of words
over A

o L] « €
2 . u.y U8V («,,,5Q)
u,veA

where A* denotes the free monoid generated by A. In 7, consider the
particular element

s =3 ., wew
we A

(a kind of diagonal). As
S = 1®1 + T

(1 is the empty word), as 1®1 is the neutral element of 7 and as

1im T = 0
n-+0
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{(in the usual topology of ¥), one may define log S by the usual
formula

n-1
(0.1) log s = 3 Az N

nz1 n
Note that, because of the special form of S, one has

(0.2) log § = 2
uk A

% U®P

where Pu is an homogeneous polynomial of degree length(u).

Theorem (Ree, see [{10] th. 2.5)

The polynomials Pu are Lie polynomials, that ig, they belong to the

Lie algebra generated by the elements of A.

One has, for instance

(0.3) P -1 (2abc - acbh - bac - bca - cab + 2cba)
abc [3
=1 [tasblicl - 2 [raclibl
3 ’ 6 ’
Remarks
1. One may recover the Baker-Campbell-Hausdorf formula in the

following way. Let A = {a,b} and define a linear mapping f

Q<<A>> % O

by
- or_if w o= alpd
113!
0 otherwise
for any word w. Then it is easily verified that this mapping is a

homomorphism with respect to the shuffle product (or use the fact that

a'bI are Lyndon words, and that the latter form a transcendance basis
for the shuffle [8] ex. 5.3.6, [9]).

Now, apply the homomorphism £ ® id to (0.2), obtaining that

i, 3
b a b
log (I 220) = log (ee”)
i,920 *°3

: : a b c . .
is a Lie element ¢, hence e e = @ , which is the B. - €. - H.
formula.
2. Ree uses his formula to prove a theorem of Chen [2]: the (non-
commutative) formal series defined by iterated integrals of a given

path in R!A! 1s & Lie element; this formula may also be applied to

nonlinear system theory {4}, [5], to algebraic groups {1l1] and to
combinatorics on words [12].

The aim of the present work 1s to compute explicitly the coefficients
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of the series (0.2) (section 1l). Moreover, we show that this series
corresponds to the canonical projection Kl of the free associative

algebra onto the free Lie Algebra; in terms of Hopf algebras., this

would be written id = exp (Kl). The free associative algebra U is, by

the theorem of Poincaré-Birkhoff-Witt, the direct sum of its subspaces

vd, q 2 0, where v9 is the linear span of the g-th powers of Lie
elements. We show that the corresponding projections Kq satisfy Kq -

ﬁ? + in the algebra structure of End (U) deduced from the Hopf algebra
structure of U. This may be interpreted by the fact that certain

polynomials PU of (0.2), viewed as elements of the algebra of the

symmetric group, are idempotents (section 2). Finally, we study the
action of the symmetric group Sn on the spaces v9. This leads to
representations of S, whose orders are the Stirling numbers. and whose

corresponding idempotents are given by the series (0.2).

1. Coefficients

We want to compute explicitly the polynomials PU of formula (0.2). By

(0.1), we have

k
(1.1) }Z*u®PU=>}Z i (Z wOW )

u€e A k=1 WE A

+ .
where A = A*\1l (the semigroup of nonempty words).

By definition of the product in 7,

k
(w§A+ wOwW ) = > €A+ (ulo...ouk) ® (ul...uk)
Ull---luk
where o denotes the shuffle product. Denote by (P,v) the coefficient

of the word v in the polynomial P. Then we obtain

(-1)k-1
(1.3) p = § =2 p3 + (Uu,0...0uU ,UlU_...U

<
u k> 1 k ul,...,ukeA 1 k 1 k

We shall compute explicitly the coefficients of PU in the case where u
is multilinear (i.e. no letter occurs more than once in u). In this
case, we may write u = a,.-.a where the ai's are distinct letters.

Theorem 1.1. Let u = a,...a be a multilinear word. Then

-1
(1.4) P = 3 )

g€ s (e} (e}
n

@s(1)" "% (n)

where dO is the number of ascending runs of C (= 1+ number of descents

of o)

We prove first a lemma.
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Lemma 1.2: Let a RN N be distinct letters. Then

1
1.5 e .- P
( ) . 2 S en (ulo ou s & a ) u) uy
1°°°° """k
n-d
( )
= X k-d a ...a
oes, o fey o)

Proof Denote by Qk the polynomial on the left-hand side. Let w =

PR -]

aO(l) o(n)" Then the coefficient (Qk,w) of w in Qk is
1. = P . ..
(1.6) (Qk,w) ! z yoeat (ulo ou, al an)
1°°°""Fk
WEU L Leeuy
Let us say that a word is growing if it may be written as ay a. o«

177 e

with 11 <...< ie.

Then. by definition of the shuffle, the coefficient (ulo...ouk,
al...an) vanishes, unless each uy is growing. in which case this
coefficient is 1. Hence, the value of (l1.6) 1is the number of
factorizations of @ in k growing nonempty words. Let

(1.7) W o= v ...V

where each v, is growing and where d is the number of ascending runs

of o.
Schematically - ’///
. /////;/,{////---:
vy v, vy Vg
A factorization of w into growing words is necessarily a
subfactorization of (1.7). Thus we have to factorize each v, in s,

nonempty words. where the si's are such that Zsi = k. If Py = length

P.~1
(Vi): then there are (51_1) factorizations of vy in s, nonempty words.
Thus
P, -1 P _.-1
1 d
(Qrw) = z (g ) ==+ (g )
s +...+sd=k

Now, note that

hence



P,-1 p;-1 s;-1
T (1+x) =T { z (s 1) % Y.
123i%d i lésiip i
P P,-1 P -1
= z X (s . z . e (s —1)"'(5 _1)
AR P
But it is also egual to
p,t...+p —d _ _ e
(1+x) 1 d = (1+)" 9. 2 (n@d)x
12
which shows that
P,-1 P -1
-d
T ( ) y = ("7
” 5. -1 s -1 ¢
S +...+3 = £ +d
d
This shows that
(@ v = (77
as desired. O
We still need another lemma
Lemma 1.3 The following relation holds
k-1 d-1 -1
s o(=y o n-dy (2D 0y
k k-d d d

Proof Denote by a(n,d) the left-hand side. We prove the lemma by
induction on n-d. If n-d = 0, it is obvious. Let n-d Z 1. Using the
usual relation for binomial coefficients, we obtain

a(n,d) = a(n-1,d) + a(n,d+1)

This is equal., by induction, to

(_1yd-1 (n_l)—l R o )-1
3 d a1 lasr
D ar (nma-ayr L (-1 (ar1)t (n-d-)
d (n=-1)"! d+1 n!
d-1
(-1) (4-1)t (n-a-1)t
n!
d-1 -1
(~1) n
)

as desired. U

Now, the theorem follows, using (1.3) and the two lemmas.
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Remark If u=a,...a is any word, not necessarily multilinear., then

formula (1.4) still holds (but the words aO(l)...aO(n) are not all
distinct). This is a consequence of (1.1) (or see lemma 2.4). For
instance, ohe obtains Paba from Pabc by replacing ¢ by a in (0.3):
P =1 (2 aba -~ aab - baa - baa- aab + 2 aba)
aba &
1
=% (4 aba - 2 aab - 2 baa)
1
=5 (2 aba - aab - baa)
= 3 [la/bl, al

2. The canonical projection

Consider an alphabet A = {al,...,an}. Then each multilinear word of
length n may be viewed as a permutation, element of Sn. For instance:

if A = {alla ,a3}- the word a_a.a will represent 1 (the identity

2 17273

permutation), and ajasa, will be the transposition (13).

Consequently, a polynomial which is a linear combination of such words
may be viewed as an element of the group algebra Q{Sn). For instance:

the polynomial Pa of (0.3) will be

bc

(2 - (23) - {12} - (123) - (132) + 2 (13))

ol

A direct calculation shows that this element of 0[53} is idempotent!

We shall now explain this fact.

Let Q<A> be the algebra of noncommutative polynomials (it is a
subalgebra of the concatenation algebra Q<<A>>). Let #£<A> denote the
Lie algebra generated, in Q<A>, by the letters (= elements of A); an
element in £ <A> is called a Lie polynomial. It is known that £<A> is
the free Lie algebra generated by A, with Q<A> as an enveloping

algebra (see [8]). Let v? denote the subspace of Q<A> generated by
the polynomials P9, where P ranges over £<A>. Then, by the theorem of
Poincaré~Birkhoff-witt

(2.1) Q<a> = @ y?

gz 0
see [3], 2.4.6.

The direct sum decomposition (2.1) defines a family of 1linear
projections

(2.2) Kq : Q<A> + Q<A>
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.
defined by ﬂq 1 u? = ia, nq l U9 = 0 if g’ # g. Note that ul = g<as.

The projection "l is called the canonical projection of Q<A> onto

£<A>.

Theorem 2.1 The canonical proiection Klz Q<A> -+ £<A> is also defined

by the condition

for any word u {(where Pu is defined by (0.2)). In particular, if u =

a_ ...a
1 n

QLSn], then PU is_idempotent in Q[Sn].

is a multilinear word and if P is considered as an element of

We need some lemmas. The first one is well-known.

Lemma 2.2 Define the concatenation homomorphism

Ck : Q<A> - Q<A>Ok

by

ck(a) = a®1®...81 + 1®a®...®1 +...+19,.,.918,

for any letter a. Then, for any w one has

= < - o
(2.3) ¢, (w) Z x (U 0...0u sw) U 8.8y,
ul:...,ukeA

Furthermore if P is a Lie polynomial, then

Ck(P) = p@I1%...81 + 1B8pP@...%1 +...+1®...818p

Proof The first relation is a simple conseqguence of the definition of
the shuffle product. For the second. it is enough to note that it is
true when P is a letter. and then check that if it is true for P, Q.
then also for their Lie bracket [P.Q] = PQ - QP. O

Lemma 2.3 Let fl""'fk'g be linear endomorphisms Q<A> -+ Q<A> such

that the following equality holds in the algebra 7 (see section 0):

14 ( 2 uef (u)) = 2 wog(w)
15iSk UueAx* wE A*

Then. for any polynomial P

- ...
g(P) pko(fl fk)o ck(P)

ak
where Pk : Q<A> -+ Q<A> is the concatenation product:

$...® = PN
Pk(ul uk) uy uy

Proof By definition of the product in 7, one has
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z wog(w) = z (u0...0u )8 (£ (U ). £ (u))
we A% U,/ 4,1
1 k
This shows that
glwy = 2, (uor-ou W)y lup)e £ (o)
1 k
Now, by (2.3), we obtain
Pko(fla...afk) ock(w)
= (-] .®
Pk( 2z (uj0...0u ,w) £ (u)8. . fk(uk))
ull.-./uk
= z (ulo...ouk,w) fl(ul)...fk(uk)
Uypseeeruy
*
which proves the lemma, because A 1is a basis of Q<A>. 0O

Remark The product (f,g) - f*g in End (Q<A>) defined by

(£*g)(P) = pzo(fﬂg)o CZ(P)

is a classical one in the context of bialgebras, see {7} p. 5. It is
associative, and

£ *...*f = pko(fl@...@f Jo ¢

1 k k k
Lemma 2.4 Let I be the endomorphism of Q<A> defined by I(w) = w if w

# 1 and I(1) = 0. Let ¢ be the endomorphism defined by

®k
o = pko I o ck

Let f be an algebra homomorphism Q<A> - Q<A> such that f(a) is a Lie
polynomial for any letter a. Then

a o f = £ o«

Proof If w = a_...a_ (a.€A), then
— 1 n i

ck(w) - n (2. ®...91 +...+ l@...aai)
1SiEn

Moreover, c, o f(w) c

X « fa;))

k "1gisn

= n c, (f(a.))
1%i%n !

Because each f(ai) is @ Lie polynomial, this is egqual, by lemma 2.2,

to

n (f(ai) ®...01 +...+ 10...@f(ai))

This shows that we have



Now, because any Lie polynomial has zero constant term, we have
I of = f ol

Moreover, as f is an algebra homomorphism, we have
Py o f « f o Py

Taking these relations together., we obtain

dk
a o f = P, © I oc, o f

n
T

*
¢}
-
¢}
m
¢}
o}

o (I o f)®k o c

I
T
x

@k
= P, © (f o I) o c

k
®k ®k
P, © f ol ° ¢
®k
- = o4
f o Py oI [e] ck f o
what was to be shown. O

Proof of theorem 2.1

Let ® be the endomorphism of Q<A> defined by

7 (u) = Pu

for any word u. We have to show that ©® = "1' For this, it is enough
to show that for any Lie polynomial P, one has X(P) = P and r(p?) = o

if g # 1.
Let I : Q<A> - Q<A> the endomorphism defined by I(l1) = 0 and I(w) = w

if w is a nonempty word. Then, by (1.1).,
k-1
Suep =3 =) (S we r(wn®
u -~ k
k2 1 w

By lemma 2.3,

(Z we I(w))k =2 w e(p, © Iak o ck(w))
w w

This shows that



k-1
(2.4) ®(u) = 3% ‘;“ P, © Iekock(u)

kZ 1

As ® is linear, this relation holds also for any polynomial P instead
of u.
By lemma 2.4, we thus obtain that

N of = f o*X

for any algebra endomorphism f of Q<A> such that f(a) is a Lie
polynomial for each letter a. Now let P be any Lie polynomial and f
an algebra endomorphism of Q<A> such that f(a) = P for some fixed

letter a. Then N(Pq) = X o f(aq) = f o N(aq). This shows that it is
enough to prove the above assertions for a. For this, let g be the
algebra endomorphism of Q<A> such that g(a) = a and g(b) = 0 for the
other

letters. Then
N(a) = ® o g(a)

which shows that we just have to consider the one-letter case. But

Sa"e a" = exp (a ® a)
né N
g

in ¥, because the n-th shuffle power of a is n! a". Hence

log (3 a" @ a") = a ® a

which shows that

as desired.

Now, let all...,an be distinct letters and

T(a,...a_ ) = 3 o a ...a
1 n oes_ o "o(l) o(n)

For © € Sn' let fo be the algebra endomorphism of Q<A> defined by

£ (35) = a5(4)

As T is a projection, we have

> «

c..a =7 (a,...a_)
Ce S n
n

s %6(1) o(n) 1

= X oW (al...an)

Y- |

c'(n))

- 5 ac LY (ac(l)
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=2 a, ® o fg ta;...a))
[«]
o ..
=2a; £, 0% (a)...a))
c
by lemma 2.5.
Hence
< T b
2% %) %) T2 % 5 (28 3 1) "2 (n))
c T
- o« ‘e
E . orT acr(l) aor(n)
\Y e
which shows that
< ~ < ~ e
2 G_ T = a [*22
s o, o T
is idempotent in Q[Sn]. a

Remark We have used, in the course of the proof, the fact that in the

; n n
one~letter case., one has in 7: Z a ©® a = exp (a @ a). Note that

n& N
when | A | 2 2, it is not true in ¥ that

z ., w8 w = exp (2 a® a)

wé A a€ A

This is only true in the one-letter case.

Corollary 1.6 _The canonical projection Kl : Q<CA> » ¥<A> is given:, for
any hLie polynomials Pl""Pn' by
( 1)d"—l 1
x(p ...p )= 3 =22 (N ,iop ...P
171 n oes do do o(1) a(n)
n
( 1)(:“’—l -1
= 3 = (0 ap ...P ]
ces d, n d, g(1) o(n)
n
where [Ql..-on} denotes the bracketing {(from left + O right)}
[---[0102] ------ in~
The last formula has already been proved by Solomon [14]; he starts
directly from the P. - B. - W theorem, and does not use the logarithm
as here.

Proof The first formula is a conseguence of theorem 1.1, theorem 2.1
and lemma 2.5. For the second. apply the formula of Dynkin - Specht -
Wever, see e.g. [10] th. 2.3. 0O
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3. The other projections

We have shown that the canonical projection Kl: Q<A> 4+ £<A>  is
determined by the logarithm of 2 w ® w ; in fact in terms of the
wWeE A*
product of End {(Q<A>) introduced in the remark after lemma 2.3, one

has Wl = 10g (id). where id is the identity of Q<A> (this seems to be

a formal analogue of the exponential function in a Lie group). What
about the other projections?

Theorem 3.1 The proijection Kq : Q<KA> -+ Q<KA> is completely specified

by the formula

(3.1) L o (log (3 wewnd = 3 wer (u
a: we A+ ue A* q
which holds in the alqgebra 7. Moreover, with A = {al,...,an}, one has
n d
s(k.q) o
. n P = —_— e
(3.2) q(al al) > (2 o e - do)) a5 (1) 25 (n)

ge S 3
n

where s(k.q) is_the Stirling number of first kind. Viewed as elements

of Q[Sn]' the n elements Kq(al...an), 1%g%n, are orthogonal
idempotents of sum 1 (for g = 0 or g > n. ﬂq(al...an) = Q).

Formula 3.1 was already proved by Hain [6]. in the context of graded
Hopf algebras.
Recall that the Stirling numbers are defined by

X(X=1){(x-2)...(x-k+1)} = Eq s{ks,q) x9, see [13].
Unfortunately, I could not completely identify the coefficient of
ao(l)...ao(n) in (3.2}. One obtains for each n, an n by n table of
coefficients, depending on g and dg- I give the table for n = 6, and

a description of the known parts of the table.

dCY
q 1 2 3 4 5 6
1 -1 ! 1 -1
1 - = - . -
6 30 60 60 30 6
2 137 -13 1 1 -13 137
360 360 180 180 360 360
3 =2 |1 -1 1 =1 =2
16 | 48 48 48 48 16
‘ 17 5 -1 -1 5 17
144 | 144 144 144 144 144
5 S D § 1 =L zi 3
48 | B0 240 240 0 48
s 1 1 1 1 1 1
7206 | 720 720 720 720 720
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First row: inverses of the binomial coefficients of order n - 1

multiplied by b %

. ; . . , + 1
First and last c¢olumn: Stirling numbers s(n,q) multiplied by - T

-

Last row:

3

Sum of the first column: 1

Sum of the other columns: 0

Proof of theorem 3.1

Let the left-member of (3.1) be equal to Z u ® da(u), for some linear
endomorphism a of Q<A>. We want to show that a = ﬁq. By lemma 2.3,

we have
1 Sq
X - — o 7w o <
at Pq 1 q
From this, the first assertion will easily follow. Let P be a Lie

polynomial. Then cq(?q) - cq(P)q - (PR1®...®1+...+ 18...@1®P)q by

1
at least one Pi is equal to 1. Hence, as “l(l) = 0, we obtain that

lemma 2.2: it is the sum of g! P®...8P and of terms P.®...8® Pq where

®
%o °q (p%) = qt P 8...8 P, by the definition of ® . Thus & (p%

r .
= p9. Now: let r # (. Then Cq(P ) is a sum of terms Pl ®,... p

q
where at least one P is equal to PJ for some j # 1 : as L (p7) = o,
we obtain that

« (PT) = 0. Thus & = %+ by definition of = _.

It is well-known [13] that

._]; (log (1+X))q - 3 M xk
q! k!
k

Thus we have by (3.1)
Zuen (uy =% ii%%ﬂl = we wk
d k : we A%

Hence, by (1.2)., we obtain

=3 S(k:g) . ,
ﬂq(u) z % b3 s (uj0...0u u)ul uy
k Ull---lukeA

Now., this and lemma 1.2 imply formula (3.2).

It is obvious: from the definition of ﬂq, that Rq(al...an) = 0 i1f q =

0 or g > n. Evidently id = 2 Nq which shows that
q
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2 N (a,...a_) = a,...a_,

1Sg<n q 1 n 1 n
and hence the last assertion follows. The fact that Rq(al...an) is
idempotent 1is a conseguence, as in the proof of theorem 2.1, of the
fact that Kq is a projection. The fact that these idempotents are

orthogonal is similarly proved by using the relations

if g# g’. O
4. Representations of the symmetric group.

We have obtained n orthogonal idempotents of sum 1 of Q[sn], which are
s

q(al
representations of the symmetric group. A surprising fact 1is that
Stirling numbers step in again.

...an), 1£g=n. We compute now the degrees of the associated

Note that if A = {a ...an}, then Q[Sn] acts naturally on Q<A> by G.ai

1

ao(i)’ extended in an algebra endomorphism of Q<A>. In particular.,
let E be the subspace of Q<A> generated by the words 2501y "3 (n)’
€ Sn. This is of course stable under the action of Sn' and the

associated representation is the left regular representation of sn.

Moreover, let VI = u9 n B, where U? = nq (Q<A>), see section 2. Now,

it is well-known, by multilinearization, that u? s generated by the
polynomials

(P.re..s/P )} = z P ...P
1 q s e s o{l) S(q)
q
where Pll...,Pq are Lie polynomials. This shows that one has
E = v4
q

and that each V¥ is stable under the action of sn. It is easy to show

that v¥ = 0 if g = 0 or g > n. Hence

or equivalently

Qis_1 = & Qis_ 1 ® (a,...a_ )
n 1Sg<n n g 1 n
if Wq(al...an), defined by (3.2), is viewed as an element of Q[sn].

Note that we have alsor, by lemma 2.4
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. b K
xq(o P} ag q(P)

for any polynomial P (which implies in fact all the previous
assertions). Now, we have the perhaps classical result.

Theorem 4.1 The dimension of v< is Is{n,q)}-

Proof. We show that each permutation 9 in S, defines an element [T]
of a basis of V9, where g is the number of cycles of &. As it is
well-known ({13} p. 71} that the number of permutations in Sn with g

cycles is |s(n,g)|, the result will follow.

First, we assocliate to 0 a multilinear word: decompose O in cycles

g = (11112/---llu)(Jl/---ljv)(klla--/kw)---

with i = inf {il,...,iu} > = inf {jl,-.-/jv} > k = inf

N

1 1
{kl,...,kw} etc...
Then associate to ¢ the word
W o= a a. & a P ) a - ) ..
1 12 1u )l Jv kl kw

This is clearly a bijection. Moreover, the factorization of w

W o= (ai ...ai Y (a. ...aj Y(a c..a )

1 u Jl v kl kw
is just the decomposition of w into Lyndon words, see [8]. Denote by
[u] the Lie polynomial which corresponds to & Lyndon word in the
Lyndon basis of ¥<A> (ibid.). If w = ul...uq is the decomposition of

w into Lyndon words, then let

o1 = twl = 2 luggyl--- o (g

(=4 S
q
Let B be a subset of A. Let MB be the set of multilinear words which
have exactly B as set of letters. Let EB be the space generated by MB
4 q
and VB = U 0 EB. Then the space VB = Z <a> N EB admits as & basis

the set of

[ul, u e MB, u Lyndon, see [8].
Now, let 1=g=n. By homogeneity, the space v9 s generated by the
polynomials

(Pl/..-/Pq)

where Pi € VB for some partition A = U Bi' This shows, by
1 1fifqg

multilinearity, that v9 s generated by the polynomials
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([ull"“'[uq])

where u; € M is a Lyndon word. But there are |s(n,q)| polynomials

B.
i
of this type (by the above bijection); thus nt = 2 dim (Vq) < 2

q a

fs(n,g)] = nt. This shows that these polynomials form a basis of va,
whose dimension is consequently l|s(n,q)!. @O

Example A = {a,b,c}

[abc] = [a,[b/c]]
Vl
[aCb] = [[a,c],b]
[bac] = bfa,c] + [a,c]b
[bcal = [b,cla + al[b.,c] V2

[cab] = cl[a/b] + [a.b]c
3
[cbal] = cba + cab + bca + bac + acb + abc } \

([x,y] denotes xy — y x).

5. Conclusion

In the course of computing the coefficients of the series of Ree, we

were lead to discover several striking facts. First, that the
elements of the algebra of the symmetric group which appear, as
noncommutative polynomials, are idempotents: this 1is a priori not

obvious, due to the fact that they are defined by concatenation and
shuffle of words, and not in term of the product of the symmetric
group.

To explain this idempotence, we have shown that Ree’s series may be
interpreted as the canonical projection of the free associative
algebra onto the free Lie algebra (any enveloping algebra would
however work).

More precisely, in terms of the product of the endomorphism algebra
defined by the Hopf algebra structure of Q<A>, this projection is the
logarithm of the identity; or, the identity is the exponential of the
projection, which seems to be a kind of analogue of the exponential in
a Lie group.

Another surprising fact is that Stirling numbers intervene separately
twice: once, in the coefficients of the idempotents and secondly as
dimensions of the associated representations.

What should be done now is the exact identification of the
coefficients in formula (3.2). Moreover, more information should be
given about the representations of the symmetric group which were
introduced here.

Let me give some more comments . As pointed out above, it 1is
surprising that concatenation and shuffle of words have something to
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do with the composition of permutations. I give here two other
illustrations of this. By the formula of Dynkin - Specht - Wever., one
has for each homogeneous Lie polynomial P of degree n

[P} = n P

o

where the endomorphism P -+ [P} is defined for any word al...an (ai
A) by

[al...an] = [...[al,az},a3],...,an]
(bracketing from left to right}. 1Interpreting (al...an] as an element

e of Q[Sn]a this implies that this element satisfies

i.e. e/n is idempotent (this may be proved as in thecrem 2.1).

Example

[[allaZ]IaB] = aja,a; - ajaa, - ajaa, + ajaja,

= 1 - (12) - (132) + (13)

It is easily shown, moreover that the element {a ...an) of Q[sn] may

1
be factorized as

{al...an] = (1 ~ (12)(23)...{n=-1,n)).~.... (1 - (12)(23)) (1 - (12))

This gives a further connection between Lie brackets and composition
of permutations.
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Added in proof:

The representation of the symmetric group on V1 is obtained by A.

