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INTRODUCTION 

This is the Proceedings volume of the "Colloque de combinatoire ~numerative, 
UQAM 1985", which was held at "Universite du Quebec & Montreal" (UQAM) from May 
28 to June 1, 1985, and complemented by a Special Session on Combinatorics at the 
annual meeting of the Canadian Mathematical Society at "Universit~ Laval", June 
6-8, 1985. 

The subjects covered in this volume include: enumeration and analysis of 
specific combinatorial structures like planar maps, Young tableaux, bridges or Dyck 
paths, and latin rectangles; combinatorics on words; applications of enumerative 
combinatorics to q-series, to orthogonal polynomials, to differential equations, to 
linear representations of the symmetric group, to the celebrated Macdonald and 
Jacobian conjectures, to Lie algebras, etc; recent developments in the combina- 
torial theory of species of structures; survey papers on Young's work, on P61ya 
theory, and on a new theory of "heaps of pieces"; a problem session. 

The rest of this introduction gives a more detailed description of the 
scientific activities of the colloquium and of the content of the Proceedings. It is 
written in french to reflect the bilingual nature of the meeting. Note that while 
many talks were given in french, a majority (80%) of papers in this volume are 
written in Shakespeare's language. 

Depuis quelques ann6es, la recherche en combinatoire a connu un 
d6veloppement consid6rable. I1 s'agit maintenant d'un v(~ritabie domaine des 
math(~matiques qui poss~de ses objectifs propres (ie d~nombrement, l'analyse, la 
construction et la classification des structures finies), des m6thodes et des outits 
de plus en plus efficaces (bijections et involutions, s~ries g6n6ratrices et 
indicatrices diverses, formules d'inversion, th6orie de P61ya, th6orie des esp~ces 
de structures, d~veloppements asymptotiques, etc.) et des champs d'applications 
tr~s vastes, notamment en analyse classique (polyn6mes orthogonaux, q-s~ries, 
equations diff~rentielles, etc.), en alg~bre (alg~bre lineaire, fonctions 
symetriques, representations des groupes symetriques, algebre commutative .... ), 
en informatique (structures de donnees, conception et analyse d'algorithmes, 
combinatoire des mots, etc.), en theorie des probabilites, groupes et alg~bres de 
Lie, analyse num6rique, topologie algebrique, physique statistique, biologie 
mol~culaire, etc. 

Dans le but de faire le point sur ces d~veloppements r6cents, le groupe de 
recherche en combinatoire de I'Universit~ du Qu6bec & Montr6al a organis~ un 
colloque international qui a r6uni pendant cinq jours (du 28 mai au I er juin 1985) 
plus de cent participants et donn6 lieu & 35 conferences et communications. De 
plus, deux membres de I'~quipe ont organis6 une Session sp~ciale de combinatoire 



IV 

dans le cadre de la r~union annuelle d'~t~ de la Soci~t~ math~matique du Canada, 
tenue quelques jours plus tard, scit du 6 au 8 juin 1985, & I'Universit6 Laval, & 
Quebec. On trouvera ci-apr~s une liste de participants au colloque de I'UQAM (une 
photo de groupe est disponible sur demande) ainsi que le programme scientifique du 
colloque et de la session sp6ciale & Quebec. 

Ce volume constitue donc les comptes-rendus du colloque de combinatoire 
~num~rative, UQAM 1985, et de sa continuation & Qu6bec. Les articles qu'il 
contient recouvrent une grande pattie des th~mes abord~s & ces occasions. IIs 
portent plus particuli~rement sur les sujets suivants: 

. Articles de synth~.se, en particulier sur les travaux de Young, sur la th~orie de 
P61ya, ainsi que sur les empilements de pi~,ces, th~orie qui jette un regard 
g(~om~trique nouveau sur les mono'fdes de commutation de Cartier-Foata et qui 
est susceptible de multiples applications. 

. La th6orie des esp~ces de structures: plusieurs articles font le point sur 
certains aspects de cette th~orie combinatoire globale, & la fois ~l~gante et 
efficace: r~gles et m~thodes de calcul, d~compositions et classifications, 
g6n~ralisations, etc. 

. Applications de la combinatoire ~num~rative, par exemple & I'~tude des 
representations lin6aires du groupe symMrique, des fonctions 
hypergeom~triques basiques, des polynSmes orthogonaux, des ~quations 
diff~rentielles, d'alg~bre de Lie d'op~rateurs diff(~rentiels, ou des c61~bres 
conjectures de Macdonald et jacobienne, & la g~n6ralisation des fonctions 
tangente et s6cante, etc. 

. Probl~.mes de d6nombrements de structures particuli~res selon certains 
param~tres, par exemple, les "cartes et hypercartes", les "rectangles latins", 
"les tableaux de Young", les "ponts" ~galement nomm6s "chemins de Dyck", les 
"partitions" ou "partages d'entiers" et les "partitions planes", les "tournois", 
etc. 

5. Probl~mes de la combinatoire des mots: palindromes, alg~bres de m~lange et 
alg6bres de Lie, etc. 

6. Rapport de la s6ance de probl~mes tenue pendant le colloque. 

Signalons que quelques auteurs ont initi~ dans ces comptes-rendus des s~ries 
importantes d'articles portant plus particuli~rement sur la r6solution combinatoire 
des equations diff6rentielles, sur la combinatoire des polynSmes de Jacobi, et sur 
la th6orie des empilements de pi~ces. 
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PARTITIONS WITH "N COPIES OF N" 

A.K. AGARWAL 

Department of Mathematics 

The Pennsylvania State University 

University P a r k ,  PA 16802, USA 

A b s t r a c t .  I n  t h i s  s h o r t  n o t e  we p r o v e  a g e n e r a l  p a r t i t i o n  t h e o r e m  i n v o l v i n g  

p a r t i t i o n s  w i t h  "N c o p i e s  o f  N". T h e s e  p a r t i t i o n s  a r i s e  i n  t h e  S t u d y  o f  

H a r d - H e x a g o n  Model and  h a v e  r e c e n t l y  b e e n  s t u d i e d  i n  [ 1 ] .  To e x h i b i t  t h e  

i m p o r t a n c e  o f  o u r  ma in  t h e o r e m  we p r e s e n t  t h r e e  p a r t i c u l a r  c a s e s  w h i c h  y i e l d  

e l e g a n t  p a r t i t i o n  i d e n t i t i e s  o f  R o g e r s - R a m a n u j a n  Type.  We s h a l l  a l s o  p o s e  a 

v e r y  s i g n i f i c a n t  open  p r o b l e m .  

1. The Main R e s u l t .  We p r o p o s e  t o  p r o v e  t h e  f o l l o w i n g :  

Theorem I. For k ~ -3, let Ck(n) denote the number of partitions with "N 

copies of N" of n such that each pair of summands mi,r j satisfies 

Im-r[ > i+j+k. Then 

(1.1) 
~ n i l  + (k+3)(n-1)] 

C k ( n ) q  n = ~ q 2 
n=O n=O ( q ; q ) n  ( q ; q 2 ) n  

h e r e  ( a ; q )  n d e n o t e  t h e  r i s i n g  ' q - f a c t o r i a l ' .  

2.  P r o o f .  L e t  Ck(m,n )  d e n o t e  t h e  number  o f  p a r t i t i o n s  e n u m e r a t e d  by 

Ck(n)  w i t h  t h e  a d d e d  r e s t r i c t i o n  t h a t  t h e r e  be  e x a c t l y  m p a r t s .  We s h a l l  

f i r s t  p r o v e  t h a t  

(2.1) Ck(m,n  ) = Ck(m,n-m ) + C k ( m - l , n - k m - 3 m + k + 2 )  

+ C k ( m , n - 2 m + l )  - Ck (m,n -3m+l  ) .  

To p r o v e  ( 2 . 1 )  we s p l i t  t h e  p a r t i t i o n s  e n u m e r a t e d  by Ck(m,n )  i n t o  t h r e e  

c l a s s e s :  ( i )  t h o s e  t h a t  do n o t  c o n t a i n  k k a s  a p a r t ,  ( i i )  t h o s e  t h a t  

c o n t a i n  1 I ,  a s  a p a r t ,  and  ( l i i )  t h o s e  t h a t  c o n t a i n  k k ( k  > I )  a s  a p a r t .  We 

now t r a n s f o r m  t h e  p a r t i t i o n s  i n  c l a s s  ( i )  by d e l e t i n g  1 f rom e a c h  p a r t  

i g n o r i n g  t h e  s u b s c r i p t s .  O b v i o u s l y ,  t h i s  t r a n s f o r m a t i o n  w i l l  n o t  d i s t u r b  t h e  

i n e q u a l i t i e s  b e t w e e n  t h e  p a r t s  and  so  t h e  t r a n s f o r m e d  p a r t i t i o n  w l l l  be  o f  

t h e  t y p e  e n u m e r a t e d  by  C k ( m , n - m ) .  Next  we t r a n s f o r m  t h e  p a r t i t i o n s  i n  c l a s s  



(i11Dy deleting the summand I I, and then subtracting k+3 from all the 

remaining parts ignoring the subscripts. The transformed partition will be 
of the type enumerated by Ck(m-l,n-km-3m+k+2). Here we note that k cannot 

be less than -3. Finally, we transform the partitions in class ( i l l )  by 

replacing k k by (k-1)k_l and then subtracting 2 from al l  the remaining 

parts. This will produce a partit ion of n-l-2(m-l) = n-2m+1 into m 

parts. It  is important to note here that by this transformation we get only 

those partit ions of n-2m+l into m parts which contain (k-1)k_ I as a 

part. Therefore the actual number of partitions which belong to class ( i i i )  

is Ck(m,n-2m+1) - Ck(m,n-3m+1), where Ck(m,n-3m+l) is the number of 

partitions of n-2m+l into m parts which are free from the parts llke k k- 

The above transformations clearly establish a bijection between the partitions 

enumerated by Ck(m,n ) and those enumerated by Ck(m,n-m) + 

Ck(m-l,n-km-3m+k+2 ) + Ck(m,n-2m+1 ) - Ck(m,n-3m+1 ). Thus identity (2.1) is 

established.] 

Let 

~ Ck(m,n)zmqn (2 .2)  fk(z'q) = n=O m=O 

Then (2 .1)  impl ies  t h a t  

( 2 . 3 )  f k ( z , q )  = 
o~ 

n~=O m=O ~ [Ck(m'n-m)+Ck(m-l'n-km-3m+k+2) + Ck(m'n-2m+1) 

- Ck(m'n-3m+l )I zmqn 

n=O m=O 
Ck(m,n-m)(zq)mq n-m + zq ~ ~.. 

n=O m=O 

Ck(m_l,n_km_3m+k+2 ) . (zqk+3)m-1 qn-m(k+3)+k+2 

n=O m=O 

q n=O m=O 

Ck(m,n-2m+l)(zq2)mqn-2m+l 

Ck(m,n-3m+l)(zq3)mqn-3m+l 

1 f k ( z q 3 , q )  = f k ( z q , q )  + zqfk(zqk+3,q)  + ~ fk (zq2,q)  - ~ 

S e t t i n g  f k ( z , q )  = ~ Xk,n(q)zn ,  and then comparing the  c o e f f i c i e n t s  of  z n 
n=O 



on each s ide  o f  ( 2 . 3 ) ,  we see t h a t  

(2 .4)  
Xk,n_l (q  ) q (n -1 ) (k+3)+ l  

Xk,n(q)  = ( l _qn ) ( l _q2n -1 )  

I t e r a t i n g  (2 .4)  n t imes and o b s e r v i n g  t h a t  Xk,0(q)  = 1, we f ind  t h a t  

(2.5) 

n [1 + (k+3~(n-l)] 

lk,n(q) = q (q'q)n (q;q2)n 

There fo re  

(2.67 
nil + (k+32~(n-1) ] zn 

fk(z,q) = ~ q 
n:0  ( q ; q 2 ) n ( q ; q )  n 

Now 

y. Ck(n)qn = y. ~ Ck(m,n } qn = f k ( 1 , q  ) 
n=O n=O m=O 

oo qn[1 + (k+3) (n-1) ]  
= y. 

n = 0  ( q ; q 2 ) n ( q ; q )  n 

This completes  the p roof  o f  the theorem. 

3. P a r t i c u l a r  Cases.  I f  k=O, Theorem 1, in  view of  the  i d e n t i t y  [2, 
I ( 4 6 ) ,  p .156]  

( 3 . 1 )  
qn(3n-,,!,,)/2 1 ( l -q lOn-6  1-qlOn-4 ) 

n=O ( q ; q ) n ( q ; q 2 ) n  = - ( -~ -q~  n~--1 (1-qlOn) )( 

reduces  to  

Theorem 3 .1 .  The number of  p a r t i t i o n s  wi th  "N cop ies  o f  N" of  n such 
t h a t  each p a i r  o f  summands m i , r  j s a t i s f i e s  Im-r[ > i+ j  equa ls  the  number 

o f  o r d i n a r y  p a r t i t i o n s  o f  n i n t o  p a r t s  a 0,±4 (mod 10).  

Ex. For n=6, we have 8 r e l e v a n t  p a r t i t i o n s  o f  each kind,  v i z . ,  

61 ,62 ,63 ,64 ,65 ,66 ,51+11 ,52+11  of  the f i r s t  kind and 51, 32 , 321, 313 , 23 , 

2212 , 214 , 16 o f  the  second kind.  



For  k = - 1 ,  Theorem 1 i n  v i e w  o f  t h e  i d e n t i t y  [2 ,  I ( 6 1 ) ,  p . 1 5 8 ]  

n 2 
q = 1 ~ ( l _ q l 4 n ) ( l _ q l 4 n - 6 ) ( l _ q l 4 n - 8 )  

( 3 . 2 )  JO (q;q)n(q;q2)n ~ n=l 

l e a d s  to 

Theorem 3.2. The number of partitions with "N copies of N" of n such 

that each pair of summands mi,r j satisfies Im-r I ~ i+j equals the number 

of ordinary partitions of n into parts $ 0,±6 (mod 14). 

E x a m p l e .  F o r  n=6,  we h a v e  10 r e l e v a n t  p a r t i t i o n s  o f  e a c h  k i n d ,  v i z . ,  

6 1 , 6 2 , 6 3 , 6 4 , 6 5 , 6 6 , 5 1 + 1 1 , 5 2 + 1 1 , 5 3 + 1 1 , 4 1 + 2 1  o f  t h e  f i r s t  k i n d  and  51,  42 ,  

412 , 32 , 321 ,  313 , 23 , 2212 , 214 , 16 o f  t h e  s e c o n d  k i n d .  

The p a r t i c u l a r  c a s e  k = -2  o f  t h e  Theorem 1, i n  v i e w  o f  t h e  i d e n t i t y  [3 ,  

Eq. (3.1) ,  p. 219] 

(3.3) 
(n2+n} ( l _ q 7 n - 2 , , 1  7 n - 5 } {  q2 ~ ( l + q n )  ) [  : q  ....... l _ q 7 n )  

n=O (q;q)n(q;q2)n n~--1 ( 1 - q n ) ( l + q 7 n - 1 ) ( l + q  7 n - 6 )  

c o r r e s p o n d s  t o  

Theorem 3 . 3 .  The number  o f  p a r t i t i o n s  w i t h  "N c o p i e s  o f  N" o f  n s u c h  

n 
t h a t  e a c h  p a i r  o f  summands m i , r  j s a t i s f i e s  Im- r [  > i + j - 1  e q u a l s  

k=O 

An_ k B k ,  w h e r e  A n d e n o t e  t h e  number  o f  p a r t i t i o n s  o f  n i n t o  d i s t i n c t  

p a r t s  m 3 o r  4 (mod 7) and  B n d e n o t e  t h e  number  o f  o r d i n a r y  p a r t i t i o n s  o f  

n i n t o  p a r t s  $ 0 , 4 , 1 0  (mod 1 4 ) .  

4 .  C o n c l u s i o n .  Theo rems  3 . 1 ,  3 . 2  and  3 . 2  a r e  n i c e  c o m b i n a t o r i a l  

i n t e r p r e t a t i o n s  o f  Theorem 1 a t  k = O, -1 and  -2  r e s p e c t i v e l y ,  t h e o r e m s  

3 . 1  and  3 . 2  a r e  t h e  p a r t i c u l a r  c a s e s  o f  t h e  m a i n  r e s u l t  o f  [ 1 ] .  The mos t  

o b v i o u s  q u e s t i o n  a r i s i n g  f rom t h i s  work i s :  I s  t h e r e  a r e a s o n a b l e  

c o m b i n a t o r i a l  i n t e r p r e t a t i o n  o f  Theorem 1 f o r  g e n e r a l  v a l u e  o f  k?  
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DES HYPERCARTES PLANAIRES POINTEES 
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Abstract 

We show here, by using two distinct geometrical decompositions 

of rooted planar hypermaps, that there exists two functional relations 

whose unique solution is the generating function enumerating rooted 

planar hypermaps. 

Used together, these two relations allow us to obtain, without 

any hard formal calculus, a really simple system of parametric 

equations for" the generating series enumerating rooted planar 

hypermaps by their number of vertices, faces and hyperedges. From 

this we get the general term of this series. 

One of the above cited geometrical decompositions leads us to 

define a natural notion of the inner hypermap of a rooted planar 

hypermap. Some enumerations related to this notion are treated. 

Introduction 

T.R.S. Walsh utilise (cf [7 ]) les d6nombrements sur les cartes 

eul6riennes obtenus A partir de relations de r6currence (cf W.T. 

Tutte [5 ]) pour d6compter les hypercartes planaires en fonction 

du hombre de brins et du nombre de faces. 

On montre dans cet article, A partir de deux d6compositions g6om6tri- 

ques diff6rentes, l'existence de deux relations fonctionnelles 

dont la s@rie g6n6ratrice des hypercartes planaires point6es est 

unique solution. L'une de ces relations est analogue A celle @tablie 

par W.T. Tutte pour les cartes planaires point@es (el [ 6 ] et [4 ]) et 

est obtenue en contractant une ar@te. L'autre utilise ]a d6composition 

g6om6trique que nous avons introduite darts [2 ], et qui consiste 

contracter tout un ensemble d'ar@tes. 

La consid6ration simultan6e de ces deux 6quations permet, 

en 6vitant tout calcul formel compliqu~, de d6terminer tr6s simplement 

un syst@me d'6quations param6triques pour la s@rie g6n6ratrice 

des hypercartes planaires point6es d6compt6es en fonction du hombre 

de sommets, de faces et d'byperar~tes (cf th6or6me 3 du III). 



La formule de Lagrange permet alors de donner le terme g~n~ral 

de cette s~rie g@n@ratrice (cf corollaire i du th@or@me 3). 

Un cas particulier de ce syst@me param@trique permet de retrouver 

le d@nombrement pr@cit@ de T.R.S. Walsh. On donne enfin le d@nombre- 

ment des hypercartes planaires point@es dont tous les sommets 

appartiennent & la fronti@re de la face ext@rieure. Le paragraphe 

I rappelle les principales d@finitions utilis@es dams la suite. 

I. D@finitions et notations 

Nous rappelons dans ce paragraphe les principales d~finitions 

utilis@es dams la suite (cf par exemple [3 ] et [6]). 

I.i. D@finition 

• Une carte planaire est une repr&sentation de la sph@re de ~3 comme 

union d'un hombre fini d'ensembles disjoints appel@s cellules. 

Elles sont de trois types 

1 - les sommets qui sont des points. 

2 - les ar@tes qui sont des arcs simples ouverts de Jordan 

dont les extr@mit@s (confondues ou non) sont des sommets. 

3 - les faces qui sont des domaines simplement connexes dont 

les fronti~res sont des r@unions de sommets et d'ar@tes. 

Deux cellules sont dites incidentes si l'une est dans la 

fronti@re de l'autre. 

Le degr@ d'un sommet est le nombre d'ar@tes qui lui sont 

incidentes. (Une boucle, ar@te dont les extr@mit@s sont confondues, 

est compt@e pour deux dans le degr@ de son extr~mit@). 

Une ar@te est un isthme si elle est incidente & une seule 

face. 

Le degr@ d'une face est le nombre d'ar@tes qui lui sont 

incidentes, les isthmes @rant compt@s deux lois. 

1.2. On appelle brin une ar@te orient@e de la carte planaire 

et on note B leur ensemble. On associe ~ tout brin, de fa~on @vidente, 

son sommet initial, son sommet final, l'ar~te qui constitue son 

support, le brin qui lui est oppos@. 



• On d@finit la permutation ~ sur B qui ~ tout brin associe son brin 

oppos@. ~ est une involution sans point fixe dont les cycles sont bijec- 

tivement associ@s aux ar~tes de la carte. 

• On note a la permutation sur B qui ~ tout brin b associe le pre- 

mier brin rencontr~ en tournant autour du sommet initial de b dans le 

sens positif choisi sur la sphere. Les cycles de o sont bijectivement 

associ@s aux sommets de la carte. 

. On note ~ la permutation ~ o s sur B. Les cycles de ~ sont les 

circuits orient@s constituant les fronti~res des faces topologiques de 

la carte. Les cycles de ~ sont donc bijeetivement associ~s aux faces 

de la carte. 

Dans la suite, un sommet (resp. ar~te, face) sera, suivant le contexte, 

soit l'objet topologique d~fini au i, soit le cycle pour o (resp. s, ~) 

qui lui est associ~ par les d~finitions ci-dessus. 

Un brin est dit incident ~ une cellule de la carte siil appartient au 

cycle associ@ ~ cette cellule. 