Joyal in a different way: it corresponds to the logarithm in the
theory of species. Moreover, the methods of generating series of
species (more precisely: the "s@ries indicatrices", see [A. Joyal, une
théorie combinatoire des séries formelles, Advances in Maths. 42

(1981) 1-82]) allow him to give formulas for the computation of the
multiplicities of the irreducible components of this representation.
These where computed up to n = 12 by Nantel Bergeron at UQAM. it
seems that, except for the trivial and alternating representations and

. . . . R 1
a few exceptions, each irreducible representation appears in Vv
(personal communicationj).
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A BAKER'S DOZEN OF CONJECTURES CONCERNING PLANE PARTITIONS

Richard P. Stanley#®

Department of Mathematics
Massachusetts Institute of Technology
Cambridge, MA 02139

Many remarkable conjectures have been made recently concerning the
explicit enumeration of certain classes of tableaux. Most of these are
due to or arise from the work of W. Mills, D. Robbins, and H. Rumsey.
Here we will survey the most prominent of these conjectures (omitting
some rather technical refinements). We will for the most part not dis-
cuss the background of these conjectures and their connections with
symmetric functions and representation theory. We will also for the
most part ignore a host of known results which are very similar to many
of the conjectures and which make the conjectures considerably more
tantalizing. The reader should consult the references cited below for
further information.

We begin with the necessary definitions. A plane partition w is

an array m = (ﬂij) of nonnegative integers Wjj with finite sum

i,j>1
7] == ﬂij’ which is weakly decreasing in rows and columns [10]. The
nonzero ﬁij are called the parts of n , and normally when writing exam-

ples only the parts are displayed. Such terminology as "'number of rows

of 1" refers only to the parts of = . Thus, for example,
443211
43311
321
22
1
is a plane partition % with {n| = 38, and with 17 parts, 5 rows, and 6

columns. We now list some special classes of plane partitions.
column-strict: the parts strictly decrease in each column.
row-strict: the parts strictly decrease in each row.

symmetric: Wij = nji for all i,j.

cyclically symmetric: the i-th row of w, regarded as an ordinary

partition, is conjugate (in the sense of {4, p. 21]) to the i-th column,
for all i
totally symmetric: symmetric and cyclically symmetric.
{r,s,t)-self-complementary: 7= has < r rows, < s columns, largest

=t for all 1 < i <r, 1< j <s.

part < t, and "ij + Wr—i+1,s-j+1

*Partially supported by NSF Grant # 8104855-MCS
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Example, Consider the three plane partitions

4431 4432 44321

3321 4331 4222

321 332 321

2 21
The first is cyclically but not totally symmetric, while the second is
totally symmetric. Moreover, the third is (3,5,4) - self-complementary.

A Gelfand pattern (see [3]) 1s a triangular array

a a a

11 “12°°° “1n
-a

422 "%
aﬂﬂ

of nonnegative integers aij which weakly increase in rows and such that

< b . . -
ai-l,j-l—aijiai—l,j for all 2 <1 < j < mn. A Gelfand pattern is

strict if the rows stricly increase. A strict Gelfand pattern with

first row 1,2,...,n is called a monotone triangle of length n

An nxn alternating sign matrix i1s an nxn matrix whose entries are

0, ¥1 , whose row and column sums are all equal to 1 , and such that
the nonzero entries of every row and column alternate in sign. An ele-

ment a5 of a strict Gelfand pattern T is special if 2<i < j < n and

<

3 1,j-1 aij < 351, Let s(T) denote the number of special ele-

ments of T . There is a simple bijection [6] between monotone triangles

T of length n and alternating sign matrices A of length n , for which

s(T) is the number of -1's in A . There is also a simple bijection
(e.g., [2]) between Gelfand patterns with first row An < An—l <rer< kl
and column-strict plane partitions of shape 1 = (Al,kz,...,xn) (i.e.,

Ai parts in row i)} and largest part < n

Example. The seven monotone triangles T of length 3 are given by

123 123 123 123 123 123 123
12 12 13 13 13 23 23
1 2 1 2 3 2 3

All of them satisfy s(T) = 0 except the fourth, for which s(T) = 1.
A shifted plane partition is defined analogously to plane partition,

except that the array (Wij) is defined only for 1 < i < j. Such ter-
minology as "column-strict'" and "number of rows" is carried over in an
obvious way to shifted plane partitions. For example,

554331

4322
11
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is a column-strict shifted plane partition with 3 rows and 6 columns.
Let u be an integer. A column-strict shifted plane partition
(CSSPP) is of class p if the first entry of each row exceeds the row
length by precisely 2u . There is a simple bijection [8] between
CSSPP's of class 1 with < n columns and descending plane partitions

(as defined by G. Andrews [1]) with largest part < n+1l . There is
also a simple bijection between CSSPP's of class 0 with < n columns
and cyclically symmetric plane partitions with largest part < n (see

[8]). A part ﬂij of a CSSPP of class p is special if y < ﬂij < j-itu o,
and we write s(T) for the number of special parts of T

Example. The seven CSSPP's of class 1 with < 2 columns are given
by -

b 3 41 42 43 44 44
3

All of these satisfy s(T) = 0 except the fifth, for which s(T) =1
We now are ready to list the conjectures (as of November, 1985),

together with some related theorems.

Theorem (equivalent to [1, Thm. 7]). The number of CSSPP's of

class 1 and < n-1 columns is equal to

n-1

M sie
An ’ iEO (n+1)!
Conjecture 1 [6]. The number of nxn alternating sign matrices 1is

equal to An

Conjecture 2 [7, Conj. 1][11, Case 10]. The number of totally
symmetric (2n,2n,2n)-self-complementary plane partitions is equal to
An

Note. One can give a bijection [7] between totally symmetric (2n,

2n,2n)-self-complementary plane partitions and shifted plane

partitions 1 = (ﬂij) of shape (n-1,n-2,...,1) such that

n-1 < m.. < n for all parts m.. of =
- 1) - 1)

Note. It is not known whether the number of nxn alternating sign
matrices is equal to the number of totally symmetric (2n,2n,2n)-self-

complementary plane partitions.

Conjecture 3 [6, Conj. 2]. The number of monotone triangles of

length n with bottom entry ag, -7 (equivalently, the number of nxn

alternating sign matrices (uij) with a . = 1) is eqgual to
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Note. One easily deduces Conjecture 1 from Conjecture 3

Conjecture 4 [6, Conjs. 4 and 5]. Define An(x) = 3 xS(T) ,

T

where T ranges over all monotone triangles of length n . Define

BZn+1(X) = I XS{T), where T ranges over all strict Gelfand patterns
T

with first row 1,3,5,...,2n-1. Then there exist polynomials BZn(X) for
which

Bn(x)Bn+1(x) , n odd

A (x) =
o {z B (X)B ,,(x) , n even

Note. For a conjectured explicit value of B 1(1),see1merwte

Zn+
following Conjecture 9.
Note. Conjecture 1 is equivalent to the assertion An(l) = An
n
)
It is not difficult to show [6, Cor. on p. 358] that An(ZJ = 2 Z. In fact,

much more can be said concerning the weight ZS(T) of a strict Gelfand
pattern T , and there are strong connections with the theory of symme-
tric functions. For instance, if oi(T) denotes the i-th row sum of T ,
then it can be shown that

: ZS(T} 01(T)~02(T)'02[T}-63{T) Gn{T)
Xy X, e X
T n
SA(XI,...,XH lﬁigjin(xi+xj),

where T ranges over all strict Gelfand patterns with first row

(An,xn_l+1,...,k +n-1) , and where s, denotes the Schur function (as

1 A
defined, e.g., in [4] or [10]) corresponding to the partition
A= (Al,...,kn)

. . t(n)
Conjecture 5 [6, Conj. 6]. An(S) 3 ”n’ where

m(m-1) , n = Zm
t(n) =

m , o= 2mtl

amd where Hn is determined by the recurrence
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HQ =1, :2n+l _ S?? s Hzn _ % Ezi)‘
M M 2 OM
Conjecture 6 [8, Conj. in Sect. 4]. Define Zn(x,u) = % XS(T)
where T ranges over all CSSPP of class u and rows of length < n . Then

zn(z,p) is determined by the recurrence Zl(Z,U) = 2,

ZZm(Z;U) m

— ut2m+2i-1
ZZm*l(Z’U) i1 m+i
22m+1(2’u) - 2m+1 E P+2m+2i-1
Lo (Z51) i=1 ™t

Note. A strengthening of Conjecture 1 is given by Zn{x,lj = An(x} ,

where An(x) is defined in Conjecture 4 (see [8, Sect. 41]).

Conjecture 7. (see [11, Case 4]). The number of totally symmetric
plane partitions with largest part < n is equal to

To= 0 irirkel
n 1<i<j<k<n 1+3+k-2

Note. It is not hard to show that the number of totally symmetric
plane partitions with largest part < n is also equal to
a) the number of row-strict shifted plane vartitions with
largest part <n ,
b) the number of order ideals of the poset L(3,n) of
Ferrers diagrams fitting in a 3 xn rectangle, ordered by inclusion,
c) the sum of the minors of all orders (including the
void minor equal to 1) of the matrix whose (i,j)-entry is (;) for
0<i, j<n-1.
Note. All quantities arising in connection with Conjecture 7 have
natural g-analogues. The q-analogue of Tn is
. 1. i+j+k-1

Thla) = l<i<j<ksn 1-q TITk2

The q-analogue of the number of totally symmetric nlane nartitions with
largest part < n is the polynomial Né{B;q) defined in [11], where

B = B(n,n,n) and G = 53 The q-analogue of (a) is just Iq " ]
summed over all 7 satisfying (a). The gq-analogue of (b) is Iq s

summed over all order ideals I of L(3,n) . Finally, the g-analogue of
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im(ﬁ 1) .
(¢) corresponds to the matrix with (i,j)-entry g ?

0 <i, j<n-1. As in Conjecture 7, the last four quantities are known

to be equal, and are conjectured to equal Tn(q)

Conjecture 8 (D. Robbins, et al.; see {11, Case 9]). The number of
cyclically symmetric (2n,2n,2n)-self-complementary nlane partitions fis

2
equal to An'

Note. It is not known whether the number of cyclically symmetric
(2n,2n,2n)-self-complementary plane nartitions is the square of the
number which are also symmetric (Conjecture 2}. Perhaps there is a bi-
jection which shows the equivalence of Conjectures 2 and 8 without

proving either one.

Conjecture 9 (implicit in [8]). The number Fn of nxp alternating
sign matrices which are invariant under a reflection about a vertical

axis is given by the recurrence

6n-2
F2n+1 ,( 2n )

Fon-1 2 2&1)

Note, It is easy to see that F. (1) , as defined 1in

2n+1 = B2n+1
Conjecture 4. Moreover, the number of strict Gelfand vatterns [aij)
with first row 1,3,...2n-1 which are "flin-symmetric’, in the sense

that a.. + a

i in+i] 2n for all 1 < i < j <n , is equal to P, ., as

defined in Conjecture 12.

Conjecture 10 [7, Conj. 5]. The number of nxn alternating sign
matrices which are invariant under a 180° rotation is equal to the

quantity Hn of Conjecture 5.

Note. It is not known whether Conjectures 5 and 10 are equivalent,
i.e., whether B't(n]An{SJ is equal to the number of nxn alternating

sign matrices invariant under a 180° rotation.

Conjecture 11 (D. Robbins; see [9, Sect. 3.5]). The number Qn of
nxn alternating sign matrices which are invariant under a 90° rotation

is given by the recurrence

A
3n+1
=1 Q4n+3 =( n )
Q]_ - ’ Q4n+2 - [ Q4n+1 —_2-—_

&y
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2 3n-1
. 3n+2
Q4n+5 - 3(3n; ) Q4n 2( o )
[ - 77 Q T T n
Quan+3 (21:1) 4n-1 M

Conjecture 12 (W.H. Mills; see [9, Sect. 4.2]). The number Pn

of nxn alternating sign matrices which are invariant under reflections

in both a horizontal axis and a vertical axis is given by the recurrence

Pp=1,p, =0,
6n-3
6n- (3n-1)(5, _7)
Punez D) GoT  Prig 2n-1
P h 4n P b fn-2
inel o (dnrl) 5p -1 gn-1) Gpoy)

Conjecture 13 (D. Robbins; see [9, Sect. 3.7]1). The number Xn

of nxn alternating sign matrices which are invariant under reflections
in both diagonals satisfies X1 =1,

. 3N
?2n+1 (n)

X T Zn-1
2n-1 ( n )

Note. There are no conjectures at present for the cardinalities of
two additional symmetry classes of nxn alternating sign matrices, viz.,
those that are symmetric matrices (i.e., invariant under a reflection
in the main diagonal), and those that are invariant under the full sym-
metry group of the square. Call these cardinalities En and Kn , res-

pectively. Moreover, no conjecture is known for X as defined by Con-

. Zn
jecture 13,

Note. There are a total of ten symmetry classes of plane partitions
with < r rows, < s columns, and largest part < t [11]. Seven of these
classes have been successfully counted, while the remaining three cor-
respond to Conjectures 2, 7, and 8.

Note. In [9] many of the above conjectures related to symmetry
classes of alternating sign matrices are strengthened by considering
various weights on the 4lternating sign matrices under consideration.
There also appear some surprising connections between different symmetry
classes (which follow from the conjectures themselves, but which
perhaps «can be proved independently). For instance, it fol-

lows from Conjecture 5 above that HZn = Zn{l,O)An (a special case of
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[9, Conj. 3.3.1]), and from Conjectures 1,5, and 11 above that
- _ a2 .2
g = AnHZn’ Un+1 = Apfoners Un-1 = Aaflon-1 (a special case of [9,
Conj. 3.5.11).
We conclude with a table listing some of the values of the functions
discussed above. Many of these values are taken from [9]. An entry

marked * denotes a number of eight digits or more whose value we omit.

n 1 2 3 4 5 6 7 8
An 12 7 42 429 7436 218348 *
H 1 2 10 25 140 588 5544
T 2 5 16 66 352 2431 21760 252586
21,002 5 20 152 1452 26741 826540 %
*
B, . 101 3 26 646 45885 9304650
Q, 1 0 1 2 3 0 12 40
P, 1 1 1 2 6 33 286 4420
X 1 2 3 8 15 52 126 568
5, 1 2 s 16 67 368 2630 24376
1 01 1 2 24
Ky ! 13 46 8
Moreover: Qg = 100, QlG =0, Qll = 1225, le = 6860,
Xg = 1782, X o = 10436, X, = 42471, X , = 323144, X , = 1706562,
X 4 = 16866856
Ky, = 1516
Bl(x) = Bz(x) = BS(X) =1, B4(x) = 6+x, Bs(x) = 24X,
By (x) = 60+70x+12x +x>, B,(x) = 6+13x+6x’+x>, By(x) = 840+
3080x + 3038x% + 1224x> + 195x" + 20x° + x0, By (x) = 24 + 136x + 234x°

176}(3S + 63x4 + 12x5 + x6

() = 2, Z,(2,w) = 2(u+3), Z(2,w) = 4uen)?, 7,(2,)
et wes) e, 25(2,) = S tues)uen .
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Combinatorics of Jacobi configurations I

Complete oriented matchings

Volker Strehl
Institut fuer Mathematische Maschinen und Datenverarbeitung I
Universitaet Erlangen-Nuernberg

D~8520 Erlangen, Fed.Rep.Germany

Abstract:

The first combinatorial model for the Jacobi polyncmials
has been introduced by Foata/Leroux (Proc.AMS 87(1983)).
Here a second model - complete oriented matchings - is
presented and the equivalence of both models is proved
combinatorially. The new model allows rather simple
derivations for a number of explicit expressions for
generating polynomials for either kind of configurations
- this fact is illustrated in special cases related to
the Gegenbauer polynomials.

0 Introduction

The investigation of identities for special functions from a combina-
torial peint of view has attracted gquite a number of authors in recent
years. The reader is referred to A.Garsia's "statement of policy” in
[GR] and to the survey articlie by D.Foata [F2]. Two particularly nice
examples of combinatorial approaches to identities in classical analy-
sis are
- the derivation of Mehler's formula for the Hermite polynomials,
based on the "superposition” of involutions, by Foata [Fi1];
- the derivation of Jacobi's ¢generating function for the Jacobi
polynomials using an endofunction-~model, by Foata and Leroux [FL].
The present article is related to both of these examples. Indeed, what
is presented here is a new combinatorial model for Jacobi polynomials
- complete oriented matchings - equivalent to the Feoata-Leroux model in
a nontrivial way, (the proof of equivalence is the major result of this
article), and based on fixed point free involutions and the idea of
superposition (=joint action} of involutions. This model has the advan-
tage of being easier to handle in some situations, in particular when

one considers special cases related to the Gegenbauer polynomials, and
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of being very close to the methods used in [ST] for the generalized
Hermite polynomials. The first of these aspects will be lllustrated in
the second half of this article.

The notion of "Jacobi configuration" in the title of this article re-
fers to combinatorial configurations related to Jacobi polynomials:
the endofunctions of Foata-Leroux, the complete oriented matchings in-
troduced here, and possibly others. More methods and results about
Jacobi configurations will be presented in subsequent articles (e.g.
material related to generating functions, recurrence relations etc).
For a combinatorial treatment of the "basic” properties of the Jacobi
polynomials the reader is referred to [LS], where a slight extension
of the Foata-Leroux model is used.

Due to the lack of space the present article definitely suffers from a
lack of illustrative examples. The reader should consult [FL] for gra-
phical illustrations of Jacobi endofunctions, and he should try to vi-
sualize the proofs given here by drawing his own examples of complete

oriented matchings.

1 Definitions and notation - Statement of the main result

Let S denote a finite set. The set JAC(S) of Jacobi endefunctions on S

is the set of all pairs ((A,B),f) where (A,B) is an ordered bipartition
of S(i.e. AUB=S) and f:S——>»S is an endofunction such that its restric-
tions f|A:A~——>S and f|B:B—>S are both injective. JAC(A,B) will

denote the set of all Jacobi endofunctions using the bipartition (A,B).

We will denote by cyc(f) {(cyc(f|A} resp., cyc({fiB) resp.} the number of

cycles of £ ((f|A) resp., (f|B) resp.) , i.e. the number of type-m
{type-a resp., type-b resp.) connected components in the terminology of
[FL]. An element X €S is said to be regular (singular resp.} with
respect to {{A,B),f) (or simply: w.r.t. £} if lf_l{f(x)}i=2 (=1 resp.}.
The number of regular points of f is 2*(|S|-{f(S)]|) = 2*def(f), where
def(f) denotes the defect of f. The function f is reduced if it has no

singular points - in this case |S| must be even. The notation JACrEd(S)

and JACred(A,B) refers to reduced Jacobi endofunctions.

For any finite set S let #S denote a copy of 5. This can be used to
form the set <S> := Su#S . The sign # will also be used to denote

the obvious involution acting on <S>. By a complete matching on <S> we

mean any fixed point free involution s of <S>; CM<S> will denote the
set of all complete matchings on <S> . For any s &€CM<S> we will write

its transpositions as (unordered) pairs ({(x,y}, where x4y and s(x)=y.
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A transposition {x,y} is said to be positive (negative resp., mixed

resp.) if both (none resp., exactly one resp.) of x and y belongs to S;
pt(s) (nt(s) resp., mt(s) resp.) denotes the number of positive (nega-
tive resp., mixed resp.) transpositions of s. Note that

pt(s) = nt(s) and pt(s)+nt(s)+mt(s) = |S]|
s is reduced if it has no mixed transpositions. The joint action on S
of a complete matching s € CM<S> and # induces a set of connected com-
ponents ("s-#-cycles", see [F1] for an interesting application of this
fact), the cardinality of which is denoted by cyc(s).
Let now a,b be two distinct symbols ("colours"). The set COM<S> of

complete oriented matchings consists of all pairs (s,c) where

s € CM<S> c : <S> —> {a,b} ,
which satisfy the usual compatibility condition:

s(x) =y == c(x) # c(y)
For any bipartition (A,B) of S we let COM<A,B> denote the set of those
(s.c) € COM<S> such that A = c Y({a})aS, B = c Y({b})nS. The notation
cOoM <S> and COMr

red
matchings.

ed<A,B> will be used for reduced complete oriented

Apart from Jacobi endofunctions and complete oriented matchings the
following classes of configurations will be used in the sequel:
BIJ(A,B) : the set of bijective mappings from A onto B , where it is
understood that A,B are disjoint ,finite sets of equal cardinality;
LAG2(A,B) : the set of two-colored Laguerre configurations, i.e. the
set of constructs (((Al,Az),B),f) , where (Al'A2) is an ordered
bipartition of A, A and B are disjoint finite sets, and f is an in-
jective mapping from A into AuB.
(Thus ((A,B),f) is a Laguerre configuration in the sense of [FS] -
see that article for a justification of the terminology).

We are now ready to state the main result of this article.

Theorem: For any pair (A,B) of disjoint, finite sets
there is a bijection
F : JAC(A,B) ——> COM<A,B> : f p—— (sf,cf)
which satisfies
cyc(f) = cyc(sf) and def(f) = pt(sf)

In particular, JACred(A,B) is mapped onto COMred<A,B>.

As will be evident from the proof given below, connectivity is pre-
served by F in the following sense: X,ye€ AuB are in the same compo-
nent w.r.t. £ (i.e. there exist m,n>=0 s.th. fm(x) = fn(y) ) if and

only if they are in the same s_-#-cycle (i.e. there exists r>=0 s.th.

£
(Sf°#)r(x)=Y or (Sf°#)r(x)=#(Y) ).
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illustration: Let §S = (1,2,...,7}; an element s € CM<S>», given by its
set of transpositions {{1,4},{2,#2},(3,#4),{(#1,#3},(5,#7},{6,#5},{(7,#6}}
may be visualized by

#1& #2 / #3 #4 #5 #6 #1

where the dashed lines indicate the action of the involution #.

One observes : cyc(s) = 3, pt(s) = nt(s) = 1, mt(s) =5

Let now c:<8> —> (a,b} be given by
C_l((é)) = {1,2,3,6,#3,#6,#7} , C-l((Q)) = {4,5,7,#1,#2,#4,#5}
Then ¢ is compatible with s above, as is clear from the visual

presentation:

1f/' 2 3 “\?4 5 6 7

#1 \ #2 ) #3 #4 #5 #6 #1

Indeed, (s,c) belongs to COM<A,B>, where A={(1,2,3,6} and B={4,5,7}

2 Proof of the theorem

The proof given in this section uses the idea of recursive descent,

thus the bijection F, as announced in the statement of the theoren,

is not given explicitely. It is possible to give an explicit descrip-

tion of F, but here we have decided to present the recursive method

for two reasons:

- it is considerably more elegant;

- it introduces in a very natural way the important concept of 'order'
(see the comment at the end of this section).

Our recursive proof is based on the following four facts:

(I) For any finite set S:
~ . =
Jac(s) ¥ @} JAC__4(D) X LAG,(E,D) ; DuE=S, |D| even !
(II) For any finite set S of even cardinality:
JAC _4(S) ¥ G;; JAC(A) x BIJ(A,B) ; AuB=S, |A|=|B| !

(III) For any finite set S

~

com<s> ¥ @@ | COM__,<D> x LAG,(E,D) ; DUE=S, |D| even |
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{IV} PFor any finite set S of even cardinality

com_ <85> = @} com<A> x BIJ(A,B) ; AuB=S, |A|=[B} |{

"

Here "..=.." is to be read as: "there is a bijection between .. and ..",
the @indicates a disjoint union. In the following the proofs of these
facts will be indicated, i.e. the decomposition of objects appearing

on the 1l.h.s. of (I)~(IV) into pairs appearing on the r.h.s. is given,.

The reader may verify that these decompositions are in fact reversible.

Proof of (I) : For any ((A,B),f)e JAC(S) let Df (Ef resp.) denote the

set of regular (singular resp.) points of f. For xeDf let g(x):=fm(x),
where m is the least i»=1 such that fl(x) eDf. For erf let hix):=f(x).
One checks that

((Aan,Ban),g)GJ’ACred(Df) and {{{(AnE BnEf)Df},h) € LAGZ(Ef,Df)‘

£

Proocf of (II) : For any ({A,B),f}eJACred(S) let Af:={xeA;f(x)eA} and
Bf:={xeA;f(x)€B}, i.e. A =Anf-1{A} and B =Anf~1(B). For x€ A define

£ £
g{x):= the unique vye€ A s.th. f{f{x})}=£f{y) .
h{x):= the unique y€ B s.th. f{x)=£f(y)

One checks that ((Af,Bf),g)aJAC(A) and h€ BIJ{A,B).

Proof of (III) : For any {(s,c) € COM<S> let Ds (E_ resp.) denote the

s
elements of S belonging to positive (mixed resp.) transpositions of s.

We then define (t,d)e€ COMr <Ds> as follows:

ed

for xeDs : t(®):=s(x) and d(x):=c(X) ;

for x€#D_ : let xS:=(#es)m(x), where m is the least i>=0 such that
(#es)l(x) belongs to a negative transposition of s; we now put
t{x):=the unique ye¢ #Ds s.th. (xs,ys) is a negative transposition

of s, d(X):==C(xs)

On the other hand, an element of LAGZ(ES'DS) is given by
((AnEs,BnEs),Ds,h}, where h(x):=#.s(x) for ers

Proof of (IV) : For any (s,c) € COM__ <S> let AC:=C_1({§})nS and
Bc:=c-1((§}}ns. An element (t,d) eCOM<AC> is then specified by the
following reguirement: transpositions of t are those pairs {x,y} where

X,y€ AC and ({#x,#y) is an s-transposition,

xeAC,#ye AC and (#x,#s(y)) is an s—-transposition,

#xeAC,#ye AC and {#s(x),#s(y)} is an s-transposition

An element hEBIJ(AC,Bc) is given by h(x):=s(Xx) (xeAc).
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The proof of the theorem uses facts {(I)-(IV} inductively. Let
Jac := @ Jac(s) ; S a finite set { ,

and define JAC COM, and COM similarly. From the proofs

red’ red
of (I) and (III) we have "reduction” mappings

R : JAC —> JAC _, : ((A,B).f) t—> ((AnD,BnaE.),g) .
R : COM —> COMred : (s,c) p—> (t,d) ,
and from the proofs of (II1) and (IV) we have "contraction" mappings

C : JAC_ 4 —> JAC : ((A,B),f) p—> ((Af.Bf),g) ,

Cc : COMred -— COM : {(s,c) p—> (t,d)}

Repeated application of reduction-contraction pairs will make any
configuration disappear eventually, since each contraction reduces
the "size" by one half. This leads to the concept of "order" for
both Jacobi endofunctions and complete oriented matchings:

The sets JAC(k) (

(JACr resp.) of Jacobi endofunctions {reduced

k)
ed
Jacobi-endofunctions resp.) of order k are defined inductively by:

(0)y . _ .
JACred (ﬁ) , where ¢ denotes the empty function ;
JAC(O) = R—I(JAC;gé) , which is the set of all {({(A,B),f)

with f a permutation of AuB ;
gac'®) = ¢ rgact® )y for k50 ;

red
sac®) .= r7Ygac!®) ), for k»0

red

Similar definitions apply for (reduced) complete oriented matchings:

(0) - 5 .
COMred = {¢} , where ¢ denotes the empty matching ;
COM(O) = R—l(COMégé) , which is the set of all (s,c) s.th.
s has mixed transpositions only ;
com!¥) = ¢ licom®*1Y) | for kso ;
red
(k) _ p1 (k)
COM = R (COMred) , for k>0

(0) (o),

Note that there is a local correspondence between JAC and COM
where "local" means that this correspondence exists between JAC(O)(S)

and COM(O)(S) for any finite set S

{{A,B},f) > (s,C) , where the transpositions of s are given by
the pairs {x,#f(x)) for x€S; ¢ is determined by
¢ Y((a))ns = &, ¢ 1({(b))nS = B, and c(x) % c(s(x)) for X€S.
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This local correspondence can be lifted to a local correspondence
between {reduced) configurations of order k, for any k>0, using (I)-{IV)

inductively:

JACLEA{S) Y @ sac'® 7 (a) x BII(A,B) ; AuB=S, |A|=|B| |
* @} com* ) (a) x BI3(a,B) ; AuB=s, [A]=|B| |
¥ comi§é<s> ,

sac™®) (s) ¢ P JACLE;(D) x LAG,(E,D) ; DUE=S, |D| even |
¥ @ comégé(n) x LAG,(E,D) ; DuE=S, |D| even |
¢ com™®) cs>

This concludes the proof of the theorem.

Comment: The notion of 'order' introduced here for both Jacobi endo-
functions and complete oriented matchings is closely related to the
concept of ‘register number' {of a binary tree) in computer science.
See Francon's recent article [FR] for an exposé and further references.
For the Jacobi endofunctions this observation is not too surprising if
one looks at the visualization via 'Catalan trees' in [FL]. This
interesting aspect will be pursued in more detail in a subsegquent ar-
ticle. The reader is referred to M.Vauchaussade's thesis ([{VA]) for

an in depth treatment of 'order’' phenomena in trees, paths, microbio-

logical structures etc.

3 Generating polynomials associated to complete (oriented) matchings

In this section two families (Qlflx’g)(x,Y))r»=O and (Rélx’s)(X,Y))n>=0
of generating polynomials related to complete (oriented) matchings -
hence to Jacobi endofunctions via the theorem - are introduced; their
relation to the familiar Gegenbauer polynomials will be studied in the
next section. In this article we do not aim at a complete treatment of
analytic properties (generating functions, recurrence relations,
differential formulas etc.} of these polynomials -~ this will be done
elsewhere. The main purposes of this section are

-~ to demonstrate that the combinatorial model of (oriented) complete

matchings leads to analytical results in a simple and elegant way;
- to provide the necessary information for the two applications given

in the next section,
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For a positive integer n let [n}:={1,2,...,n}; we will write <n> in-

stead of <[n]>. Let 3,5 be variables. Each s €CM<n> will be weighted by

w(s) := goYC(S)u(pE(S)

For n>=1, we define the generating polynomial

Q,(Jg'g)(x) = 34 w(s)*x"(8) ;s ecmen> |

As an illustration, the s € CM<7> shown at the end of sec.l1 will contri-

bute 33*81*x5 to the polynomial Q%X'slx).

It will be convenient to consider also the homogeneous polynomials

Q;ﬁxs) (X,Y) := (X_Y)n*QI(iﬁ’S}((X+Y)/(X-Y))

Each (s,c) € COM<n> will be given the weight

fa_L 1B
z{s,c) := w(s)*X Cley © ,
where Ac=c“1((a})n[n] . B,=c '((b})aln], as in the proof of the theorenm.
We then define for n>=1:
S
RY(IX' Y(x,Y) := > § z(s,c) ; (s,c)ecom<n> |

Again, as an illustration, the (s,c} € COM<7> shown at the end of sec.l

will contribute X3*81*x4*y3 to the polynomial Rég’s)(X,Y)

Proposition: The polynomials Q;‘&'g)(x,Y) and Rét’g)(X,Y) are
"inverse!" to each other via the substitution

(X+Y)/2 + (XY)l/2 .

u(X,Y)

V(X,Y) (X,Y)/2 - (xy)}/? .

i.e. one has

ROES) (%, = L8 win, vy vy

Qég's)(X,Y) = Rég’s)(u(X.Y),V(X,Y))

Proof: It suffices to prove the first one of the two foregoing

identities since the {u,v}-substitution is involutive:
u(u(xX,Y),v(X,Y})=X , v(u(X,Y),v(X,Y)}=Y
Substituting into Qn we get
Qé‘i'g’(u(x,w,v(x,y)) =

mt(s)

n-mt(s)

Y3 wis)*[u(X,¥)+v(X,Y)] [u(X,Y)-v(X,Y)]

3§ wis)exar)™ 80w [axy PEIS)s 2"t (8), 5 e comen> |

seCM<n>

)
§
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But extending s €CM<n> to (s,c) € COM<n> can be done in 2R ways,
"orienting" each of the n transpositions independently.The contribution
to z coming from each

mixed transposition is {X+Yi*wi{s) ,

positive transposition is 2XY*w(s) ,

negative transposition is 2*w(s) .,
so that the last summation can be written as

2:; z{s,c) : {s,c) € COM<n> % ,

which proves the proposition.

The polynomials Rég’s)(x,Y) can be written in a rather explicit form

due to the following result.

Proposition: For any pair of disjoint,finite sets A,B with |A|=a,|B|=Db
. ! = * -a ~b
2 i w(s) i (s,c)ecoMca,B> | = (P, . 2F1[(g+1)/2's] :
where (X)n denotes the rising factorial 8*8*1*---*X*“‘1 , and 2F1
denotes the familiar hypergeometric series, which terminates in

the case under consideration.

Proof: For convenience, let A={1,2,...,a} and B={a+l,a+2,...a+b}. An

arbitrary element (s,c)€& COM<A,B> can be constructed by the following

stepwise procedure:

1) choose some k {s.th. 0<=k<=min{a,b)) and k-subsets A'S€ A, B'EB ;

2) choose a bijection r between A' and B' {representing exactly the
positive transpositions of the s under construction} ;

3) extend r to a complete matching s of <a+b> without adding any
positive transpositions ;

4) introduce an orientation for each of the k negative transpositions
of s

We have (E)(E) choices for step 1), k! choices for step 2), and 25

choices for step 4). The crucial part is step 3), for which the

reader is urged to verify for himself the following

Lemma: Choose any set of k transpositions in [n]}, where 0<=k<=|n/2].

cyc(s)

Summing by over the set of all those s COM<n> which have

exactly these k positive transpositions gives

(§426) g (872028

{Note that for k=0 we are back to the familiar counting of permutations

classified by their number of cycles).
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Modulo this lemma the proof of our proposition is now complete:

S { w(s) ; (s,c)€COM<A,B> | =

= D D grar) L, K (/2 22Re2X =
k

-3 (-a) M) oy gk
KT ((§+1172)

kK
corattary: &) ;{FP kw3 pr [ TR ]
(%) N -
(¥, 1) _ n n +1 ¥+1 B n-k_k
o) RE 0y - g7, 2! 7 P rmmkl XY

Part a) is obvious from the previous proposition and the definition of
Rn; part b) follows from a) by the well known evaluation of 2F1 for
unit argument, see e.g.[RA],$32. It is not necessary, however, to make
use of this classical fact. One may prove b) directly from the combina-
torial model; the rest of this section is devoted to a sketch of such a

proof.

Note that part b) of the corollary is equivalent to

+1 ¥+1

(&t
2

> *CYC(S);(S,C)€COM<A,B> N I
a+b
for disjoint, finite sets A,B with [A|=a, |B|=b. Let us write 1l(a,b)
(r(a,b) resp.) for the l.h.s. (r.h.s resp.) of this identity; both are
polynomials in the variable X. This is not obvious for r(a,b), but it
is easily veryfied that r(a,b) can be written as

r(a,b) = [I{¢+i; i€l(a,b) | ,
where I{(a,b) contains all the even numbers i such that 0<=i<a+b and all
the odd numbers j such that 2*min(a,b)<j<a+b or 2*max{a,b)<j<2*(a+b).
This presentation leads to:

r(a+b,0) = (§)_,p .

(f+2a+1)*r(a+l,b-1) = (¥+2b-1)*r(a,b) s
which can be shown to be equivalent to the recursion

r(a,0) (§)g » r(0,b) = (8‘)b ,

r(a,b) = a*r(a-1,b) + (x+2a+b—1)*r(a,b—1)

Thus it suffices to verify the same recursion for the polynomials
l(a,b). The boundary conditions l(a,O)=(X—)a and l(O,b)=(xﬁb are satis-
fied since in this case we are simply counting cycles of permutations
(cf. the argument in sec.2). For the recursion identity we will employ
a mapping

COM<A,B> —> COM<A,B'> uéEEOM<A\{x),B‘u(x)> : (s,c) p—>(s',c")
where, for convenience, we may assume that

A={1,2,...,a}, B={a+l,a+2,...,a+b}, B'=B\{a+b} with a>0 and b>0.
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Several cases have to be considered:

1) if s(a+b) = #(a+b), then (s',c') is nothing but the restriction of
(s,c) to <AuB'>;

2) if s(a+b) § #(a+b), let s(a+b)=1i and s(#(a+b))=j. Then {i,j} will be
a transposition of s' and the other a+b-2 transpositions of s' are
those of s which are contained in <AuB'>. c¢' will coincide with ¢ on
the set <AuB'>\({j} and c'(j):=b.

The following subcases occur:

1) c(#(a+b))=a ;

2) c(#(a+b))=b and je #(AuB') ;
3) c(#(a+b))=b and jeA

Note that (s',c') belongs to COM<A,B'> in cases 1, 2.1, 2.2, and to

COM<A\{Jj}.B'u{Jj}> in case 2.3, where j varies over A. Note further

that cyc(s')=cyc(s) in case 2, whereas cyc(s')=cyc(s)-1 in case 1,

and finally, that the following multiplicities occur: 1 in cases 1

and 2.3, a+b-1 in case 2.1, and a in case 2.2. Putting all this

together gives

l(a.b) = t*l(a,b-l) + (a+b-1)*1(a,b-1) + a*l(a,b-1) + a*l(a-1,b)
a*l(a-1,b) + (X+2a+b—1)*l(a,b—1) .

as desired.

4 Two applications:

Gegenbauer polynomials and an identity of Tricomi's

In this section we will show how the polynomials Qgt’s)(X,Y) and
Rgx's)(X,Y) introduced in the previous section are related to Jacobi
polynomials, and more specifically to Gegenbauer polynomials. Using the
homogeneous version of the Jacobi polynomials as introduced in [FL]
f@r(l“'(;)(x,\z) = 2 (Mr(ieweg) x(asfeny sxivd
i+j=n J
which are related to the Jacobi polynomials P;N'ﬁ)(x) in their

standard notation (cf. e.g. [ER], [RA], (SM]) simply by

?r‘l“'@’(x,‘z)

n!*(X—Y)n*Pr(l‘X’(s)((X+Y)/(X—Y)) ,
ne (%Rl = PP () /2, (-1 /2) :

we find from part b) of the corollary that

()
(§.1) - n ((F-1)/2, (f-1)/2)
Rn (X,Y) ((X+1)/2)n*§L (X,Y)



305

Thus we may write
(¥ 1) _r¥e
ROV (xv) =58 2x,0)

where(jn(X,Y) denotes the homogeneous Gegenbauer polynomials:

2

o (XFY)/{X-Y))

.C%{X,.Y) = ni*(x-Y)%*c

Here Cﬁ{x) refers to the standard notation for Gegenbauer polynomials
see e.g. the references cited above.
Refering now back to our theorem in sec.1 and the work of Foata/Leroux

in [FL], we can state:

Corollary: The homogeneous Gegenbauer polynomials {%72(X,Y) are

related to Jacobi endofunctions JAC in two different ways:

S pSYetEaxlBlyIBl a8y, )€ Jaciny § =

=¥V oy =LY 2x,0) =

- 3§ dEyevettinreyetfIB) IAIyIBI, ((a,5),£) e sactnl}.
Thus two essentially different valuations on the "species" (in the

sense of [JO]) of Jacobi endofunctions - one of them counting all
cycles, the other one counting only type-a and type-b cycles - lead

to the same generating polynomial.

As to the polynomials Q;g'g)(X,Y), we will now use their nonhomogeneous
version Qégns)(x), as introduced at the beginning of section 3. The

combinatorial definition given there leads to the

Lemma: The polynomials Qég's)(x) are determined by the recurrence

Q%) () = 1

o9 (x) = (iznrgiox + -x?) (asa)] oéx'g’(x)

n+1

Proof(Sketch): We consider the mapping CM<n+1> ——» CM<n>:sp—>s’
underlying the mapping {s,c)p——>(s’',c') in the proof of part b} of
the corollary (end of section 3). We have no colors a,b here, but we
have to take care of the number of positive (counted via § ) and mixed
(counted via xX) transpositions. Note that

pt(s')=pt(s) and mt{s')=mt{s)-1, unless i€[n] and j€ #In].
In this latter case we have

pt(s')=pt(s)~1 and mt(s')=mt(s)+1.
This is exactly what the correcting term (8—x2)(d/dx) takes into
account, the derivative introducing mt(s') as a factor (= number of
possibilities for selecting a mixed transposition in s'é€ CM<n> when

going backwards to some preimage s € CM<n+1>}.
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Corollary: The polynomials QLX’S)(X) are given by the Rodriguez type
formula: Qé$'5)<x) = G-x) P2 Gy g2 " (D)

This follows from the lemma by a simple induction.
We are now ready to re-~read the inverse relations from the first propo-

sition in sec.3; replacing X by (x+1)/2 and Y by (x-1)/2 we find:

Corollary: The polynomials Qgg’S)(x) are related to the Gegenbauer

polynomials Ca(x) via

Qég's’(x) = n!*(x2—5)n/2*0§72(x/(xz“S}l/z)

For the proof we make use of
8 2 1 1/2
Q{82 () = §7/ 28 1) (/812
- which follows from the definition of these polynomials - and

RO 1) () = nixe¥/ 2y,
n n

This last result goes back to Hermite([HE]) in the case g=5=1, and to
Tricomi([TR]) in the case $=1, see also [ER],,vol.II,sec.10.9,p.178,
and [SM],sec.8.1,p.409. A different combinatorial approach to Tricomi's

identity has been presented by Dumont ({DU}}.
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ABOUT THE INEQUALITIES OF ERDUS AND MOSER
ON THE LARGEST TRANSITIVE SUBTOURNAMENT OF A TOURNAMENT*

Claudette Tabib
Collége Edouard-lontpetit
945 Chemin Chambly, Longueuil,
Québec, Canada, J4H 3M6

1. INTRODUCTION

By using the properties of homogeneous towwmaments, the upper bound {for Zhe
values n < 78) and the Lowen bound in the estimate of Erdos and Moser, on the Largest
thansitive subtournament of a tournament, are improved. Two homogeneous fournaments
of onden 27 arne shown fo be non isomonphic. In fackt, one ¢f them does not contain
any thansitive subtowrnament of orden 6, whereas the othen does. The Links that
exist between homogeneity and thansitive subtouwrnaments Lead us to find such a sub-
Zownament T; o4 onden 7 in two homogeneous towwaments of onden 31. Several othen
T,'s are found 2o exist in all fouwwmaments of ornden 29, obtained from eifher one oi
the othen of the two fowwaments of orden 31, by deleting any pair of distinet
vertices. Fuwither, existence of, not only one, but at Least three non Lsomorphic
Zowwnaments of orndern 31 which contain no Ty s shown. These Lowrnaments are also
nhomogeneous .

A towwmament T = (V(T), A(T)) is a directed finite graph without loops, in
which each pair of distinct vertices x and y is joined by exactly one of the arcs
(x, y) or (y, x). A homogeneous tournament is a tournament with at least one cycle
such that every arc lies on the same number of 3-cycles. Recall that the order of
a homogeneous tournament is congruent to -] modulo 4 [4]. Let T be a rotational

tournament of order 2n + 1. Label its vertices ug, U;s ..., u,, in such a way that

(Ui, UJ) € A(T) i (u1'+19 uj+l) € A(T),

for every pair of indices i, j; suppose that
= &=>p = .
up =Yg p=gq (mod 2n + 1)
The characteristic X(T) = (X1, Xzs vvus X

{ T, 3f (U, ug) e A(T),

n) of T is defined as follows:

x; =
0, if (uj, uy) € A(T),

for every i =1, 2, ..., n. See Moon [5] or Reid and Beineke [6] for any undefined

terms.

* Research supported by a FCAR Grant (ACSAIR).
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DEFINITION 7. Let v = v(n) be the largest integer such that every tournament
Tn of order n contains a transitive subtournament TV of order v.

As every tournament Tn, n >4, contains at least one transitive subtournament
T,, but not every tournament Tn is itself transitive, the following question arises:

What is the value of v{(n), for each n > 17

ErdSs and Moser {17 (see also [91) gave the following bounds for v(n):

[log,n] + 1 < v(n) < (2 Jog,nl + 1.

2. IMPROVEMENT OF THE ESTINATE OF ERDUS AND MOSER

Denote by T(T) the number of the 3-cycles in a tournament T. From
[3, Theorem 23, it follows that

w() = k(2K - )8k - 1),

if H is a homogeneous tournament of order 4k - 7.

THEOREM 1. Llet H be a homogeneous Ztouwrnament of orden 4k - 1 and T be a
thansitive subfournament of H of orden v, v > 1. Then

{1y hz<lw+ 2){w+ 1), ifv

w+ 1,

-

and
(2) & zél(iw+ Niw+ 1), if v = 2w

PROOF. Consider a transitive subtournament T of order v of a homogeneous
tournament H of order 4k - 1, As

T(H) - T(H\T) = v(2k - 1)k —(;)k

. ;—vk(4k -y -1,

then, by the above remark, we obtain that

i

T(H\T) = 1k(2k - 1)(4k - 1) - 32-vk(4k v =)

(16k?® - 12k + 2 - 12kv + 3v? + 3v).

it

c\}t—: w}L:—-J

Denote by m = 4k - v - 1 the order of H\T; thus

m=2(2k -w-1) =0 (mod 2) s, ifv=2w+1,
and

m=2(2k -w~-1)+1=17(mod 2), ifv = 2w.

[
i
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It follows by [5, p. 9] that

,

§%£(4k S 2w - 2)7 - B(Ak - 2w - 2)], ifvo= 2w+,

T(H\T) < _
§%£<4k - 2w - 1) - (8K - 2w - 1)1, ifv = 2w.
LN
Therefore
%(8k3 - 12k%w + 6kw? + 12kw - 12k% + 4k - w® - 3w? - 2w), ifv = 2w + 1
T(\T) < 4
%{16k3 - 24k%w + 12kw? + 12kw - 12k% + 2k - 2w® - 3w? -~ w), if v = 2w.

L

But as, from what has been obtained above,
'l
%(skﬁ < 12k2w + 6kw® + Okw - 12k% + 4k), if v = 2w + 1,

T(H\T) = <

%{16k3 - 28K*w + 12kw? + Bkw - 12k% + 2k), if v = 2u,
then

Skw s 12kw - w® - 3w? - 2w, if v = 2w + 1,

Gkw £ 12kw - 2w® - 3w” - w, if v = 2w.
It follows that

k = %(w + 2)(w + 1), ifvo=2w+1,

K2 How+ 1)(w+ 1), if v

6
t /5 + %;] .

PROOF. Consider a homogeneous tournament H of order n = 4k ~ 1. If T is a

2W. 0

NS

THEOREM 2. wvin) = [—

transitive subtournament of H of order v, then

%~(V . L 2)(1~§A1-+ 1), if v is odd,

5v+])@w»g, if v is even,

by Theorem 1. Therefore
kK > i%{v + 2)(v + 1),

It follows that
3n + 32 v + 3v + 2,

which implies, by Definition 1, that



3N

v{n) s [}%—+ /3n + %%J . !

Theorem 2 gives us a better estimate for the upper bound of v(n) than that
of Erdds and Moser, for the values n < 78. Figure 1 allows to compare the values of

f(n) = [2 Tog,n] + 1

with those of

g(n) = [—%%' /3n 1\%3‘]

forn =2, 3, ..., 100.

15 eccessclvecd
FY o 00000000000 444444444
13~ HiH0000008be4 414 14344 44
P2 44 HE 4 edec0c0
1l HEHH P BEOACO0
10w Hititdtd [eececcoel

9 Riasatid eeceecel

& b 4 ceoce t:]

7 - H4 00060

Figure 1. The upper bounds f{n} and g(n} of v{n).

We are seeking to determine the exact value of v(n), n > 1. We will present,
in the following, examples for some small values of n:

a) v(2) = v(3) = 2.

b) Consider the rotational tournament of order 7 whose characteristic equals
(1, 1, 0). This tournament contains no transitive subtournament of
order 4. As v{n) 2 3 for n 2 4, it follows that

v(d) = ... = v(7) = 3.

¢) Likewise, the rotational tournament of order 13, the characteristic of
which is (1, 1, 1, 0, 1, 1), contains no transitive subtournament of
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order 5. But, v(n) 2 4 for n = 8, by the inequalities of Erdds and
Moser, then
v(8) = ... = v(13) = 4.

For all these values of n, the lower bound [log,nl + 1 of v{(n) is thus
attained. Erdds and Moser [2] conjectured that

v(n) = [log,nl + 1

for all n > 1.

THEOREM 3. Eveny towwnament of orden 14 contains at Least one trhansitive
subtournament of orden 5.

Because Timitation on space precludes the presentation of the proof of this
theorem in this paper, the interested reader may find it in [10, Chapter 5]. The
method used in the proof is simple, new and entirely different from that employed
by Reid and Parker [8].

COROLLARY 4. wvin} 2 5, fon n 2 14,

Thus, the conjecture of Erdos and Moser is false for n = 14, The next result
allows us to obtain a best estimate for the Tower bound of v(n).

COROLLARY 5. wvin} = [@(;gz %] + 5, 02 14,

PROOF. Let T be a tournament of order 7 x Zk, k 2 7. There certainly exist
a vertex u and a subtournament $§ in T, of order 7 x Zk", each vertex of which is
dominated by u. By induction, if we suppose that S contains a transitive subtourna-
ment with at Teast k + 3 vertices, then these vertices together with u generate a
transitive subtournament with at Teast k + 4 vertices. It follows that T contains
at least one transitive subtournament of order k + 4. g

Corollary 5 implies that v{n}) >k + 4 for n = 7 x Zk, k=21, As

[log,nl + 1 = k + 3, then v(n) = [Tog,n] + 1. Consequently, the conjecture of ErdSs
and Moser is false, not only for n = 14, but for an infinite number of values of n.

3.  THE HOMOGENEQUS TOURNANENTS OF ORDER 27

DEFINITION 2. Let N = N(m) be the smallest integer such that every tourna-
ment TN of order N contains a transitive subtournament Tm of order m.
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Actually, N(3) = 4, N(4) = 8 and N(5) = 14. By Corollary 5, we have for
= 28, in particular, that every tournament of order 28 contains at least one Tg.
We will obtain that N(6) = 28.

THEOREM 6. The foflowing matrnix M; 48 the dominance matrix of a homogeneous
towrnament of oader 27 which contains no transitive subtowrnament of order 6.