• Pour b dans Bet ~ permutation sur B, on note 

(b) le cycle pour ~ engendr~ par b. 

Si A est inclus dans Bet si best dans A, alors 

• iA(b) est le premier brin dans A parmi ~(b), T2(b) ..... 

• Une carte planaire est dire point@e si un brin ~ est choisi. 

est appel@ le brin point@ de la carte, et son sommet initial ~ est ap- 

pel@ le sommet point@ de la carte. 

On appelle alors face ext@rieure de la carte, la face a (b) engendr~e 

par le brin point@ ~. La carte r~duite ~ un sommet est @galement dite 

point@e bien qu'elle ne contienne aucun brin. 

On appelle circuit, une suite (b I ..... b k) de brins de la carte tels 

que l'extr~mit~ finale de b i soit l'extr@mit~ initiale de bi+ 1 si 

1 ~< i < k, de b I si i = k. 

• On repr@sentera darts la suite une carte par une projection 

st@r@ographique sur le plan, de fagon ~ envoyer la face ext@rieure 

de la carte sur la face infinie de sa repr@sentation dans le plan. 

• Deux cartes planaires point~es sont isomorphes s'il existe 

un hom@omorphisme de la sphere, pr~servant son orientation, appliquant 

les sommets, arStes, faces et brin point@ de la premiere carte 



respectivement sur ceux de la seconde. 

Une classe d'isomorphie darts l'ensemble des cartes planaires point6es 

pour la notion d'isomorphie d6finie ci-dessus sera encore appel~e 

carte planaire p~int6e darts la suite. 

1.3. Hypercarte planaire point@e (cf exemple ci-dessous) 

. Une carte pl~laire est dite deux-coloriable si on peut colorier 

ses faces avec deux couleurs, toute ar~te &tant incidente & deux 

faces de couleurs diff~rentes. 

La propri~t@ "deux-coloriable" ~tant compatible avec la relation 

d'~quivalence dont les classes sont les cartes planaires point@es 

(cf 2) on peut d~finir une hypercarte planaire point@e comme une 

carte planaire point~e deux-coloriable contenant au moins un brin. 

Ce sont ces hypercartes planaires point~es que l'on cherche A 

d@nombrer. Cette dQfinition est @quivalente (of [I ] ou [ 7 ] ) & 

la d~finition combinatoire d'une hypercarte (cf [3]). 

Si H est une hypercarte planaire point@e, on note C(H) la 

carte planaire point~e deux-coloriable qui lui est associ~e. Les 

faces de C(H) de la m~me couleur (resp. de l'autre couleur) que 

la face ext~rieure de C(H) sont appel~es faces (resp. ar@tes) 

de l'hypercarte et not~es h-faces (resp. h-ar@tes) darts la suite. 

Les sommets de C(H) sont les sommets de l'hypercarte H. La face 

ext6rieure de C(H) est appel@e h-face ext@rieure de H. 

L'ensemble B des brins de C(H) appartenant aux cycles d&finissant 

deans C(H) les h-faces, est appel~ ensemble des brins de l'hypercarte, 

not&s h-brins dans la suite. On appelle h-degr~ d'une h-face (resp. 

d'un sommet) de l'hypercarte H, le hombre de h-brins qui lui sont 

incidents en rant que cellule de C(H). 

Le h-degr& d'une h-face coincide avec son degr~ comme face de 

C(H) (@vident). Par contre le h-degr6 d'un sommet de l'hypercarte 

est moiti@ de son degr~ darts C(H). 

• Dualit~ - La dualit@ (cf [3]) est une bijection dans l'ensemble 

des hypercartes planaires point~es ; les h-faces (respectivement sommets) 

d'une hypercarte sont ~chang~s avec les sommets (resp. h-faces) de 

l'hypercarte duale ; la h-face ext@rieure est ~chang~e avec le sommet 

point~ de l'hypercarte duale (les deux ayant m~me h-degr~) ; les deux 

hypercartes ont m@mes h-ar@tes. Cette propri~t6 sera utilis~e au th~o- 

r~me 3. 



• On d@flnit par convention deux hypercartes planaires point@es 

associ@es A la carte planaire point6e r6duite A un sommet ; on les note 

respectivement {p] et {q} suivant que l'unique face de la carte asso- 

ci6e est consid6r6e comme h-face ou h-ar@te. 

•Dans l'exemple ci-dessous, l'hypercarte H (dont les h-ar~tes sont 

hachur6es) est associ6e A la carte C(H) dont les brins sont num6rot6s, 

le num6ro de chaque brin 6tant p]ac6 le long de son support, pr&s de 

son extr6mit6 initiale. Les deux brins de chaque ar@te sont num@rot6s 

iet -i, celui @tiquet6 positif 6tant un h-brin. Le sens positif choisi 

pour d6finir les cycles de o dans C(H) est le sens contraire des aiguil- 

les d'une montre. Le brin point6 est marqu6 par une fl@che. 

Dans la figure 1 ci-dessous : 

Les sommets Si, i < i 4 4 sont dans C(H) identifi6s aux cycles de o 

donn@s par : 

S 1 = ( 1 , - 1 3 , 1 3 , - 1 4 , 1 1 , - 1 0 , 1 0 , - 9 , 1 2 , - 1 2 ) ,  

S 3 = ( - 5 , 6 , - 7 , 7 , - 8 , 8 , - 6 , 9 , - 1 1 , 1 4 ) ,  

S 2 = ( - 1 , 2 , - 3 , 5 ) ,  

S 4 = ( - 2 , 3 , - 4 , 4 ) .  

Les h-faces fl (h-face ext6rieure), fi' 2 ~ i 4 7, sont identifi6es 

da r t s  C ( H )  a u x  c y c l e s  de ~ : 

fl = ( 1 , 2 , 3 , 5 , 6 , 9 , 1 2 ) ,  

f 4  = ( 1 0 ) ,  f 5  = ( 4 ) ,  

f 2  = ( 1 4 , 1 1 ) ,  f3 TM ( 1 3 ) ,  

f 6  ( 7 ) ,  f 7  = ( 8 ) .  

Les h-ar@tes ai, 1 < i < 5, sont respectivement darts C(H), les cycles 

de o : 

a I = ( - i , - 1 3 , - 1 4 , - 5 ) ,  a 2 = ( - 9 , - 1 1 , - 1 0 ) ,  

a 3 = ( - 1 2 ) ,  a 4 = ( - 3 , - 4 , - 2 ) ,  a 5 = ( - 6 , - 7 , - 8 ) .  

On obtient alors : 
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12 -9 

S 4 

3 -2 -12 

figure 1 

II. Relations fonctionnelles pour les hypercartes planaires point~e~ 

II.l. D&compositions d'une hypercarte planaire point~e 

• On note ~b(resp. o~) la famille des hypercartes planaires point@es 

contenant au moins un brin (resp. et dont l'ar@te point~e est une 

boucle)• Pour r ~ 1 (resp. eta b O, S > O, y > l) on note~ r (resp. 

~e,S,y,r ) l'ensemble des hypercartes de~ dont le h-degr6 du sommet 

point& est r (resp. qui ont de plus (~+l) sommets, (S+l) h-faces et 

h-ar@tes). 

• On utilise les signes + Ou Z pour noter une r~union disjointe 

d'ensembles. L'existence d'une bijection entre deux ensembles est in- 

diqu~e par le signe ÷~ 

• On note ~i l'ensemble des cartes planaires point~es C dont le de- 

gr~ du sommet point~ est @gal & un et telles que, en supprimant l'isth- 

me point~ ~ de C ainsi que son extr~mit@ initiale et en pointant le 

brin suivant de la face ext&rieure, ~(~), s'il existe, la sous-carte 

planaire point&e de C ainsi obtenue soit deux-coloriable et donc appar- 

tienne & {p} +~. On appelle alors~ +, l'ensemble d~fini comme la r~u- 

nion disjointe, pour k ~ i, des k-uplets de cartes de u ~l' soit 
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k 

k>/l 
, et on pose ~= {p} +~+ 

• On note I[n,m] l'ensemble des hombres entiers impairs appartenant 

A l'intervalle [n,m]. 

Th@or@me i - On ales bijections suivantes 

r>_.l 

(c) ~ +  x ~ r  x I [ 1 , 2 r - I ] .  
r>~l 

D@monstration 

i. La bijection (a) consiste ~ d@composer une hypercarte planaire 

point@e de ~en son "hypercarte int@rieure" dans~ r (sir ~ i, @gale & 

{q} sir = 0) et en son "bord", (r+l)-uplet de 9 + x ~r (cf exemple 2 

ci-dessous). 

Soit donc H darts ~et C(H) la carte planaire point@e deux-coloriable 

associ@e, de brin point@ ~. 

~) Un circuit simple @l@mentaire @tant un circuit ne passant pas 

deux fois par la m@me ar~te ou le m@me sommet, on ale 

Lemme - On peut extraire de la suite o (b) des brins du circuit bordant 

la face ext@rieure de C(H), une unique sous-suite de brins consti- 

I tuant un circuit simple @l@mentaire, contenant ~. 

D@monstration - L'ar@te, support de ~ est incidente ~ une h-face et 

une h-ar@te de H ; elle n'est donc pas un isthme de C(H). L'existence 

du circuit simple @l@mentaire r@sulte alors du th@or@me de K~nig. Son 

unicit@ est alors due au fait que ~*(~) est la fronti@re d'un ouvert 

connexe. CQFD 

On note P = (b I : b, b 2 ..... b k) la sous-suite de brins de ~ (b) 

d@finie par le lemme et (s I .... ,s k) la suite de leurs sommets initiaux. 

Pest un polygone orient@ qui partage le plan en deux domaines connexes 

ouverts qui lui sont int@rieur et ext@rieur. Les brins de la carte pla- 

naire C(H) qui sont inclus dans le domaine int@rieur (resp. ext@rieur) 

P sont dits brins int@rieurs (resp. ext@rieurs) de la carte C(H). 
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B) Hypercarte int6rieure Hint associ6e ~ H. 

Contractons Pet son domaine ext6rieur en un sommet { : 

S'il n'est pas vide, l'ensemble des brins int6rieurs de C(H) constitue 

alors une carte planaire connexe deux-coloriable que l'on pointe en 

distinguant le premier brin qui n'appartient pas ~ P, de la suite de 

brins (a -I o ~)*(~) ; on note ~ ce brinet Hin t l'hypercarte de~, dite 

int@rieure A H, ainsi d6finie. Le sommet ~ est le sommet point6 de Hint; 

les brins qui lui sont incidents sont les brins int6rieurs de C(H) dont 

le sommet initial est l'un des sommets si, 1 < i 4 k, du polygone P. 

Si 2r, r ~ i, est leur nombre (rest alors le h-degr6 du sommet { dans 

Hint), on les 6tiquette d I .... , d2r, dans l'ordre o~ on les rencontre 

en parcourant P dans le sens contraire des aiguilles d'une montre, en 

commengant par d I = ~. 

Si l'ensemble des brins int6rieurs de C(H) est vide, Pest alors le bord 

d'une h-ar@te ; la contraction de Pet de son domaine ext6rieur en un 

sommet ~ donne alors l'hypercarte Hin t r6duite A l'hypercarte {q} (cf 

convention du 1.3.). 

]) Bord de H. 

La face ext~rieure de la carte C(H) ~tant un ouvert connexe, les 

brins ext~rieurs de C(H) constituent k cartes deux-coloriables connexes 

disjointes, respectivement incidentes aux sommets Sl,...,s k du polygone 

P (certaines de ces cartes peuvent 6ventuellement ne contenir aucune 

ar~te et ~tre r@duites au sommet s. correspondant). i 
Pour i dans {l,...,k} , on d~finit alors la carte planaire point~e C i 

de ~i en associant au brin b i de P, que l'on pointe, la carte deux- 

coloriable pr@c~demment d~finie, incidente au sommet final si+ 1 de b i. 

Le (r+l)-uplet (Bi)o{i~ r dans~ + x~ r, constituant le bord de C est 

alors obtenu en partageant la suite ~ : (C I ..... Ck) en (r+l) sous-suites 

(avec la convention qu'une sous-suite vide est l'hypercarte {p} ). 

. B est la sous-suite des cartes de ~ dont les brins point,s sont, 
O 

sur P, entre le sommet initial s I de b I = ~ et le sommet initial de 

d I = ~ (sir >i 1, et s I si Hin t = {q} ). 

B ° est une sous-suite de ~ contenant au moins C Iet donc appartient 

J5 + . 

Sir ~ 2, Bi, i < i ~ r-l, est la sous-suite des cartes de ~ dont 

les brins point@s sont entre les sommets initiaux de d2i_1 et d2i+l. 
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Sir ~ i, B est la sous-suite de,s cartes de ~ dont les brins 
r 

point@s sont entre le sommet initial de d2r_l et s I. Les upl~ts Bi, 

i < i < r, sont darts ~ (~ventuellement r~duits ~ {p} avec la convention 

ci-dessus). 

L'application ainsi d~finie, qui & une hypercarte de ~associe le 

uplet (Hint, (Bi)O4i4r) est une bijection (~vident) de ~ sur 

~+ x [{q} + Z ~r x ~r] , d'o~ le r~sultat annonc~. 
r>~l 

Exemple 2 - Si H est l'hypercarte (les h-ar~tes sont hachur@es) : 

k-- 5, r = 5. 

S 1 

d 6 

3 3 b 3 S 4 

figure 2.1 

L'hypercarte planaire point~e Hin t obtenue en contractant le domaine 

ext~rieur au polygone P = (b I = ~, b2, b3, b4, b5) en un sommet ~ et 

en pointant le brin d I = ~ est 
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d 8 

j 
figure 2.2 

Son bord (Bi)o4i< r dans ~+ x~ rest constitu6 par 

B = 
o 

b 2 
< 

dans J~+ 

B 1 = 

b 4 
< 

, B 2 = {p}, 

B 3 : , B 4 = {p} , B 5 = {p}. 

2. La bijection (b) est un cas particulier de (a) ; le polygone Pest 

constitu~ d'un seul brin b%= ~, brin point6 de C(H). Le bord de l'hyper- 

carte se r~duit ~ B O dans ~i et Hin test un 616ment de {q} +~, d'o~ la 

bijection (b). 
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Exer_npl e 3 - Si H est l'hypercarte planaire point@e dans~ 

Le couple (Hint, Bo) qui constitue sa d@composition est 

figure 3.2 

b 

3. La bijection (c) est (apr@s application de la dualit@) celle 

@tablie par W.T. Tutte (cf C6], voir @galement [4]). Nous la d@crivons 

succintement de fagon & pouvoir l'utiliser pourl'@tablissement de 

l'@quation fonctionnelle (8) du th@or@me 2. 

Soit H une hypercarte appartenant & ~,de brin point@ ~. Soit 

b (= ~(~)) le brin suivant ~ dans la suite des brins bordant la h-face 

ext@rieure de H ; il est diff@rent de ~ car H n'appartient pas ~. 

Soient d iet df les h-degr@s respectivement du sommet initial ~ de 

et de son sommet final s (qui est @galement le sommet initial de b 

et qui est distinct de ~). 

b* Si l'on contracte le brin point@ ~ de Het si l'on pointe , on d@- 

H* finit une nouvelle hypercarte dont le sommet point@ a pour degr@ 

dans C(H*) 

2r = (2df-l) + (2di-l) 

(2df-~) repr~sente le nombre de brins darts C(H) incidents au sommet fi- 

nal s de ~ qui lots de la contraction de ce brin sont venus s'ajouter 

aux (2di-l) brins restant incidents au sommet ~° 
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Les h-degr@s d i et df 6tant sup@rieurs ou 6gaux A un, (2df-l) satisfait 

aux inTgalit@s 

1 ~< 2df-i ~< 2r-l. 

L'application qui A H associe le couple (H*,2df-1) estune bijection de 

~'~sur z ~r x I [l,2r-1], d'o~ le r@sultat. 
r~l 

Exemple 4 - Si H est l'hypercarte planaire pointTe 

On a d i = 3 et df = 4 
q, 

* S 

b ! 

figure 4.1 

L'hypercarte H qui lui est associTe en contractant le brin ~ est: 

figure 4 . 2 :  

Le degr@ du sommet point@ de C(H ) est 2r = 12. Parmi ces douze 

b* brins, les sept (= 2dr-l) premiers ~ partir du brin 6taient, avant 

contraction de b, incidents dans C(H) A s . 

II.2. Relations fonctionnelles 

A chaque hypercarte planaire pointTe de~on associe un monTme en 

les variables commutatives u (resp. v), s, fet a. 

L'exposant de u (resp. v) donne le hombre de brins (c'est-~-dire le h- 

degrT) de la face ext@rieure (resp. le h-degr@ du sommet point@), l'ex- 

posant de s donne le nombre de sommets diffTrents du sommet pointT, 
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l'exposant de f donne le nombre de h-faces autres que la h-face ext~- 

rieure, l'exposant de a donne le nombre de h-ar@tes. 

On note alors, J(u,s,f,a) (resp. K(v,s,f,a)) la s~rie g~n@ratrice des 

hypercartes planaires pointQes de ~ (c'est-&-dire contenant au moins 

un brin). 

Le th~orQme classique de dualit~ dans~(cf [3]), rappe]~ a u  1.3•, im- 

plique les @galit@s 

J(u,f,s,a) = K(u,s,f,a) et J(l,s,f,a) = J(l,f,s,a) 

On d@duit du th6or@me i, le 

Th6or6me 2 - On ales relations fonctionnelles, oO l'on note J 

pour J(u,s,f,a) et K pour K(v,s,f,a) 

u(l+J) 1 
J = l-us(l+J) {f K(l_u~7),s,f,a)+a)} (i) 

v(i+K) i 
K = ilvf(l+K ) {s J(l-vf(l+K) ,s,f,a)+a} (2) 

K : v(l+K)(fK+a) + vs K-J(l,s,f,a) (3) 
v-i 

D~monstration 

i. La relation (i) traduit en termes de s~rie g@n~ratrice la bijec- 

tion (a) du th@or~me I. La relation (2) se d~duit de (I) en substituant 

v ~ u, en ~changeant set f et en utilisant les ~galit~s consequences 

du th~or~me de dualit@ pr~cit~. 

D~montrons la relation (i) (On reprend les notations utilis~es dans la 

d~composition (a) d'une hypercarte H donn~e au th~or~me i). 

L'hypercarte {p} est associ6e au mon6me s°f°a ° = 1 

L'hypercarte {q} est associ~e au mon6me s°f°a I = a 

• La s@rie g@n@ratrice des cartes de ~I' ensemble auquel appartie- 

nent ies cartes planaires point~es Ci, 1 4 i < k, qui apr~s regroupement 

permettent de d@finir les uplets de cartes Bj, 0 4 j ~ r du bord de H 

est: 

us(l+J(u,s,f,a)). 
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Le terme (l+J) est associ@ & l'hypercarte planaire point@e dans ({p}+~), 

incidente & l'extr@mit6 finale du brin point@ de la carte de ~i" Ce 

brin point@ donne le terme us, car il est incident & la face ext6rieure 

de H et ajoute un sommet. 

La s@rie g@n@ratrice de l'ensemble ~ (auquel~appartient Bj si 

I ~ j 4 r) des p-uplets, p darts ~, de cartes de ~i' est donc 

1 
ri~1[us~l+jjjP : l-us(l+J) " Z 

p>~O 

La s@rie g@n@ratrice de l'ensemble~ + (auquel appartiennent les 

uplets B o) des p-uplets, p dans IN*, de cartes de ~i' est alors 

us(l+J) 
l-us(l+J) 

• La s@rie g@n@ratrice des hypercartes Hin t darts ~r' r > i, qui 

sont int@rieures aux cartes de~, et donc n'ont pas de brins incidents 

la face ext@rieure (done pas de terme en u) est : 

f Z Z safSa ~ = f Z card(<,S,y,r)SafBaV 
a~0,S~0,v~l Hinte~,B,x,r a~O,S~O,~l 

o2, card (~,S,y,r) est le cardinal de l'ensemble ~,S,y,r" he terme f 

en facteur est dfi au fait que la face ext@rieure de Hin t , non d@compt@e 

darts l'exposant S du monSme s~fSa Y associ@ A Hin t , devient h-face non 

ext@rieure dans l'hypercarte H reconstruite et donc doit @tre d@compt@e 

en plus. 

• La s@rie g@n@ratrice des cartes de ~est done (cf (a)) 

1 us(l+J) 
J = -- . 

s l-us(l+J) + z (f. z card(~ ,r)safBa~)(l_us(l+j))r 
r>~l a>~O,B>~O,v>~O ,S,y 

Le terme ~i est dfi au fair que lorsque l'on concat~ne les uplets Bj 

0 4 j ~ r, pour reconstituer le bord de H, le produit des s6ries g@n&- 

ratrices associ@es (d@termin6es ci-dessus) d@compte, par l'exposant de 

la variable s, tousles sommets du bord de H, y compris le sommet point@ 
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(ce qui est exclu darts la d~finition de J). 

u(l+J) 
[a + f 

1 
On en d~duit J = ~ L K(l-us'l+J''~) , s,f,a)] CQFD 

2. Les deux termes du second membre de (3) correspondent aux deux 

termes de la d~composition bijective (c) du th~or~me 1 (On reprend les 

notations introduites au th&or&me 1). 