123450 789 NURBUBLYIKNNNZBHE %Y
0 11001110000000011110101011 ol111r1r111111100000000000080
0001000111101 10001116006110°¢1 2060060106031 181111101060171 116186
0101110000131 10660001018111112 elg0g01001161101101000117101
IUU0001l010110001010111110661 4011800010013 01106110106081211¢8
119 10210001000041110200101071 SI0111e60010011801081101000111
U101001010013101111t00010010 gjuonlllwo0010011010110100011
0110100100101 31011006110100¢01 TIUr Ul ine0010011102011010001
QU 111100110101 00110011000601 81Ul t0l1 1000010011101 01101000
1J01010100100010001131010110 9lo 011011 100001001210610110100
1011011000301 1300010021310003 WOo901iol 11000010011 2010120196
T U U8 1101106061031 0110180606811 Ui6100110 1110860600061 110101101
Y leul0101110011010000001011 Plowtg0r 1013100030001 110610110
1011100110601 0€0101011001160¢0 Biogus16011611310080818007111061011
1110600010300 1312000108111¢ Blownhnloeui1011101010001110101
111101111800010100001001100 Bl1uw101000112010012110110603008
1110000111011 006060000013107111 BLle®loru60111010013101100100
2111000613100 011001211100010 V110010 5000211000011210210010
bO10001001013031101011001101 BIitw1l0o01810003110000111011001
G0U13011000201330001010013111 Bi1 1810701V H010001110000112061140
001901081611 2106111061066606118190 BP11 181081818001 0100001110110
110011008301 11010811010100°0 A1 1116300 101000600631 008001110711
91161110102116100810100001608 Zi1O 1110 te0101001061000011161
1160090100110l 021110x100810¢ Biiwnliiel16010101100100001110
0000212121110000110100112010°0 Al10Uu01 11010020201 10010000111
lowloll1io0l11lo0p010013000¢010 2110001 110100101031001000¢0C11
$10110110100101001002111200¢0 Xl1nloowl110300112¢11i0010000°7:
400003100100801 11010031131 121130 7{11ulggu111061001110110018000

M, M,

A computer has been used to analyse all the possibilities and no T, has been
found in this tournament.

COROLLARY 7. w(14) = ... = v{27) = 5.

Denote by Hé;) the tournament defined above. Let Hii> be the homogeneous
tournament of order 27 whose dominance matrix is M, [10, p. 1941.

THEOREM 8. Thenre exists a homogeneous towrnament o4 onden 27 which contains
at Leas i one transitive subfouwnament of oader 6.

PROOF. Consider the subtournament of the homogeneous tournament H( ) induced
by the set

{ulss Uss Ugs Uzy Ujggs U]e}

of vertices of Hgi). This subtournament of Hgi) is transitive of order 6. O
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COROLLARY 9. Thenre exists a pain of non Lsomoaphic homogeneous Zourpaments
o4 orden 27.

PROOF. The tournaments Héi) and Hgi) are obviously non isomorphic. 0

REMARK. The existence of a homogeneous tournament of order pn, where p is
an odd prime number and n a positive integer, is well known. [In fact, there always
exists a unique field with p" elements (Galois Field), because any two finite fields
with the same number of elements are isomorphic. This field is a quotient field of
Zp[x], where every element can be expressed as a polynomial of degree k, k < n -1,
with coefficients in Zp and x is a root of an irreducible polynomial of degree n
over Zp' We determine the directions in the tournament in the following way: for
distinct vertices g; and 95 (91’ gj) is an arc if and only if (gj - g.)(x) is a

3
quadnatic nesidue modulo the irreducible polynomial P(x); that is, iff

LF(x) 4% = [(gj - g5)(x) I{mod P(x))

has solutions. This tournament, of order pn, is homogeneous. The tournament of
order 3% obtained in this way contains also no T, (there is a note, to this effect,
presented by one of the authors of [8]).

4.  HOMOGENEITY AND TRANSITIVE SUBTOURNAMENTS

REMARK. The unique [2]1 tournament of order 7, which contains no T,, is homo-
geneous. Reid and Parker [8] have shown also the uniqueness of the tournament of
order 13 which contains no Tg; this tournament is nearly homogeneous (the definition
and a characterization of such tournaments are given in {111). 1In section 3, we
have found that it is a homogeneous tournament of order 27 which contains no Tq.

This remark leads us thus to consider the homogeneous tournaments of order 3]
By Corollary 5 and [5, p. 161, we have:
6 <v(28) < ... <v(31) < 7.
Let RH,, be the rotational homogeneous tournament of order 31 whose charac-
teristic equals
(1, 7,0, 1, 1,0, 7,1, 71,1, 0, 0, 0, 1, 0).

THEOREM 10. The homogeneous towwament RH,, contains a trhansitive subfour-
nament of onden 7.
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. Usgt be a labelling of the vertices of RH;; which

Let {ug, ug, -
is associated with the characteristic mentioned above.

PROOF.
induced by the set

The subtournament of RH,,

{Hog Ulg UB, US’ U23 ugs u}i)}

of vertices of RH,,, is transitive of order 7.

As RH,, 1s rotational, there is obviously several otner copies of T, in it.

Further, every tournament obtained from RH,, by deleting any vertex contains also

a Ty

Consider now the homogeneous tournament of order 31, obtained beginning with

a homogeneous tournament of order 15 (which is also obtained starting from the unique

homogeneous tournament of order 7), whose dominance matrix is the foliowing:

12345678010 URBUBI6YRISNVDAZZNBHBIT 828373

DA O A0 D A0 4O A AN A0 A0 A0 0O~ DA O
—HAO DM O A AD OO~ A HOMO O~ OO~ O Do
O A DA OO0 QO 4O A A DO A O OO O

OOt A D A A A OO0 0O A OO MO MmO OO et

OAri 40—~ —O0rTMmMOoO—A0 00N 0 —AmoO 40O 0
HAO A O OO A DO A DOO 4O A O OO O
HO A ™M OO D A0 01 —10M@ MO0~ 0400 400 —
OO0 Ot AT A AA I AOD A im0 00 00 OO0
O DA A O DA O000 00O ~IO OO OO ——
HAO DO rdrdm 4 1O MO0 4000 A OO MO0 ———O0
HO D A A O MM 4O~ OO AOMO 40400 Do —o—
OO DA A Ao O A~ O A A Ao D A OO D
OO OO0 A0 MO 100 "0 O0OO 1O 100D D —0 —
O A4 O O~ AO00 40O MOO MO 44O~ oo~
HO A OO A OO OO0 DO HOMmed O Me O e — O
DO OOOCOOTD MO D@ et et et el et
OAf O O HD A OO O DD A A AO DA DD D
HrA O DD A OO~ i rd OO r —Hrd O DA Do O A DO
HOMH DA A QOO rAO OO A A O A O MO~ OO —
OO AAA HAOD A A MO0 H OO DA DA AD O DO
O A DA @O A0 O AT A rD A A DA OO O DO
HAO M A O OO OO0OA MO A rdO A OOmOoOO — O
O A O S A OO M A O A~ D A DO OO oo
DOoOOO OO OO A A A A O OO DO e
St A O ADO A0 41 O 10DV O O A0 OO0
~H A O OO O A 40 00O A A0 OO0 A A~ 000 Oo
HOMD O A0 10— MmO 10 MmMTO 100 OO0 40 0o
DD OO ArA e D OO WA A ATt QOO A A DO OO

DA r T OO e D OO A DA O AD OO A0 A D O 1O
HOO A4 OO~ —00 ™M 100 —~—~00rm 40— Do 100

DO et O O rdrd O 1O OO0 A DO A OO —r40 3D

AN TR SO S AL N IR ANA S AR NI RR A

Denote this tournament by ExtCExt(H,)].

The homogeneous towwnament ExtLExt(H,)]1 of ordern 31 contains

THEOREM 13.

a thansitive subtouwnament of orden 7.
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PROOF. The set of vertices
5, = {uzq’ Ups Upgs Ugs Uygs Uy uze}

induces a subtournament of Ext[Ext(H,)] which is transitive. 0

REMARK. Ext[Ext (H,)] contains additional T,'s. In fact, the sets

S, = {uze’ Ugs Upgs Ups Upys Ups uzz}

and
Sy = U, s Ugs Ujgs Ups Uy Uy Uyt

induce two other transitive subtournaments of Ext[Ext (H,)1J.

As ug, U,,s U,gs U, and u,, do not belong to S, and u, and u, are not
elements of S,, it follows immediately from the last remark that:

THEOREM 12. Every fowwament of ohder 30, obtained from eithen RH;, on
ExtLExt {#,)] by deleting any vertex, contains a thansitive subfowrnament of onder 7.

THEOREM 13.  Eveny towwnament of orden 29, obtained from eithen RH4, on
EXLLExt {H,)] by deleting any pair of distincet vertices, contains a thansitive sub-
Zowwmament of onden 7.

PROOF. By Theorem 10 (or 11), the homogeneous tournament RH,, (or
ExtlExt (H;)]1) contains a.T,. The tournament obtained from RH;; (or Ext[Ext (H;)1),
by deleting any pair of distinct vertices (x, y), contains also such a T,, provided
that x and y do not belong to a set of vertices which induce a T, in RH;, (or
Ext(Ext (H,)]1). This is actually the case for RH;,, because this tournament is

rotational.

In Ext[Ext (H,)], the sets of vertices S,, S,, S, (defined above)} and
S, = {Uggs Ups Uggs Upgs Upps Ugs Uygls
s = TUpgs Ups Upgs Ugs Upps Ups Uy,
and

Se = Tugys Ugs Upgs Uys Upgs Ups Uyl

induce transitive subtournaments of order 7 in Ext[Ext (H,)}]. Let (ui, uj) be any

pair of distinct vertices of Ext[Ext (H;)]. As Uy and us do not belong to one of the

sets S;, S,5 ..., S¢, then the tournament of order 29, obtained by deleting the

vertices u; and ujs contains a T,. U
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From these last results we conclude that not only both the homogeneous
tournaments RH,, and Ext[Ext (H,)] or order 31, but also all the tournaments of
order 29, which are obtained from either one or the other of these tournaments by
deleting any pair of distinct vertices, contain a T,. This may be useful for future
work in order to determine the exact value of v(n) for n = 28.

As v(31) < 7, there exists at least one tournament of order 31 which contains
no T, In the next section, we will see that such a tournament is also homogeneous.
Moreover, we will find that there exist, not only one, but at least three non isomor-
phic homogeneous tournaments of order 31 which contain no T,.

5.  EXISTENCE OF A TRIPLE OF NON ISOMORPHIC TOURNAMENTS OF ORDER 31 WHICH CONTAIN
NO T,

Let T = (V(T), A(T)) be a tournament. Denote by P(u) the subtournament
of T induced by {v ¢ V(T): (u, v) ¢ A(T)}, and by Q(u) the subtournament of T
induced by {w ¢ V(T): (w, u) ¢ A(T)}. The number of vertices in P(u) n P(v) is
denoted by T(u, v), whereas t(u, v) denotes the number of 3-cycles which contain
the arc (u, v).

Recall the following properties of a homogeneous tournament T or order
4k - 1, k 21, [7 and 4]:

The order of P(u) equals 2k - 1, for every vertex u of T, (1)
T(u, v) = k - 1, for every pair of distinct vertices uand v of T, (2)
t(u, v) = k, for every arc(u, v) of T. (3)

THEOREM 14. No homogeneous towwnament of order 31 contains a thansitive
subtournament of onder §.

PROOF. Suppose that there exists a homogeneous tournament H of order 31
which contains a transitive subtournament T of order 8. Let uy, u;, ..., u, be
the vertices of T, such that !V[P(ui) n Tl =1, for every i =0, 1, ..., 7. Then
Ugs Uys -».5 Ug are vertices of P(ug) n P(u,). But T{ug, u,) = 7 implies the
existence of exactly one vertex of P(ug) n P(u,) which does not belong to
{Ugs +..5 Us}. Denote this vertex by v.

Let M = P(u;) n Qlug)s R = Q(u;) n Q(ug) and S = Q(u,) o P(ug). By (1) and
(2), we have

V(M) | = JV(R)] = [v(s)] -1 =7. (4)
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As t{ug, Uus) = 8, by (3}, then

[VIP(up) n Q(ug)l| = [VIP(ug) n (Mo R)IE = 8.
Thus

WVIP{us) o M1} + [VIP{ug) n RI| = 8. (5)
As the order of P(u,) equals 15, then

VIP(ug) n Qluz) ] = 15 = T(up, uy) = 8
and, consequently,

VEP(us) o RIF + [VEP(ug) n S = 8. (6)
Equations (5) and (6) imply that

[VIP(uy) n M| = [VIP(u,) a ST, (7)
But Uys Uzs ..., Ug are vertices of Q{uy) « Pluy); then
{’6, if {u,, v) ¢ A{H),

7, if (v, ug) € A(H).

[VIP(ug) n M1| =

Consider the arc (ug, uy). By (3), we have
WIP{us) n Qug) 1] = |VIP(us) n MI| + [V[P(us) o RI! = 8.
As the order of P(us) equals 15 and T'(us, u,) = 7, then
IV[P(us) n RI| + |VLP(us) n $1| = 8.
From the last two eguations, we obtain

IVIP(us) n M1 = [VIP{ug) n S3]. (9)

We will show now that (v, uy) < A(H). If this were not true, then
Ups Uys Ups Uss U, and v would be vertices of Plug) n Pluy)}. As T{us, u,) =7, it
would foliow that |VIP(us) n MI| =1 and, by (9), that |V[P{ug) n ST} = 1.
Equation (4) would imply that

IVIQ(us) n M1 = [VIQ(us) n 81| - 1 = 6.
But,

[VIP{ug) n MI| = [V[P(uys) n S| = 6,
by (7) and (8). Therefore,

v
ar

IWIP(ue) n Q(us) n M1| =
and

[YIP{uo) n Q(us) n SI| = 5,

v
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which would imply that t(us;, ug) = 10. As the latter statement is in contradiction
with (3}, it follows that (v, us) ¢ A{H).

As T(ug, u,) = 7, then |VIP(u,) o M1] = 2. From (4) and (9), we obtain
IVEQ(us) n MI| = |[VIQ(us) n S3| - T = 5.
Consequently,
[VIP(up) n Qus) n MI| =4, if (ug, v) € A(H),
JVIP(uy) n Qus) n M) =5, 4f (v, uy) ¢ A(H),

and

4, if (uys v) e A(H),
[VLP(uy) n Q(ug) n ST =2

5, if (v, uy) £ A(H).

As t(us, ug) = 8, by (3), then (u,, v) ¢ A(H). But (v, ug) is alsc an arc of H.
Therefore, v is a vertex of P{u,) n Qluy). It follows that

T(ug, ug) 24 +4 + 1,

which is in contradiction with (3). Thus, the initial assumption is false. As a
consequence, every homogeneous touvnament H of order 31 contains no transitive
subtournament of order 8. This completes the proof of the theorem. O

COROLLARY 15. There exist at Least three non {somoaphic homogeneous Lourna~
ments of the same onder 31 which contain no transitive subtowinament of onrder §.

PROOF. Denote by H, and H, the two non isomorphic homogeneous tournaments
of order 15 [13, Theorem 2.9]. Let H§i> = Ext (H;) and Hgf) = Ext (H,) be the homo-
geneous extensions of H, and H,, respectively. The tournaments Hgi) and Hgf) are
not isomorphic, by [14]. From [13, Section 43, it follows that the rotational homo-

geneous tournament Hgf> = RH,,, already defined, is neither isomorphic to H<1>

3, nor
to Hgf). The above theorem implies that the non isomorphic tournaments
(1) (2} {3)
H31 * HSI and hsx
contain no transitive subtournament of order 8. O
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HEAPS OF PIECES, |
BASIC DEFINITIONS AND COMBINATORIAL LEMMAS

Gérard Xavier VIENNOT
Université de Bordeaux |
U.E.R. de Mathématiques et d’ Informatique

Talence Cedex France
Abstract. We introduce the <combinatorial notion of heaps of pieces,
which gives a geometric interpretation of the Cartier-Foata’s commuta-
tion monoid. This theory wunifies and simplifies many other works in
Combinatorics : bijective proofs in matrix algebra (MacMahon Master
theorem, inversion matrix formula, Jacobi identity, Cayley-Hamilton
theorem) , combinatorial theory for general (formal) orthogonal
polynomials, reciprocal of Rogers—-Ramanujan identities, Qraph theory
(matching and chromatic polynomials). Heaps may bring new fight on
classical subjects as poset theory. They are related to other fields as
Theoretical Computer Science (parallelism) and Statistical Physics
(directed animals problem, lattice gas model with hard-core

interactions). Complete proofs and definitions are given in sections 2,
3,4,5. Other sections give a summary of possible applications of heaps.

1. introduction

Following some work of Foata [24]1 on combinatorial properties

of rearrangements of sequences, Cartier and Foata [9) introduced in
1969 the monoids generated by an alphabet A with relations ab = ba, for
all pairs of jetters a,b of A such that (a,b) € C, where C is a fixed

subset of A X A. The basic properties of these monoids, especially the
so-called flow monoid and rearrangement monoid, appear nowadays to be a
classical mode |l in combinatorics (see for example the corresponding
chapters of the books of Lallement [391 or Lothaire [401). These
monoids are sometimes called free partially abelian monoids. For short,
we propose to call them commutation monoids.

This mode!l has been used to prove combinatorially (i.e. with
bijections) some classical formulae of matrix algebra : the celebrated
MacMahon Master theorem in Cartier-Foata {91, the inversion matrix
formula in Foata ({261 and the Jacobi identity in Foata [273. More
recently, Gessel [301 has shown how to deduce, from the commutation
monoid model, Stanliey’s relation between chromatic polynomials and
acycliec orientations of graphs. Very recently, a new active area of
research has grown up in Theoretical Computer Science, using commuta-
tion monoids as an algebraic and combinatorial model for parallelism
problems and concurrency access to data bases, see 8§10 below.
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In this paper, we introduce another mode!l : the notion of heaps
of pieces. This model will appear to be equivalent to the commutation
monoid model. At the beginning, the reader may have certain doubts
about the interest of presenting this new version of the commutation
monoid with heaps of pieces. These doubts will probably be reinforced
after reading the abstract definitions 2.1,2.4, 2.5 and 2.7 below where
the heaps model! seems more complicated than the commutation monoid.

Once the reader has overpassed these abstract preliminaries,

heaps give a powerful “geometric” visualization of the commutation
monoids. Many basic lemmas and bijections become really simple. The
heaps model appears to be related to other domains, as for example

Statistical Physics, although the refationship with commutation monoids
was not obvious. Using the heaps model, we have solved combinatorially
some open questions about the directed animals model introduced by
physicigts in 1382 (see a survey in Viennot [471).

Now we give with an example an intuitive introduction to the
notion of heaps. Suppose we have an 8 x 8 chessboard and some dimers.
Each dimer is a piece of wood which can cover two consecutive cells of
the chessboard. Suppose we put the dimers, one by one; on the

chessboard. FEach time, one <choose a "geographical position® for the
next dimer (i.e. two consecutive cells of the chessboard). Then the
dimer is put vertically above this pocsition and lowered untilt it
touches the chessboard, covering the two cells of the <chosen geogra-
phical .posgition, or until it touches one (or two) other dimers
previougly placed. Placing the new dimer under other dimers is not
allowed. In other words, it must be possibie to remove the dimers one
by one, whithout moving the other dimers, as in the game calied
"Mikado". What is seen on the chessboard is the vigualization of the
mathematical notion of heaps of dimers, (see Fig. 1).

When we consider such

heaps of dimers, we thus forget
some informations about the exact
order of placements of the
dimers. For example, between the
two dimers ® and ¥ of figure 1,
one cannot tell which one was
placed first. Nevertheless,
looking this same figure, one can
say that the dimer ® was put

before the dimer p. In other

words, we define the relation mgs

iff it is impossible to remove

Fig.1. Heap of dimers the dimer o from the heap

(or equivalence class of =& whithout removing the dimer g.
commutation monoid) The refation ¢ is a partial order
relation. A heap will be a poset

(partially order set) satisfying certain axioms relating the order
relation g , <called "to be above”, and anocther relation called
concurrency relation. Here this retation is defined on the set of
"geographical positions” for dimers (there are 2x8x7=112 such
positions).Two positions are <concurrent iff they have one (or two)

cells in common.
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If we take as alphabet the set A of the 112 possible

“geographical positions” for dimers on the chessboard, a word w of
letters in A is an encoding of the placements of the dimers of the heap
(remembering the order of placements). Forgetting this exact order
corresponds to consider the word w up to the commutations ab = ba ,

where the geographical positions a and b are disjoint (i.e. not in
concurrence}. The heap of dimers is exactiy the geometric visualjzation
of the equivalence class of the word w in the corresponding commutation
monoid.

This paper is the first of a series devoted to the theory of
heaps and its various applications. It contains two parts. In sections
2,3,4,5 we give the basic definitions and temmas of the theory, with
compliete proofs. Sections 6,7,8,9,106 present a summary of the other
papers [1531,{171,0501,[51] and related works.

Heaps are defined in 82, together with the heap monoid H(P,®)
related to a set of basic pieces P equipped with a concurrency
refation.

in 83, we show the equivaience between the heap monocids and the
commutation monoids.

in 84, we show that every heap monoid can be realized with a
concurrency relation analogous to the one described above with dimers.
Basic pieces are subsets of a set, each of these subsets being eqguipped
with a «certain combinatorial structure. We also show that every poset

can be “realized” as a heap of pieces. This section is just a
preliminary step of a promising area of research : studying posets
theory with the heaps point of view, in particular realizations of

family of posets as a family of heaps H(P,®).

Basic lemmas about heaps generating functions are given in §5:
inversion lemma (in fact the equivalent of the Mdbius function of the
commutation monoid, defined by Cartier, Foata {81), heaps with given
maximal pieces and the logarithmic property "log(heap)=pyramid”. A
pyramid is a heap having only one maximal piece (as in figure 1).

After the work of Cartier, Foata [91 and Foata [281,[271 giving
combinatorial proof of «classical matrix algebra theorems, and also
works of Jackson [361, Straubing [461 and simplifications of Zeiliberger
[511, we present in Dulucqg, Viennot [181 an ultimate step, unifying all
these bijections as simple consequences of a few basic properties of
heaps. A summary is given in §6.

After Filajolet [221, the author has proposed in [471 (survey in
{481) a combinatorial theory of formal orthogonal polynomials with
weighted paths. Some part of this theory <can be simplified and
reinterpreted with heaps of pieces. This is summarized in §7. Closely
related is & property of Andrews [2] about the "reciprocal™ of the
famous Rogers-Ramanujan identities. Andrew’s interpretation can also be
deduced from heaps basic properties.
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In 88 we give some relations between heaps and graph theory
chromatic polynomials and acyclic orientations of graphs from Gessel
[30] and a summary of Desainte-Catherine, Viennot [15] relating heaps
and matching polynomials of graphs. Godsil's tree-!ike paths [31]1 fit
very well with the heaps model.

In 89 we present a brief summary of Viennot [501,[51] giving

two applications of heaps theory in statistical physics the
combinatorial solution of the directed animal problem and a combina-
torial interpretation of the density of a gas with hard-core

interactions.

In §10, we give a flavor of the connections with parailelism
problems in Theoretical Computer Science.

2. Basic terminology for heaps

Let P be a set equipped with a symmetric and a reflexive binary
relation € (i.e. a¥b «« b®¥a and a®¥a for every a,b € P). The elements of
P are called basic pieces. The relation € is called the concurrency
relation.

Definition 2.1. A labeled heap with pieces in P is a triple (E,g,€)
where (E,g) is a finite poset {(i.e., partially ordered set) with order
refation denoted by g and ¢ is a map € : E -» P satisfying the two
following conditions

(i) for every @,8€E such 1that e(@) € e€{g), then @ and 8 are
comparable (i.e agB Or BLH).

(ii) for every @&,B€EE such that &< and p covers & (i.e. @g¥<B = ¥=0
or ¥=p) then e(®) € € (8).

The elements of E will be called pieces. When ags, we will say
that the piece B is above the piece «.

Remark that P is not necessarily finite but it is important to
set down that alil the heaps we consider in this theory are finite.

Examplie 2.2. Let B = [0,81 x [0,81. A ceil! (or elementary square} is
the set of points (x,y) of B such that i<x<i+1, j<y<j+1 for certain i,
j of 10,71, The set P of basic pieces is the set of subsets of B formed
by the union of two cells joined by an edge. The concurrency relation €
is defined by a¥b iff anb # . A heap E with pieces in P was visualized
on Fig.1.

Here the map € is the projection associating to each dimer of
the heap its Tgeographical position”, i.e. an element of P (see the
heuristic introduction in §1).
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Example 2.3. Let P = 2 be the set of integers . The concurrency
relation € s defined by : i€ iff |j-i|gt for i,j€P. The poset E
is defined on Fig.2 by
its Hasse diagram,
(i.e. an edge goes

upward from @ to p iff
p covers ®). The map €
is defined on Fig.2 by:
for ®€EE lying on the
vertical line x=i, then
€ (m)=i.

The reader will verify
i : : : that the axioms (i) and
o | 2 5 4t 5t x (ii) are satisfied.

Fig.2. A heap of pieces.
Equivalent definitions for heaps

a} Conditions (i) and (ii) can be replaced by (i) and (ii’) where (ii’)
is the following condition

for every o,p€E with agp, there exists a sequence &=-Kig...
(i) o= of pieces of E such that e(®;) € e(®i+1) for every i,

1gi<k.
b) A second formulation is (i) and (ii") where (ii") is the following
condition
the order relation g is the transitive <closure of the
(i relation € defined by : for ®,B€E, ¢ €p iff agp and s (&) €
€ {p).

c) A third formulation is the following. Let €: E » P be a map of the
set E in P. Let G(E,e,®€) be the graph which vertices are the elements
of E and with an edge between & and g8 iff e(®) € € (). Then defining an
order relation g on E such that (E,g,e) satisfies conditions (i) and
(ii), is nothing but defining an acyclic orientation of the graph
G(E,e,®) (i.e. an orientation of each edge such that the graph does not
contain cycles).

Subheap. Let (E,&s;e) be @& heap and F a subset of E. Let g’ be the
restriction of ¢ to F. Let & be the relation defined on F by ¢ & g iff
#g<p and e(ex) € e{p). Let < be the transitive closure of #. Then
(F,g¢’ ,e’) is called a subheap.

Definition 2.4, Let (E,g,e) and (E’,g' ,e’) be two heaps of pieces in P
with the same concurrency retation €. We say that they are isomorphic
iff there exists a bijection @:E -» E’ which is a poset isomorphism
(i.e. g Iin E iff p(x)g’w(B) in E’), and such that e=e’ op.
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Definition 2.5. A heap of pieces (in French : empilement de piéces) in
P with concurrency relation € is =& labeled heap (definition 2.1)
defined up to a heap isomorphism {or equivalence class, for
isomorphism, of labeled heaps).

In the followirg, a heap will be denoted by one of its
representative (E,g,&) cr E for short. We will sometimes use the
notation E = (E,g,6). We will again say that the elements of £ are
pieces, and call the order relation g as “to be above". The set of all

finite heaps with pieces in P and concurrency refation € is denoted by
H{P,®) .

Lemma 2.6. Any automorphism p of a labeled heap (E,g,e) ig trivial
(i.e. is _the identity map of E).

Proof. For any basic piece a€P, g '(a) is a finite chain of E (from (i)
and the reflexivity of €). The relation e=gop implies that p preserves
this chain. As it is @& poset automorphism, we deduce that  is the
identity map.

Let ap, be the number of heapsof H{P,®€) having n pieces. From
lemma 2.6, we deduce that the number b, of iabeled heaps, with set of

labels any set of n elements as for example E = {1,2,...,n}, is
bp=ntan. When enumerating heaps {(resp.labeled heaps) we will use the
ordinary {resp. axponential) generating function Z antn (resp. € bg
tn/h’) n0 nyo
in fact, labeled heaps are an example of Joyal’s species [381.

Heaps are the corresponding type of species.
Definition 2.7. Let E and F be two heaps of H(P,®). the product H=E®F
(or superposition of F over E) is the heap H defined by the following
if E = (E,g,e) , F = (F,g,e’), H = (H,g,e"), then
E F H
i) H=E+F (disjoint union of E and F)

(ii)y & is the unique map €":H-P which restriction to £ (resp. F)
is & (resp. g').

(iti) the order relation g is the transitive closure of the
H

following retation & for @,p € H, ¢ ® g iff
®,8 € E and a%s

or - ®;8 € F and ag8
F
or - ®EE,BEF and e{m)€ &’ (8).
Remark that E and F are subheaps of E®F.
Such a definition is compatible with isomorphisms and thus is
well defined on the set H(P,®€) of heaps.
This product of heaps is associative and H(P,®¥) is a monoid,

calied the heap monoid, which neutral element is the empty heap denoted
by #
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An element o of P will be identified with a heap reduced to a
single piece. The heap E®m is said to be obtained by adding (or
putting) the (basic) piece ® above the heap E. Any heap E is a product
(in general in several different waysg) of its (basic) pieces. Remark
that for any two basic pieces.

(G ®,8EP, meg=pepy iff w f 8 (i.e. ® and 8 are not in concurrency).

The product of heaps is a left and right simp/ifiable product,
that is : EOF=ZE®F’ = F=F’ and EOF=FE’eF = E=E>. |f Eeg=F, for w€P and
E,FEH(P,®), we will say that E is obtained by deleting the piece & from
the top of the heap F.

Definition 2.8. A trivial heap is a heap such that the order relation g
is trivial, that 1is no pieces are above another.

We will denote by T(P,®€) the set of trivial heaps of H(P,®). If
the concurrency relation € is “empty’ every heap is trivial and the heap
monoid H{P,®) is isomorphic to the free commutative monoid generated by
P.

Lemma 2.9. Any heap E € H(P,®) can be written in a unigue way &s a
product of trivial heaps E = T30...0T, gatisfying the condition

(2) for any 1¢j<p, any pieces of Tj4+1 is above a piece of T;

It suffices to take Ty as the subheap formed by the minimum
elements of E. Then one can write E = T;of,. Repeating recursively this
factorization, we get the unique factorization satisfying (2).

This factorization can be characterized in another way. It is
the wunigue factorization into a product of trivial heaps, each factor
having maximum cardinality.

3. The Cartier~Foata commutation monoid

Let A be a set and A* be the free monoid generated by A, that

igs the set of words uZajag...ap with Jetters ag in the set A {(called
alphabet), together with the multiplicative law concatenation of two
words © uTay..ap and vI={;..4g5, uvTaj..apby..bg. The empty word is

denocted by e.
Let € be a symmetric and antireflexive refation on A (i.e. afa
for every a€A).

PDefinition 3.1. The commutation monoid Co{(A,C) is the quotient ¢of the
free monoid by the congruence =, g¢generated by the {(commutation}
relations

3) for every a,b € A with a C b, then ab s ba.

The words u and v are equivalent iff one can trangform u into v
by a seguence of transpositions of two consecutive letters a and b such
that a C b. The monoids Cof{A,C), introduced by Cartier and Foata [31,
are also called free partialiy abelian monoids.
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We suppose that the alphabet A is the set P of basic pieces
equipped with the concurrency reiation €. Let C = € be the compiementa-—
ry relation (i.e. a C b iff a f b)y. We are going to show that the heap
monoid H(P,®) is & commutation monoid isomorphic to Co(P,C).

We define the map ¢ : P* & H(P,®€) by the relation
(4) for W = ®iRa...Hn€P* , p(W) = ®10¢20...0x,€H (P,€).

In other words  is the unique morphism (of monoids) such that
for ®x€P, p(®) is the heap identified with the basic piece .

Let (E,g) be a poset having n elements. A natural labeling of
the poset (E,g) is a bijection f : E » [nl1={1,2,...,n} such that

(5) for every ®,p € E, wge = f(x) <{(B).

Another equivalent definition is the so-cailed /inear extension
of a poset.

Lemma 3.2. Let (E,g,e) be a heap of H(P,€). For u = &3...%y € @ 1 (E),
tet M{u) = f be the tabeling f:E-Inl defined by e(f‘l(i)) = ®j. Ihe map
by is a bijection between the set of words m'l(E) and the set Z(E)

of natural tabelings of E.

Proof. a) From the definition 2.7 of the product of heaps, the heap E =

X19x2©...0x, iSs obtained by adding vertices s3,Sg2,...Sp to the empty
heap, with the map & defined by €(sj) = ®j, and the order relation
defined by

(6) < is the transitive closure of the refation ® defined by s; & sy
iff igj and ®; € ®y.

Thus the map f=X(®y..®,) defined by f(sj) = i is a natural Jabeling of
E.

b) Conversely, let f: E - [{n] be a natural labeling of E. Let
ty=f (i) € E (Igign) and p;=e(t;). Let F be the heap F-g(By...Bn). We
can identify the vertices of the two heaps E and F. %e show that these

heaps are isomorphic. If s % t, then from heap axiom (ii’}, there
exists a sequence t;lz ] % . gtik: t of vertices of E such that for
i. 1)<k, tig € ti}+1' As the map tj=i is a natural labeling of E, then
i1€--.giy. From the definition of the product g1®pg® ... ©8, , Wwe

deduce tj ? tij . and thus s ¢ t. The heaps E and F are isomorphic and
3 + ¥

B10...08, € o L (E).

Combining a) and b) the map X is & surjection from m"l

Z(E). As it is obviously an injection, the lemma is proved.

(E) onto

Q
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Lemma 3.3. For every heap E € H(P,®), the set of words ¢ ' (E) is an
equivalence class for the commutation relation =..

Proof. a) If ® and g are two basic pieces not in concurrency, the two
heaps ®@g and pox are trivial (definition 2.8.) . Thus xkep=geégy.
For u,v € P*, we deduce that u s¢ v implies plu) = p{v).

b) Conversely let wu=@y...&p and v=g3...Rn be two words such
that w(®y...&n) =p(B1...8Bn) is the heap E. As in the proof a) of lemma
3.2, let sy,...,sp be the vertices of E = (E,g,6) with g (sj)=&y. From
(8), the vertex sjy of E is minimal (for ) iff no pieces &j, I1gj<i are
in concurrency with ®;, that is ®; commutes with all the letters
located at its left in the word u = &;..&,. We can write u =¢ ulu; 3
where uy is the word containing all the letters (commuting two by two)

of u corresponding to minimai elements of E.

Similarly, we can write v =¢ vlv; , where vy is the word
containing ati the ietters (commuting two by two) of v corresponding to
minimal elements of E.

Thus u; =¢ vy and u(u1)=p(v;) is the subheap £; obtained from E
by deleting al!l its minimal elements (see iemma 2.9).

By a recurrence on the common length of the words u and v, we
deduce that u and v are equivalent modulo =g

o]

Combining temmas 3.2 and 3.3, we deduce

Proposition 3.4. Let H(P,€¥) be a heap monoid with pieces in P and

concurrency relation € Let C be the complementary relation of €.
The morphism of monoid o p* H(P,€) defined by (4} induces an
isomorphism 9 between the monoid H(P,€) and the commutation monoid

Co (P,C).

It may be useful to restate the definition of this isomorphism
p:Co(P,C) -+ H(P,®), together with its main properties coming from the
proof of lemmas 3.2 and 3.3.

a) Let G be an element of Co(P,C).Choose any representative
U=g1ke...&®, of this class of words. Then the heap p(u)-®;9Xz®...9&, iS

independent of the choice of u€étd and will be denoted by p(G).

b) Conversely, if E = (E,g,e) is a heap of H(P,®€), taking any
natural labeling f: E -+ ([nl of the poset (E,g), we define a word
U=uj...uy with ui=e(f'1(i)).Let U be the equivalence class of u for s=¢.

Then the map E o U is the reverse bijection of the bijection
p:Co(P,C) -» H(P,®).

¢) Let U be a commutative class of Co(P,C) and u=®;...&, be one
of its representants. We define a poset (Inl,g) in the following way.
The vertices are the integers 1,2,..,n. The order relation ¢ is defined

by the following retlsation

(7) igj iff there exists a sequence 1giy=i<...<ig=jgn such that the

letters @i and uj do not commute (for 1gj<k).
] i+l
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Defining the map €: [n]l » P by €(i)=a;, we have now a labeled

heap E(u) = (I[nl,g,e) which is a representant of the heap f{u). This
fabeting f of the wvertices of (u) by the integers 1,2,...,n is a
natural tabeling. The map u - f is a bijection between the words of the
equivalence class u and the natural labelings {(or linear extensions) of

the poset underlying the heap i (0).

Remark that the order relation defined by (7) is the transitive
closure of the relation defined by Cori and Métivier from the directed
graph denoted by T{u) in [121. Alsc, to give the labeled heap E(u}) =
(inl,g,8) is equivalent to give the so-called "“"dependency graph’” of the
word u introduced by Perrin in [431.

| f we restate lemma 2.9 in terms of commutation monoids,
we get the classical property (see Cartier, Foata [81)

Corollary 3.5. Let u be a word of P* and Co(P,C) bhe a commutation
monoid. Then U can be written in a unigue way U=uy..Up where each uj
is a block of letters commuting two by two, andg for each pair of
congecutive blocks wujuj+1, any letter of uj+1 does not commute with at
least a letter of uj

This unique factorization is calied the normal form of u in
{431 and V~factorization in Cartier-Foata [8]. In fact this coroflary
also comes from part b) of the proof of lemma 3.3.

4. Graphs, Heaps and Posets

Let P and B be two sets and let w:P-» #(B) be a map from P into
the set of non empty subsets of B. We define the concurrency refation €
by the relation.

(8) for a,b € P, a®b iff mw(a) naA(b) # &

n this fundamental example of heaps, the heap monoid H(P,®)
will also be denoted by H(P,n,B). The set B is called the basis. The
subset m(a) is called the support of the basic piece a € P.

Let E = (E,¢,e) be a heap of H(P,nm,B) and « € £ be a piece of
E. The subset mog () will also be called the support of the piece &. We
say that two pieces ®,8 € E (resp. basic pieces a,b € P) are disjoint
if their support are disjoint. In the contrary, that is e(&) € €(B)
(resp. a € b) they are said to be intersecting. Two heaps E and F are
said to be intersecting iff one piece of E intersects one piece of F.

Example 4.1. Let B = 2 and P be the set of dimers, that is the set of
subsets of the form {i,i+1}, (€2 . We define w as the restriction to P
of the identity map of #(B).The heap displayed on Fig.3 is" isomorphic”
to the heap of Fig.2. {here the term “"isomorphic” would be an extension
of definition 2.4 to the case of two heaps with different set of basic
pieces, see below just before remark 4.4).
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OO0 =0
O
0 1 2. 5 4 5 6

Fig.3. A heap of dimers on 2.

Exampie 4.2. lLet B = [0,8] x [0,8] and P as in example 2.2. Let 71 be
the restriction to P of the identity map of #(B). Heaps of H{(P,n,B)
were considered in example 2.2 and are visualized on Fig.1 of the
introduction.

In fact, any heap monoid H(P,®€) can be identified with a heap
monoid H(Q,n,B). For that, we need the following definition.

Definition 4.3. Let ® be a concurrency relation (i.e. symmetric and
reflexive)} on the set P. The concurrency graph is the graph G(€) with
vertices in P and with edges {a,b} € A iff a € b and a # b.

Let B = PuA. For each a € P, we define the subset u(a) of B by

(9) mu(a) = {a) u {{a,br€eA}.

The map M is a bijection between P and M(P)=Q. Now a € b iff

M {a)nu(b) F ® . Let T be the restriction to Q of the identity map of
F(B) .
Any heap (E;g,e) € H(P,®) €
is "isomorphic” to a heap (E’,g,&) of E w—3 P
H(Q,n,B), i.e. there exists a poset |
isomorphism g:E - E’ and a bijection P M
Ht P > Q “preserving” the concurrency 4 {
relations of P and @, such that the £’ > Q > #(B8) .
following diagram is commutative e’ 7

Remark 4.4. The construction of the map u defined by (3) is related to
the so-catlled [tine graph (or median graph) of the concurrency graph
G(¥) .

If the graph G(®¥) is represented by points of re joined by
segments, then one can represent N{a) as the set of points formed by
the vertex a and the middie of the edges containing this vertex a. The
pieces look like starfishes {(see Fig.4).
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The monoid H{Q,w,B) constructed above from P and € will be
called a starfish monoid.

Proposition 4.8, Every heap monoid is isomorphic to a starfish monoid.

Concurrency graph

/o

Fig.4. A heap of starfishes.

Proposition 4.6, Every poset (E,g) can be represented as the underlving
poset of a heap (E,g,8).

For the proof of this proposition, we need the following
definitions.
Let (E,g) be a poset and # = (Cj) je¢1 be a family of chains. We

say that & strongly covers E iff, for every pair «,p of elements of E
such that 8 covers @ (i.e. @ and p are connected by an edge in the
Hasse diagram of E), then there exists a chain C; of & containing both
® and p

Let # = {Ci)ier be such a family {always exists). We take as
basis the set B=I.The basic pieces are the subsets of I and m is the
identity of P = #(I). We define the map ¢ : E — P by g(ax)={i€]l,ax€Cy}.
The concurrency relation € is defined by (8).

The triple (E,<,€) satisfies condition (i) of definition2l of
tabeled heap : if x,B€E, e(x)¥ €(p) impilies that ® and p belongs to a
same chain C; of &. Condition (ii) of definition2l follows from the
strongly covering property. [n]

it would be interesting to represent some known families of
posets as families of heaps H(P,n,B). Is it possible to give a poset
characterization of the posets underiying heaps of a given heaps monoid
Many questions arise about representations of posets with heaps. Here

we will mainty be interested in heaps as a too! for combinatorial
enumeration and combinatorial interpretation of classical results or
identities. Nevertheless we will mention the following property.

lLet E = (E,g,e) be a heap of H(P,mw,B). For x€B, the fiber of E
over x i the set defined by

(10} Fx(E) = {& € E, x € moe (%)}
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Such fibers are chains. The family {F¢ (E)}xep strongly covers
the poset (E,g).

The minimum cardinality of the basis set B such that the poset
(E,g) is realized as a heap of H(P,n,B) is the minimum number of chains
strongly covering E. This number is not less that the minimum number of
chains <covering E. This fast number is more classical in poset theory
and, from Dilworth’s theorem is known to be equal to the maximum
cardinatlity of antichains of E (set of elements two by two
incomparable}.

ki

The reader may ask the interest of introducing the map P — $(B)
instead of simply introducing the basic pieces as subsets of B. We will
need basic pieces where a combinatorial structure is defined on their
support, An important example will be heaps of cycl/es. Here P is the
set of all cycles of B (in the sense of cycle of permutation : that is
a circular permutation on a subset of B). The map mw associates to a
cycle its underlying set of vertices. An example is displayed on Fig.5.
The order g between the cycles is defined by the fibers (corresponding
to the vertical lines).

Fig.5. A heap of cyclies on M.

5. Heap Generating functions

lLet H(P,®) be a heap monoid with bagic pieces in P and
concurrency relation €. Let KI[X]] be the algebra of formal power
series with wvariables in a set X (not necesgsarily finite) and with
coefficients in the commutative ring K. We define a valuation (or
weight function) as a map v : P — K[[X]] which associates to every
basic piece ®EP a power seriesv (w) having no constant term. This last

condition is necessary for the summability of heaps generating
functions. In general, most examples of the theory will be such that
vi{a) is a monomial! in variables from X.

The vaiuation f{or weight}y Vv{(E} o1 & heap E=(E,g,e) is the
product of the valuations of its pieces v{(E) = Uzv(e(m)).
X €

In all this work, we suppose that the valuation v satisfies the
following condition
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for every monomial M in the variables X, there exists a finite
(11) number of heaps E of H(P,€) such that the coefficient of N in
the seriesv(E) is # 0.

This condition, which is satisfied when the set P of basic

pieces is finite, implies the summability of the heaps generating
function £ v (E).
EEH(P, &)

Proposition 5.1. (Inversion lemma) Let H(P,€) be a heap monoid with a
valuation v satisfving (11). The generating function of the weighted

heaps of H(P,¥) is given by

1
(12) V(E) = ]
Z |Fl
EEH (P, ®) > (-1 v (F)

FET (P,®)

where T(P,¥) denotes the set of trivial heaps (definition 2.8).

The identity (12) is equivalent to the identity

IF]
(13) > 1) vE) V) =1,

(E,F)
where the summation is over all pairs (E,F) of HT=H(P,®€) x T(P,®).

Let M(E,F) be the set of pieces formed by the pieces of F and
the maxima! pieces of E which are not in concurrence with pieces of F.
Let L be a non-empty trivial heap. In the summation (13), we select
only pairs (E,F) such that M(E,F) = L. We can write L=l j0Lg with
EZE4®Ly and F=Lg (see Fig.6). Thus, we have the identity

{F fLal
E (-1) v(E)V(F) = v(L) Z vi(Ey) E -1 s

(E,F)EHT £y Li,Lo€T (P,®)
M(E,F)=L L=Li@Lg

where the first summation of the right hand-side is over heaps
E €H(P,®) such that al!l their maximal pieces are in concurrence with at
ieast a piece of L. The second summation of the right-hand side is 0.

Thus, the only non-vanishing term in (13) is the pair corres-

ponding to M(E,F) = g , that is E=-g, F=g. Its weight is 1.
]
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Remark 5.2. !f the reader prefers a proof with bijections, it would be
possible to define a sign-reversing involution on the set HT. The idea
is simply to "transfer™ a piece & of F on the top of E, or vice-versa
(see Fig.6). We totally order the set P of basic pieces. For & pair
(E,FYEHT, (E,F) # (#.#),we take the smalliest piece & of M(E,F}. If & is
a piece of E, then E=Ej@x and we define Y(E,F)=(Eq{,®0F). If & is a
piece of F, then F = Fyem (=a®F;) and we define Y (E,F)=(Eea,F;). The
map Y(E,F} —> ({(E’ ,F") is an involution such that
CHFvEve) = -0 T o vE)vE).

trivial
heap F

prece of M(E,F)

E maximafl piece of £ not in M(E,F)

The concurrency retation € s the intersection refation

Fig.6. Proof of proposition 5.1.

in term of commutation monoid, refation (12) is nothing but
expressing the Mdbius function of that monoid {see theorem 2.4 of
Cartier, Foata 1[91). Mdbius inversion of posets is a classical chapter
of Combinatorics which has been popularized by Rota [42]. Content,
Lemay, Leroux [11] present a synthesis of Rota and Cartier—-Foata’s
Mobius inversion. We give the following extension, which generalizes a
proposition of Desainte-Catherine [141, [15].
Proposition 5.3. Let H(P,®) be a heap monoid with a valuation v satis-
fying (11). Let M be a set of basic pieces of P. The generating
fupction of weighted heaps of H(P,®¥) such that the maximal pieces are
in M is given by.

N
(14) > V(E) = —, with
D

EEH (P,®)
Maximal pieces M

IFl il
b= > =1 v (F) and N = E -1 v {F) .

FET(P,®) FET {(P\M,®)
where T{(P,®¥) denotes the set of trivial heaps (definition 2.8).
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It would be possible to define a sign-reversing involution as
in remark 5.2 transfering a piece ® from E to F, by taking M(E,F) as
the set of minimal pieces of E, not in concurrence with any pieces of
F, together with the set of pieces of F which are in M or in
concurrence with at least one piece of E. The pairs corresponding to
M(E,F) = g are the pairs invoived in the summation for N.

A simpler proof, as suggested by A. Joyal, is to apply
proposition 5.1 and the foilowing lemma.

Lemma 5.4, lLet M ¢ P and £ € H(P,®). Then the heap E has a un
factorization £ = Ej®Ey where E; is a heap with maximal pieces in M
n M.

igu
an

(e N (U]

Eg is a heap with pieces not i

The power serie D appearing as the denominator of generating
function (12) and (14) plays an important role in heaps theory. We wil
call this power serie the exclusion power serie for the pieces P and
concurrency relation € (and the wvaluation V), or for short the
exclusion serie of the heap monoid. We will denote it by D or D(P,®) or
D(P,€,v). If P ig finite, D is a polynomial, the exclusion polynomial.

Example B5.5. Let A = (a;;) be an nxn matrix. Let B = [n}, P be the set
of cycies on B and m : P — #(B) the map associating to a cyclie its
underiying set. The ~concurrency relation is defined by (8). The
valuation of the cycle ¥=(x3...xp} I8 the product Aay x --8x x 8x x
1 2 m-1 m m 1

The letters X and ajj; can be considered as formalt variables in X. Then
it is aimost the definition of the determinant to say that D(P,€) =
det (1 -2A}) .

Thus the characteristic polynomial of the matrix A can be
considered as the reciprocal of an exclusion polynomial.

Example 5.6. Let B = M be the basis and P be the set of monomers {i},
i»0 and dimers €i,i+1},i 30, with concurrency relation the intersection
relation as in 4.

Let {bg¥kzo and <{<hg¥ky1 be two sequences of the ring K. The
monomer {i}, i » 0 is weighted bix. The dimer Li-1,i¥, i » 1, is
weighted Xjx2.

If we restrict the basis to be By = [0,n-11, with pieces in By,
tet Pnp(x) be the corresponding exclusion poiynomial. These polynomials
satisfy the three-terms linear recurrence relfation

{(15) Pa+t (X} = (x=bn) Pa(x) = An Pn-1{x}, with Po(x)=1, Pi(x)=x-byp.

From Favard’s theorem the sequence {Pnr(x)}pnyo is a sequence of
formal orthogonal polynomials and conversely,any orthogonal polynomiais
are obtained this way. {see for examplie Chihara {101, Viennot [4713).

Example 5.7. Let G = (V,A) be a graph with vertices in V and edges in
A. Let P = A with concurrency relation € be the intersection relation.
The weight of an edge is x2. Then the matching polynomial of the graph
G (see for example [201,0321,0351) is the reciprocal of the
corresponding exclusion polynomial.
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Exampie 5.8, Let G = (V,A) be a graph with vertices in V and edges in
A. The set of basic pieces is P=V with concurrency relation € defined

by : a ®aand a € b iff {a,b} € A (i.e. G is the concurrency graph of
€. Each vertex is weighted x. We propose to cal!l the corresponding
exclusion polynomial the independency polynomial of the graph G. It is
less <classical than the matching polynomial, but it appears in some
statistical mechanics models {(see below §9,b). In fact, up to a change

of variable, the matching polynomial of the graph G is the independency
polynomial of its so~called [!ine graph

We interpret below the logarithm of the generating function of
weighted heaps. We suppose that the ring K is the field §§ of rational
numbers. We need the following definition.

Definition 5.8. A pyramid is a heap having a unique maximal piece.

Proposition 5.10. Let H(P,®) be a heap monoid with a valuation V
satisfving (11). Then

v (F)
(16) log ) v(E)| = Z s
|71

EEH(P,®) F

where the second summation is over all pyramids of H(P,€).

Condition (11) implies the summability of both sides of
identity (18).

Here we work with exponential generating function, that is
labeled heaps
v (E)
) e }: ) "
n!
E€EH (P,¥) 50 {Ef=n

This generating function is the exponential generating function
for tabeled (by 1,2,...,n) weighted heaps. We decompose such heaps E
into pyramids in the following way

We select the piece ®y of E with minimal label (i.e. 1). Let E;
be the subheap formed by all the pieces below my; (order ideal}. E; is a
pyramid and in fact E can be factorized E= EIGEE. Another way to define
E; is to say that there exists a unique factorization E= E1®E1 such that
Ey is a pyramid with maximal piece ®y. We select the piece ®g of E1
with minimal label and get a factorization E—E1@E20E2 . Recursively we
have a factorization of the heap E into a product of labeled pyramids
with the property

17) the piece with minimal label is the maximal piece of the pyramid.
Conversely, from the set {Ey,...,Ex> of such pyramids, one can

reconstruct E by taking their product in the increasing order of the
label of their maximal element.
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In the context of species of Joyal [381, or of Foata’s "composé
partitionnel" {251, a heap is an Tassembly” of labeled pyramids
satisfying (17). Their exponentiel generating function is the right-
hand side of (16) . The proposition comes from standard result on
assembly of species or on “composé partitionnel™. [m]

[ —
AR
G ——
s v v

heap assembly of pyramids

Fig.7. log(heap) = pyramid.