Le premier terme de (3) correspond & la d@composition d'une hyper- 

carte de ~ (hypercarte dont le brin point~ est une boucle) en son bord 

B ° dans ~l et en une hypercarte int~rieure Hin t dans {q} +~. 

La s~rie g@n~ratrice des cartes B ° darts ~i est v(l+K), la boucle point&e 

de B o dormant le terme vet l'hypercarte dans {p} +~ incidente & son 

extr~mit@, le terme (I+K). 

La s~rie g~n&ratrice des cartes Hin t dans ({q} +~), qui ont m~me som- 

met point~ que l'hypercarte de~ que l'on d~compose, est (a+fK) : le 

terme a est associ~ A l'hypercarte {q} ; pour Hin t dans~, le terme f 

en facteur de K est dfi au fait que la h-face ext&rieure de Hin t devient 

non ext@rieure darts l'hypercarte de ~dont Hin test l'hypercarte int~- 

rieure et qu'il faut alors la d~compter. 

Le second terme s'obtient en remarquant que pour reconstruire 

l ' h y p e r c a r t e  H d e  ~ & p a r t i r  d ' u n e  h y p e r c a r t e  H d e  , r ~ 1 ,  o n  

a j o u t e  u n  n o u v e a u  s o ~ n e t  s & H ( d ' o f i  l e  t e r m e  s e n  f a c t e u r  e i - d e s s o u s ) ,  

e t  q u e  p o u r  1 4 i 4 r ,  l e s  ( 2 i - 1 )  p r e m i e r s  b r i n s  (& p a t i r  d u  b r i n  p o i n -  

t ~  d e  H ) i n c i d e n t s  a u  s o n n e t  p o i n t ~  ~ d e  H s o n t  t r a n s f o r m s  s u r  e e  

n o u v e a u  s o m m e t  s . On e r i e  a l o r s  u n  n o u v e a u  b r i n  d e  ~ v e r s  s q u i  d e -  

v i e n t  l e  b r i n  p o i n t ~  d e  H.  I 1  r e s t e  d o n e  

2r-(2i-i)+i = 2(r-i+l) brins incidents au sommet point~ ~ de C(H). 

La s~rie g&n~ratrice des hypercartes de ~'~est donc 

r r-i+l 
s ~ ~ s~f s a Y ~ v 

e>~O,8>~O,y>zl,r >11 H*e~s,8 ,Y,r i=l 

soit, en posant j = r-i 

r-I 
= vs z z s~fSa Y z 

~,8,y,r H*e~,8,~, r j=O 
v j 
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= vs 
~,B,y,r H*e~ 

~,B,y,r 

safBa Y vr-i 
v-i 

= vs K(v,s,f,a)-K(l,s,f,a) CQFD 
v-I 

Remarque 

Soit A l'anneau des polynSmes ~[u] et A[[s,f,a]] l'alg6bre des s6ries 

formelles en les variables commutatives s,f,a, A coefficients dans A. 

Dans A[[s,f,a]] l'6quation (I) en J a un sens (la substitution de u par 
1 

l-us(l+J) dans J(u,s,f,a) y est autoris6e) et y admet comme solution la 

s@rie g6n6ratrice des hypereartes planaires point6es, dont on salt que 

dans tout mon6me, le degr6 de u est major6 par la somme des degr6s de 

s,f eta. Cette s6rie est en fair l'unique solution de (I) dans 

A[[s,f,a]] . En effet, munissons A[[s,f,a]] de la distance d6finie pour 

deux s@ries S 1 et S 2 par 

-V(SlS 2) 
d(SI,S2) = 2 , avec : 

v(SI,S 2) = min {~+B4y/ les coefficients dans A de S Iet S 2 pour safBa Y 

sont distincts]. 

A[[s,f,a]] est alors un espace m@trique complet. Le second membre de 

(i) d6finit un op@rateur contractant sur eet espace et y admet un point 

fixe unique. CQFD. 

On a de m@me, unicit@ de la solution des 6quations (2) ou (3). 

III. Application aux d6nombrements d'hypercartes 

lll.l. D@nombrement des hypercartes planaires point@es 

La c o n s i d 6 r a t i o n  s i m u l t a n 6 e  d e s  6 q u a t i o n s  ( 1 ) ,  (2 )  e t  (3)  du t h 6 o -  

r6me 2 permet de d6terminer tr~s simplement un syst6me d'~quations 

param~triques dont la solution est la s6rie g6n~ratrice sf J(l,s,f,a) 

des hypercartes point~es contenant au moins un brin, d6compt@es en 

fonction du nombre de sommets, de h-faces et de h-ar@tes. On donne 

ensuite le terme g6n6ral de cette s6rie (corollaire 1 du th~or~me 3). 
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Th@or@me 3 - La s@rie g@nQratrice sf J(l,s,f,a) qui d@compte les hyper- 

icartes planaires point@es ayant au moins un brin en fonction du nom- ! 

ibre de sommets, de h-faces et de h-ar@tes est solution du syst@me 

d'@quations param@triques (o~ ~,~,~ sont les param@tres) 

~:[ S = X(I-~-~), f = . ( 1 - ~ - X ) ,  a = ~(l-~-p), 

[ sfJ(l,s,f,a) = ~(l-x-~-~) 

D@monstration 

Darts l'alg@bre ~[[s,f,a]] des s@ries formelles en les variables commu- 

tatives s,f,a, l'6quation en u 

u f  1 
U = i + l-ust1+ "-7-u,s,~,a\V <± ~ ± Jl (i + K(l_us(l+J(u,s,~----Eww~,ajj , s,f,a)) (e) 

admet une solution unique U = U(s,f,a) (ef. Remarque du th@or@me 2). 

Si l'on pose 

1 (i) 

l'@quation (e) s'@erit 

U(s f,a) = 1 
' ~ K < V , s , f , ~  " (ii) 

De plus (i) et (ii) entrainent que V(f,s,a) est @galement solution de 

(e), et donc est @gale (par unieit6 de eette solution) ~ U(s,f,a). 

En substituant U = U(s,f,a) et V = V(s,f,a) respectivement ~ u et v 

et en utilisant les @galit@s (i) et (ii), les 6quations (i), (2) et 

(3) du th@or@me 2 s'@crivent, en posant : 

J = J(U,s,f,a) et K = K(V,s,f,a). 

J = UV(I+J)(a+fK) 

K = UV(I+K)(a+sJ) 

K = V(I+K)(a+fK) + Vs K-J(l,s,f,a) 
V-1 

(z) 

(2) 

(3) 

V-I U-I 
Or, par (i) et (ii), l+J = ~--~ et I+K = ~f 
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Donc, (i), (2) et (3) donnent en @liminant Jet K : 

V-I 
s = ~-- (2-U+UV(f-a)) 

f _ U-I (2-V+UV(s-a)) 
UV 

U2V2fsJ(l,s,f,a) = (U-I)(V-I)(UVa-I) + fUV(V-I) + sUV(U-I) - U2V2fs 

soit : 

V-i U2Va 
s = ~-- (i U+--fC-_U v, 

f U-I UV2a 
- UV (i U+-VL--_UV, 

sfJ(l,s,f,a) = (U-1)(V-I)uv a (i 
U2V2a 

(U+V_UV) 2) 

V-I U-I 
Posons x = -V- ' ~ = --U-- ' a = ~(l-x-~) dans ce syst@me. 

On obtient alors le syst@me d'~quations param&triques annonc@. CQFD 

Remarque - La forme param&trique obtenue pour la s~rie g~n~ratrice 

sfJ(l,s,f,a) montre son invariance par permutation quelconque des va- 

riables s,f eta. 

On sait d~j& (dualit&) que sfJ(1,s,f,a) = fsJ(l,f,s,a). D'autre 

part, l'op@ration g~om&trique qui consiste & remplacer le brin 

point& d'une hypercarte planaire point~e par son brin oppos~ est 

une bijection de~sur~qui &change h-faces et h-ar~tes. On a donc 

sfJ(l,s,f,a) = saJ(l,s,a,f). CQFD 

Corollaire 1 - Le nombre d'hypercartes planaires point~es ayant 

ml(~l) sommets, m2(~l ) h-faces et m3(~l) h-ar@tes est donn~ par 

3 m-l+i~ i~ 
( (j) . C 

~=I m-I ) 

o~ 
3 Jk 

C = 1 - Z + 
k=l mk-l+ik mlm2m3 

m2-1 J3 il-Jl 

m2_i+i2 " m 3 m I 

JlJ2J3 ml-i J2 i3-J3 

ml_l+il • m2 m 3 

m3-1 Jl i2-J2 

m3_i+i3 • m I m 2 
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• la sommation porte sur les (i ,j~)l<~4 3 tels que 

0 ..< j~ ..< i~, 1 < ~ 4 3 et 

ml-i = i2-J2+J3, m2-1 = i3-J3+Jl, m3-1 = il-Jl+j 2 . 

Remarque : i. - Darts le cas oO m k = i, on fait de plus les conventions 

Jk mk-I 
mk_l+i k - 0 si i k = Jk = O, mk_l+i k 1 si i k = O. 

2. - L'application de la formule de Lagrange ~ trois varia- 

bles au syst@me param@trique z donne une formule relativement compliqu@e 

dont le corollaire 1 fournit une forme simplifi@e. On peut encore tr@s 

certainement la r@duire. 

Un cas particulier du r@sultat obtenu au th~or@me 3 permet de retrouver 

le d@nombrement pr@sent@ par T.R.S. Walsh (cf [?]) : 

Corollaire 2 : 

I. La s@rie g@n@ratrice S(f,y) des hypercartes planaires point@es 

d@compt@es en fonction du nombre de h-brins (variable y) et du nom- 

bre de h-faces moins une (variable f) satisfait aux @quations para- 

m@triques (param@tre p) : 

3 
P P (Zl) : y = , S(f,y) = (l+p) - f 

(i + if--~_p)(l+p) 2 (I-p)2 

2. Le nombre d'hypercartes planaires ~ n h-faces et m h-brims est 

2(m-l) ! m-n n+i 2m (el [7] ) 
( i ) (m-n-i) (n-l) ! (m-n+2) ! i=O 

D@monstration 

i. Par la formule d'Euler pour les hypercartes planaires point@es 

(cf [3] ), on a 

S(f,y) = 1 + J(l,y,fy,y) obtenue en substituant fy ~ fet y ~ set a 

dans J(l,s,f,a). 
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On d6duit alors facilement du syst6me z (cf th@or@me 3), que S(f,y) est 

solution du syst@me 

y = X(1-k-p) 

fy = p(l-2x) 

fy2S(f,y) = XU[(I-x)(I-~)-~ 

D'O~, en posant X : P et en @liminant ~ le r6sultat annonc@. 
l+p 

2. L'application de la formule de Lagrange A une variable au syst6me 

(z I) donne le terme g6n6ral de S(f,y) sous forme de quatre sommes qui 

apr6s simplification donnent celle obtenue par T.R.S. Walsh. CQFD. 

III.2. En application de la d6composition bijective (a) du th6or6me 

i, on ales r6sultats suivants 

Pro )osition - I. Le nombre d'hypercartes planaires point6es ayant une 
1 2n seule face et n h-brins est le n i6me nombre de Catalan : ~ ( n ) 

(of [3] ). 

2. Le nombre d'hypercartes planaires point6es dont tous 

les sommets appartiennent A la fronti6re de la h-face ext6rieure 

et qui ont n h-brins, n ~ i, est : 

n-I 
1 Z n (n) 2 i 
n ( i+1) i=0 

D6monstration - i. Les hypercartes planaires point@es de~ayant une 

seule face, ont une hypercarte int%rieure (cf th6or6me i) r6duite 

l'hypercarte {q}. Si on note Jo(U,s,f,a) la s6rie g6n@ratrice d6comptant 

ces hypercartes, les variables ayant la m~me signification qu'au II.2., 

on d6duit facilement de la bijection (a) du th6or6me 1 et de l'6quation 

(i), que Jo est solution de l'@quation 

J ...... u(l+Jo) 
o l_us(l+Jo) . a (4) 

Si l'on substitue 1A u et y A s,f eta dans (4), l'exposant de y donne 

le nombre de brins de l'hypercarte (par l'@quation d'Euler pour les 

hypercartes planaires) et (4) donne, en posant Jo = 1 + Jo(l,y,y,y) : 
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Jo = 1 + y j~ (4') 

d'o~ le r6sultat annonc6. 

2. Les hypercartes planaires point6es de~dont tousles sommets appar- 

tiennent & la fronti6re de la h-face ext6rieure ont une hypercarte 

int6rieure ayant un seul sommet. Si l'on note Jl(U,s,f,a) leur s6rie 

g6n&ratrice, o~ les variables u,s,f,a ont la m@me signification qu'au 

II.2., on d6duit de~la bijection (a) du th6or6me i, et de l'6quation 

(i), que Jl est solution de l'6quation 

u(l+Jl) 1 
Jl(U,s,f,a) = ~_us(l+Jl) (a+f Jo (l-us(l+J I) ' f,s,a)) (5) 

Posons Jl = Jl(l,y,y,y) et h = J ( ljl o o T~-~y ' Y'Y'Y) 

L'exposant de la variable y donne alors le nombre de brins de l'hyper- 

carte et (4) et (5) s'6crivent 

1 )2 
h ° = l_y(l+Jl)-y(l+h ° (4) 

Y(I+J 1 ) 
: ~(l+h o) (5) Jl l-y(l+Jl) 

D'o~, en 61iminant ho, Jl est solution de 

Jl = Y(I+Jl)(I+2Jl)' 

ce qui par la formule de Lagrange donne le r6sultat annonc6. CQFD. 
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ABSTRACT 

Prefix-free words of a given Language L can be obtained within the frame of the 

classical problem of random words, if~is the number of prefix-free words of length 

n of L, we find here the functional equation verified by the generatinq function~ 

of the~n's , and solve this problem with exact and asymptotic formulas, for two kinds 

of languages : the two-sided well-balanced parentheses over the alphabet 

A ={a I .... am, a~ .... ~ ,  and the palindroms over A ={a I .... am}. 

I. INTRODUCTION : OBTAINMENT OF PREFIX-FREE WORDS OF A GIVEN LANGUAGE WITHIN THE 

FRAME OF THE CLASSICAL PROBLEM OF RANDOM WORDS. 

Let A =(al,...am}be an alphabet of m letters. At each discrete time t=1,2,3... 

there is a drawing with replacement of a letter of A, in an equally likely way (each 

letter has the probability I/m). So an infinite random word~= ail ai2...ain.., is 

obtained, and let~[n]=ail...ain be the left factor of the n first letters. If~is 

an event concerning the factors of CO, a classical problem is to consider the random 

variable X equal to the first time n at which~.~is obtained, in particular to compute 

the expectation E(X) [Fel 68]~om 70](e.g.~can be the event : "each letter has ap- 

peared at the least K times in~ n]" ~R 6111. 

We consider here a language L over A (L is a part of the free mono~d A* generated 

by A) and the event :"a first n such thatCh]is a member of L is obtained" ; then 

(~l.%~n~is a prefix-free word w of L (w = w I w2, w1~L~w1=w, w2=~the empty word). 

Problems related to this approach and concerning the probability Pr(&) and the ex- 

pectation E(X) (when Pr(~) =I) were previously studied in the frame of absorbing 

Markov chains [Fel 68]. 

in receot works EBT probabilit  and the coodit onal expec 

tation E(X|~) were studied for several classes of languages. If~ n is the number of 

pre f i x - f ree  words of length n of L, P r ( & )  and E(XI~..~) can be expressed [BT 8~ by 

means of the generating funct ion~'of  the~n 'S ( ~ ( Z )  = ~ ' -~ 'nZn) :  Pr(~)=,~(, l , , /m,), 

= ~(1/m)/m~(,,,1,,,,/m) ( th is  formula is true even i f  the der ivat ive l/m) is 
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infinite). A non trivial example is the so called Goldstine language [Gol 72] 
G =~a nl n2 nk } 

b a b... a b / k>,l/~n i >.0/3i, i# n i , partially studied in [BT 83]; 
n(n+l) 

if eis the transcendental theta function (~(Z) = n~>,O Z ~ ), then we obtain here 

~z) I+~ - ~ ~ (e~)-1) (.) ~y writing ~if P is the language of the prefix- 
tT:T -~-2 

free words of ~ and a*: U{n}) :P: <a*~ a)bUU ob a~ a n-~ b(a*,an)b> ; 
n>.O / n>.,2 

so Pr (~)  =~ ( I / 2 )= I  , and E(XI~) = E(X) =~(1/2) /2  = 4 ( e ( I / 2 ) - I )  = 2.56653... 
i(i+l) n(n+1) 

(with an approximation ofe(z) by z 2--, with an upper bound ~Z~--2--/(I-|Z|) 

for the remainder ~ Z ~  (here n=8)); the formula (*) allows to obtain asympto- 
i,>n 

tically here : 

V~n- 3/2 + o(1/V~ ~<~n ~<~"- I/2 + 0(I/~-~) <V ~, by computing the greatest 

integer kn such that kn (kn +I) ~< n ( k n = 2  L-]+~'~-J)° 
So it appears interesting to compute ~n" exactly or at the least asymptotically, 

the more so as the radius of conve rgencee= l /  L'T~Z'~nl/n, v e r i f y i n g e E [ l ! m , 1  ] , occurs 

in the entropy (h=log i/e ~ui 70]) associated with the language P of the prefix-free 

words of L. We will examine the previous problem for two kinds of languages, obtai- 

ning functional equations for~(they arise in enumeration when a recursive procedure 

is given for "building" the objects that are being counted CBen 74] ). We assume the 

reader to be familiar with elementary notions of formal languages the~y [Har 78]. 

I I .  PREFIX-FREE TWO-SIDED WELL-BALANCED PARENTHESES OVER A = 1 , . . .am,a1, . . .  

/ / / 
We consider first m different left parentheses : ~I" ~ ..,~9""(~" and the associated 

right parentheses : )I" )2"'")m ; it is convenient to denote these parentheses as the 

an alphabet A ={a I .... am, aq .... a"m}" Let L be the language of letters of the two-sided 

well-balanced parentheses over A, generated by the simple grammar : 

S'4w a i S~ S + ~'i S a i S +E,  i=I to m [Har 78]. The context-free language P of the 

pref ix - f ree words of L is generated by a s l i gh t l y  more complicated non ambiguous 

[Har 78]grammar G : 

"= ~ ~ "= = ] ] i j=1,j~ i ] ] ] i 

m m 

] ] ] i j=1,j#i aj Sj aj S.1 (i=I to m) [Ber 79] . 

The generating function of P is algebraic, according to a classical theorem of 

Chomsky and SchOtzenberger [CS 63J about the non ambiguous context-free languages ; 

it is a component of a system of polynomial equations, obtained by the following 

substitutionsin G : rulas become equalities,~becomes 1, a i becomes Z, variables be- 

come generating functions (the axiom S becomes the generating function~'(Z) of P ; 
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~j  (~'.) generated S i (S'i) becomes~(Z)  ( (Z) )  the genera t ing  f u n c t i o n  of  the language Pi l 

by G w i th  S.(~ ' . )  fo r  the ax iom).  Because of : on the one hand, the symmetry between 
l 1 

the ru la  beg inn ing  by S i ~ ,  and the cor responding ru la  beg inn ing  by ~'i--~ ; on the 

- -  the langua- o ther  hand, the symmetry of  the par ts  of the l e t t e r s  a l , . . . a m ,  a '1 , . . .am,  

ges P. and ~'. have, whatever i ,  the same number of  words of  length  n,  f o r  any n, i . e .  
1 1 

Vi~ [ 1 ,m ]  , I~IIj(Z) = ~ ( Z )  = p  (Z) .  Hence the system : 

-- + and  erifios the  p o l y n o m i a l  f u n c -  

t i o n a l  equat ion  : (2m-t)  [~.(.Z)~ 2 - 2m ~ ' (Z)  + 4 m 2 Z 2 = O. 

~'((]) = 0 ( ~ ( Z )  = ~'n zn).~(Z)= m [ I - ~ 1 -  4(2m-1) Z2]= n~:~j>l"~"2n z2n ; 
2m -I 

~2n = 2m(2m-1) n-1 Cn, with C n l n-1 )I! for the n th Catalan number /2(n-1 /n, so that asympto- 

tically ~2n/I~I m n 23n-2/n~n (and the radius of convergenceeis I/z 2V~'~:~-I). 

By means of ~(Z), we obtain, considering the previous problem of random words : 

(1) Pr (~,~) =~(I/2m) = I/ (2m-I) 
I 

(2) E(XI 6) =~1/2m)/2m~"(I/2m) = 2 + I/(m-I) if m>lr~if m=l (~(1/2m) = 2m/(m-1)). 

Ill. PREFIX-FREE PALINDROMS OVER A ={a I .... am~ 

We consider now the language L of the palindroms over m letters a,,...a 
i T m 

(w = a. a .... a. is a palindrom if it is equal to its mirror image w =a .... a. a. 
11 12 1 l I I 12 11 

and i f  i t s  length  JwJ v e r i f i e s  JwJ,>2). The case m=2 is  p a r t i c u l a r l y  s imple : the p re -  

f i x - f r e e  words of  length  n are a I a2 n-2 a I and a 2 a ln -2  a2, so ~'n=2 and g , g(Z)  = ~'n zn = 2Z2, whence P r ( ~ )  = ~ ' (1 /2 )  = 1, E(XI~.~) = E(X_.._~)= g ( 1 / 2 ) / 2  = 3_. 
1-Z 

We consider in the following the case m>2 : the language P of the prefix-free 

words of L is no more context-free ~ea 83]~nnd we cannot use the method of II. 