In  the next sections, we give a summary of the possible
applications of heaps theory to enumerative and interpretative
combinatorics. This will be done in details in the papers
[151,0181,0501,[511.

6. Flow monoid and combinatorial proofs in linear algebra
(summary of [181)

We use the notations of 4. The basis is B. The set of basic
pieces is P = B x B. The projection w : P — #(B) is defined by

(18) for any (s,t) € P =B x B , n(s,t) = s.

Definition 6.1. The flow monoid is the heap monoid F(B)=H(FP,n,B)
defined by (18).

This <corresponds toc the flow monoid introduced by Cartier,
Foata [9]1 : the edges (s,t) and (s’ ,t’) commute iff s # s’.

The heaps of H(P,n,B) are called fiows. Such a flow E is
defined by its fibers. The fiber F3(E) over s € B is isomorphic to a
word of Bz with Bg = 4s¥ x B . in fact there is no order relation
between two elements of distinct fibers and the flow monoid is
isomorphic to a direct product of free monoids H(P,n,B)x T B§ (see
Fig.8). s€B

Definition 6.2. A rearrangement is a flow E=(E,g,€) of H(P,n,B) such
that for every s € B, the fiber Fs(E} defined by {(10) satisfies

(19) IFs(E)] = l4m€E, (&) = (t,s)}
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In other words the number of edges (t,s) of E coming in s is
the same as the number of edges (s,t) starting from s.

The rearrangements form a submonoid R(B) of the flow monoid

F(B).
© &//ﬂgEB
" o
AN G o} o
Fig.8. A flow.

The two following propositions are typical examples of
bijections transforming a heap into another heap of bigger pieces
obtained by "gluing” the smal! pieces (or conversely "breaking" pieces

into smalier pieces).

A path w of B is any sequence w=(Sp,;S1s...,5n) of points of B.
We consider the heap monoid SPCy(B) = H(Q,w,B) which pieces Q are
cycles (Cy) on B or seif-avoiding paths (SP) on B (i.e. no two vertices
appear twice in w) and the projection 7 is the map associating to a
piece its wunderiying set of vertices of B. A path w can be identified
with the flow (sp,81)@©(sy,82)® ... ©®(Sp-1,5n), (product of heaps).

A cycle ¥ = (Sy,...,8a) (see the definition at the end of §4

and also see example 5.5) <can be identified with the rearrangement
(51,92)0...0(Sp-1,5n)@(5p,51). The submonoid Cy{(B) of SPCy(B) is formed
by heaps of cycles.

Proposition 6.3. Let u,v € B. There exists a bijection between paths

of B going from u fo v and pyramids E of SPCy(B) such that all pieces

are cycles of B, except the maximal piece, which is a seif-avoiding
path 7 goinga from u to v. This bijection is guch that the number of
edges (8,t) 1in w (or elementary steps) in the same ag the number of

edges (s,t) contained in the cycles and the paths m of the pyramid E.

This bijection is particularly usefu! for the enumeration of
certain famiiies of heaps (see below the directed animal problem).

Proposition 6.4. There exists an igomorphism of monoids ¥:Cy (B)—R(B)
between 1he heap monoid of cycies and the heap monoid of rearran-
gements. Moreover, for any s,t€B, ¥ preserves the number of edges (s,1}
in each heap.
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Each bijection of propositions 6.3 and 6.4 is obtained by
"breaking” the heap of cycles (and self-avoiding path) into its
elementary components : the edges (s,t) considered as elements of the
fiow monoid.

Combining the above propositions with the propositions of §5
gives combinatorial proofs of classical identities in linear algebra
(see [91,0261,0271,01361,[461,[521).

Y1
. ]:AX.

X1
Let A = (ajj) be an n x n matrix and X :[ . ],Y = [
X

Yn
Paths and cycles are weighted as in example 5.5 by
v{w) = v(sg,S81) .-. V{(Sp-1:5n) and v{i,j) = ajj.
o1 ®n
Corollary 6.5. (MacMahon Master theorem). The coefficient of Xy ... Xp
in the formal serie 1/det (I-AX) is the same as the coefficient of
®1 [ 3 L1 ®n
Xy ... X in the polynomial ¥y ...¥Yn
This is a combination of proposition 5.1, example 5.5 and

proposition 6.4.

Corollary 6.6. (!nversion matrix formula) The term (i,j) of the inverse
matrix (I—A)'1 is Njj/det (1-A) where Njj is the term (j,i) of the
adioint matrix (cofactor).

This is a combination of proposition 5.3, example 5.5 (together
with a companion formula for the cofactor) and proposition 6.3.

Corollary 6.7. (Jacobi identity)
1
(20) ——————— = exp (Tr (log (1-A) "1y).
det (1-A)

This identity comes from a combination of proposition 5.1,
example 5.5 and proposition 5.3 (in a slightly more dgeneral version).

Also, Cayley-Hamilton theorem <can be obtained by wusing a
slightly more general form of the identity (14) of proposition 5.3.

7. Orthogonal polynomials

Any sequence {Pp{(xX)}p >0 of (formal) orthogonal!l polynomials
appears as the sequence of reciprocal of the exclusion polynomials of
weighted monomers and dimers on the segment [0,n-11 (see example 5.6).

A combinatorial theory of classical properties valid for any
sequences of orthogonal polynomials has been made by Viennot [471,
following work of Flajolet [22}. This combinatorial theory is written
in terms of certain weighted paths (called Dyck and Motzkin paths).
Some of the bijective proofs can be simplified by using heaps termino-
logy. The Dyck (resp. Motzkin) paths are transformed (by proposition
6.3) into pyramids of dimers (resp. monomers and dimers) on B = N.



341

The main property is the following. Let Pp{x) be the sequence
of polynomials defined by the recurrence (15) and H(P,n,B) be the heap
monoid of monomers and dimers on B = M, weighted by the sequences
{bylxso and {Ax}xypi of elements of the ring K as in example 5.6.

Let u, be the sequence defined by
2m Mn = % v (F),

where the summation is over all weighted pyramids of m monomers and d
dimers such that n = m+2d and such that the maximal piece containsg the
value O (i.e. this maximal piece is either {0} or {0,1}), see Fig.9.)

Let f be the unique tinear functional f:K{x] —» K such that
f(x™) = pp (np0).Suppose that Z#0 (k»1) and that K has no zero divisors.

Proposition 7.1 - The polynomials Pj(x) defined by the three-terms
finear recurrence (15) are orthogona! with respect to the seguence of
moments Np defined by (21} . that is

(22} f(Px,P;) = 0 if k # 1 and f(Pﬁ) Z 0, for every k,1x0.

The proof follows from the same generaiization of identity (14}
of proposition 5.3 mentioned at the end of §6 about a bijective proof
of Cayley-Hamilton theorem.

Orthogonal polynomial Py, (x)

Mement p, with n=m+2d

> 020
— - Ow e

Fig.9. Orthogonal polynomials and moments interpretated as
exclusion polynomials and pyramids of monomers—-dimers.

Many other properties of general {i.e. formal) orthogonat
polynomials c¢an be deduced from heaps basic lemmas. In particular the
Jacobi continued fraction expansion (corresponding to Flajolet’s

theorem about weighted Motzkin paths) here becomes a simpie consequence
of a decomposition temma about the pyramids interpretating pp into
other pyramids. This decomposition is the analog, for ordinary
generating functions, of the decomposition given in the-proof of
proposition 5.10 with exponential generating functions.
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Corolallary 7.2. With the above notation (21) ,

1
(28) E gt = ———
1-bpt ~ Aqt?

n»0

The convergents of the continued fraction (23) are nothing but
the generating functions of the pyramids interpretating u, and bounded
on the segment [0,nl. Thus, applying proposition 5.3, these convergdgents
are

(24) $PR (1) / Prss(t),

where P:+1(t) is the reciprocal t“+1P“+1(1/t) of Pps1{t) and 8P (1) is
the exclusion polynomial for heaps of monomers and dimers on {0,n] not
containing the wvalue 0, that is the pth orthogonal polynomial corres-
ponding to the "shifted" valuations b; = b+t s ); N N

If we take byi=0 and Xy = ~qk, then we get the exclugion power
serie D(P,®€). We are in the case of an infinite set of pieces and (11)
is satisfied. Taking the basis B = M , the exclusion power serie DI(q)
is the Jeft hand-side of the famous (first) Rogers-Ramanujan identity
(see for example Andrews [11)

2
n 1

o]
(25) 1 + g = r{T
(1-a) (1-a?) ... (1-g™  np0  (1-g°™*1) (1-g°"*%)

n31

The 1eft hand side of the second Rogers—~Ramanujan identity

2
q“ 4+n 1
(26} 1+ E = ]{
(1-a) (1=a®)... (1-g™  n30  (1-¢°™*%) (1-¢°"*%)
nxi
can be interpretated as the exclusion power serie N(q) for weighted
trivial heaps of dimers (with valuation Xy = -qk) not containing O.
Proposition &.1 and 5.3 gives interpretations of the generating

functions 1/D (q) and N(qg)/D(q) , respectively in terms of heaps and
moments pyramids. We can easily deduce Andrews’s interpretations [21]
with quasi-partitions.
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8. Heaps and algebraic graph theory
a) Matching polynomials of graphs (summary of [151])

Let G be a graph. The matching polynomial of G is the

reciprocal of the exclusion poliynomiai D(G;x) defined in examplie 5.7
pieces are dimers on G (i.e. edges) weighted by x2. Several work has
been done on these polynomials, in relation with physics and chemistry,

see for example [20]1,(311,[321,[351.

Proposition 5.1 and 5.3 give combinatorial interpretation of
the coefficients of the power series 1/D(G;x) and D (G\M;x) /D (G;x) where
G\M denotes the graph obtained by deleting from G the set of edges M
(resp. set of vertices M).

If M is the set of edges <containing a vertex s, then
D (G\M; x) /D (G; x) is the generating function for the so-called tree-like
paths introduced by Godsil! [311 in order to give a nice proof of the
fact that the roots of matching polynomials are real numbers (Heilmann,
Lieb [351). In Desainte-Catherine, Viennot [15] we deduce bijectively
Godsil?’s resuit and give some generalizations.

Remark that tree-like paths correspond exactly (via the
bijection of proposition 6.3) to pyramids with the restriction that all
the cycles have length 2.Such cycles can be identified with dimers of G

b) Chromatic poiynomials and acyclic orientations of graphs
(from Gessel [301)

Let G be a finite graph with n vertices, ¥ (G;x) be the
chromatic polynomial of G and & (G) be the number of acyclic orienta-
tions of G.In [45] Staniey has proved the following identity.

27 ¥(G;-1) = (-1 & (G).
Gessel [301 has given a nice proof of this identity, using the
commutation monoid. Here we just sketch the idea of his proof,

translated in terms of heaps.

Let G = (S,A) with set of vertices S (resp. edges A). Let € be
the concurrency relation such that G is its concurrency graph (see 84).
Let E be a heap of H(S,®). For k 3 1, we denote by gk (E) the number of
factorizations of E in the form E = Ty® ...®Ty where each T; is a
non—empty trivial heap (remark that condition (2) of lemma 2.9 is not
necessarily satisfied). Let v be a valuation on the heap monoid H(S,¥®¥)
as in §5. A heap E is called [inear (resp. covering) iff each basic
piece appears at most (resp. at least) once in E. A linear and covering
heap E is a product (in H(S,®)) of all the basic pieces S. Let LC(S,¥)
be the set of such heaps. We have the relation

1
(28) ¥ (G;x) = > — > By (E) [x (x-1) ... (x-k+1),
k1

k30 EELC (S,®)



which leads us
graph G.

(29)

T'{G;x)

We have

(30)

where
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to introduce the compiete chromatic power serie of the

1
= E — E Br (EYV(E) | x{x=1) ... {x-k+1}.
k!

k30 EEH (5,®)

g Bp(E) v(E) t¥ = | 1 - tZ v (F

E, k30 F

restricted to
proposition 5.1,

(31)

non-empty trivial heaps. From

) s

relation

(12)

the first summation is over aill heaps E€H (S,¥) and the second is

of

we deduce (a bijective proof would alsp be possibie)

r@;-1 = -n° > v (E)

EEH(S,®)

The restriction to !inear and covering heaps gives (2

Heaps and Statistical Physics

7).

a) The directed animal problem (summary of Viennot [501)

In 1982, physicis

ts have

introduced

and studied the following problem.

,iN points of M X M s

N idth and any point

to (x,y),. with

N using elementary

, East. The point (

, source point a

4 by its width and

Ly Length of the sma

containing A with edges paraliel

perpendicular to

directed animals

Fig.10. A directed animatl, tributed, let 4,
one source point, average width
square lattice.

A directed animal is

uch that

a set A of
(0,0 € A

(%x,v) of A can be

vertices
steps

length
ltest

< reached by a path going from (0,0)
in A,
North
0,0) is called
nd North-East
P catled priviligied direction.
size of the animal A is described
(i.e.

and
or
the
is
The

size
rectangle

or

the priviligied
direction). Let ap be the number of
points.
Considering these animals equidis~

with

(resp.
(resp.

La) be the
length}.
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Physicists expect the following asymptotic behaviour

(32) ap ~ p* n”%, 4y ~ N Lp ~ n%.

The constants &, 1 and V, are called critical exponents. Such
numbers are of particular importance in the models for phase
transitions and critical phenomena.

A surprising fact is that very simpie exact formuliae exist for
an and 45 from which one get immediately pu=3, 8= p, = 1/2. After many
other works (for a survey see [49]) , physics soilutions are given by
Dhar [161, [171 and Hakim, Nadal (341 following Nadal, Derrida,
Vannimenus [41]

A complete combinatorial solution (for a, and 4;) can be given
by using heaps basic properties and a bijection between directed
animals (with one source point) and certain pyramids of dimers on 2.
This is done in [50], where some conjectures of Dhar [16] are proved. A

survey of the directed animal model , with both physics and
combinatorial! solutions, and retationship with other probiems and
modelis, is given in Viennot {491 . The case of directed animals on a
triangular fattice is easier. A  "brute force"” bijection between
directed animails and certain paths has been given by Gouyou-Beauchamps,
Viennot [331 . This bijection is the same as the one obtained using
heaps.

In the physics solution, Nadal,

: Derrida, Vannimenus [41], Hakim,
Nadal [34] consider directed animals
on a bounded strip : several source

points are now possible (see Fig.
11). The borders may be identified
" (circular strip). Using transition
matrices acting on a space of spins,

they give & formula for the number
of such animals with given source

¢~4r

points. This formuia is easily
obtained from the generating
function of such animals, which is a
P rational serie N(t)y/D(t). The

potynomials N {t) and D (%) can be

deduced from 87 and proposition 5.3,

using Tchebycheff polynomials first

Fig.11. Directed animais kind (circular strip) and second
on a bounded strip kind (bounded strip).

The problem of the existence and determination of the exponent
15%8 stil! open. It is conjectured [411 to be 8/11
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b) Combinatorial interpretation of the density of a gas with
hard-core interactions (summary of Viennot [511)

Here we use propositions 5.1 and 5.10 in the case of the
independency polynomials of exampie 5.8. The heaps model put some light
on the so-called "thermodynamic limit” of the independency polynomials.
We obtain a combinatorial interpretation of the partition function 7(t)
{on an infinite lattice} and of the density

(33) p(t)= t d/dt log Z(t).
In fact,
(84) "O(—t) =z anth
nz0

where the a, are posgitive integers enumerating certain pyramids.

Using statistical mechanics technigues, Baxter has recently
solved I[61} the famous hard hexagon modei. Thisg model has a phase
trangition for the “activity" t.,=(11+45V5)/2. For O<t<t,, the partition
fonction Z(t) is given by the following system of equations

Let Ry (q) (resp. Rypy(qg)) be the left hand~side of the first

(resp. second) Rogers—-Ramanujan identity (25) {resp. (26)). The
partition fonction Z(t) is obtained by eliminating g between the two
following equations

Ri1(a)y5
(35} t = -q {——'} 5

Ry (a)

Sn) 2

ﬂ(1_q6n+2) ($_q6n+3) 2 (1_q6n+4) “_q5+1) 2 (1_q5n+4) {i-q

N30 (1_q6n+1) (1_q6n+5) (1__q6n)2 (1_q5n+2) 3 (1_q5n+3)3

From heaps basic lemmas, we
deduce that the coefficient ay,
defined by equations (33),
(34) , (35)Yand (386) is the number
of pyramids of hexagons on &
triangular lattice, formed with
n hexagons, as shown on Fig.12.
It would be of great interest
to prove directly the equations
enumerating such pyramids of
hexagons, without using
Baxter’s solution (which has
nothing to do with heaps of
pieces). Also the combinatorics
of heaps proves the equivalence

between directed animals

probiems and hard—-core gas

Fig.12. A pyramid of hexagons model, as shown recently by
interpretating the density of the Dhar [171 using physics

gas in the hard hexagon model. arguments.
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10. Heaps and parallelism in Computer Science

Finally, commutation monoids have recently appeared in
Theoretical Computer Science as a model for parallelism and concurrent
access to databases. This is an active and promising area of research
and a meeting on this subject took place in Paris, March 1985, and
another is planned in 1986.

A database is a set of objects called entities. A transaction
is any sequence of atomic actions operating on the entities. Several
transactions can access concurrently to the same database. An action is
identified with a letter and a transaction with a word. Commutations
are defined on these letters, describing the possible concurrency
access to the database. The model can be developped from an algebraic
point of view (rational and recognizable languages in this monoid,...)
in analogy with the free monoid case (see for example
[71,0121,0131,0191,0231,1421). Another direction introduced by Frangon
[281,129) and Arques et al.[41,[5] is combinatorial. This direction,
following some ideas of Papadimitriou ([42] and related papers) allows
the comparison of the performances of concurrency control algorithms
with the computation of the cost of serialization of an execution or
with the determination of Frangon’s paralielism ratio, frequency of
deadiocked executions,etc... These problems can be reduced to the
asymptotic enumeration of certain sets of commutation classes, or
enumeration of words in these classes.

The heap monoid model may bring other ideas about these
questions. First of all, replacing the alphabet {(which letters are a
coding of the atomic actions) by a set of basic pieces P, equipped with
a basis B and a projection map 7: P -» #(B) can be closer to concurrency
considerations. For example one can consider the basis B to be the set
of entities. An atomic action, symboiized by the basic piece ®€P, will
operates on the subset m(®)cB of entities. This atomic action, exactly

as the basic piece, is a certain "structure"” on the support m(x). The
concurrency relation of §4 will corresponds to atomic actions having
access to common entities. Under this mode!, two actions will commute

iff they operate on disjoint subsets of entities.

Another idea is to use heaps of pieces as a new data structure
in Computer Science. This structure appears as a generalization of the
binary tree structure {which is a poset and thus can be “realized” as a
heap) and the structure formed by several independant stacks. One can
implement the heap data structure by its fibers, or by defining [inks
between a piece ® and the pieces B which are covered by ®. This data
structure would be of particular advantage in parallel algorithms.

in conciusion, one of the interest of the heaps formutation is
to reiate some problems coming from completely different fields, as for
example the determination of the critical exponents of the directed
animale problem in Statistical Physics and the computation of Frangon’s
ratio of paralielism. Both are equivalent to asymptotic enumeration of
certains heaps. Some problems are equivalent to enumerate the number of
words in a commutation class (as for example ""aggregats’” problems in
Statistical Physics). From §3, this is equivalent to enumerate linear
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extensions of a given poset. This problem is well~-known in poset
theory and explicit formulae exist only in certain particular cases
{standard Young tableaux, standard shifted Young tableaux, trees,...).
Of course, the difficulty of the problem remains the same in both

points of view, but the spatial! intuition, the powerful basic heaps
lemmas and the connections made between different domains may be useful
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Introduction

In [3}, Joyal introduces the category of species together with several operations such
as +,-,x,0and '. In[d], he states the substitution rule for virtual species. In this

paper, we develop a method for proving the correctness of this rule; we also further
study and extend some aspects of the theory of virtual species. In particular, we will

(1) Show that the ring of virtual species (resp d-species) is a unique factorization
domain (UFD).

{2) Give arelation between x and o.

(3) Extend all the identities involving +, -, x, o, ", 0 and ! to the setting of virtual
species and, more generally, K-species.

() Give some K-species which are analogues of the logarithm and trigonometric
functions.
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Chapter 1: Background

§ 1.1, Algebra
In this paper, "ring” always means commutative ring with 1.

Definition 1.1.1. (K, 0, 1,+, ) isahalf-ring iff (¥, +) and (K, -} are commutative
monoids and the two “distributive” laws: {1) {(a+b)c=ac+bc; (2) Oc=0 holdin K

If X isahalf-ringand (M, ) is a monoid with the property that for each me¢ M,
there are only finitely many pairs (m,,m,} such thal m =m,m,, then the set of all
functions f: M -—» K, denoted K[[M]]l, gets a half-ring structure with pointwise
addition and multiplication by convolution:

(F-gUm) = X emym, F(My) gimy)

Obviously, K{[M]] isaring iff Kisaring Themap M — KI[M]] sending each m
to its characteristic function is an embedding of monoids if X =0, and it is customary
to identify M with its image, and to write 25 gf(m) m instead of f, when this
is convenient.

tet K, H Dbe two groups of permutations of the finite sets F, E respectively. The
wreath product KiH is defined to be the group of permutations t of the set F xE
which are of the form t(f,e) = (x(e)f), h(e)) where o is a function: E— K and heH
Thus t is determined by an element of H and a function o So [K\H| = [K|® K] . 1
G is a group of permutations of a set D, then (K\HNG = K\(HAG).

Example 1.1.2.  2Y \ 2y =D, where D, is the dihedral group of order 8.

Definition 11.3. ({13D Let HCEY xEY x-xEY and KGCFY for 1¢igr
The wreath product (K, K. Ki\H is defined to be the group of permutations
t of the set FyxE,+F,xE,+~+FprxEy, whichareof the form: For 1gi¢r, t(fiei)
= (;{e)(f1), hlei)) where ¢, isafunction Ei— Ki and he H Thus t is determined by
an element of H and functions ¢, where 1 <igr

So

KoK kWH] = (Ko ED o) B e )

Given a finite set E, apartition T of E is afamily E; of non-empty subsets of E
such that E,NEj=& if i=j and UEi=E Two partitions are equal iff they have the
same elements. Let PIE] denote the set of all partitions of E. Let X E denote the
disjoint union of EE,...Ea where E = (E,E,. . Eq) € BY; Wewrite TE=Eq Et -+ Eq.
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§ 1.2. Commutative algebra.

Definition 1.2.1. ([13]. Let R bearing. The length of any element r in R, £(r),
isdefinedby: (a) 2(0)=o; {(b) £(r) =0 if r isaunit; (c) otherwise, £(r)=
sup{ k|r = x; X, xk With xi non-zero and non-unit }.

Definition 1.2.2. ([13]). Let R and S be tworings. A ring homomorphism f: R — §
is called local if f(r) unit in $ implies r unit in R and is called unit-surjective if
s unitin B implies Are R with f(r)=s.

Let (R))nn be a sequence of UFD's and (oc)en be @ sequence of local, unit-
surjecive ring homomorphisms where o, Rp,;— R, and let <R, (¢ ) ey > be the
inverse limit of <(Rp)nen » (0Xppey > Where o is the canonical homomorphism from R
toR,. In fact o, is a local unit-surjective ring homomorphism. We often write r,
instead of ¢,(r) forall reR.

Proposition 1.2.3. The inverse limit R of a sequence R, of UFD's and local, unit-
surjective homomorphisms is an UFD.

Proof. Every non-zero and non-unit etement r in R can be factored into 2 finite

product of irreducible elements since £r) < £(r,) vn If reR and £(r) =1 then
Hmp,,.o£(rp) = 1. It can be proved that every irreductible element in R 1S a prime. S0
R isan UFD.

Proposition 1.2.4. Let (M, ) be a free commutative monoid and R be an UFD then
R[M] and RIM]] are UFD's.

Chapter II: The concepts of species and K-species
§ I1.1. Group Sets

If X is a finite set, a permutation of X is a bijective map g: X — X. Under the
operation of composition, the set of all permutations of X forms a group X Y. We have
{XZ | = |x{t, where we use | | to denote cardinality. If G is a subgroup of XZ, then we
shall say that the pair (GX) is 2 group-set. A subset Y of X s cailed a
G-invariant subset if g(Y)CY forany geG. Let (GX) be agroup-set, U be a finite
set containing X, and Y be a G-invariant subset of X. Forany g€ G, the extension
of g to U, gU, is defined by: gU(u) = g(u) if ueXx; qU(u) = u otherwise. The
restriction of g to Y, gy, is defined by: gy(y) = gly) if y €Y. We denote Y=
{¢"lg €6} and Gy - {gylg € 6}
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Under the operation of composition, 6Y and Gy form groups and (&Y, vy, (Gy,Y) are
group-sets. Since Y isa G-invariant subset of X, then X -Y isa G-invariant subset
of X and (Gy-y, X-Y) is a group-set.