We will prove first a recursion formula indicated in ~T 8~ : 

i=2 
w 

Proof : (I)~2= m (these palindroms are all the a i a i s) 

(2) Because of symmetry with respect to the middle letter x (xEA or x =~; 

according to the evenness of n), we obtain : 

card(L~A n) = m L(n+1)/2]., we assume n~2 in the following. 

(3) We consider now the complement P~A n of P~A n in L~A n and its "building". 

Let wEP~A n : wEL, w=w I w2, w 1~ P, w 2 ~ ~ ; for obtaining w, we can : 

- begin with wI~P~A 2, complete with ~n+1)/d-2 letters selected in A, and final- 

ly complete by symmetry. 
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3 - beg in  aga in  w i t h  w lEPnA , e t c  ..., nex t  t o  wlE:PfiA 
L(n+l)  /2J 

k  
-poss ib l y  go on beyond : wlEPnA , k > L ( n + 1 ) / 2 j  ? 

The nex t  comb ina to r i a l  lemma p o i n t s  out  t h a t  i t  i s  imposs ib le .  

- 
( 4 )   emm ma : Le t  W E P ~ A "  : 

lwl l  L(n+1)/21. 

Proof : L e t  us suppose t h e  - - 

wgL, w = wl w2, w,$P, w 2  # E ;  t hen  

c o n t r a r y  ; then : on t h e  one hand, 

w g L  + w=fx f '  ( x E A  o r  x  =E)  ; on t h e  o t h e r  hand, by hypothes is  : 

IwlI  & L(~+I)/zJ = If1 + 1x1, whence : 3 h  # E, p r e f i x  o f  fT, and s u f f i x  of  wl , 
schematized by  : 

T T  T  
h f  f ( w 2  #E) ,  then fT  =hk, k f e ;  f = (fTIT = kT  hT, whence w = f x h  = k  h  1 
w1CL+w, =wlT = h  x h  k = 1  k, 1  E L ,  w i t h  k # E :  t h i s  i s  i n c o n s i s t e n t  

xh ; 

w i t h  wlEP. 

(5 )  So (3) y ie lds ,  w i t h  (4) : - L(n+l )  /zJ L(n+ l )  /2J - i 
c a r d ( ~ n ~ ~ )  =  card(^^^') rn , whence 

i =2 
~ ( n + l )  /zJ 

- p.*')/zJ t ( n + ~ )  /2 J - i 
w i t h  (2):  5n= m ai I 

i =2 
n- i  

4.e- ;62n-1 = q n = r n n - f  si m 
i =2 

By man ipu la t i ng  f o rma l  ser ies,  a  f u n c t i o n a l  equa t i on  f o r B c a n  be ob ta ined  : 

Theorem 2  : a ( z 2 ) / 1  - m z 2  = (m2z4/1 - mZ2) - ( z ( ~ ( z )  - mZ2)/1 +Z) 

2n "oaf : ( 7 )  g ( Z )  = mZ2 +S2s2" (zZn-' + .Z ) because o f  82n-1=qn ; i t  y i e l d s  : 

%z)= mz2 + (I+L) (z Zzn zZn) 
Z  n>,2 

(2) I t  ca? be n o t i c e d  t h a t  ( i f  I z ~  < l / m )  U(Z)/I - mZ = 

p ( 2 8, rnn-') Zn = 5 (mn - qn) zn (theorem 'l), 
n32 i = 2  n22 

2  2  
so ; d r z > / l  - mz = (m z 11 - mz) - 5 '2n znz.. 

( 3 )  changing Z  i n t o  z2 (so n e c e s s a r i l y  ( z I  <ll\/;ii), t h e  p rev ious  e q u a i i t y  

becomes : Z ( Z 2 ) / 1  - mZ2 = (m2Z4/1 - mz2) - 6, Z2". i.e. w i t h  (1) : 
n>,2 

2  
5 ( z 2 ) / 1  - m z 2  = (m2z4/1 - rnz2) - ( z (  ~ I ( z )  - mZ ))/I + Z) I 
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This funct ional  equation may be solved by i te ra t ion  (see also [FRS 84] [FS 85]for 
analogous equations l ike f(Z) =O((z)f(Z/2) + ~ ( Z ) ) ,  remarking that 
5cz) =~cz)ZRz z) +l~cz) : 

Theorem 3 :~is a transcendental function, having infinitely many singularities 

(I/mi/2 p) p~1 , given by : 

P-I(~(z2k 
~(Z) = ~" (~(Z 2p) kT[==0 )), with~(Z) = 

p~O = 

- (Z+I)/Z(1-mZ 2) , ~(Z) = mZ 2 (l+mZ)/1 - mZ 2 

(So~(Z) = ~ m(-1) P Z 2P+I 1-Z 2P 1+mZ 2P ) 

p~0 1-Z (1-mZ 2) (1-mZ4)...(1-mZ 2#+1) 

Proof : 

(1) It is easy to obtainS(Z) = -(Z+I)/Z(I-mZ 2) and ~(Z)= mZ2(1+mZ)/1-mZ 2, such 

that ~'(Z) =~(Z)~(Z 2) +~(Z) (*) 

(2) By iteration of (*),~(Z) =~(Z)~(Z2) +~(Z) = p-1 ok 
p(Z) + ~ ( Z ) ~ ( Z  2) +I~(Z)~(Z2)  ~'(Z 4) = . . . ,  So~(Z) = ~  (~ (Z  2p) ~To ( (z  L )) ; 

p~O k=O 
th is  funct ion ( i f  i t  is converging) is e f fec t i ve ly  a solut ion of (*) 
(~ (Z )  =~(Z)  +O((Z) [~(Z 2) +~(Z  2 ) ~ ( Z 4 ) + . . . ]  =~(Z)  +~ (Z )~ ' (Z2 ) ) ,  so the eventual 

solution is unique_ 

(3) We will prove now the convergence of the infinite sum giving~'(Z). It is easy 

to obtain : 

p-1 = z2p+ I 2 p fp(Z) =p(Z 2p) T~ ~(z2k) m(-1)P I-Z 2p 1+mZ 

k=O I-Z (1-mZ 2) (1-mZ 4) ... (1-mZ 2p+1) 

The convergence of the series f (Z) may be reduced to that of the series 
P 

|~2P , then to that of the series 

{l-m Izl 2) {1-m l ~ 4 ) . . . ( 1 - m i Z l  2p+1) 

2 p Iq 2&1 (3po, p>po=~m Izl ~p <1/2) which is converging ( Izl<l)m 

The radius of convergence~is I/~', the minimum modulus of the singularities 

[Hen 77~.The formula of the theorem 3 for ~ allows to obtain at any order expansions 

in I/m for Pr(~) and E(X|~)), e.g. Pr (.~) = 2/m+1/m2+1/m3-1/m4-1/mS-2/m6+O(.1/.~7), 
.E.(XI~,~) = 5/2 + 7/14m - 1/8.m 2 + O(I/m3). 

We will prove now : 

Theorem 4 : if n~2, m n -2m n-1 -3m n-2 <~'2n <mn -2mn-1 +m(s°~2n =mn -2mn-1+o(mn-2)) 
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Proof : 

(1)~'2m~<mn because of the theorem I ; by iteration, using again this theorem, we ob- 

tain after a computation : 

D+m- 3mq + 

~4q+2>~ m q+1 [2 - 3m q + m q+l] / (m-l) ,- these two formulas give 

~'2n >s mn - 2mn-1 - 2m n-1 >~ mm - 2mn-1 - 3mn-2- 
m-1 

(2) If n~2, then~2n/m(m-1) is a polynomial of the (n-2)th degree in m, of first 

n-2 
term m 

Indeed~ 4 =m(m-1), then we use recursion arguments and the formula of the theoreml, 

with ~2 =m. The coefficients of this polynomial in m are integers, so its value is 

an integer, greater than or equals to I (~'2n #0), whence~'2n ~ m(m-1). 

(3) By iteration, with~'2n ~ m(m-1), using again the theorem I, we obtain : 

~2n ~ mn - 2mn-1 + m 

IV. CONCLUSION 

A generalization of this problem to any probability distribution 

P ={Pl . . . .  Pm~ °ver A = {al  . . . .  am) is studied in EBT 83] ,[BT 84] ,[BT 85]. 

Later results should be obtained with analytic methods relating asymptotic proper- 

ties and singularities of functions (Darboux's theorem, MeLLin transform)~Ben 74] 

~ed 83][Fla 85]or perhaps multivariate generating functions[GJ 83] [FRS 84J. 

The results in this combinatorial domain have some applications in computer science, 

e.g. for new paging and decoding probabilistic algorithms [BT 85]. 
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COMBINATORIAL REPRI~,5[~NTATtONS OF SOME LIE GROUPS AND LIE ALGEBRA5 

FBergeron, Dept. Maths et lnfo, U.Q.A.M. 

1.Introduction 

The aim of this paper is to show that interesting combinatorial interpretations can 

be-given to some aspects of Lie group techniques used in the study of symmetries of 

linear second order partial differential equations (PDE) of mathematical physics. We thus 

show that group-theoretic methods of special function theory can be reformulated in a 

combinatorial set-up. 

Let R be a partial differential operator (of order two) defined on the space of 

analytic (around the origin) functions F(x,y) in two variables. A linear differential 

operator of the form: 

I_ = M(x,y)~l~x + P(x,y)~tSy + Q(x,y) 

is said to be a symmetry operator corresponding to R, if and only if: 

[L,R] = LR - RL = F(x,y) R 

where the function F may depend on L. Observe that symmetry operators map solutions T, 

of the PDE "I~T--0" , into solutions of the same PDE . Moreover, the set of all such 

symmetry operators is a (complex) Lie algebra, with the usual Lie brackeL These Lie 

algebras permit a systematic study of the coordinate systems for which the equation 

admits separation of variables. For more details on these methods, see W. Miller's book, 

Symmetry and separation of variables. The special functions arising through such 

separation of variables can then be studied by group-theoretic methods. We will give 

combinatorial meaning to this approach. 

A linear combinatorial operator ~ is a functor from the category of species (in one 

or more variables, with or without weights) to itself, preserving sums and products by 

"constants". Constants are species that are empty on all non-empty sets. For a 

description of the theory of species of structures, see A.Joyal [Jl]. For more results 

involving differential combinatorial operators, see G.Labelle [L 1 ]. 

The cardinality Card(a~) of a combinatorial operator is the corresponding operator 

on power series associated with the species involved. Thus, a combinatorial model for a 
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differential operator 1_ is a combinatorial operator ~ such that: Card(ZD = L. We wil l  

give combinatorial representations of Lie algebras of linear differential operators in 

terms of "algebras" of combinatorial operators. Typical calculations involving Lie 

algebras and the corresponding Lie groups wil l  have combinatorial interpretations and 

proofs. 

Several authors have worked on combinatorial models of orthogonal families of 

polynomials, see Bergeron, Foata, Garsia, Gessel, Ismail, J.Labelle, Leroux, Multin, 

Remmel, Rota, Stanley, 5tanton, 5trehl, and Viennot [ see bibliography]. All this work 

points to a more or less uniform combinatorial outlook on models of orthogonal 

polynomials. This has already been stressed in [B1], but we believe that a deeper insight 

into the subject can be gained by the methods f irst introduced in a special case in [B2], 

and generalized in the present paper. 

2. Algebra of combinatorial operators 

Let us simply write ,1~ = %, when two combinatorial operators ~ and % (over the 

same category of species) are isomorphic as functors. The "sum" ;~+% and the "product" 

,1~% of ~ and %, are defined respectively as pointwise sum and usual composition of the 

corresponding functors. 

We have thus given sense to the concept of algebra of linear combinatorial 

operators over a category of species. For the moment, let this category be the category of 

two sorted species. Then we consider the operators ~/$X and 5/$Y which, for given 

species T and given finite sets A and B, are defined by: 

($/&X T) [A,B] = T[A+{*},B] 

(Slay T)[A,B] = T[A,B+{*}] 

Consider also, the operator "Q" corresponding to multiplication of two sorted species by a 

fixed two sorted species Q. This fixed species might be for example one of the species X 

or Y such that: 

X[A,B] = I {A} , if B is empty, and A has exacly one element 

1 O , otherwise. 
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¥[A,B] = 

0 

• if A is empty, and B has exacly one element 

• otherwise. 

Now, recall that the cardinatity of a two sorted species T is: 

Card(T) = T(x,y) = Z tn. k xngk/n! k!, summed over all n and k in IN. 

where tn, k is the number of element of T[A,B] , with A any n element set, and B any k 

elements set, 

Hence, since Card(XoT)= x.Card(T), and Card(~/$XT)= (S/$x)Card(T), we conclude 

that the cardinality of the operators X is ×, and that of $/$X is ~/$x. 

Note: In conformity with local traditions, we have adopted here almost the same 

notation for a combinatorial operator and its cardinality: we use capital letters in 

the "combinatorial" world and lowercase letters in the "analytical" world. 

In the sequel of this paper, an important role wil l  be played by the operators 

X.$/$X, Y.$/$Y, X.$/$Y and Y.$/$X, obtained by various compositions of the operators X, Y 

• $/~X and ~/~Y. 

In general, let ~ and % be two linear combinatorial operators. Then, the following 

identities are easy to verify: 

PROPOSITION I 

( I ) Card(Z~+%) = Card(~) • Card(%), 

(2) Card(~%) = Card(~) Card(%), 

where the operations on the right-hand side of those identities are respectively point- 

wise sum, and composition of the linear operators Card(~) and Card(%). 

3. Lie bracket 

Throughout this text, a typical structure t of a typical species T w i i i  be 

represented by the following picture: 



$7 

i"-~ 

I 

Figure 3. I 

Here, the white circles represent labelled points of type "X"; and black squares, labelled 

points of type "Y". The thick lines are there to help distinguish between points of the two 

kinds. The labels are not shown for simplici ty 's sake. 

Thus, the effect of a combinatorial operator Z~, can be i l lustrated by showing how 

typical structures of species ~T, may be constructed out of T-structures (structures of 

species T). For example, the effect of operator Y.6/6X is to "replace", in a typical 

structure, any designated point of type "X" by a point of type "Y': 

:) I tNALL I 
I v~vs i 

Figure 3.2 

Likewise, the effect of YX.$/6X is to "attach" a point of type "Y" to a selected point of 

type "X": 

WA/S i 

F i j~ure 33 
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We are now ready to show the following, where the brackets [-,-] denote the usual Lie 

multiplication: [A,B] = AB- BA 

PROPOSITION 2 

( 1 ) [616X,Q] = Q', the operator Q is multiplication by a fixed species Q, 

and Q' = 516X Q as a species 

(2) [Y-$16X,X.$16X] = Y.$16X, andhence [~ISX,X-$16X] = ~I~X. 

(3) [X.616X,X2.818X] = X2.6ISX 

(4) [Y-$16X,X2.616X] = 2.YX.616X, andhence [616X,X2.$/~X] = 2X.$16X 

Proof: These identities are all shown easily. As an illustration, let us prove the fourth 

one. First, set ~ = Y.$16X and % = Xz-61$X Now, we want to compare the operators ~ 

and %~. They have almost the same effect, with the exclusion of two possibilities, both 

of the form YX.$1$X The effect of ~% on a typical T-structure is twofold: 

I"-, step 2 

all pn:-;~;i bl ~.'.. ':.'::ay~ -/' 

V %> step 1 

Figure 3.4 

We start by attaching a point of type "X" to a point of type "X", and then, we replace any 

point of type "X" by a point of type "Y". Those actions commute inmost instances, with 

the exception of the cases when, the replacement is done on one of the two points 

involved in the first step. In those cases, we obtain structures having the following 

aspect: 
d-'-~ 

CASE ! 

OR 

Figure 3.5 

_ J ~ J  

__L 

CASE 2 
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Both of which can be tought of as typical structures obtained from T-structures via 

YX.51dX. We thus get [~,~] = 2.YX,515X, where the "2" expresses the alternative between 

case I and case 2. 

4. One Darameter ~rouD$ 

Let a3 be a linear combinatorial operator, and write ~p[a3] as shorthand for the 

formal expression: 

~! } [~]  = ~_j ~ n /  n! , summed over al] n in ~. 

Whith 2 ° equal to: I the identity operator. 

Gilbert Labelle in [L t], has given a combinatorial interpretation of the division of 

a n by n!, for- operators of the form ~ = [Y/(I-Q')].StSX, with Q a fixed species. This 

division plays a crucial role in an explicit description of mq}[~]. As a special case of 

Labelle's results, we get a combinatorial version of Taylorls formula, giving the 

description of m~p[Y.$/$X] : 

¢X~[Y.818X] T(X) = T(X÷Y) 

Here T(S) is the species obtained by substitution of S into T. 

Note: A combinatorial description of ¢x~[Y.~] is equivalent to the resolution of a 

combinatorial differential equation. G.Labelle has shown in [L2] that it is not always 

possible to solve combinatorial differential equations. Thus a combinatorial description 

of ~q3[Y-~] is not always possible in the context of usual species. It is, however, in the 

context of L-species (see Leroux-Viennot in this volume). For an operator ~ which does 

not depend on Y, let us observe that when ¢x~[Y-~] can be given a combinatorial 

interpretation, then we can give a combinatorial interpretation of the substitution F[Y.~] 

of Y-~ into any species F. We define F[Y-~] by its action on two sorted species T(X,Y). Let 

A and B be two finite sets, and define: 

F[Y.~] (T) [A,B] = F[B] x {m@[Y-~] (T)}[A,B| 
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For the following special cases of operators, we also know how to interpret this 

exponential: 

PROPOSITION ~f 

(1) ~xp[YX.$/SX] T(X) : T(X,~q~(Y)) 

(2) ~[X2-8 /$X]  T(X) = T(X/(l-X)) 

(3) exp[X2.8/SX + YX] T(X) = l~<,p(YeCycle(X)).T(X/( I -X)) 

Where X/(l-X) is the species of "chains" (total orders) of points of type X, and 

Cycle(X) is the species of *cycles'. 

Proof 

( t )  is folklore, i t  is a good exercise for the reader. 

(2) is a consequence of the following observations. Note that a structure of species 

(X2-$/SX)nT is constructed out of a T-structure "t", by attaching (possibly empty) chains 

to every points of t, with n equal to the total number of points in these chains; then to all 

the points in these chains we assign distincts numbers between 1 and n 

f'-" ~" <i C '  <i 

/ -----C, 

Figure 4. I 

This is verified by a recursive argument. In fact, the structures of species (X2.$/$X) n+ iT 

are constructed out those of species (X2-$/SX)nT , by insertion of a new point labeled 

"n+l" in one the chains as follows: start by selecting any point of the (X2.$/$X)nT - 

structure. The new point is inserted, immediately "before" this selected point, in the 

surrounding chain. To divide (X2.$tSX) n by n! , we forget the labels. Finally, if n is 

arbitrary, we get a description of ~p[X2 $/$X], as an operator identified to the operator 

that substitutes X/( l-X) to X into species. 

(3) is obtained in a similar way, by describing how to successively insert points in 

a structure of species T,  with operator (X2-~l~X + YX). Let us only present geometrically, 

the result of n (= 16) such insertions: 
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.~'~c;:L. 

) --~:--, ~: i~, I i 

Figure 4.2 

The insertion in a cycle is also done just "before"  the selected point. 

5. LIE ALGEBRAS AND LIE GROUPS 

Let ,~l:~l,a~ 2 . . . . .  ~ n  be linear combinatorial operators over the same category of 

species. Consider the set K [~ I ,~  2 ..... ~n] of formal l inear compositions 

al~l+a2~2+...+an~n, w i th  coeff ic ients in a ring K wi th unity. We wi l l  work w i th  

operators for which i t  can be shown that all Lie brackets [~ i ,~ j ]  = ~ i ~ j -  ~ j ~ i  , for 

l~i,j~,n, are linear combinations of a31,~ 2, ... ,~n • Thus we clearly have a Lie algebra 

structure on K[01~1,~2, _. ,~n]- 

EX,~PLE: 

Let ~1 = 8,8X , ~2 = X$/SX and ~3 = x2 8/8X . And, recall that: [~1,~2 ]=;~l ,  

[~2 ,~3 ]=~3  and [,1~1,~ 3 ] = 2~  2 . The Lie algebra, thus described, is isomorphic to 

~2(2), the algebra of two by two matr ices wi th trace zero. To ver i fy this last assertion, 

set: 

Io - , l  [, ,2 o l [ o  ol 
L,= I I , L 2 = I  I ,and L3=I I 

i o o j [ o - , ,q  [ , oj 
which gives a basis of ,8~(2). The isomorphism that sends ~i  to L~ , I~i<3, preserves Lie 

brackets. 

The elements of the Lie group, corresponding to this algebra, are of the form 

~.p[a3~5].mq~[ai~i].~.P[a2~ 2 ] in a neighborhood of the identi ty of this group. From 

proposition 3, we easily deduce: 

l~[W3~3]. l~!: l [Z~i]. l~p[Y~ 2 ] T(X) : T(II~B(Y).{Z + (X/(1-WX))}) 
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with Y,Z, and W representing three different sorts of points. Thus, using proposition 3, 

we obtain a combinatorial interpretation for the well known representation of 5L(2), as a 

group of operators acting on analytic functions of one variable. Recall that this action A 

is defined by: 

• Jl A I F(x) = F((ix+k)/(jx+n)) 

l k nl 

6. LAGUERRE POLYNOMIALS 

Now that we have described all the basic concepts needed for our discussion, let us 

study, through examples, how useful results can be obtained by means of combinatorial 

Lie group representations. Consider the algebra Z[c(,t][~l,~2,~3,~4] with: 

~ t  = (YtX){X$/~X - t~/$t} 2 2 = X$/$X 

~3 = X2$/$X + tX$/$t + tX + ocX ~4 = ! 

In ~1 we have a formal division by X which becomes a real division by x in the analytical 

"world". Those operators act on the 7.[oct]-weighted species obtained by substitution of 

LX for W in any three sorted species F(X,W,Y), with weight in Z[oc]. We write Ft(X,Y) for 

F(X,W,Y)w=tX. A typical Ft(X,Y)-structure can be represented as: 

.... . . 0  ..... 0 

Figure 6. I 

The circular points with a dotted pattern, are the points of type X having weight t. 

Note that t$/St , as a combinatorial operator, corresponds to pointing a dotted 

circular point. Thus we can see that the effect of ~1 , on Ft-structures, is to replace a 

circular point, without dotted pattern, by a point of type Y. Moreover, the action of ~ on 

typical Ft-structures , is that of adding a new point in one of the four following ways: The 
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f i rst  and second one (corresponding to tX and o(X), add an isolated point respectively with 

weight t (dotted circular point) or o(. The last two possibilities (X 2 6/5X and tX$/St), 

both attach a new point to a previously selected one. We have already explained how X 2 

~/$X acts. The action of tX$/$t is similar, but with the condition that the point selected 

for an adjonction is a dotted one. To differentiate between these last two constructions, 

we represent geometrically tX$/$t in a distinct manner (see figure 6.2): 
r 

\ _ .  .......... -u_ ....... 0 

[ / ' - / "  
Figure 6.2 

Ihe attaching arrow is oriented in the opposite direction to the one selected in figure 3.4 

to represent X2$/$X. Then the dotted pattern (weight) of the selected point is transferred 

to the new point. 

Now, the Lie algebra structure on linear combinations of 21,Z~2,23 and 24, is 

characterized by the identities: 

[2i,24] = [22,~ 4] = [23,~ 4] = 0 

[21,Z~2] = 21 [~2,Z3] = Z3 

[Z1,23] = 222 + (XZ 4 

which can be deduced as in proposition 2. 

It is also straightforward to verify that [(~32~+~ 2 ),~3]=[(~22 + 0¢~2),23]. Or in 

other words, if we write ~ for (r~ 3 2t+~2 - 2 2 2 - ( X 2 2  ) , that [~,,,1~ 3] = 0 .  We conclude 

that, if T is a species such that ~%T = 0 ,  then ~ % ~ [ 2 3 ]  (T) = 0 .  Weisner, in G r o u p  - 

Theoretic origin of certain generating functions [Wl], has shown how generating 

functions and identities, for families of orthogonal polynomials, can be obtained by 

studying the action of a Lie group of a differential operator, on the solutions of a PDE 

"RT = 0". Essentially, what we have just outlined, is a proof of: 
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THEOREM I 

7he cardinality of ~,~,~ [,I~ 3 ] ( 1 ) IS a formal power series of the form: 

Card(~x~[~ 3] ( ! )) = 2Ln(oc;t) xnln! = ~.PItxl( 1 -x) + oc~ (I I l-x)} 

where the Ln(OCt), are Laguerre polynomials The Ln(oqt) also sastisfies the differential 

equation. nY = tY" + (o~+t)Y' (with Y=Ln(oct) and Y'=$15tY). 

For more details on these results, and proof of several other identities, see [62]. 

7. KLEIN-GORDON EQUAT,!ON 

Let us study another kind of example for combinatorial Lie groups and their 

manipulation Over two sorted species, consider the operators: 

~ i  = 5/5X, ~2 = 515Y, and ~3 = YS/SX + X$f:SY 

for which, we clearly have: 

[;~t,~2] = 0 ,  [~;2,Z~3] = ~ l ,  and [~ i ,~3]  = ~2 

as well as: 

LEMMA 1: 

[~12,~3] = [,~22 ~1~3] = 2~1~ 2 

Proof: It is easier to study Z~ 1 instead of ~1,  and then set Z equal to 1 . The effect of 

(Z~l)2~ 3 on typical structures, is f i rst  to change the type of a point of type X to Y, or 

vice-versa. Then, we successively change two different points of type X to type Z. The 

only possible obstructions to the commutation of (Z,1S 1)2 and ~3 , occur when the points, 

on which we would want to perform changes, "collide". This can happen only when the 

f i rst  change is a replacement of a point of type Y by a point of type X. And then, when 

this same point is further replaced by a point of type Z, either in the f i rst  or the second 

application of ~1 - 

Thus, [ ( Z ~ 2 ) 2 , ~ 3 ] =  2Z 2 ~1~1~1~ 2 showing the f i rst  identity. By a symmetry argument, 

we also have : [~22,~1~3 ] = 2,1~1Z~ 2 . 

We conclude that: 

THEOREM 2: 

The operators ~I , ~2 , and ~3 form a bas/s (as a vector space) of a Lie 

algebra of symmetry operators for the Klein-Gordon differential operator. 

$2/$X2 - $2/6y2 + ocl 
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Proof: 

From lemma t we can conclude that ~3 commutes with the operator c]~l 2 -~t~22 Since ~3 

also commutes with oc I , the theorem follows immediately. 

The Lie group corresponding to this algebra, is a representation of Poincare's group 

for two-dimensional space-time. That is to say, it is isomorphic to the group of matrices 

of the form: 

More precisely, we show: 

PROPOSITION 4 

cosh(z) sinh(z) !J  
sinh(z) cosh(z) 

v w 

m~p[Z~].m,,,p[V~z].~[W~ ~ ] T(X,Y) 

= 

T( Xer.,e~ (Z) + Yesm~ (Z)+ V,Yece~(Z)+ Xosm~. (Z)+W) 

where s~ ( Z ) and r~ ( Z ) are respect ive ly, the species character/st ic of odd and even 

sets, of points of type Z. 

Proof: We only need to describe ~xp[Z~], since everything else has already been done, 

Now, ~ exchanges the sorts X and Y, and the Z in ZZ~5 can be thought of as a counter of 

exchanges. So, the effect of ~[Z~5] on typical structures, is to attach to each point of 

these structures, a set of points of type Z. If this set is even, then the point to which it 

is attached is of the same type as it was originally, since it has been changed an even 

number of times. Otherwise, when i t  is odd, the original point was of the other type. This 

argument shows that: 

~xp[Z;~5] T(X,Y) = T(Xoce~(Z)+Yes~ (Z),Yece~(Z)+Xe~r~ (Z)) 

Finally, with similar arguments, one can compute the adjoint action of this 

representation of Poincare's group on its Lie algebra. This action permits the 

determination of inequivalent separable coordinate systems for 82/8X2 -82/8y2+0c 1. It is 

characterized by the following identities: 
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PROPOSITION .,5 

( l )  ~;~ p.xp[z~] = ~ [ z ; s  3] { r ,e~(z ) -~  + sL,~, (z)-;~2} 

(2) ~2 ~x~[Z~3] = ~,p[Z;~3] {ca~(Z).~2 + s~.  ( z ) . ~ }  

(3) ¢x,p[v~] Z~ 3 = (vz~ 2 + ~3) ~ [ w z ; ~ ]  

(4) .ex~[W~ 2] ~z~ = (W-13i + ~3) ,ID%p[W~2] 

Proof: Left to the reader. 

~., And m o r e  ,.. 

We have only given examples of the kind of results, and computations, that can be 

worked out in a combinatorial setup ror Lie groups and Lie algebras. Other famil ies of 

orthogonal polynomials can be studied with combinatorial Lie group techniques. Our 

purpose was only to show why this kind of approach should be given a combinatorial 

meaning. First, i t  is easy to implement, and the combinatorial calculations involved are 

straightforward. But more important, is the possibi l i ty of extending known analytical 

methods to new contexts. Many paths remain to be explored, and wi l l  be in the future. 

F6J~.JDSAI~JdZ 

[A2] R.A.Askey et al. (ads), Spec/al functions.. Group thaoreh'cal aspects andapplicatzons, Reidel Publishing 

Company (1984). 

[ B 1 ] F.Bergeron, Mod#las oombinatoiras depolynJme ~rtho6~naux, Rapp. Rach. D~p. Math. at I nfo., N ° 2 

UOAM (1984). 

[B2] F.Bargsron, Une opproche comb inatoire de le m~thode de Yleisner, dana Polyn~mes orthogonaux et 

applications, Proceedings Bar-le-Duc ( 1984), ~lit~ par C.Br~zinski, A.Draux, A.P.Magnus, 

P.Maroni, at A.Ronveaux, Lest. Notes in Math No 117 I, Springsr-Varlag ( 1985), PP 111 - 119. 

[ F I ] D.Foata and P.Laroux, PolynJmas de decobz; lhterpr~tat/on comblhatoire et fonctzon ~n~natr/~ 

Proc. Amar. Math. Sac. B7, (1983), 47-53. 

[ F 2 ] D.F oata and 7. Strah I, Combinatoric~ of L aguerre polynom ial~ dana Enumeration and D~/~7, 

D.M. ,Jackson and S.A. 7anatone (ed.), Academic Press (1984), 123-140. 

[ F 3] D.F oata, Combinatoina d~/dent#~ sun leapolyn~nes onthogonaux, Proceedings I.C,M, Warsaw 

(1983). 

[ 61 ] A.M.Garsia and J.Remmal, A combinotorial interpretation of q-derongemont andq-Laguerz'# nufnbsnz~ 



47 

Europ. J. Comb. I ( 1980)o 47-59. 

[I I] E.H.Ismail, D.Stanton and GYiennot, 7hecombinetorzcsofq-Hermitepolj/nomlelsend the Askey-Wilson 

integral, (To appear) 

[,J I] A.Joyal, Une thdonie ~nbinetoiredes edrtes formelle~ Adv. in Math. 42, Academic Pre~s ( 1981 ), 

1-82. 

[61 ] I.Gessel and R.$tantey, St/r//n~po/ynom/e/s, J.comb. Theory, Series A, Yol.24, No. 1,24-33, (1978) 

[L I ] G.Labelle, ~clz~ic~?e oombineteires ~pliqudes e l'/nversion multidimensionnelle des s~ies fermelles, 

J. of Combinatorial Theory, Yoi.39 N O I, Series A, Academic Press (1984), 52-82. 

[L2] G.LabeIIe, On eombinetonieldifferentialequetions, J. of Math. Anal. and Appl., Academic Press, (1985) 

[ L3] P.Leroux and Y.$trehl, Jeeob/polynomiels.. combinet~ics of the basle identitz~ Discrete Math, 57 

(1985), 167-187. 

[ L 4] P.Leroux et G.Yiennot, Combmetemelresolution of systems ofdiffenentzelequetzbn~ This volume. 

[ M I ] W.Miller, 5)/mmetnyendseperation of verieble~ Encyclopedia of Mathematics, Ed. G.-O.Rota, 

Addison-Wesley (1977). 

[R I ] G.-C.Rota and R.MulIin, Finite operator oelculus, Academic Press (1975). 

[ $ I ] D.Stanton, Genoralizedn-pons andChebychevpolynomiels, O. Comb. Theory, ,Series A, Yol. 34, No. I, 

15-27, (1983) 

[52] D.Stanton, Harmonics on posets, Jour. Comb.Theory, ,Series A, Yol.40, N o I (1975). 

[ Y ! ] G. Y iennot, Une//dorie combinateire des polynTmes ortho~onaux #EnEraux, conferences given at 

UQAM (1983), 

[W I ] L.Weisner, Group-theoretic Dr/~in ofcertamgeneratmg function~ Pacific ,J. Math. 5 (1955), 

1033- 1039. 



Definite Integral Evaluation 

by Enumeration, 

Part ia l  Results in the Macdonald Conjectures 

D. M. Bressoud* 
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The Pennsylvania State University 

University Park, PA 16802 

i .  Introduction 

In th is  paper we shall  present a combinatorial approach to the problem 

of evaluating def in i te  integrals of the form 

~ / 2  . . .  ~ / 2  
I ( n , S , k ( ) )  = ( ~ s i n 2 k ( ~ ) ~ ) d ~ l . . . d ~ n  , 

~ES 

as well as the i r  basic or q-analog generalizations, where S is a set  of 

non-zero l inear  sums of elements of {~1 . . . . .  ~n } with non-negative 

coeff icients  and k is a mapping from S to the positSve integers. An 

example of such an evaluation is a resul t  conjectured by F. J. Dyson [5] and 

f i r s t  proved by Gunson [6] and Wilson [9]: 

Proposition 1 Let T = {~i+~i+l+...+~j 

the constant function k(~)=k, then 

1 < i _< j _< n} and le t  k( ) be 

I(n,T,k) = fin4 -In211k n~l 

This proposition was proved combinatorially by D. Zeilberger [10] and 

the purpose of th i s  paper is to expand his approach. 

*Part ial ly supported by N.S.F. grant no. DMS-8404083 
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The key t o  n i c e  e v a l u a t i o n s  o f  I ( n , S , k ( ) )  i s  f o r  S t o  p o s s e s s  

symmet ry .  I t  was I a n  M a c d o n a l d ' s  i d e a  [7] t o  c o n s i d e r  s e t s  S r e f l e c t i n g  

t h e  s y m m e t r i e s  o f  t h e  r o o t  s y s t e m s  a s s o c i a t e d  w i t h  L ie  a l g e b r a s .  

Defini t ion Let < , > be the usual inner product on Rn. A subset R of 

Rn is  a reduced, i r reducib le ,  f i n i t e  root system, or for our purposes simply 

cal led a root system, i f  

i) R spans Rn, 0 ~ R, 

i i )  ~ E R implies tha t  n~ E R i f  and only i f  n = ±I, 

i l l )  given ~,~ e R, then ~ (~) E R where ~ ( ~ )  = ~ - <a,~> a is  

the r e f l e c t i o n  of ~ in the hyperplane thru the or ig in  and 

perpendicular to a, 

iv) given ~,~ E R, then ~ E Z, <~,~> 

V) R cannot be partitioned into two disjoint, mutually orthogonat, 

non-empty subsets. 

One r e s u l t  f rom t h e  t h e o r y  o f  L ie  a l g e b r a  ( s e e  f o r  example  C a r t e r  [ 4 ] ,  

P r o p .  2 . 1 . 2 )  i s  t h e  f o l l o w i n g  lemma. 

Lemma Let R be a root system in ~n. There exists a subset 

a = {~1 ..... an} of R with the property that if ~ e R then ~ = Z cia i 

where the c i are integers and are either all non-negative or all 

non-posltlve. 

We call a a bas_~e for R and let R + denote the elements of R which 

are positive linear sums of elements of A, R- those which are negative 

linear sums, R = R + U R-. Before stating Macdonald's conjecture for 

evaluating I(n,S,k( )), we need one more definition. 

D e f i n i t i o n  Given  a r o o t  s y s t e m  R, l e t  W, t h e  Weyl g r o u p ,  be t h e  g r o u p  o f  

s y m m e t r i e s  o f  R, t h a t  i s  t o  s a y  W = <~a( ) ~ a E R>. Le t  d I . . . . .  d n be 

t h e  d e g r e e s  o f  t h e  f u n d a m e n t a l  i n v a r l a n t s  f o r  W. T h e s e  a r e  mos t  e a s i l y  

d e f i n e d  as  f o l l o w s .  Given  w E W, l e t  N{w) : w(R +) ~ R-,  n(w) = [N(w)~.  
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Then {d I . . . . .  dn} is defined by 

z ~(w)= rT 
wEW i =1 

Tha t  such  d i ' s  e x i s t  and a r e  d i s t i n c t  i n t e g e r s  >1 i s  a r e s u l t  o f  t h e  

t h e o r y  o f  L i e  A l g e b r a  ( [ 4 ] ;  Chap t .  9 ) .  T h e i r  u n i q u e n e s s  f o l l o w s  f rom t h e  

u n i q u e n e s s  o f  p o l y n o m l a l  f a c t o r i z a t i o n .  

C o n j e c t u r e  1 ( M a c d o n a l d l  Le t  R be a r o o t  s y s t e m  in  R n w i t h  b a s e  

A = (~1 . . . . .  ~n } and d e g r e e s  d 1 . . . . .  d n. L e t  k( ) be t h e  c o n s t a n t  

i = l  L " J  

T h i s  c o n j e c t u r e  has  been  p r o v e d  f o r  t h e  r o o t  s y s t e m s  A n (where  i t  

becomes P r o p o s i t i o n  I ) ,  B n ,  C n and D n,  t h e  l a s t  t h r e e  b e i n g  c o n s e q u e n c e s  

o f  A. S e l b e r g ' s  m u l t i - d i m e n s i o n a l  b e t a  i n t e g r a l  e v a l u a t i o n  [ 2 , 8 ] .  T h e r e  a r e  

s t r o n g  h e u r i s t i c  a r g u m e n t s  f o r  t h e  r e m a i n i n g  s p e c i a l  r o o t  s y s t e m s  G 2 , F 4, 

E 6,  E 7 and E 8 bu t  no p r o o f s  f o r  a r b i t r a r y  p o s i t i v e  i n t e g r a l  k as  y e t .  

Macdonald  has  a l s o  c o n j e c t u r e d  [7] t h e  e v a l u a t i o n  o f  I ( n , R + , k ( ) )  where  

one o n l y  r e q u i r e s  t h a t  i f  ~ [  = ~ I  t h e n  k (~ )  = k ( ~ ) .  For  Bn,C n and 

D n ,  t h i s  c o n j e c t u r e  a l s o  f o l l o w s  from t h e  S e l b e r g  i n t e g r a l  e v a l u a t i o n .  

2. R e s t a t e m e n t  o f  P rob lem and B a s i c  A n a l o g  

We s h a l l  r e s t a t e  t h e  e v a l u a t i o n  o f  I ( n , S , k ( ) )  

By making  t h e  s u b s t i t u t i o n  

as a c o u n t i n g  p r o b l e m .  

s i n  ~ = ( e i ~ - e - i ~ ) / 2 i  

we s e e  t h a t  

, i n / 2  [ ~ / 2  [aE ) r k ( ~ ) l  d~l  " d ~ n "  I ( n  S , k ) ( ) )  = ( - 4 )  -~ 'k(~) I l l "  S ( e t ~ - e  - i ~  

"J-rr/2"'' " - . /2  

I f  t h e  i n n e r  p r o d u c t  i s  expanded ,  t h e n  a l l  t e r m s  y i e l d  z e r o  e x c e p t  f o r  t h e  
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constant t e r m ,  and thus 

I(n,S,k()) = un(-4)-Zk(~) ([i] IT (eia-e-ia)2k(a)), 
~ES 

where [xn]p(x) denotes the coef f i c i en t  of x n in P(x), [liP(x) denotes 

the constant term. Our problem is now to evaluate 

C(n .S ,k ( ) )  = [1]  IT (e~ e -~ )2k~ , (_ l )k , a  , I  ~ r ~ 
~ES 

= [1] H (]-ea)k~a~(1-e-~) k ' a ' ~  ~ ~ ~ 
~ES 

where e a is  a purely formal exponential sa t i s fy ing  e ~ • e ~ = e a+p, The 

second form of C(n,S,k( )) given above suggests a basic analog 

k(=) 
C(n,S,k();q) = [1] IT D 

aES i=1 
(1-qie~)(1-qi- le-~) ,  

and Macdonald [7] has made the following conjecture. 

Conjecture 2 Let R be a root system in R n with base ~ = {~I . . . . .  an} and 

degrees d I . . . . .  d n. Let k( ) be the constant function k(a)=k, ~ E R +. 

Then 

C(n,R +,k;q) = IT 
i=I 

where rA1|~1 = ~ II-qA-B+Jl iS the Gaussian polynomial. 
L~J j=1 (1-q J ) 

We note that  with q=l, Conjecture 2 becomes Conjecture I. Conjecture 

2 has only been proved for the root system A n (see Zeilberger and Bressoud 

[11]) and small values of k. For k=l, i t  says that 
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C ( n , R + , l ; q )  = Z 
wEW 

qn(W) 

which has been demonstrated combinatorlal ly by Calderbank and Hanlon [3]. 

Macdonald has also general ized t h i s  conjecture to the case where one only 

requires  t ha t  i f  Ig[=]~[ then k(a)=k(~). 

Before s t a t i n g  what C ( n , S , k ( ) ; q )  counts, we need some d e f i n i t i o n s .  

Def in i t ion  Given  a f i n i t e  sequence of non-negative integers  ~=ClC2...cm, we 

define the invers ion number of ~, INV(~), to be Z X(cl>cj) ,  1 ~ i < j ~ m, 

where X(A)=I i f  A is  t rue ,  X(A)=0 otherwise. 

Def in i t ion  Given S , k ( ) ,  we define a mult i-choice se t  M=M(S,k()) to be 

an ordered se t  of f i n i t e  sequences of zeros and ones, M=(~ [ ~ e S), such 

tha t  the sequence ~ has length 2k(g) and 

Z gD(a)  = 0 
~ES 

w h e r e  k ( a ) + ~ ( ~ )  i s  t h e  number o f  o n e s  i n  

o f  a l l  m u l t i - c h o i c e  s e t s  f o r  S , k ( ) .  