Definition 1L1.1 ([13]). Let (G,X) and (H)Y) be two group-sets. (H,Y) is called a
reducing group-set of (G,X) if it satisfies the following conditions:

(a) Y is a G-invariant subset of X; (b) H=6y; (c) HX c 6.
Definition 10.1.2 ([13]). Let (H,Y) and (K,Z) be two group-sets, then
(a)Forany heH and k€K, let h*k e(Y+2)Y be defined by: (h*Kk)u) =h(u) if uey;
(h*kuy=k(u) if ueZ
(b)Let H*K denote the subgroup {h*k|heH, k eK} of (Y+2)Y.
(c) The group-set (H * K, Y + Z) is called external product of the two group-sets (H,Y)
and (K,Z) and is denoted: (H*K, Y + Z) = (HY) ¥ (K,2).

From definition 1.2, we find the group HX*K is the direct product of H'*Z and KY*Z,
it is easy to check that the external product, ¥, satisfies the associative law.

Lemma IL1.3. If (Gy,Y) is areducing group-set of (G,X), then
(a) (Gy-y, X-Y) is a reducing group-set of (G,X); (b)Y (6,X) = (Gy,Y) * (Gy-y, X-Y).

Lemma IL1.4. Let (Gy,Y), (67,Z) be two reducing group-sets of (GX), then so is
(Gypz.YNZ).

Lemma ILL.S. If (HY) is areducing group-set of (6X) and (K,Z) is a reducing
group-set of (HY), then (K,Z) is reducing group-set of (G,X).

Definition 1L1.6. ([13]) A group-set (G,X) is calied an atomic group-set if X = &
and (6,X) has no non-empty proper reducing group-set.

Proposition 1L1.7. Every group-set (G,X) can be decomposed untquely into an external
product of atomic group-sets.

Let (6,X) and (H)Y) be two group-sets. We write (G,X) ~ (HY) if there exists a
bijection f:Y-— X such that f!6f = H. It is easy to prove that ~ is an equivalence

relation. Let 3§ be the set of equivalence classes of group - sets. We have:

Proposition I1L.1.8. (8 -) isa free monoid.
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§ IL.2. Species

Let Setls be the category of {smail) sets and maps and B be the category of finite
sets and bijections.

Definition 1L2.1 ([3]). A species is a functor S: B — Sefs and a morphism <
from species S to species T is a natural transformation from functor S to functor T.

If there is an tsomorphism T from species S to species T, then we write S=T.
(and use the notation S =T when we work "up to an isomorphism®). In what follows, the
symbol S will be used sometimes to represent a species, and some other times to
represent it's isomorphism class. The usage at a particular point in the text should be
clear from the context. For any E € B and any species S we write SIE] for the image
of £ under S. Every element in S{E} iscalledan S - structure on E.

The reader is referred to [3] (or [S]) for the definitions of the sum S+ T, product
ST, cartesian product S x T, derivative S', and substitution So T (if T[&]= @), of
two species S and T. They are summarized as follows:

Definition 11.2.2 ([3]). Forany E€B,

(@ (S+TNE} = SIE]+ TIE] (0) (S THE] = 3 g =gy, SIEAXTIES

{c) (5=TIE] = SIE] = T([E} (d) S'{E] = S{E+ 1]

(d (SeTIE] = Z“GP{E] SIn x Tgeq TIC

where P[E] is the set of all partitions of E.

A species S is called a subspecies of the species U if S[E] < U[E] for all finite

sets E and the inclusion is a natural transformation. It is obvious that if S is a

subspecies of U then there exists a unique species T suchthat U=5+T1.

Example IL2.3. The zero species, 0, is defined by: O[E] = & for any finite set E. 0
is the unit element for addition.

Example 1L2.4. 1= B(&,-), so the species 1 satisfies 1[E]= & for any non-empty

finite set E and 1[@] = {*}; i.e there isaunique I-structure onthe emply set. 1 isthe
unit element for multipliction.

Example 1L2.5. X = B({*},-), so XIEl={*} if |E]=1; X[E}=@ ir |[E]=1.
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Example IL2.6. For ne N, write n={1,2, .,n} Wehave X"=B(n,-) =X X~ X
More generally, let HcnY; thenwe use XN/H to denote the species B(n,-)/H, ie.
XN/H{E] = the set of all "left cosets” of H in B(n, E) where B(n, E) is the set of
all bijections from n to E (B(n, E) is not a group). In fact X"/H[n] = the set of all
left cosets of H in ny.

Example IL2.7. The exponential species eX =B( -, {¥}) is defined by: eX[E] = {*} for
any finite set E, i.e. there is a unigue eX-structure on any finite set. We have:

eX = 3,0 X/ n?
A species U is called a molecule if U=0, and U=5+T implies either S=0 or

T = 0. Every species is a (possibly infinite) sum of its molecular subspecies. The
molecules are of the type:

X"/H  where H is a subgroup of ng .

It is easy to prove that X"/H=XM/K iff n=m and H, K are conjugate in ng . Let
M, denote the set of isomorphism classes of all molecular species and Mm™ denote the
set of isomorphism classes of all non-constant molecular species.
Proposition 11.2.8 ([13D). Let n,me N, Hcn? and KCmy , then

(1) XP/H - XMy = XP*M/(H*K)  where " %" is the external product.
S ILHIALL XYL if n=m; where A_ = {gen | gHg™'nK = L},

(2) XP/HxxM/K =
0 otherwise,
(3) X"H o XM/K = XMN/(KxXH)  where “\ " is the wreath product.

(4 (XVHY = D0,y X"/(H N (n-{e})) where O,y denotes a complete set of
representatives for the orbits of H in n.

By propositions 1I.1.8 and 11.2.8, we have
Proposition 11.2.9. (M, ) is a free commutative monoid.
Definition 11.2.10. ([13]). A species S iscalled finitary if S[E] is finite for all
EeB. A finitary species S is called strictly finite if 3 n>0 suchthat S[E]=@

forall EeB with [E|> n.

The set of all finitary species {resp strictly finite species) forms a half-ring which
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is isomorphic to NI[TL]] (resp NIM]. The universal ring V (resp SV) containing this
is called the ring of virtual species (or Z-species) Every element in V can be
represented as S - T where S and T are two species. The ring V (resp SV)is
isomorphic to Z[M]] (resp ZIMD). From propositions 112.4 and 112.9, we have

Theorem IL2.11. These tworings ZI[M]] and Z[TL] are UFD's.

There are many identities involving +,-,x, 0, ', 0 and 1 ([3}[51,{13]). Let S, Tand U
be species, then

(i} {(S+TeU=(S=aW+(T=l); (i) (S T)eU=(Sel): (ToU)}
(iii) (SeT)eU=Se(TeU); (iv) (S5+T)=5+T,

v) (5-Ty=5""T+S T4 (vi) (5xT)=5xT

(vil) (SeTy=(S'eT)- T .. etc.

One objective is to extend all these identities to the setting of K-species. This is done
in chapter three.

§ I1.3. d-species.

Definition I1.3.1 ([3]). Let d be an integer> 0. A d-species is a functor

S Bd——-».‘iets and amorphism < from d-species S to d-species T is a natural
transformation <« from functor S to functor 1.

Let S, T be d-species and T, T, .., T, ber-species(whered,re N) The sum
S+ T, product S-T, cartesian product S xT, partial derivatives (35/9X;), 1<isd, and
substitution So (T, T, .., T4) are defined as follows :

Definition 1L3.2 ([3)). Forany E =(E,E,.E,)eBland A= (A,.,A)eBr, define

(@) (s+DIEl = SIE)+ TIEJ () (S-TIEl = 3¢ -pe SIDI*TIEN

where E=D+F means E;=Dy*F; for 1<i<d,

(c) (SxTE] = SIE]l = TIE] (d) (3S/a%IE]l = SIE + &l

where gj =(FyFp Fy) with Fi={*} and Fj= if 1=, 1<i,j<dq,

(@ So(Ty, ... TIHAI = 3 repiar 2 it g SLE™ MO, T NI XTT g Ty [CA,,..CAR]

where PI[A] denotes the set of all partitions of Ay+ -+ A,.
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Example IL3.3. X; = Bd(g,~) where e; = (FyF,.Fy) with F; = {*} and F)- =@ if i=].
For E= (E,Ep..Ey) €BY, X[EI={*} if E=¢; X[El=@ otherwise.

Example IL3.4. X,"' X;'2~ X,"4=BY(n,-) where n=(n,n,..,n,). and BA (0, ) is
the set of all (f,f,.,fy) where all f; are bijections from n; to Ej. Note that BYn,p)
is empty unless |E;| =n, forall i. More generally, let H € n,¥ xn,¥ x-xn,y,
then (X,"*-X," 2 X,"4/H)[E] is the set of all "left cosets” of H in BYn, E); we
oftenuse X,"*- X;'2~X,"4/H to denote the d-species BY(n,~)/H.

As in the single variable case, every d-species is uniquely a (possibly infinite) sum of
its molecular d-subspecies. The molecular d-species are of the type:

X' X2 X,"0/H  where Hcn,Y xng x-xngg.

Let Ty be the set of all isomorphism classes of molecular d-species.
Definition IL3.5 ([13]). Let n;,m;e N for I<i<d, HC N ¥x-xng?7, KCm, Ixxm,7.
Forany h=(h, ., hg) €H, k=(k, ., ky) €K (hy and k; are the restriction of h,k to
n;, m; respectively for 1<i< d) and u = (u;u, ., uy) € (ng*my) x _ x (ny+my), we define:
(h*4K) (U) = (g4{uy), GkUy), .., G4lug)) where gi(up) = hlup) If ujeny; gy =Kiy;) if
upem; fort<i¢d, and H*;K={h*;k |heHand k eK]}.

From the above definition , we have

KT X ZH ) - (%™ %, k) = XM x T (%K),

Lemma I13.6. (T, -) isafree commutative monoid.

Theorem IL3.7. The ring of virtual finitary species Z{[flLy}] and the ring of virtual
strictly finite species Z[M.4] are UFD's.

Proposition 1L3.8 ([13]). Let n, me N, Kycm¥ for igisd, Hcn ¥ x-xnyy,
and KCm,¥ x--xm,¥, then

( X1n1 and/H) o ( X1m1/K1, :ded/Kd) ={ X1n1m1 * et NgMy /(K,, N Kd)\H )

LI AG L% Y1) i my=ng for 1< < d;

(X" Xy " /HY x (X, MK
0 if m;=n; for some i.

where Ag; ={gen,g xn, ¥ x-xn,¥ | gHg InK=L}.
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Just as in the case of one variable, there are many identities involving the operations
+,-,% 0 and ' in d-species ([3]). We can also extend those identities of d-variable
species to the setting of d-variable K-species.

§ 11.4. K-species.
Let K be ahalf-ring. We can extend the operations +,-, x and ' to the set

KUM= {Jgem, a7 T | arek}
as follows:

(a) (ZTE‘M aTT) + (ZTE‘M by T) = Zyem (aT*bT)T

® Crem o - Csem bs S = Srsem (@ b (T-9)
© Crem a7 x Csem bs S = Srsem (@ by (Tx5)
(D Crem 21TV = 2rem o1 7"

Of course, the terms must be collected on the right sides of (b}, (), (d). It is possible to
do so because: given a molecular species M, there are only finitely many pairs of
molecuiar species (5,7} such that M =571, finitely many pairs of molecular species
{U,V) such that M is a subspecies of U x V, and fipitely many molecular species W
such that M is a subspecies of W'

Let o be the unique half-ring homomorphism: N — K; then ¢ induces a half-ring
homomorphism @: N[[T.)]» K]l The homomorphism preserves +, -, x and ' We
hope to extend the concept of substitution, o, to KI[[fM)] in such a way that G
preserves o and all the identities involving +, -, x, o, ' continue to hold.

Unfortunately it cannot succeed for all half-rings. For example:

(1) Let K =F, then (X2/2¥)o(X+X) = (X2/23)e(0) = 0, but (X2/29)e(X+X) = (X2/23) +
X2+ (x2/29)=%2 This is a contradiction.

(2) Let K =20l Let (X2/27)o(iX) = axZ + b(Xx2/2¢) since deg ((X2/2Y)e (iX)) = 2.
(Here we are assuming a bit more about the extended substitution, namely that degrees
multiply under substitution of K-species of the form scalar times molecule) More
detailed computations show that (ab) = (i,(-1-iy/2) or (i,{(-1+1)/2). This is a
contradiction since b ¢ 2[il.

For examples -above, we want (;) = (-1-i)/2 € K if 1 e K This suggests that some
special half-rings, "binomial half-rings”, will satisfy our desire.
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Definition 1L4.1 ([13]). Ahaif-ring K is called a binomial half-ring if

(a) there exists a Q-algebra L containing K, and
(b) forevery aeK and ie N, (}) = a(@a-1)a-2)~(a-i+1)il € K

For example N, 2, Q R, €, @Qi] and N + Q (e 2 = 0) are all binomial
half-rings, but Fp, p prime, and 2Z[i] are not binomial half-rings.

Definition 1L4.2 ([13]). Let K be a binomial half-ring. A K - species is an
element S of K{[M]], ie. a formal linear combination of the molecular species with

coefficients in K.

The concepts of species (resp. virtual species) and IN-species (resp. Z-species)
coincide.

Chapter I111: The calculus of K-species
§ IIL1. Extension of substitution to K-species.

tn this section, K is a given binomial half-ring. We will define the operation o for
K-species and prove that the identities in chapter II involving o continue to hold.

Proposition IIL1.1. Let T, and T, be two species, then el1*Tz = eT1-elz

Notation IIL1.2. a) Let L bea Q-algebra, a€lL and ry,ry .., r, € N. We write
(r,rz ) = aCa-1)(a-Zr+ 1)/ rdratery

where ZIr means ry+rp+ - +r.

b) Let (pj)ey e afamily of formal variables. We denote by N[ )]
the sub half-ring of Ql(p; )]eJ] generated by the polynomials (pJ) jed, el

Remark IIL1.3. If f((p)jey) € N[("1)] and (g)je is an arbitrary family of
elements of the binomial haif-ring K, then f( (aj )jed Ye K
We also have

( r,_r;__'__.rn) (ry r; "n ) Ir )€ N[(a)]

Corollary I1IL1.4. forall ne N,
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eX = (@) = To0 Sraneskeg =k Crore e )/ 1D)7(X272)% - (xk/k)'

= 2mem MMM

where all r; are non-negative integers and all gw(p) € N{(®)].
Proposition IIL1.5. Sxe™ = So(nX) forall ne N.
Proof It is easy to show that for any EeB,
(S o (NXMIE] = SIE] = nf
in particular for S = eX, this gives e™[E]=nE  Substituting this back into the above
equality gives

(5 o (MME] = SIE] x eMX[E].

Naturality in E is easily verified, so the proof is completed. o)

Lemma IIL1.6. (Z AcTh.d aAA) : (E}\Gmd bAA) = Z Acthd CA A, where cy = ZAf Az=A aA1bA2
is a finite sum.

Lemma IIL1.7. (3 aema 24A) X acqia PAA) =2 pema CaA, Where Ca=Da. a T A, 4,2, D,
is a finite sum, with ny 5, 4,€ N defined by A;x Ar= 3 acqa Mapsp, A

Proposition IIL1.8. Let S be a species and neN, then S(nX) = 3 yem TM(NM for
some f(p) € NI(?N.

Now, we can extend proposition 1111.8 to K - species:

Definition IIL1.9. Let X be a binomial half-ring, a€ X and 5 be a K-species.
Then S(aX) = 3. mem fm(@ M with fi(p) defined in proposition IIL1.8.

Tables 4and S give S(-X) and S(nX) for molecular species of small degree.

Lemma IIL1.10. XD1-XD9H o (XIM/K,,.. . XJNI/K ) = XM Mgt =+ MdNd/ (K, K, Kg XH)
where nj, mj e N, Kjcm;¥ for 15i<d, and HCmY xnp, ¥ x - xnyg.

Corollary ITIL1.11. Let T, T, .., T, be d-species, then PAMERRAL S e’ e’z e'd.

Lemma ITL1.12.  eX o (NXy*+N4Xg) = 3 pema TA(N1-lg) A
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where fA(p,,.,.,pd) € N[(T )]M isd
Lemma IIL1.13. Forany nyn,..ny€ N and d-species S, we have:

S° (n,X,, ngz,,ndxd) = S X (ex o (n,Xﬁ“'* ﬂdxd ))

where cg = 3 (a, | Ae My, Ao(M,M, ., M) =B), afinite sum.

Lemma IIL1.15. Let T be species, Aje‘m,*for 1<j<d Thenwe have Te(nyAs+..+nyAy)
=pem fa(Muhz g B, Where fg(py,py.,pg) € NI (i forall BeTh.

Remark IIL1.16. Let S be a species and S o (Qpem M A) =2 ge 8(Padaem) B
where fg depends only on S and on the ny's with degA < degB. So we have:

Proposition I11.1.17. Let T be a species, then
Toef( Z Acq* nA A) = Z Beln fB((nA)Mm) B where fB((pA)Aém} € NKSA)]AG‘M
Definition 11L1.18 ([13]). Let K be a binomial half-ring and S, T be two
K-species with T= 3 aeqmx Na A for nae K. The substitution of T in S, SeT, is
defined by
2.8em B UNWaem) B with fg({padaey) given inproposition 1111.17.

If S isa K-species, then S=3 jenon 2pn X'/H where ay e K and H ranges
over representatives for the conjugacy ciasses of subgroups of nY. S, denotes the n-th
term of the outer sum. (If S 1s an actual species, then S[E]= SIE] if |E| =n; Si[E]=@
it |E} =n)

Theorem ITL1.19. Let S, T andU be K-species with T, =Uq =0, then

(SeT)ot=Soe(Teol)

Proof. Let S = FamsSaA, T= 2 peq teB and U= 3 ceqq U C. We have

(SeDol=Fmem MSatpUdapgcemM™ ST o) = mem Im(Sataucdap cemM™
where fn((DA,qB,rc)A,B‘CE m), gn((DA,qB,FC)A,B Ce m) € N[(?A),([}B)’(’;C)] AB.CeM

By associativity of substitution for actual species, fy and gy agree when natural
number are substituted for p,, gg and rg, and hence they agree when arbitrary
elements of K are substituted. 0
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Similar arguments prove all the identites involving +, -, x, ¢ ' 0 and 1.
Substitution for several-variable K-species is defined in the analogous way and
identities from actual species can be lifted to these by arguments similar to the one
variable case.

§ ITL2. The K-species SIN, COS, and L6.

The trigonometric functions, cos x and sin x have properties such as (sin x)' = €05 X,
(cos XY = - sinx and sinx + cos?x = 1. Here we try to find some special K-species
which have similar properties.

In fact, we can't find any 2-species (=virtual species) which have the properties
above. Suppose S and C are two Z-species with S5 =0, Cg=1 suchthat 5 =C,

C'=-5 and S-S+C-C=1.

Let S=aX+ax2+ax2/27 +~ and C=1+bX+b,X2+bsXZ/27 + . We have:

(i) a;+(2azra;)X+.. = 1+byX+, sinces =¢C
(i1} by+(2bsby)X+ .. = -(aX+-), sinceC =-5;
(i) 1+ 20X + (a3 + b3+ 2bX2 + 203X2/29 + -~ = 1, since S-S+C-C = 1.

Comparing the coefficients of each molecular species on both sides, we have:
a,=1,by=0,anda%+ b3+ 2b,= 1 + 2b,= 0. This is a contradiction since b, ¢ 2.

Definition 1112.1. Let K be abinomial ring containing ©Q, then
COS X = 172 (eMX 4+ e71X) and  SINX= -i/2(elX+e fX)

Of course, in this definition, eiX and e X are both computed by substituting i for n
in corollary I1I111.4. Let the ring homomorphism  o: ©i] — ©Qi] be defined by:
atbira-bi. The induced homomorphism &: QilllM)) — Qill[M] fixes species SIN
and species C0S. So SIN, C0S € Q{Tm]lL

Proposition ITL2.2. Let S bea Z-species with S5=0.If eX o5 =1 then S=0.

Proof. 1= eXeS =37, Srewznye-+nm = n (X1 /0, )o(SX /1,3 o(S7 ) ((X M/, T )elSp))
where r; 20 for all i. Comparing terms of degree n on both sides gives:

0= Srpr2ngw4nm = n (X770, )o(SX /1,8 Yo(S2 ))-((X /79 )o(Sy))

The n-th equation has highest term S, (from ry =...=r,_y=0,r, = 1) and all lower
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terms involve only Sy, S, .., S,_1. The system of equations can be solved recursively.
wehave 55=0 for n2 1. ie S=0. o

Corollary IIL2.3. Let S, T be two Z-species such that Sg=Tg=0 and eXeS = eXoT
then 5=T.

Definition IIL2.4. The species L6 = ,,5 Sy is recursively defined by

SO = O, ST ==X
and
Srprangeenm = 0 (X7 /0,2 )0(SOIHX /P2 )o(S; ) ((XP/r T )e(S)) = 0, n22

Proposition IIL2.5. eXolGX = 1-X

Let V,={Te (Ml [Ty=i} then Tsel (=eXoT) gives a group homomorphism
exp: (Vg, + ) — (Vy, - ). From the propositions IIL1.1, 11122 and 11125, we know that
exp is a group isomorphism and that its inverse log is givenby: T+ LG(1 -T) (log
is not @ species).

Proposition II12.6. L6(1 -S-T) = L6(1 -S) + LG(1 -T) forany S, TeV,

NOTATION FOR TABLES

nY = The group of all permutations on n; Ay = The group of ali even permutations on n;
Cn= The cyclic subgroup of nY generated by {12..n); Dn= The dihedral group of order 2n;
AB = The direct product of group A and group B; K4 = {id,(12)X34),(13)(24),(14)23)};
H = {id, (12)X34)}; L = {id,(123),(132),(12)(45),(13)(45),(23)(45)} = Ag N Stabilizer {4,5};
T = The normalizer of Cs = The affine group {ax + b| ab € Fg, a = 0} = {id, (12345),
(13524), (14253), (15432), (2354), (25)(34), (2453), (1534), (13)45), (1435), (1452),
(15)(24), (1254), (1523), (12)(35), (1325), (1243), (14)(23), (1342)}.

The cartesian product between molecular species of degree < 3

Xx X=X

X2 x x2=2%2 X2xX2/29 =X2  X2/29 xX2/2¥ =X2/2%

x3x x3-6x3 X2xx3/2¢ =3%3  Xx3x X3/Ag=2X3 x3xx3/37 =x3
x3/23 xx3/23 = x3/23 « x> x3/2% x x3/A; = X3 X329 x X3/3% = x3/2%
X3/Ag x X3/Ag = 2 X3 /A X3/Ag xX3/33 = X3/A;  X3/33 x X3/33 = X3/3Y

Table 1
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The derivative of molecular species of degree < 5

Molecular Derivative Molecular Derivative
1 0 X° 5x*4
X ] X5/1 X4/H + 2x4
X2 2X X°/2Y 3xY2y . x4
X2/2% X XS/Aq XA+ X4
X3 3x? X3/C, x4, + x*
x3/2% X2/23 +x? XS/K, XK, + x4
X3/ A x2 x5/29.27  xY/2y.2y + 2x%/2y
X3/3Y X229 X3/Ce x4
x* ax® X571 x4/Az+ XM
X4/ 2x3 X/ Ag 29 XYAz+ XY 29
x4/29 2x3/29 + %3 X5/3% 2X4/39 + x4/29
x%/Ay X3/A5 +X3 x°/0,, XD, + x/2¢
x4, x3 X /D xm
XK 4 X3 X5/2Y -39 x4/29.29 + x4/3y
xY29-29 2329 X°/a, XY+ xYag
x4/39 X3/3Y +X3/2¥ X5/1 x4,
x40, x3/29 x5/4y x/3Y + xY/43
XY, X3/A5 XS/A x4,
x4y x3/37 x5/57 x4/4y

Table 3
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The substitution of -X in molecular species of degree < 5

to(-X) =1 Xo(~X) = -X

X2o(~X) = X2 X2/280 (-X) = X2 - X2/2¥

X3o(~X) = -X3 X3/2%0 (-X) =x3/2Y - X3

X3/ Ago(-X) = -X3/Az X3/3%0 (-X) = 2X3/2¢ - X3 - X3/3Y
X3o(-x) = X4 X4/Ho(-X) = X4/1

Xx4/2%0 (-X) = X4 - x4/2¢ X4/Az0(-X) = XY/ A3

X4/C4 o(=X) = X4/H - x4/C, X4/K 4o(=X) = 3XH/H - X - XK
X4/29 290 (-X) = X4/29 27 + X%~ 2x4/2¢ X4/3%0 (-X) = X4/37 + X4~ 2x4/2Y

X4/D40(-X) = X429 29 + XHH - X4/29 - X404 XA/A4e(-X) = 2 Ag + X - X3 - X,
X4/4%0 (-X) = X4/29-29 + 2XY/37 + X4 - 3x4/2Y - x4/4Y

XSo(-X) = -X5 X5/Ho(-X) = -XS/H

X5/2%0 (-X) = X5/2Y - X5 X5/Az0(-X) = -X>/ Az

X5/C40(-X) = X5/C 4 - XS/H XS /K 40(-X) = XS/K 4 + X° - 3X5/H

X5/29-2%0 (-X) = 25729 - X5 -X5/292%  X5/Cge(-X) = -X5/Cg

X5/Lo(-X) = XS/L + XS - 2XS/H - X3/A5 X5/A5290 (-X) = X5/29 - Az - X5/A;

X5/3%0 (-X) = 2X5/2¢ - X5 -X5/3Y X5/D 4o(-X) = X572 +X5/D4-X5/29 -2¢ -XS/H
X5/Dge(-X) =-X5/Dg X5/To(-X) = 2X5/C 4 - X371 ~ XO/H

X5/29 3%0 (-X) = 3X5/29 +X%/2Y 3Y - X5/3Y - x5 - 2x5/27 29

X5/A40(=X) = X® + X5/A4 - 2X5/ Az - XS/H

X5/4Y0 (-X) = 3x5/29 +X5/4Y - 2X5/37 - 5. x5/2Y-2¢

XO/Ago(~X) = 2X° + 2X5/A4 + 2X5/L - 3X57 Az - 3X5/H - XO/Ag

X5/5%0 (~X) = 2x5/ 2939 + 2X5/4Y + 4x5/2Y - 3x5/3Y - X5/5Y - XO - 3X5/2Y

Table 4
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The substitution of nX in molecular species of degree < 4

1o(nX) =

Xo(nX) = (DX

XZo(nX) = () e200%2 = ()2x?