. Let ~ = ~ ( S , k ( ) )  be the se t  

D e f i n i t i o n  Given  a m u l t i - c h o i c e  M, 

(_I)L-T[(~) q~(INV(o )+g(~)(~(~)+l)/2)  

we define i t s  weight, wt(M), 

both sums over a l l  a E S. 

to be 

P r o p o s i t i o n  2: 

C ( n , S , k ( ) ; q )  = ~ wt(M). 
M e m ( S , k ( ) )  

P r o o f :  The q - b i n o m i a l  t h e o r e m  ( s e e  [ 1 ] ,  Thm. 3 . 3 )  i m p l i e s  t h a t  

k [] 
[[ ( l _ q i - l e ~ ) ( l _ q i e a )  = ~ . ( _ l ) j q j ( j + l ) / 2  2k eaj ,  

1 =1 k+j  
-k < j < +k. 

Thus we have  t h a t  
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r[ T[ ( l - q i - l e  -c~ ) ( 1 - q i e  ¢C ) 

¢xES i=l 
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= ]"[ ~. (_l)JCCqJa(j +1)/2 [2k(a) ] " 

=~S j= [k (cz) +JcxJ e ~ j =  

Zc~J a _l)J~qJa(J~+l)/2 rak(=) ] 

(J~ I ~ c S) ~ S  

2k ] = z q i N V ( w )  w h e r e  t h e  P r o p o s i t i o n  2 now f o l l o w s  f r o m  t h e  f a c t s  t h a t  k + j  

sum i s  o v e r  a l l  s e q u e n c e s  ~ o f  l e n g t h  2k w i t h  k + j  o n e s  a n d  k - j  z e r o s  

( s e e  [ 1 ] ,  Thm. 3 . 6 )  a n d  t h a t  we s h a l l  g e t  a c o n t r i b u t i o n  t o  t h e  c o n s t a n t  t e r m  

p r e c i s e l y  w h e n  E ~ j  =0 .  0 

We now c o n s i d e r  w h a t  i s  c o u n t e d  by  t h e  r i g h t - h a n d  s i d e  o f  C o n j e c t u r e  2 .  

D e f i n i t i o n  L e t  f l ( d , k ; ~ ) ,  D = {d i [ 1 < i < n ,  1 < d I < . . .  < d n = d } ,  be  

t h e  s e t  o f  w o r d s  u i n  d l e t t e r s  s u c h  t h a t  e a c h  l e t t e r  a p p e a r s  k t i m e s  

a n d  g i v e n  a n y  l e t t e r  e ~ D, t h e  f i r s t  e c o m e s  a f t e r  t h e  l a s t  o f  e a c h  o f  

t h e  l e t t e r s  1 t h r o u g h  e - 1 .  

O b s e r v a t i o n  = Z , t h e  sum b e i n g  o v e r  a l l  ~ E ~ ( d n , k ; D  ) .  
1=1 

I f  f o r  ~ E ~ ,  we l e t  t h e  w e i g h t  o f  ~ ,  w t ( o ) ,  be  q l N V ( o )  t h e n  

C o n j e c t u r e  2 c a n  b e  r e s t a t e d  a s  f o l l o w s .  

C p n j e c t u r e  2 '  L e t  R be  a r o o t  s y s t e m  i n  R n w i t h  b a s e  A = {~1 . . . . .  ~ n  } 

a n d  d e g r e e s  D = {d 1 . . . . .  d n } .  L e t  k be  a p o s i t i v e  i n t e g e r .  T h e n  t h e r e  i s  

a o n e - t o - o n e  w e i g h t  p r e s e r v i n g  m a p p i n g  f r o m  ~ ( d n , k ;  D)  i n t o  ~ ( R + , k ) .  

F u r t h e r m o r e ,  i f  ~ d e n o t e s  t h e  i m a g e  o f  ~ i n  ~ a n d  ~ d e n o t e s  t h e  

c o m p l e m e n t  o f  ~ i n  ~ ,  t h e n  
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z wt(M) : 0 .  
M E ~  

There is a natural way of constructing a one-to-one weight preserving 

mapping from ~ into ~ as follows. 

We shall specify a partition of R into d n non-empty and mutually 

disjoint sets, R = OSi, i < i < d n. First we partition R + = OTj , 

I ! j ~ n, such that [Tjl = dj-1. This is possible since ]R+[ equals 

dl+...+dn-n (see [4], thm. 9.3.4). For each j, I ~ j ! n, we order the 

e l e m e n t s  o f  Tj s a y  Tj ( ~ J ) , ~ J )  o ( J )  ' = . . . . .  ~ d j - l "  For  1 ! i ~ d j - 1 ,  p l a c e  

- ~ J )  i n  S i .  Then p l a c e  a l l  e l e m e n t s  o f  Tj i n  Sd j  

O b s e r v a t i o n  The p a r t i t i o n  R=0S i ,  1 ~ i ~ d n ,  g i v e n  above  s a t i s f i e s  t h e  

f o l l o w i n g  c o n d i t i o n s :  

i) no S i is empty, 

ii) if ~ E R + and ~ E Sj, then -~ E S i for some i < j, 

iii) given i < j, if j $ D = {d I ..... dn} then there is no ~ E R + 

such that ~ e Sj and -~ e S i, 

iv) given i < J, if j e D, then there is exactly one ~ E R + such 

that a E Sj, ~x E S i. 

Now, g i v e n  a word u i n  ~ ,  we r e a d  i t  f rom l e f t  t o  r i g h t ,  one  l e t t e r  

a t  a t i m e .  We b e g i n  w i t h  a m u l t i - c h o i c e  s e t  i n  w h i c h  e a c h  s e q u e n c e  o f  o n e s  

and  z e r o s  i s  empty .  I f  t h e  l e t t e r  r e a d  i s  i ,  we c o n s i d e r  t h e  s e t  S i .  Fo r  

e a c h  ~ e S i ~ R +, we append  a 1 t o  t h e  end o f  t h e  s e q u e n c e  w . For  e a c h  

~ S i ~ R , we append  a 0 t o  t h e  end o f  t h e  s e q u e n c e  ~_ . We c o n t i n u e  

u n t i l  a l l  l e t t e r s  have  been  r e a d .  

P r o p o s i t i o n  3 The mapp ing  g i v e n  above  i s  o n e - t o - o n e  and w e i g h t - p r e s e r v i n g  
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f r o m  ~ in to  ~ .  

P r o o f  S i n c e  e a c h  l e t t e r  a p p e a r s  i n  ~ e x a c t l y  k t i m e s  and  e a c h  r o o t  

~ R i s  i n  e x a c t l y  one  S i ,  we end  w i t h  a m u l t i - c h o i c e  s e t  M w i t h  

e x a c t l y  k o n e s  and  k z e r o s  i n  e a c h  s e q u e n c e  ~ . T h i s  i s  an  e l e m e n t  o f  

~ ,  S i n c e  ~ ( ~ ) = 0 ,  we a l s o  h a v e  t h a t  

Z I N V ( ~ a )  " 
wt(M) = q 

By the d e f i n i t i o n  of the words in ~,  i f  j $ D and i < j then j 

must follow i .  Thus the only i n v e r s i o n s  counted in ~ involve a j E D 

followed by an i such t h a t  i < j .  Since the re  i s  e xa c t l y  one ~ E R such 

t h a t  ~ E Sj,  -~ e S i and s ince  ~ i s  contained in R +, the  i nve r s i on  j 

followed by i in ~ c r ea t e s  an inve r s ion  1 followed by 0 in ~a'  

Conversely,  each inve r s ion  of a 1 followed by a 0 in ~ for some 

corresponds to an i n v e r s i o n  j followed by i ,  i < j ,  in  ~ because a i s  

contained in Sj for  some j E D and -a  i s  in S i for  some i < j .  Thus 

we have t h a t  

INV(~) = Z INV(~) ,  

and so the mapping i s  we igh t -p re se rv ing .  

The mapping i s  one- to-one because the o r i g i n a l  word ~ i s  un ique ly  

r e c o n s t r u c t i b l e  f r o m  i t s  i m a g e  M. We r e a d  t h e  i n i t i a l  e n t r y  o f  e a c h  

s e q u e n c e  ~ and  c o n s t r u c t  a c h o i c e  s e t  C f o r  w h i c h  ~ 6 C i f  t h e  f i r s t  

e n t r y  o f  ~ i s  1, - ~  6 C i f  t h e  f i r s t  e n t r y  o f  ~ i s  O, n e i t h e r  i s  i n  

C i f  ~ i s  e m p t y .  We f i n d  t h e  s m a l l e s t  i s u c h  t h a t  S i C C, i b e c o m e s  

t h e  n e x t  l e t t e r  o f  t h e  w o r d .  We d e l e t e  t h e  i n i t i a l  e n t r i e s  o f  a l l  s e q u e n c e s  

~ s u c h  t h a t  ±~ e S i and  c o n t i n u e  u n t i l  t h e  m u l t i - c h o i c e  s e t  i s  e m p t y .  0 

3.  K i l l i n g  Bad Guys  

The p r o b l e m  o f  p r o v i n g  c o n j e c t u r e  2 o r  2 '  h a s  t h u s  b e e n  r e d u c e d  t o  

showing t h a t  
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(*) Z wt(M) = 0 
MeW 

where 8 (the set of "bad guys") is the complement in ~ of the image of 

~. The equation (*) has been proved by Zeilberger [10] when R=A n, q=l 

by an involution on 8 which matches elements with cancelling weights. It 

has also been proved by Zeilberger and the author [11] for R=A n, q 

arbitrary, by a combination of summation and involution arguments. 

The equation (*) has at least a heuristic argument for an arbitrary root 

system when q=l. In this case, 

wt(M) : ( - I )  z-~T(~) 

where  k+~(~)  i s  t h e  number o f  o n e s  i n  ~ . One can  c h o o s e  t h e  p a r t i t i o n  

R=OS i s u c h  t h a t  f o r  t h e  c h o i c e  s e t  C fo rmed  by t h e  l e a d i n g  e n t r i e s  o f  t h e  

s e q u e n c e s  u , i f  C=w(R +) f o r  some w e W, t h e  Weyl g r o u p ,  t h e n  C D S i 

f o r  some S i .  Thus i f  M i s  an e l e m e n t  o f  ~,  t h e n  as  we a t t e m p t  t o  e n c o d e  

i t  a s  a word i n  ~ we must  e v e n t u a l l y  r e a c h  t h e  p o i n t  where  t h e  c h o i c e  s e t  

C i s  n o t  o f  t h e  fo rm w(R+),  w ~ W. I t  i s  a t h e o r e m  o f  C a l d e r b a n k  and 

Han lon  [3] t h a t  f o r  any  r o o t  s y s t e m  R t h e r e  i s  an i n v o l u t i o n  on t h e  s e t  o f  

c h o i c e  s e t s  C w h i c h  a r e  n o t  o f  t h e  form w(R+),  w E W, t h i s  i n v o l u t i o n  

c h a n g i n g  t h e  p a r i t y  o f  [C ~ R+~ bu t  l e a v i n g  i n v a r i a n t  t h e  sum o f  t h e  

e l e m e n t s  o f  C. T h i s  i s  e x a c t l y  what  we n e e d  t o  c h a n g e  t h e  s i g n  o f  t h e  

w e i g h t  o f  M. U n f o r t u n a t e l y ,  t h e  mapping  f rom 8 to  i t s e l f  t h a t  t h i s  

d e f i n e s  no l o n g e r  i s  s e l f - i n v e r s e ,  and t h u s  d o e s  n o t  g i v e  us t h e  d e s i r e d  

p a i r i n g  i n  a l l  c a s e s .  
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E N I . I ~ R A T I O N  OF C E R T A I N  YOUNG 
TABLEAUX W I T H  BOUNOED H E I G H T  

N y r i a m  DESAINTE-CATHERINE and G 6 r a r d  VIENNOT 
U n i v e r s i t ~  de B o r d e a u x  I 
U .E .R .  de N a t h ~ m a t i q u e s  e t  d'  t n f o r m a t i q u e  
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ABSTRACT - We c o n s i d e r  Young t a b l e a u x  s t r i c t l y  i n c r e a s i n g  in rows,  
w e a k l y  i n c r e a s i n g  in c o l u m n s ,  and each co lumn h a v i n g  an even number o f  
e l e m e n t s .  We show t h a t  the  number of  such t a b l e a u x  w i t h  e n t r i e s  be tween  1 
and n, and h a v i n g  a t  most 2k rows ,  is  the  p r o d u c t  ~ ( i + j + 2 k ) / ( i + j ) .  

l ( i ( j ( n  
The p r o o f  is  m a i n l y  b i j e c t i v e ,  u s i n g  c o n f i g u r a t i o n s  o f  n o n - c r o s s i n g  
p a t h s .  At  the  end we need the q d - a l g o r i t h m  f rom Pad~ a p p r o x i m a n t s  
t h e o r y .  

§ 1 - I N T R ( X X I C T I O N .  

We c o n s i d e r  r o u n g  t a b l e a u x  w i t h  e n t r i e s  f rom the s e t  { I , . . . n } ~  
s t r i c t l y  i n c r e a s i n g  in rows and no t  d e c r e a s i n g  in c o l u m n s .  Note  t h a t  
u s u a l l y  the  r e v e r s e  c o n v e n t i o n  be tween  rows and co lumns  i s  used.  

Gordon [ 1 0 ]  p r o v e d  t h a t  the  number a n , p  o f  such t a b l e a u x  h a v i n g  
a t  most p rows is  g i v e n  by the  p r o d u c t  

(1) 
q-r p + i + j - 1  

a n , p  : [ ]  
l ~ i ~ j ~ n  i + j - 1  

in f a c t  t h i s  p r o d u c t  is  o b t a i n e d  by s e t t i n g  q~l  in the  p r o d u c t  
g i v i n g  the  g e n e r a t i n g  f u n c t i o n  o f  the  c o r r e s p o n d i n g  p $ a n e  p a r t i t i o n s ,  
p r o v e d  by Gordon~ and c o n j e c t u r e d  by Bende r  and Knu th  [ 1 ] .  

We p r o v e  he re  a compan ion  f o r m u l a  f o r  the  number bn,  k o f  such 
Young t a b l e a u x  h a v i n g  o n l y  co lumns  w i t h  an even number o f  e l e m e n t s  and 
bounded  by h e i g h t  p : 2 k .  

(2) 
2 k + i + j  q-r 

b n , k  = I I  
t ~ i ~ j ~ n  i + j  

Our m o t i v a t i o n  comes f rom the q u e s t i o n  o f  S t a n l e y  [ 1 7 ]  a b o u t  
f i n d i n g  a " n a t u r a l "  p r o o f  o f  (1) We p r o p o s e  a "90% b i j e c t i v e "  p r o o f  o f  
(2 ) .  We b e l i e v e  t h a t  the main i n t e r e s t  o f  t h i s  p a p e r  is  no t  in the  
f o r m u l a  (2) b u t  in the  t e c h n i q u e s  used to g e t  i t ,  e s p e c i a l l y  the  
i n t r o d u c t i o n  o f  the  w e l l - k n o w n  ( i n  n u m e r i c a l  a n a l y s i s )  q u o t i e n t -  
d i f f e r e n c e  a l g o r i t h m  in o r d e r  to e n u m e r a t e  c o n f i g u r a t i o n s  o f  non-  
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i n t e r s e c t i n g  p a t h s .  I t  s h o u l d  be o f  i n t e r e s t  to  a p p l y  such methods  f o r  
o t h e r  " h a r d "  Young t a b l e a u x  e n u m e r a t i o n  f o r m u l a e j  w r i t t e n  as a r a t i o  o f  
two p r o d u c t s ,  as in (1) or  (2 ) .  

Our p r o o f  is  in t h r e e  s t e p s  . The f i r s t  s t e p  uses the  R o b i n s o n -  
S c h e n s t e d  c o r r e s p o n d e n c e  be tween  p e r m u t a t i o n s  and p a i r s  o f  s t a n d a r d  
Young t a b l e a u x .  T h i s  c l a s s i c a l  a l g o r i t h m  ( f o r  a s u r v e y  see f o r  examp le  
Knu th  [ 1 4 ]  and more r e c e n t l y  V i e n n o t  [ 1 9 ] )  has been e x t e n d e d  by Knuth  
[ 1 3 ] .  An e q u i v a l e n t  d i r e c t  v e r s i o n  has been g i v e n  by Burge [ 2 ]  f o r  the  
case  o f  an i n v o l u t i o n .  We w i l l  use he re  a s l i g h t  m o d i f i c a t i o n  o f  B u r g e ' s  
v e r s i o n  o f  K n u t h ' s  e x t e n s i o n .  

The second  s t e p  is  i n s p i r e d  f rom V i e n n o t ' s  g e o m e t r i c  i n t e r p r e -  
t a t i o n  o f  the  R o b i n s o n - S c h e n s t e d  c o r r e s p o n d e n c e ,  w i t h  p a t h s  and shadows.  

C o m b i n i n g  s t e p s  1 and 2, we g e t  a b i j e c t i o n  be tween  the  above  
Young t a b l e a u x  and c e r t a i n  c o n f i g u r a t i o n s  o f  n o n - c r o s s i n g  p a t h s .  In f a c t  
t h e s e  p a t h s  a r e  the  s o - c a l l e d  Dyck pa ths~  e n u m e r a t e d  by the  C a t a l a n  
numbers .  

We can a p p l y  the  G e s s e l - V i e n n o t ' s  m e t h o d o l o g y  [ 8 ]  [ 9 ]  abou t  
c o m b i n a t o r i a l  i n t e r p r e t a t i o n  o f  d e t e r m i n a n t s  w i t h  n o n - c r o s s i n g  p a t h s .  
Here  we g e t  a Hanket  d e t e r m i n a n t  o f  C a t a l a n  numbers .  The t h i r d  s t e p  is  
the  c o m p u t a t i o n  o f  t h i s  d e t e r m i n a n t  w i t h  the  q d - a l g o r i t h m .  Remark t h a t  
some p a r t  o f  t h i s  t h i r d  s t e p  can be a g a i n  pu t  a t  the  b i j e c t i v e  l e v e l ,  as 
shown by V i e n n o t  [ 2 1 ] .  In o t h e r  w o r d s ,  we r e p l a c e  Dyck p a t h s  by s h o r t e r  
Dyck p a t h s ,  tn t h i s  " c o m p r e s s i o n "  p r o c e s s  the  s h o r t e r  p a t h s  need to  be 
w e i g h t e d ,  as in the  c o m b i n a t o r i a l  t h e o r y  o f  c o n t i n u e d  f r a c t i o n s  and 
o r t h o g o n a l  p o l y n o m i a l s  ( F l a j o l e t  [ 7 ] ,  V i e n n o t  [ 2 0 ] ) .  The same 
" c o m p r e s s i o n "  is  a p p l i e d  to c o n f i g u r a t i o n s  o f  n o n - c r o s s i n g  p a t h s  and the 
number o f  such c o n f i g u r a t i o n s  becomes the  w e i g h t  o f  a s~nK~e 
c o n f i g u r a t i o n .  Thus the  p r o d u c t  (2) is  n o t h i n g  bu t  the  p r o d u c t  o f  the  
w e i g h t s  o f  a l l  the  e l e m e n t a r y  s t e p s  o f  the  p a t h s  of  t h i s  u n i q u e  
c o n f i g u r a t i o n .  

The c o m p u t a t i o n  o f  t h e s e  e l e m e n t a r y  w e i g h t s ,  wh ich  a re  r a t i o n n a l  
numbers i s  the  o n l y  " a n a l y t i c "  s t e p  o f  the  p r o o f .  

In t he  f i n a l  s e c t i o n  we g i v e  the  o r i g i n  o f  the  f o r m u l a  (2 ) .  In 
f a c t  the  above Young t a b l e a u x  a re  in b i j e c t i o n  w i t h  o t h e r  c o n f i g u -  
r a t i o n s  o f  n o n - c r o s s i n g  p a t h s j  i n t e r p r e t a t i n g  c e r t a i n  p f a f f i a n s .  The 
a n a l o g  o f  G e s s e l - V i e n n o t ' s  m e t h o d o l o g y  f o r  d e t e r m i n a n t s  has been made 
f o r  p f a f f i a n s  (see D e s a i n t e - C a t h e r i n e ,  V i e n n o t  [ 5 ] ) .  The p r e s e n t  p a p e r  
s o l v e s  D e s a i n t e - C a t h e r i n e ' s  c o n j e c t u r e  [ 3 ] .  U s i n g  b i j e c t i o n s  c l o s e d  to 
o t h e r  b i j e c t i o n s  i n t r o d u c e d  in the  c o m b i n a t o r i a l  s o l u t i o n  o f  the  I s i n g  
model (see f o r  e x a m p l e  F i s h e r  [ 6 ] ,  K a s t e l e y n  [ 1 2 ] ) ,  D e s a i n t e - O a t h e r i n e  
showed [ 4 ]  t h a t  the  p r o d u c t  (2) a~so e n u m e r a t e s  c e r t a i n  perfect  
~ t c h ~ n g s  of  g r a p h s  fo rmed  w i t h  h e x a g o n s  and p e n t a g o n s .  

§ 2 - P R E L I M I N A R Y  D E F I N I T I O N S  AND N O T A T I O N S .  