X2/2%0(X) = (B)X2+(})x%/28

X3o(nX) = () +6(h) 46N XS = (P3X3
X3/20(nX) = ((3) + 230X3/2Y + (2(3) + 3(3) X3
X3/AgenX) = (X3/Ag 4 (2(5) + 230 X3

X3/3%(nX) = 203)X3/29 + (X3 + () x3/3Y

X3a(nX) = (%) + 14(3) + 36(%) + 240 x4 = (nydxA
XI/HonX) = ((}) + 203)) XHH + (6(%) + 18(5) + 12050 x*
X280 (nX) = (4(B) + 15() + 12050 X+ () + 6(3) + 6(3)) XY/29
XYAzenX) = (4h) w1201 + 80 XH (1) + 203)) XY/A,
X3CqomX) = () XYH+ (1)xYey+ (3(5) +9(%) + 6(3)) X
X4KgomX) = 3(L)XYH+(2(3) + 9(3) + 65N XA+ (XK,

it

X4/23-230(nX) = (%) + 2(3)) X423 29 + ((3) +6(}) + 6(")) X + (4(T) + 6(})) XT/28

X4/330(nX) = ((}) +203)) X4/3T + (3(5) + 40 XF + (4(%) + 6(3)) X728

X4Dgo(nx) = (HXH723-28+ (XYH + (2(5) + 3UNXY28 + (XD 4+ (3(3) + 33X
Xagotnx) = 25 XY Ag+ (XYM (3(Y) + 20 X+ () Xy

X943 () = () x¥28-29 + 20 x4/37 + (Y xF+ 33 xH28 + () XYY

Table 5
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Toward a Combinatorial Proof of the

Jacobian Conjecture?

Doron Zeilberger

Department of Mathematics, Drexel University, Philadelphia, PA 19104

Dominique Foata taught us how to do algebra and special functions com-
binatorially, Now André Joyal and his diciples teach us how to do calculus

combinatorially, The first part of this paper will describe a new approach to

combinatorial calculus which was highly inspired by the Québec philosophy and
that correspond essentially to Joyal's linear species. However there is a
slight conceptual twist in that in my approach the coefficents are indeter-
minates while in the Québec approach they count things.

Intuitively a function is just a line of dots, Informally, introduce
the infinite set o

n dots
e e,

3 3 {4,’o’.g’oo."”_loo e oes L, }
and put on the following weight:

weight{ss -+ s¢) = fnx

n dots

where {fn} and x are commuting indeterminates. Then the generic "function"
(really formal power series) f = ; fnxn is the weight of é% :
£ = weight (&) . 0

We will soon consider rows of dots with some dots circled. The weight of
a row of dots with n dots, k of which are circled, is defined to be

n-k
X

£ . The derived set $' of P is the set of all possible lines of dots

with exactly one dot circled:
F'=10;0 .,:0;0 ¢+, 0«  0;...}

then it is readily seen that

£' = weight( 3') .



3N

Similarly, for any fixed k , let & &) be the set of all lines of dots with
K

exactly k dots circled, then i—f= weight('é"(k)) .

Product of two functions: Let 99 be the same as 5 only endowed with the

weight gnxn rather than fnxn and let

FoxH =

with the weight

weight = fn g X 12

clearly fg = weight( 3 &) .

1
Now the fun begins! (fg)' = weight [(3‘ xﬂ)' :], but (3 X 5‘5’) is the

gset of two rows of dots with one dot circled. Since that dot may be either

on the top row {5' xd’]or on the bottom row [.5‘ X ,&'J we have
E Xg&;]'=3t'xx‘fu Fxsh'

Taking weights gives the good old product rule
(fg)' = f'g + fg'

Similarly, we can prove Leibnitz's rule

D . 0f) @)
n! ( g) - k! (n_k)l
. 1_ -0 . .
n dots circled k in top n-k in bottom .

Composition: f(g) 1is the weight enumerator of creatures of the form
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¢Y] I‘ll . . nm
oo .... O
T ———— T e
m

whose weight is fmgn gnz...g . X

Chain Rule: [£(2)]' = f'(g)g’

Proof: The act of differentiating is a decision: What dot to circle? This

decision can be broken up into two decisions:

i, In what column to circle? i.e., to choose a [0 , the weight of all

these is f'(g) .

ii. In the chosen column, where to put the circle? i.e., g' .

Thus f[f(g)]' = £'(8) + &' .
Exercise: Prove Faa'di Bruno's formula

s i

r@1® IR
1 1 ' 1 1
n! Kk k1+...+kn=k kl....kn. k. 1!

kl + 2k2+. . .+nkn =n

Hint: For every way of circling n dots in (1) let there be ki columns
with i dots (i=1,.,.,n) then there are k = k1+...-kkn columns that have
at least one circled dot in them.

The Joni formula will be crucial for our approach to the Jacobian con-

jecture. Let's first state and prove it for n=1 , in which case it is just

one of the versions of Lagrange inversiom.

Theorem (Lagrange): Let U(x) be any formal power series and let F(x)
be a formal power series of the form F(x) = x+f x2 + ... then

2
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p
i = £ 2 owmrand .
pE€ N pe

Proof: By linearity it is enough to prove, for every m , that

m

p
f= r @ xnPy .
peNp'

Put F = x-H where H = -f2x2 - f3x3 = e then we have to prove, for
every m
m Dp P
() = IS (e WP
p EN Pe
;‘T corresponds to circling p dots. The right hand side enumerates creatures
of the following kind.
Left Section Middle Section Right Section
F S G F S @
@ . e
m ¢ P R G oxr@® -« -
» * @ » A4
O] O e s
‘L . @ 4L . . .
-1 uP (x-H) '
m rows some with one p rows of dots one row either with one
dot and some with (p > 0) all with at dot or with more than
more than one dot. least two dots. one dot. But one dot is
circled by a special
the contribution to circle and possibly
the weight from a row other circles.
of more than one dot
is the negative of what|
it is in the middle
section.

ALTOGETHER YOU HAVE p(p > 0) DOTS CIRCLED.
1.E., # OF ROWS IN MIDDLE SECTION = # OF DOTS CIRCLED.

We need a sign reversing involution whose sole survivor is a creature whose
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m
weight is x .

Here it is:

Look at the left section from top to bottom. Every row is either

i. a circled dot,
ii. a row of at least two dots,

iii. an uncircled dot.

Look for the first row that is not of kind iii.

Case I: It is of kind i , i.e., it is a circled dot (whose weight is
just 1)

DELETE THAT CIRCLED DOT AND MOVE TO THAT PLACE THE TOP ROW OF

THE MIDDLE SECTION. |

(This reduces both the # of circles and the # of rows in the

middle se¢tion by 1 , i.e., p <— p-1 . The weight is preserved

except for a factor of -1 .)

Case II: It is of kind ii , i.e.,, it is a row with more than one dot.

TRANSFER THAT ROW TO THE TOP OF THE MIDDLE SECTION AND IN THE
VACANCY OBTAINED FROM THAT REMOVAL PUT A CIRCLED DOT.

(Here p <— p+1, weight <— - weight.)

This is an involution whenever it can be applied. Case I and Case II

are inverses of each other.

Examples:
« @l *
. +s o @ . o ¢ E
O » @ E<'—®c .
Case I . ¢ o
BNO) NG
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. o« o . e ®
N0 « e . ® B0 o« e

Case II (® e ® O] « sl ® - 0O
o« . . 0O

DO RIGHT NOW

Who are the survivors of this involution?
Those in which all the left section is of kind iii, i.e., uncircled

rows:

P
The total weight of these guys is x" T lI:T @P@a-a") = x‘“(z i; ik
p P

_22}: it_l_) =xm{zDzHP_gDp+l HP+1)
P\ p+l pp! (p +1)!

telescoping

Note: This last algebraic step can also be made purely combinatorial.
The general Joni Formula ([2], [1]) is

3 tx) = T o U (F) j F)EP)
p € Nn'P.~
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1

[ '
Here p. Py v v-- pn .
X = (Xl,...,Xn) U is a f.p.s. in n variables, F = (Fl,...,Fn) We assume
that F., has the form ¥, = X.-H. , H, has terms of degree > 2 ,

1 1 1 1 1 haad
im = det(DiFj) = det(&ij-DiHj) . The proof of mn=1 can be extended

to this and will appear in [5].

COMBINATORIAL ADVANCED CALCULUS

For the sake of simplicity, n=2,

J = {xx...x ¥y ...y 3 m>0 nZO}
— S

m n

weight(xx ... X yy...y) = f nxmyn
—_— o

m n

3. (130) .

is the weight enumerator of

= O, 1)

fmn’ X,y are comuting indeterminates. D;F

3’ with one x circled. Similarly DZF is the weight of

L. 2 ¢ is the weight enumerator of elements of & with Py x's circled

and p, y's circled.
x ® x @ ... x y @ - @O v
* 1
Py circles Py circles

is the weight enumerator of creatures of the form

Composition: F(Gl’ G,)

y y y y

. . , . , .

s s . s . s .
1 : my 1 ) m, :
y y y y

X b4 x X

T . T . ! r ' .
LI I ™). L ™ .
X X X X

) QR ¢ Yossossroeas¥

| R — L R

ml mz
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The weight of this is

r S m .
f g(l) x 1y 1 ces g(l) X ! ¥ 1
Mo % Tn,%m
171
! s’ r; S;
2 1 2 2 2
. gl(.]l;l X ¥y e gl(.l)sl X y

Exercise: PROVE THE CHAIN RULE

ar 1 ar 26

DyF(Gy,6y) = 36, ax * 56; 3x

}

D,F(G,,G,) = F iﬁé aF éfg
2 1772 acl o9y BGZ 3y

The Jacobian Conjecture

Posed by Keller in 1941. (Several false proofs narrated with glee in

Bass-Connel-Wright[1]).

Let Fl(xl’""Xn)’""Fn(xl""’xn) be polynomials such that

J(F) = det(n;F) =1

then the'inverse transformation" (Gl""’GJ (that exists
because the Jacobian is not zero at the origin) are actually

polynomials,

"One of the outstanding open problems in combinatorics' , Zeilberger

The Joni formula (J) with U(X) = Gi(X) gives

P
2 G = ¥  Xox#P - - -
@) 1 &) b €0 P! XH), H (eg <Fps woes X = F))

and with U@X) =1
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pP

= @)

3) 1= %
p €n" P

For the sake of simplicity take n=2 (The Jacobian Conjecture is even open

for n=2 .) and we have

Py Py
D11 Dy Py Py
G:L(X;Y) = z —— XH]. H2
Py, Py Pp+ Py
P; Py
Loy D P; Py
Gy(x,y) = P T Tl YE H
PysPp 10 27
Write
(m,n) m n
g, = coeff, of xy in Gl
(m,n) _ _ - - -
82 = = = = G2

The Jacobian Conjecture will be proved if we can show that for m+n >> 0 ,

S

gl(m’n) =0 and g

Let X’f/ (m,n) be the set of creatures of the form, for some By and Py

x@ y y x@...x Yeooy

Py . H . Py

xx@...x Y oeeu ¥ X X Youuy

and altogether 12 x's are circled and P, y's are circled and all rows have
at least length 2.

That is,

# of rows at left = # of x's circled ,

# of rows at right = # of y's circled.
Furthermore, let the number of uncircled x's be m and the number of
(1)
,8

uncircled y's be n and the weight of a row with r x's and s y's be I&_

on the left and h(zr)s on the right. Finally, the weight of such a

’
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creature is the product of the weights of all the individual rows. It is

readily seen that, by (3),

P P

1 2

D D P P
132—1—,-2‘—‘-—.' HIHZ

Py - Py - 1 2

s0 the coefficient of xmyn in the r.h.s. is the weight of lzy(m’n) . Thus

for m+n> 0,

weight (;y(m,n)) =0 .

Now from (2) it follows that

p,-1 p
1
Dy Dz2 P1 P,
GI(X’Y) = x4 T e e Hl HZ s

p]_:pz (Pl"l).' Pz :

and it is readily seen that gfm’n) , the coefficient of men in Gl is the
weight of the set 29(111,:1) that has exactly the same form as g(m,n) only

with an ever so slightly different condition:
# of rows at left = # of x's circled +1 .

,Q&(m,n) and o (m,n) are very similar sets and it is very frustrating
that it is so easy to show that weight(:?-(m,n)) = 0 but so hard to show that

the weight of J!g’(m,n) is zero.

But there is hope!

You can find lots and lots (in fact too many) subsets of é’ (m,n) that
are'isomorphic"” to some & (r,s) with r<m, s <m and thus lots of

subsets whose weight is zero, e.g.,

xx @ v ® v

=y @ x vy )
an element of z?(&,S) equals, in weight, to [x y @I Xy x} © A
where A 1is the element x x @ y | @ y that belongs to

J(Z,Z) . For sufficiently large m+n it can be shown that every
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element of Qg?(m,n) belongs to some ''zero set'. Thus there is a huge family

of subsets of ﬁg(m,n) s.t.

& (m,n) = A
\?

and weight(A) = 0 .

Unfortunately this is not a disjoint union so we cannot conclude that
weight (& (m,n)) = 0 .

My hope is that one day somebody (maybe you!) will find a subfamily Vgﬁl

such that it is still true that

o
ae A4’

but v4" is closed under intersection, then it would follow from inclusion

exclusion that

weight (o (m,n)) = T weight(A) - T weight(A NB)+... =0 .
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SEANCE DE PROBLEMES

Ashok K. Agarwal, Pennsylvania State University, University Park, PA 16802.

See Agarwal's paper in this volume. The problems glven at the problem session
correspond to the cases k = -2 {now solved}and k = 1 (still open) in that paper.

Ledelededeledes

Richard Askey, University of wisconsin, Madison, wi 53706, US.A

A. Selberg (1944) proved that
1 1 - -
Jo - Iy MMydigen (&= 47 Theen 6100 -ty

F(x+ (j-1z) My + (j-1)2) [(jz +1)

15j¢n F(x +y+ (n+j-2)2) T (z+1)
This is equivalent to finding the constant term in
Than (-0t NRO-t2)B(1-t,-2)b
Thagen O-titPO-t7 1= 1eO-tt e 0 -t 1yF

There are many conjectured identities related to Selberg's integral. Three are as
foliows:

Prove that the constant terms in the foliowing expressions are as given.

CT. (=B - -y (1-y 1R (1-xy)® (1-x"ly~1)®
- U=xy™ P =7y (1-x2P (1-x 2y~ P (1-xy2)P (1-x7 Ty 2P

_ (3a+ 30) (3b)! (2a) (2b)!
(2a +3b)! (a + 2b)! (a+b)t a! bt b

CT. 06 a) (ax™ 1 a), (y; @), Cay ™ @) xy; @)y (ax Ty Y ),
(0 y; a3y tadxy T @30y (@@ X a0 % @y Ty ey

(0; @z, 30 D5{q; Wpela; @ )y, (a3 @3 )pa?; %),

(0; ), 35(0 Dy, 30 DZ(Q3; 03 g (@3 ; 4% )05 QDR
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CT. (6 @)glax™; ), ty; @), (ay™ ! @)y Oxy; @)y (ax Ty Y ),
- (Cly; @)y axy ™1 @)y (Py; @)y (ax 2y~ @)y (y2; @)y (ax 7Yy 725 ),

(q;q)35+3b(q;q)3b(q;q)28(q;q)20

(g D 3p (B Dga2p (6 Dgyp (@ @y (@ AF
Here (a;Q),=(1-a)(1-aq)..(1-ag" ")

"I will pay 258 U.S. for the first proof of any one of these”. For further conjectures
of this type see the following two texts.
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©000000
Omer Egecioglu, U. of California, Santa-Barbara CA 93106, US A,

A theorem of Specht circa 1940 states the following: Let R be a real-closed field
{for all practical purposes R = €). Denote by * conjugate transpose. Consider the words
in x, x* with homorphisms into Tk, (n x n matrices) defined by

(PAX = A' (PBX = B, (PAX* = A*‘ (PBX* = (%

and extend. Suppose tr (paw) = tr (pgw) for all words w in x and x*. Then A and B are
unitary equivalent. This needs a combinatorial proof at least for the case * = transpose
and unitary = orthogonal.
Reference Kaplansky, £/near Algebra and Geomelry. Chelsea, NY. 1974 (p.71)

©000000

6. Kreweras, Institut de statistique de 1'Université de Paris, Un. Paris Vi, F-75005
Paris France.

Toute permutation "alternée down-up™ w = X; Xp X3 Xy .. X, POSSede une "forme
dépliée” W™ = XoX¢Xg... XsX3Xy = Y1 Yz ¥y (Y1=Xz, Y2 Xg, ., Y1 = X3, Yp = X4).
wX peut présenter des "décroissances™ (siy; > yj,y) et des "anticipations™ (si i< J et
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¥i = yj'«l). Par exemple, si w = 5371624, alors w* = 3124675 posséde 2 décroissances
(31 et 7°w5) et 2 anticipations (3 avant 2 et 6 avant S). Soit f, (p,q) = nombre de
permutations alternées down-up w de {1, 2, .., n} telles gue w* présente p
décroissances et q anticipations.

Conjecture: f(p,a)=f,(q,p)

“Pour l'instant, je sais seulement calculer (péniblement) f.(1,@) et f.(q,1) et

montrer qu'ils ont tous deux pour expression 7 (5-}) ( ";%h‘”

0000000
Gilbert Labelle, Université du Québec a Montréal, Montréal (Qué.) Canada, H3C 3P8.
1. Let U be afinite set and let B: U = U be a permutation of U of type B,, B,, B3, -

(where B, is the number of cycles of length k in B). it is known (see {1]) that the number
of rooted trees on U which are invariant under B is given by the formuia

BP 1 oz {Fix (BRNPR ~ Ky (Fix (BK)PT)
if By 21 andby O if B, = 0. Here fix (BK) denotes the number of fixed points of the ki

iterate of B. The problem is to find a direct combinatorial proof of the formula.
Hint: The same problem for endofunctions corresponds to the formula

B4R (rix (B2 NP2 (fix (p3)Ps -

Reference: [1] G. Labelle, Some new computational methods in the theory of species,
this volume.

Editors’ note: Doron Zeilberger proposed a nice proof of the formula using the matrix
tree theorem. The problem to find a direct "bijective” proof of the formula is still open.

2. let F = F(X) be a (virtual) species. A. Joyal [1] has shown that the virtual species
G=G(X) given by the formula

6 = E\F ~ EoF'+ ExF" = E,F™+ .

(where E,, denotes the species of all n-points discrete graphs) is an integral of F in the
sense that

G'(X) = F(X) and G[B]=0
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The problem is to find an analogous formula for multisorted species. More
specifically, given k (virtual) k-sorted species F; =F;(Xy, .., X), =1, ., k, with
aF,/ax, = aF}/axi, 1<i, j¢k, find, in a canonical manner, a virtual k-sorted species
G = G(Xy, .., X)) such that
9G/2X; = Fi(Xy, ., Xy), I=1, .k, GI&, ., D=0
References
[1] A Joyal. Calcul intégral combinatoire et homologie des groupes symeétrigues. C. R.
Math. Rep. Acad. Sci. Canada, vol. Vil, no. 6, déc. 1985.
[2] G. Labelle. On Combinatorial Differential Fquations. J. Math. Anal. and Appl. (to
appear).

Editors’ notes: This problem has been solved by Yeong Nan Yeh (to appear in the
"Annales des Sciences Mathématiques du Québec").

0000000
Simon Plouffe, Université du Québec 3 Montréal, Montréal (Qué.), Canada H3C 3P8.
Trouver une preuve combinatoire de 12 formule asymptotique
p{n) ~(4n ¥3) ' exp (n V20n73)
pour le nombre p(n) de partages arithmétigues de I'entier n.

Référence, G. H. Hardy, S. Ramanujan, Asymplotic formulae in combinatory analysis,
Proc. London Math. Soc. (2), 17, (1918), 75-115.

Note des rédacteurs: "Hopeless™ selon Richard Askey.
0000000
Richard P. Stanley, Massachusetts Institute of Technology, Cambridge, Mass. 02139.

See Stanley's paper in this volume. Some of the conjectures contained in that paper
were presented at the problem session.

0000000
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Loys Thimonier, U. Amiens, F-80039, Amiens, France.

Let A = {a,, .., 3y} be an alphabet and P = {p,, .., Py} be a probability distribution
associated with its letters. At each time t=1,2, ., n, ., there is a drawing with
replacement of a Jetter of A, up to the obtainment of a palindrome w (event 8); [recall
that w = ai, .. ai, is apalindrome if w =w!'=a;, .. a, and |w| 2 2] No prefixof w is

a palindrome, because w is the first obtained palindrome. By considering mutually
exclusive events,

Pr(g) = anz (Za1+ wtog=n Coy ... am py%... Dm“m)

where Cey, ... , «p IS the number of prefix-free palindromes of length n of commutative
image a,%1a,%2.. a,%m.

The problem is to find "closed expressions” for f and g defined by
Pr(&)=flp,, ..,py) , EX|&)=glpy, .., P,

where the random variable X is equal to the first time n at which event & is obtained.
Begin with m = 3, because the case m = 2 is well-known {see Feller 1968):.

Pr&) =02 (Py PN 2Dy + PP 2p,) = 1, E(X|8)=3.
0000000
Gérard Viennot, Université de Bordeaux |, F-33405, Talence, France.
1. Donner une preuve bijective de l1a formule suivante:
Pones = 20+ 11140 -42n+ (%)
0l Py, est le nombre de polyominos convexes de périmétre 2n.
Un polyomino convexe est une union connexe de “carrés élémentaires™ dont

'intérieur est connexe et telle que l'intersection avec toute droite verticale ou
horizontale est un segment connexe. Par exemple:

L

L]
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Référence: M -P. Delest & G. Viennot, Algebraic /anguages and polyominoes
enumeration. Theoretical Computer Science 34 (1984), 169-206. North-Holland.

Prix offert: 10 bouteilles de vin, Domaine des Mattes, 1981.
2. (Avec Mireille Vauchaussade de Chaumont)

Soit A un arbre planaire (enraciné, non étiquetté) énuméré par les nombres de
Catalan. Un filament de A est une suite maximale de sommets (s, .., sy) telle que pour
i=1,.,k-1, si,, est fils unique de s;, et s, est une feuille de A. On dénote par R(A),
I'arbre obtenu de A par émondage, c'est-a-dire en enlevant ses filaments. Le plus petit
entier n tel que R" (A) = {#} s'appelle 1'ordre de A. Par exemple:

R(A) = R3(A) = ®

et A est d'ordre 2.

Montrer bijectivement que la distribution du paramétre ordre pour les arbres
planaires ayant n + 1 sommets est 1a méme que celle du parameétre ordre restreint aux
arbres binaires complets ayant 2n + 1 sommets. Un arbre binaire complet est un arbre
planaire tel que tout sommet posséde soit zéro fils, soit deux fils.

Référence: M. Vauchaussade de Chaumont & G. Viennot, Znumeration of RNAs by
complexity. Proc. Intern. Conf. of Medicine and Biology, Bari, Italie, 1983. Lecture Notes
in Biomathematics, 1985.

Prix offert: 10 bouteilles de vin.

Note des rédacteurs. Ce probléme a été résolu par Doron Zeilberger (article soumis au
Europ J. Comb.) et, indépendamment, par Rodney Canfield et Ed Bender conjointement.

C00000¢
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Doron Zeilberger, Drexel University, Philadelphia, PA 19104, USA

1. (50.00%) Find a nice combinatorial proof of the Askey-Gasper positivity result for
sums of Jacobi polynomials:

Yo P00 2 0, for oc2-2, -1 ¢x«l,
or of clausen's formula:
2a,2b,a%b a,b 2
sfF2 ;X = 2F4 ;X . x|
2a+2b, a+b+] atb+}
These results are essential in de Brange's proof of the Bieberbach conjecture.

Références: R Askey & G. Gasper, Pos/tive Jacobi polynomial sums. 1. Amer. J. Math.
98 (1976), 709-737.

G. Gasper, A short proof of an Inequality used by de Branges in his prool of the
Bieberbach, Robertson, and Milin conjectures. Preprint.

2. (25.008) Give aFoata-style (bijective) proof of

zw qZ(w) = Zw qinv (w)

Références. D. Foata, On the Netto inversion number of a séquence. Proc. Amer. Math.
Soc. 19 (1968), 236-240.

D. Zeilberger & D. M. Bressoud, A proof of Andrew'’s q-Oyson conjecture. Discrete Math.
54 (1985), 201-224

3.(40.00%). Give an analytical proof of the Rogers-Ramanujan identities without using
the Jacobi triple product identity, preferably without using minus signs. Hopefully this

will simplify the combinatorial proof of the R.-R. identities.

Editors'note: This was done by George Andrews, but using Watson's transformation !
Zeilberger paid 20.00% ...
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