We d e n o t e  by [ O , n ]  the  s e t  { 0 , 1  . . . . .  n} a n d , f o r  s h o r t ,  [ n ] = [ 1 , n ] .  
A p a r t ~ t £ o n  ~ : (~1 ,~2  . . . . .  ~p) o f  n i s  a sequence  X l ~ . . . ~ X p ~ O  

such t h a t  n = X l + . . . + X p  and u s u a l l y  v i s u a l i z e d  by a F e r r e t s  dLaKram as 
in f i g u r e  1. The i t h  row has Xi c e l l s .  
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Figure 

,~= ( 1 , 2 , 2 , 4 )  
2 4 
2 5 

q--1 2 . -r : l  

• A Ferrers diagram and a Young tableau. 

In  t h i s  p a p e r  we d e f i n e  a Young t a b l e a u  o f  s h a p e  X as  a t a b l e a u  
o f  i n t e g e r s  f i l l i n g  t h e  F e r r e r s  d i a g r a m  ~ s u c h  t h a t  t h e s e  i n t e g e r s  ( o r  
ent r~es )  a r e  s t r i c t  y i n c r e a s i n g  i n  e a c h  r o w  f r o m  l e f t  t o  r i g h t )  and  
w e a k l y  i n c r e a s i n g  in  e a c h  c o l u m n  ( d o w n - u p ) .  

D e f i n i t i o n  1 The s e t  o f  Y o u n g  t a b l e a u x  h a v i n g  o n l y  c o l u m n s  w i t h  an 
e v e n  n u m b e r  o f  e l e m e n t s ,  h a v i n g  e x a c t l y  ( r e s p .  a t  m o s t )  2k r o w s  and  w i t h  

e n t r i e s  i n  I n ]  w i } t  be d e n o t e d  by  T n , 2 k  ( r e s p .  T n , $ ~ k ) .  
A p a t h  o f  n = Z 2 i s  a s e q u e n c e  e = ( s O , S l , . . . ~ S n )  o f  p o i n t s  o r  

v e r t i c e s  o f  ~.  We s a y  t h a t  ~ g o e s  f r o m  s o ( s t a r t i n g  p o i n t )  t o  s n ( e n d i n g  
p o i n t ) .  The  l e n g t h  IwI o f  t h e  p a t h  ~ i s  n.  An e lementa ry  s tep  i s  a 
c o u p l e  ( S i _ l , S i )  

L e t  ~ be a c o m m u t a t i v e  r i n g  and  v a map (ca l e d  v a l u a t i o n )  v : 
~2 ~ ~ ,  The v a l u a t i o n  v ( ~ )  o f  t h e  p a t h  ~ i s  t h e  p r o d u c t  o f  t h e  
v a l u a t i o n s  o f  t h e  e l e m e n t a r y  s t e p s  

n 

v ( ~ } :  ~ v ( s i - l , s i ) -  
i=1 

(0,0) I ! 2 3 4 5 6 7 8 9 IO 
~x 

Figure 2. A Dgck path. 

A Dyck p a t h  s a p a t h  e : 
(So . . . . .  s z ~ )  o f  ~ x ~ s u c h  t h a t  

S o : ( O , O )  , S2n : ( 2 n , O )  and  h a v i n g  
o n l y  e l e m e n t a r y  s t e p s  N o r t h - B a s t  
( i . e .  s i  = s i - 1  + ( t , 1 ) )  o r  

S o u t h - e a s t  ( i . e .  s t = s i _  1 - ( 1 , 1 ) )  , 

s e e  f i g u r e  2.  The p a t h  ~ h a s  a v a l l e y  
i n  s i  i f f  ( s i - i , s i )  i s  a S o u t h - E a s t  
s t e p  and  ( s i , s i + l )  i s  a N o r t h - E a s t  
s t e p .  

D e f i n i t i o n  2 - A fan  o f  Dyck  p a t h s  i s  a k - u p l e  ~ = (~1 . . . . .  ~ k )  o f  Dyck  
p a t h s  s a t i s f y i n g  t h e  two  c o n d i t i o n s  

( i )  e a c h  p a t h  g o e s  f r o m  (O,O) t o  ( 2 n , O )  , 

( i i )  f o r  e v e r y  j ,  1 ~ j < k , ~ j  i s  u n d e r  e j + l  , t h a t  i s  f o r  
e v e r y  i ,  1 ~ i ~ 2n, t h e  o r d i n a t e  ( o r  l e v e l )  o f  t h e  i t h  
v e r t e x  o f  e j  i s  l e s s  o r  e q u a l  t h a n  t h e  o r d i n a t e  o f  t h e  
i t h  v e r t e x  o f  ~ j ÷ l -  

We w i l l  d e n o t e  by  E v 2 n , k  t h e  s e t  o f  s u c h  f a n s  ( s e e  f i g u r e  3 ) .  
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Figure 3. A fan of Ev 
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§ 3 - B I J E C T I O N  B E T ~ E N  YOIJ#~ TABLEAUX AND CLOUDS OF P O I N T S .  

D e f i n i t i o n  3 - A m a t r i x  N : ( a i j ) 1 ~ i , j ~ n  w i t h  non n e g a t i v e  i n t e g e r s  f o r  
e n t r i e s  a i j  , w i l l  be r e p r e s e n t e d  as a c l o u d  N, t h a t  i s  a s u b s e t  o f  
p o i n t s  o f  [ n ] x [ n ]  w h e r e  e a c h  p o i n t  ( i , j )  has  t h e  " m u l t i p l i c i t y "  a i j . T h e  
number of p o i n t s  o f  t h e  c l o u d  i s  
when a t  j =  0 f o r  i < j .  

" (i, i~l (~ i ,  

2 ~ 
) l )  A = ,J,_ 

G I )  (3!1) 

II 1 - i x  

E a i j .  The c l o u d  i s  subdiagonat  
l ~ i , j ~ n  

i ° 1 0 
1 2 

Figure 4. A subdiagonel cloud. 

An e x a m p l e  i s  d i s p l a y e d  on 
f i g u r e  4.  The p o i n t  ( 3 , 3 )  
( d e n o t e d  s)  has  m u l t i p l i c i t y  

2.  Remark  t h e  r e v e r s e  
n o t a t i o n  b e t w e e n  t h e  m a t r i x  
N and t h e  g e o m e t r i c  
r e p r e s e n t a t i o n .  

A d e c r e a s i n g  subsequence e x t r a c t e d  f r o m  a c l o u d  ~ i s  a s e q u e n c e  
= (S l  . . . .  , s p )  o f  p o i n t s  o f  N s u c h  t h a t  f o r  e a c h  i ,  0 • i • p ,  S i + l  i s  

l o c a t e d  a t  t h e  S o u t h - E a s t  o f  s i  ( i . e  s i  : ( x i , y i ) ,  s i + t  : ( x i + t  , Y i ÷ t )  
w i t h  x i + t  ~ x i  and  Y i + l  • Y i ) -  The same p o i n t  may a p p e a r  s e v e r a l  t i m e s ,  
b u t  no m o r e  t h a n  i t s  m u l t i p l i c i t y  F o r  e x a m p l e  ( ( 2 , 2 ) , ( 2 , 1 ) ,  ( 3 , 1 ) )  o r  
( ( 3 , 3 ) , ( 3 , 2 ) , ( 3 , 1 ) )  o r  ( ( 3 , 3 ) , ( 3 , 3 ) , ( 3 , 2 ) , ( 3 , 1 ) )  a r e  t h r e e  d e c r e a s i n g  

s u b s e q u e n c e s  e x t r a c t e d  f r o m  t h e  c l o u d  o f  f i g u r e  4.  
The dep th  o f  a c l o u d  i s  t h e  max imum c a r d i n a l i t y  o f  i t s  

d e c r e a s i n g  s u b s e q u e n c e s .  F o r  e x a m p l e ,  t h e  c l o u d  o f  f i g u r e  4 has  d e p t h  4.  

P r o p o s i t i o n  4 - T h e r e  e x i s t s  a b i  i e c t i o n  ~ b e t w e e n  t h e  s e t  T n , i k  o__~f 
Younq  t a b l e a u x  ( d e f i n i t i o n  1) and  t h e  s e t  o f  s u b d i a g o n a l  
c l o u d s  o f  [ n ]  x I n ]  ( d e f i n i t i o n  3) h a v i n g  d e p t h  k .  

Such  b i j e c t i o n  comes  f r o m  K n u t h ' s  e x t e n s i o n  o f  t h e  R o b i n s o n -  
S c h e n s t e d  c o r r e s p o n d e n c e .  We use  a m o d i f i c a t i o n  o f  B u r g e ' s  p r e s e n -  
t a t i o n  i n  t h e  c a s e  o f  s y m m e t r i c  m a t r i c e s  w i t h  z e r o  t r a c e .  The b i j e c t i o n  

i s  d e s c r i b e d  by  s u c c e s s i v e  i n s e r t i o n s  o f  p a i r s  o f  i n t e g e r s .  F i r s t  we 
d e s c r i b e  t h e  i n s e r t i o n  p r o c e s s  o f  a p a i r  ( x ~ y )  ~x~y~ i n  t h e  Young  t a b l e a u  
P. 
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N o t a t i o n  - Fo r  a n o n - e m p t y  t a b l e a u  P, t h e  f i r s t  row i s  d e n o t e d  by p l ( P ) ,  
t h e  t a b l e a u  o b t a i n e d  f r o m  P by  d e l e t i n g  t h i s  f i r s t  row i s  d e n o t e d  by  
~ ( P ) .  P u t t i n g  b a c k  t h i s  row i s  t h e  o p e r a t i o n  ~, so t h a t  P = p l ( P ) *  £ ( P ) -  
The i n s e r t i o n  a l g o r i t h m  is  t h e  f o l l o w i n g .  

P r o c e d u r e  
i n p u t  
o u t p u t  

b e g i n  i f  P 

e l s i f  

end  

I n s e r t  (P, ( x , y ) )  
Young t a b l e a u  P, ( x , y )  w i t h  x ~ y ~ 0 
t a b l e a u  Q = I n s e r t  (P, i x , y ) )  

F 'q 

i s  e m p t y ,  t h e n  Q = 

y > a l l  t h e  e l e m e n t s  o f  t h e  f i r s t  row p t  (P) 
t h e n  Q i s  o b t a i n e d  by a d d i n g  y a t  t h e  end o f  p l ( P ) )  and 
a d d i n g  x a t  t h e  end o f  t h e  s e c o n d  row o f  P ( t h i s  s e c o n d  
row may be e m p t y )  
e l s e  l e t  y '  be t h e  s m a l l e s t  e l e m e n t  o f  p i ( P )  w h i c h  i s  ~ y .  
L e t  R be t h e  row o b t a i n e d  f r o m  p t ( P )  by  r e p l a c i n g  y '  by  y .  
Then  Q = R • i n s e r t  (£P,  ( x , y ' ) )  

Example 5.  

For  P = 

2 

i n s e r t  (P, ( 4 , 2 ) )  : 

2 4 
1 

Remark t h a t  i f  x i s  ) a l l  t h e  e l e m e n t s  o f  P, t h e n  Q = I n s e r t  
(P, ( x , y ) )  i s  a g a i o  a Young t a b l e a u .  The i n s e r t i o n  o f  y in  P i s  n o t h i n g  

b u t  t h e  c l a s s i c a l  b u m p i n g  p r o c e s s  o f  t h e  R o b i n s o n - S c h e n s t e d  
c o r r e s p o n d e n c e  ( w i t h  K n u t h ' s  e x t e n s i o n ) ,  b u t  w i t h  t h e  mod f i c a t i o n  t o  
g e t  t h e  rows  s t r i c t l y  i n c r e a s i n g  and c o l u m n s  w e a k l y  i n c r e a s  ng ( i n s t e a d  
o f  t h e  r e v e r s e  u s u a l  d e f i n i t i o n  f o r  Young t a b l e a u x ) . T h i s  i s  t h e  o n l y  
d i f f e r e n c e  f r o m  B u r g e ' s  p r e s e n t a t i o n  [ 2 ] .  

A 

L e t  N be a s u b d i a g o n a l  c l o u d  o f  I n ]  x I n ] .  We t o t a l  y o r d e r  t h e  
p o i n t s  o f  N a c c o r d i n g  t o  t h e  i n c r e a s i n g  o r d e r  o f  t h e i r  a b s c i s s a  x a n d ,  
f o r  t h e  same a b s c i s s a ,  w i t h  d e c r e a s i n g  o r d e r  o f  t h e i r  o r d i n a t e  y. We g e t  
a s e q u e n c e  o f  p a i r s  ( x , y ) ,  x ~y  . Fo r  a p o i n t  ( x~y )  w i t h  m u l t i p l i c i t y  m, 
t h e  p a i r  ( x , y )  i s  r e p e a t e d  m t i m e s .  We d e f i n e  t h e  Young t a b l e a u  ~(N)  as 
t h e  t a b l e a u  o b t a i n e d  f r o m  t h e  e m p t y  t a b l e a u  by s u c c e s s i v e  i n s e r t i o n s  o f  
t h e s e  p a i r s  ( w i t h  r e s p e c t  t o  t h e i r  t o t a l  o r d e r ) .  

E x a n l p l e  6 - W i t h  t h e  c l o u d  N o f  f i g u r e  4 ,  t h e  s e q u e n c e  o f  p a i r s  i s  
( 2 , 2 ) ,  ( 2 , 1 ) ,  ( 3 , 3 ) ,  ( 3 , 3 ) ,  ( 3 , 2 ) ,  ( 3 , 1 ) .  The s u c c e s s i v e  i n s e r t i o n s  a r e  
t h e  f o l l o w i n g  
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" ( 2 ~ 2 )  ~ (2~1) ~ (3~3) ~ (3~3) ~ (3~2) ~ (3~1) 

As in Knuth  [ 1 3 ]  and 8u rge  [ 2 ] ,  one can p rove  t h a t  ~(M) is  a 
Young t a b l e a u  h a v i n g  2k rows and each co lumn w i t h  an even number o f  
c e l l s ,  i f f  the  c l o u d  has dep th  k. We ge t  the d e s i r e d  b i j e c t i o n  ~ [] 

( p e d a g o g i c a l  and h i s t o r i c a l  remark)  

R e m a r k  7 - The R o b i n s o n - S c h e n s t e d  c o r r e s p o n d e n c e  is a b i j e c t i o n  be tween 
p e r m u t a t i o n s  ~ and p a r s  (P,Q) o f  s t a n d a r d  Young t a b l e a u x  ( i . e .  s t r i c t l y  
i n c r e a s i n g  in rows and co lumns)  h a v i n g  the  same shape.  I f  ~ is an 
i n v o l u t i o n ,  then  P : Q , and the c o r r e s p o n d e n c e  g i v e s  a b i j e c t i o n  
be tween i n v o l u t i o n s  and s t a n d a r d  Young t a b l e a u x .  From S c h O t z e n b e r g e r  
[ 1 6 ] ,  the  number o f  f xed p o i n t s  o f  ~ is  the number o f  co lumns h a v i n g  an 
odd number o f  e l e m e n t s  (odd co lumns f o r  s h o r t ) .  

K n u t h ' s  e x t e n s i o n  [ 1 3 ]  is a b i j e c t i o n  be tween c l o u d s  M of  I n ]  x 
[ n ]  and p a i r s  (P,Q) o f  t a b l e a u x  (weak l y  i n c r e a s i n g  in rows and s t r i c t l y  
i n c r e a s i n g  in co lumns)  w i t h  same shape.  I f  the  m a t r i x  M is s y m m e t r i c ,  
then  P : Q and the  number o f  odd co lumns is the t r a c e  of  M. Thus one 
deduce a b i j e c t i o n  be tween s y m m e t r i c  m a t r i c e s  h a v i n g  a ze ro  t r a c e  and 
such t a b l e a u x  h a v i n g  o n l y  even co lumns ( i . e .  co lumns w i t h  an even number 
o f  e l e m e n t s ) .  T h i s  wou ld  c o r r e s p o n d  to " g e n e r a l i z e d  i n v o l u t i o n s " .  

In [ 2 ] ,  Burge d e f i n e d  an e q u i v a l e n t  c o r r e s p o n d e n c e  f o r  
i n v o l u t i o n s ,  by s u c c e s s i v e  i n s e r t i o n s  o f  f i x e d  p o i n t s  and c y c l e s  o f  
l e n g t h  2. The f i x e d  p o i n t  i n s e r t i o n  i n c r e a s e s  by one the number o f  odd 
co lumns .  T h i s  number is i n v a r i a n t  under  the i n s e r t i o n  o f  a c y c l e  o f  
l e n g t h  2. T h i s  f a c t  e x p l a i n s  S c h ~ t z e n b e r g e r ' s  p r o p e r t y  [ 1 6 ] .  

K n u t h ' s  e x t e n s i o n  can a l s o  be v i s u a l i z e d  as f o l l o w s .  From e v e r y  
c l o u d ,  one can a s s o c i a t e ,  w i t h  " i n f i n i t e s i m a l "  moves o f  the  p o i n t s ~  
a n o t h e r  c l o u d  h a v i n g  o n l y  one p o i n t  in each row and co lumn.  I f  the moves 
a re  such t h a t  the  p o i n t s  in each row and co lumn form a " s t r i c t l y  
i n c r e a s i n g  subsequence ' "  o f  the  c l o u d ,  then  K n u t h ' s  e x t e n s i o n  is  o b t a i n e d  
by a p p l y i n g  the " l i g h t  and shadows"  p r o c e s s  o f  V i e n n o t  [ 1 8 ] .  The 
m o d i f i c a t i o n  used here  is  to make the  moves such t h a t  the  p o i n t s  o f  each 
row and co lumn becomes a " s t r i c t l y  d e c r e a s i n g  s u b s e q u e n c e "  o f  the  c l o u d  
(see f i g u r e  5 ) .  The s u b d i a g o n a l  c l o u d  wou ld  be e x t e n d e d  by symmetry  w i t h  
c o r r e s p o n d i n g  s y m m e t r i c  m a t r i x .  The t r a c e  is  no more z e r o ,  bu t  each 
number o f  the  t r a c e  has to  be d o u b l e d ,  ( i . e .  the  d i a g o n a l  e l e m e n t s  a re  
no t  c o n s i d e r e d  as f i x e d  p o i n t ,  bu t  as c y c l e s  o f  l e n g t h  2 ) .  
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I 4 - B I J E C T I O N  BETWEEN CLOUDS AND CONFIGURATIONS OF DYCK PATHS. 

P r o p o s i t i o n  8 - T h e r e  e x i s t s  a b i j e c t i o n  ~ be tween  the s e t  o f  s u b d i a g o n a l  
c l o u d s  o f  I n )  x I n )  ( d e f i n i t i o n  3 )  h a v i n g  d e p t h  k and 
fans  o f  k Dyck p a t h s  o f  l e n g t h  2n+2 . ( . d . e f i n i t i o n  2) ,~ such 
t h a t  each Path  has a t  l e a s t  a v a l l e y .  

The b i j e c t i o n  i s  o b t a i n e d  by a p p l y i n g  a s e q u e n c e  o f  " l i g h t  and 
shadow"  o f  the  c l o u d ,  as in V i e n n o t  [ 1 8 ] , [ 1 9 ] .  The l i g h t  i s  now l o c a t e d  
a t  the  N o r t h - W e s t  o f  the  c l o u d .  The o r i g i n a l  p r o c e s s  is  d e f i n e d  f o r  
c l o u d s  h a v i n g  a t  most one p o i n t  in each row and co lumn o f  I n ]  × [ n ]  
V i e n n o t ' s  p r o c e s s  can be i m m e d i a t e l y  e x t e n d e d  to  g e n e r a l  c l o u d s j  in the  
same way o f  K n u t h ' s  e x t e n s i o n  o f  the  R o b i n s o n -  S c h e n s t e d  c o r r e s p o n d e n c e .  

Nore  p r e c i s e l y ,  the  shadow o f  t he  p o i n t  ( x , y )  ( f o r  l i g h t  coming  
f rom N o r t h - W e s t )  i s  the  s e t  o f  p o i n t s  ( x ' , y ' )  w i t h  x ' ~ x  and y'  ~y .  We 
then  c o n s i d e r  the  e u t s t a n d i n R  ~ i n e  fo rmed  by the  b o r d e r  o f  the  u n i o n  o f  
the  shadows o f  a l l  the  p o i n t s  o f  the  c l o u d .  

T h i s  l i n e  c o n t a i n s  the ou ts tand ing  peLnts of  the  c l o u d ,  t h a t  is  
p o i n t s  wh i ch  a r e  not  c o n t a i n e d  in the  shadow of  a n o t h e r  p o i n t .  In a 
second  s tep~  we remove f rom the o r i g i n a l  c l o u d  t h e s e  o u t s t a n d i n g  p o i n t s .  
In the  case  o f  p o i n t  w i t h  m u l t i p l i c i t y  m ~2,  i t  r e m a i n s  a p o i n t  w i t h  
m u l t i p l i c i t y  m-1. Then we l i g h t  aga n the  r e m a i n i n g  c l o u d  and ,  i f  no t  
e m p t y ,  o b t a i n  a second  o u t s t a n d i n g  t he. R e c u r s i v e t y ,  we thus  d e f i n e  a 
sequence  o f  such l i n e s ,  u n t i l  o b t a i n  ng an empty  c l o u d  (see f i g u r e  5 ) .  
By e x t e n d i n g  t h e s e  l i n e s  w i t h  hor z o n t a l  and v e r t i c a l  l i n e s  ( i n  d o t  
l i n e s  in f i g u r e  5 ) ,  we ge t  l i n e s  v i s u a l i z i n g  Dyck p a t h s  (up to  a 
r o t a t i o n  o f  1 3 5 ° ) .  From V i e n n o t  [ 1 8 ] ,  the  number o f  such Dyck p a t h s  is  
t he  d e p t h  o f  t he  c l o u d .  

Remark t h a t  the  e x t e n s i o n  to g e n e r a l  c l o u d s  o f  V i e n n o t ' s  
c o n s t r u c t i o n  [ t 8 ]  can be i n t e r p r e t a t e d  as t r a n s f o r m i n g  the  c l o u d  w i t h  
" i n f i n i t e s i m a l "  moves o f  the p o i n t s  such t h a t  the  p o i n t s  ( w i t h  
m u l t i p l i c i t y )  in each row and co lumn becomes s t r i c t l y  d e c r e a s  ng 
s u b s e q u e n c e s  o f  p o i n t s .  
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Figure 5. Successivelightings and shadows of the cloud. 
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T h e o r e m  9 - T h e  s e t  Tn ,~2  k 
b i i e c t i o n  w i t h  
k Dyck p a t h s  o f  

( d e f i n i t i o n  1) o f  Young t a b l e a u x  i__s i__E 
the  s e t  Ev o f  f ans  ( d e f i n i t i o n  2) o__f_f 
e n g t h  2n+2. 2 n + 2 , k  

Le t  ~2n+2 be the  u n i q u e  Dyck p a t h  o f  l e n g t h  2n+2 and no t  hay ng 
v a l l e y s .  From p r o p o s i t i o n  4 and 8, the  map ~o~ -1 is  a b i j e c t i o n  be tween  
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Young t a b l e a u x  o f  T n , 2 p  ( h e i g h t  2p ( 2 k )  and fans  o f  p Dyck p a t h s  o f  
l e n g t h  2n+2 ~ no t  r e d u c e d  to  the  Dyck p a t h  ~2n+2 . I f  p< k ~ i t  s u f f i c e s  
to  add k -p  t i m e s  t h i s  p a t h  ~2n+2 i n t o  the  fan to  g e t  the  d e s i r e d  
b i j e c t i o n  B 

§5 - END OF T I E  PFtOOF OF THE FORMULA ( 2 ) .  
A fan o f  k Dyck p a t h s  o f  l e n g t h  2n+2 can be t r a n s f o r m e d  

b i j e c t i v e l y  i n t o  a c o n f i g u r a t i o n  ~ = ( e t , e 2 , . . . J w k )  o f  k Dyck p a t h s ,  two 
by two d i s j o i n t  (no common v e r t i c e s )  and such t h a t  f o r  i , l ( i ~ k ,  e i  goes 
f rom ( - 2 i + 2 , 0 )  t o  t he  p o i n t  ( 2 n + 2 i - 2 , 0 ) .  I t  s u f f i c e s  to  t r a n s l a t e  to the  
N o r t h  s u c c e s s i v e l y  the  p a t h s  o f  the  fan 2 s t e p s ,  4 s t e p s ,  e t c . . . ~  as 
shown on f i g u r e  6~ and add a t  the  b e g i n n i n g  and the  end o f  each 
t r a n s l a t e d  p a t h  2 ~ 4 , 6 . . .  N o r t h - E a s t  and S o u t h - E a s t  s t e p s .  

~ ' % # %  

.~ # #~%# • • _ 
f r • • 

J /f !1%[ t ,v v ,v t • t •  • J 
,, . # # ~ #  % • • I 

( 
2 n . 2 = 8  ) #',,#' ~' #1%4~,P % • • ]%l 

Figure 6. From o fen tonon-crosstng Dgck peths. 

We a r e  t hus  back  to  s e c t i o n  6 and 7 o f  V i e n n o t  [ 2 t ] .  Such 
c o n f i g u r a t i o n s  o f  n o n - c r o s s i n g  Dyck p a t h s  a r e  i n t e r p r e t a t e d ~  u s i n g  
G e s s e l - V i e n n o t  [ 9 ] , [ 2 0 ]  m e t h o d o l o g y ,  as an Hanke l  d e t e r m i n a n t  o f  C a t a l a n  
numbers .  T h i s  d e t e r m i n a n t  is  computed  u s i n g  the  s o - c a l l e d  q d - a l g o r i t h m  
f rom Pad6 a p p r o x i m a n t s  t h e o r y .  C o r o l l a r y  11 o f  [ 2 1 ]  ends the  p r o o f  o f  
ou r  f o r m u l a  (2) g i v i n g  the  number o f  Young t a b l e a u x  o f  Tn ,42  k B 
Remark t h a t  the  number o f  f ans  o f  Dyck p a t h s  o f  Ev can a l s o  be 
g i v e n  by a n o t h e r  d e t e r m i n a n t  due to  K r e w e r a s  [ 1 5 ] .  2n+@,k 

§6 - RELATIONSHIP WITH PFAFFIAN8 AND PERFECT I~ITCHING8.  
For n and k ~ 0 , l e t  A i  = ( O , n + 2 k + l - i )  f o r  l < i < n + 2 k ,  and 

A t z ( i - n - 2 k  , i - n - 2 k )  f o r  n+2k < i ~ 2n + 2k (see f i g u r e  7 ) .  We c o n s i d e r  
c o n f i g u r a t i o n s  o f  n+k n o n - i n t e r s e c t i n g  p a t h s  j o i n i n g  two by two t h e s e  
2 (n+k )  p o i n t s .  Each p a t h  goes f rom a p o i n t  A l to  a p o i n t  Aj w i t h  i < j 
and has e l e m e n t a r y  s t e p s  o n l y  N o r t h  or  Eas t  (see f i g u r e  7) . As shown by 
D e s a i n t e - C a t h e r i n e ,  V i e n n o t  [ 5 ]  , t he  number o f  such c o n f i g u r a t i o n s  can 
be e x p r e s s e d  by a c e r t a i n  p f a f f i a n  P f n , k -  The te rm a i j , i < j < 2 n + 2 k  o f  t h i s  
p f a f f i a n  is  the  number o f  p a t h s  g o i n g  f rom A i to  Aj t h a t  i s  a i j  = 1 f o r  
l ~ i < j ~ n + 2 k ,  a i j  = r n + 2 k + l - i ]  f o r  l ~ i ~ n + 2 k < j ~ 2 n + 2 k ,  a i j  = 0 e l s e .  

l n+2k- j J 
Such c o n f i g u r a t i o n s  o f  p a t h s  a r e  in  b i j e c t i o n  w i t h  Young 

t a b l e a u x  o f  T n , 2 k  A o n e - t o - o n e  c o r r e s p o n d e n c e  can e a s i l y  be found  as 
shown on f i g u r e  7. 
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(op) ~x 

A s _ .At2 
A s ~, A13 
A7 3 ~  

A~ 3 I 

A4 4 1 

A3 3 

A2 n=4 
A t k=3 

4 3 2 1  
V 
Figure 7. Bijection between Young tableaux 

and configurations of paths interpretating 
the pfaffian Pfn~- 

Thus we have p r o v e d  the  f o l l o w i n g  f o r m u l a  

t T ] "  ( i + j + 2 k )  
(3) P f n , k  = 

l ~ i ~ j ~ n  ( i + j )  

wh ich  was c o n j e c t u r e d  by D e s a i n t e - C a t h e r i n e  C3] .  
A n o t h e r  i n t e r e s t i n g  c o r o l l a r y  is  the  f o l l o w i n g  L e t  H , , k  be a 

g r a p h  fo rmed w i t h  n-1 rows o f  h e x a g o n s  and one row o f  2k+n-1 p e n t a g o n s ,  
as shown on f i g u r e  8. A p e r f e c t  match ing of  a g r a p h  i s  a s e t  o f  two by 
two d i s j o i n t  edges c o v e r i n g  the  g r a p h .  

2k-4 
A 

Figure 8. A perfect matcmng 

of the graph H3, 2 • 

D e s a i n t e - C a t h e r i n e  [ 3 ]  , [ 4 ]  has 
c o n s t r u c t e d  a b i j e c t i o n  be tween  the  
s e t  o f  p e r f e c t  m a t c h i n g s  o f  Hn ,k  and 
the  s e t  o f  c o n f i g u r a t i o n s  o f  p a t h s  
i n t e r p r e t a t i n g  the  p f a f f i a n  P f n , k  
( f i g u r e  7) . 

T h i s  b i j e c t i o n  is  i n s p i r e d  f rom 
p h y s i c i s t ' s  work a b o u t  the  
c o m b i n a t o r i a l  s o l u t i o n  o f  the  I s i n g  
model [ 6 ]  [ 1 2 ] .  Thus~ f rom a b o v e ,  we 
deduce t h a t  the  number o f  p e r f e c t  
m a t c h i n g s  o f  t he  g r a p h  Hn, k is  a g a i n  

t he  p r o d u c t  ~ ( i + j + 2 k ) / ( i + j ) .  tn p a r t i c u l a r ,  when k = l ,  t h i s  p r o d u c t  
1~i~j~n 

becomes the  C a t a l a n  number C~. 
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F O N C T I O N S  S Y M ] ~ T R I Q U E S  E T  S ] ~ R I E S  

H Y P E R G I ~ O M I ~ T R I Q U E S  B A S I Q U E S  M U L T I V A R I ~ E S ,  I I  1 

PAR 

JACQUES D I ~ S A R M I ~ N I E N  et  DOMINIQUE F O A T A  2 

En l'honneur de Marcel-Paul SCHOTZENBERGER 

RI~SUM~.-  Dans un article pr~cgdent [8], nous avons fait apparaltre des fonctions 
hyperg~om4triques basiques muItivarides dans l'~tude de certaines statistiques sur le groupe 
sym~trique. Nous 4tablissons ici les propridtds de sym~trie de ces fonctions en faisant appel 

t'alg~bre des tableaux de Young. 

ABSTRACT. - -  In a previous paper [8] we showed how some multivariate basic hyper- 
geometric functions arose in the study of certain statistics on the symmetric group. Here we 
establish symmetry properties of those fonctions by means of the Young tableau algebra. 

1. I n t r o d u c t i o n  

P o u r  c h a q u e  en t i e r  n > 0, p o s o n s  : 

(a; q)0 = 1, 
(a;q)n= ( 1 - - a ) ( 1 - a q )  . . .  ( 1 - a q  n- l )  ( n ~  1), 

(a; q)oo ---- lim,~(a; q),~ ---- I ~  (1 - a q n ) .  
n>O 

D ' a u t r e  p a r t ,  p o u r  c h a q u e  pa i r e  d ' e n t i e r s  pos i t i fs  r, s, a d o p t o n s  la  n o t a t i o n  : 

(u;ql,q2)~,s -=- 1, s i r  ou  s es t  nu l ;  

= I I  1-I (1 - uqil - l q~ -  1), si r ,s  > 1 ; 
l ~ i ~ r  l~j~_s 

et 
(U; q l ,  q2) ~,oo = l imr ,s(u;  q l ,  q2)r,s 

=- 1-I  I I  (1 -- uq~-lq~-l) .  
i ~ 1 ) ~ 1  

1 Ce texte a ~t~ compos6 par le laboratoire de typographie informatique de l'Universit~ 
Louis-Pasteur £ Strasbourg, au moyen du pr~processeur STRATEC. Le fichier obtenu a 6t6 
ensuite trait6 par le logiciel TEX/SM 90. 
2 Ddpartement de Math~matique, Universit~ Louis-Pasteur de Strasbourg, 7, rue Ren~- 
Descartes, F-67084 Strasbourg Cedex. 
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Duns [8] nous avons ~tabli que l'identit~ : 

Un (-- Z_U2 q_l, q2) r-t- 1,s-~- 1, 
(1.1) ~Cn(t,;ql)n+l(t2;q2)n+l = ~ t l * t 2 s  (U;ql,q2)r+l,8+l 

d~finissait une suite de polynSmes 

" "  m r s i  j Cn= ~ C(n;m,r,s,~,j)z tlt2qlq 2 

£ cinq variables z, t l ,  t2, ql, q~, off les coefficients C(n; m, r, s,i , j)  6talent des 
entiers positifs, de somme ~gale ~ n! 2 n. 

Cette identitd contenait  comme cas particuliers, d 'une part,  les formules 
classiques sur les q-s~ries (par exemple, la formuIe q-binomiale [1, p. 17, 
2, p. 66]), d 'autre  part,  les identitds sur les distributions multivarides de 
statistiques sur le groupe symgtrique. 

Soient (al,a~,...,ak) une suite d'entiers positifs de somme n e t  W = 
W(al, a 2 , . . . ,  ak) l 'ensemble de tousles  rgarrangements du mot la12 a2 . . .  k ~k. 
Si w = xlx2...x,~ est un tel rdarrangement,  sa ligne de route, notre Lignew, 
est d6finie comme l'ensemble des entiers i tels que 1 < i < n - 1 et xi > x~+1, 
tandis que le nombre de deseentes Desw et l'indice majeur Majw sont d6finis 
par : 

Desw = [Lignew[ M a j w =  E { i : i e L i g n e w } .  

On doit £ MACMAHON d'avoir introduit la notion d'indice majeur ("major 
index"), d'uvoir ~galement calcuI~ sa fonction ggn~ratrice sur tout ensemble 
W de r6arrangements,  enfin d'avoir montrg qu'elle ~tait la m~me que celle du 
nombre des inversions (cf. [22, 23 § 104, 24, 25]). 

Lorsque tous les  ai sont ~gaux £ 1 (et done k ~ n), chaque rfiarrungement w 
duns W e s t  une permutat ion de 12.- .  n. On peut  alors d~finir les quantit~s : 

Ides w = Des w -  1 Imaj w = Maj w -  1, 

off w -1 est l 'inverse de w duns le groupe (sym~trique) W. Les distributions 
univarides ou multivariges des statistiques Des, Ides, Maj, Imaj sur V out fait 
l 'objet de nombreuses gtudes et ont fit~ calculdes avec succ~s. Par  exemple, le 
polynSme ggn~rateur de Des sur W n'est autre  que le polyndme euldrien (cf. 
[10]), les q-nombres eul~riens donnent lu distribution du couple (Des, Maj) (cf. 
[3, 4, 5]). La fonction g~n~ratrice du quadruplet (Des, Ides, Maj, Imaj), toujours 
sur le groupe sym~trique W, fut calculde par GARSIA-GESSEL [13] et RAWLINGS 
[26], tandis que le groupe de symdtrie de la distribution de ce quadruplet  fut 
obtenu duns le contexte des tableaux de Young (cf. [11]). D'autres rgsultats sur 
ces stutistiques sont dues £ CARLITZ [6], CHEEMA-MOTZKIN [7], GESSEL [14], 
RAWLINGS [27], ROSELLE [29], STANLEY [33]. Voir 6galement [9]. 

Duns [8], nous avons ~tendu la d6finition des statistiques Des, Ides, Maj, 
Imaj £ l 'ensemble des permutat ions colordes, ensemble de cardinal n! 2 n, et 
fait appara~tre les polynSmes Cn de la formule (1.1) comme des fonctions 
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fait apparMtre les polyn6mes C~ de la formule (1.1) comme des fonctions 
g6n6ratrices d 'un 5-vecteur sur cet ensemble. Nous avons ainsi pu d6montrer 
que, par sp@cialisation, on obtenait routes les formules sur le groupe sym@trique 
faisant intervenir les quatre statistiques ci-dessus. 

Rappelons 6galement que (1.1) se particularise en la formule : 

u n ( - z u ;  ql ,  q2)oo,oo 
z ' ~ C n ( z ' q l ' q 2 )  ( q l , q l ) n ( q 2  q2)n = (u ;q l ,q2)~ ,oo  ' 

n 

(les Cn(z ,  ql,  q2) ~tant des polynSmes), formule eonsid~rge comme un analogue 
de la formule q-binomiale au cas de deux bases ql, q2. 

Dans notre article, nous n'avions cependant  pas respect6 le principe de 
RIORDAN, qui veut que toute d~finition nouvelle de polyn6mes ou de suites 
de nombres soit n~cessairement accompagnge de la table des premieres valeurs 
(permet tant  ainsi au lecteur de v6rifier ais6ment les relations de r~currence dans 
les cas initiaux). Nous nous proposons ici de r~parer cette offense et de calculer 
les premieres valeurs de C~ pour n = 1,2,3,4,  5,6. On trouvera celles-ci dans 
l 'annexe 2, qui contient Ies tables des coefficients C(n;  m,  r, s, i, j ) .  

Comme le lecteur peut le constater ces tables pr~sentent plusieurs sym@tries, 
suivant la diagonale principale, £ l'intgrieur de chaque bloc correspondant £ une 
valeur fix~e de i, j ,  entre b locs , . . .  Le but principal de cet article sera de prouver 
ces sym@tries, de fa~on plus essentielle, de d~gager le groupe de sym@trie sous- 
jacent. Le r6sultat prouv6 s'exprime analyt iquement sous la forme suivante : 

THI~ORI~ME 1.1. - -  
relations : 

(1.2) C(n;  m,  r, s, i, j )  = 

(1.3) C ( n ; m , r , s , i , j )  -- 

(1.4) C ( n ; m , r , s , i , j )  = 

(1.5) C ( n ; m , r , s , i , j )  = 

Pour  tout 5-vecteur v -- ( m , r , s , i , j ) ,  on a les 

8, r, y, i ) ,  

C ( n ;  m ,  r, 8, i ,  n8  - y ) ,  

C ( n ; m , n -  1 - r , n -  1 - 8, (2) - i, (~) - j ) ,  

C ( n ; n - m , r , n -  l - s , i , ( ~ ) - j ) .  

Le calcul effectif des polyn6mes Cn repose sur la manipulation des (t,q)- 
tableaux Fu/e( t ,q ) .  Ceux-ci sont introduits dans la prochaine section comme 
polyn6mes g6n6rateurs de tableaux gauches d 'une forme donn6e u/0. L'atg~bre 
des fonctions de Schur permet  d 'exprimer les poIyn6mes Cn en fonction des 
(t ,q)-tableaux (formule (3.5)). De faqon 6quivalente, Cn s'exprime comme 
fonction g6n~ratrice de paires de tableaux gauches par une certaine statistique 
V (formule (3.8)). La section 4 contient des indications pour le calcul effectif 
des (t ,q)-tableaux. Dans la section 5, nous donnons la construction de trois 
involutions sur les tableaux de forme A ® #, permet tant  dans Ia section suivante 
de d6gager le groupe de sym~trie d 'ordre 32 de la distribution V. 
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2. Les  ( t , q ) - t a b l e a u x  

D~signons par partition toute suite time ddcroissante L, : ( p l , u 2 , . . . , u p )  
d'entiers sup~rieurs ou ~gaux £ t. Si la somme Vl + v2 + -  " -t- Up de ces entiers 
est ~gaie £ n, on dit que v est une partition de n e t  on pose Ivl = n. Le 
diagramme de Fetters associd £ v est l 'ensemble des couples (i, j )  du plan 
euclidicn satisfaisant £ 1 < i < vj,  1 <_ j < p. I1 est commode de l'identifier 
la parti t ion elle-m~me. 

Soient v = (Vl,L,2, . . . ,vp) et 0 = (01 ,02 , . . . ,0 r )  deux diagrammes de 
Ferrers. Si v D 0, la difference ensembliste v - O, qu'on note le plus souvent 
u/0,  est appel~e diagramme gauche. On s'int~ressera plus particuli~rement aux 
diagrammes gauches ~/0 de la forme suivante : on part  de deux diagrammes de 
Ferrers queleonques A : (A1, A2,. . . ,  Ap) et tt = (#2, #2 , - . - ,  ttr) et l'on consid~re 
l 'ensemble, not6 A®#,  de tous les translates (A s +i, j )  (1 < i < #j  ; 1 _< j _< r) 
et ( i , r + j ) ( l < i < A  s, ; l <_j <_p). 

Par  exemple, avec A = (2, 1) et # = (3, 1), on obtient pour )~®tt le diagramme 
gauche mat~rialisg par les croix : 

X 

X X 

× 

× × ×  

Soit I un sous-ensemble de cardinal n e t  t,/0 un diagramme gauche contenant 
n points. Supposons que l'on ~crive les n entiers de I sur les n points du 
diagramme ~/0 de faqon k obtenir une croissance dans chaque ligne (de gauche 
droite) et chaque colonne (de bas en haut). La configuration obtenue est appel~e 
tableau standard, de contenu I et de forme v/O. Lorsque I = [n], on remplace 
"de contenu I" par "d'ordre n". Dans la suite, on utilisera essentiellement 
les tableaux standard d'ordre n, de forme ~,/0 (et plus particuli~rement ceux 
de forme A ® # pour A et # quelconques teIs que IA[ + l#t = n) et les tableaux 
standard, de contenu I et de forme A. On dira aussi qu'un tableau est droit (resp. 
gauche), si sa forme est un diagramme de Ferrers (resp. diagramme gauche). 

Par  exemple, 

6 8  2 8  3 4 
P ~ = 4 5 9 ;  Q ~ = 1 6 7 ;  P 2 = 1 2 7 ;  Q 2 = 3 5 9 ;  

sont des tableaux standard, de forme A = (3,2), pour les deux premiers et 
# = (3, 1) pour les deux derniers. Ils ont des contenus diff~rents les uns des 

7 
6 8  

6 8  
4 5 9  

R 2 = 1 2  
3 

4 
1 2 7  

3 5 9  

R 1  -~- 

autres. 
Les deux tableaux 
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sont s tandard,  d'ordre 9 ; le premier  est de forme A®#, le second AtQ/z (notant  ici 
A t le d iagramme transposdddduit de A). Ils sont formds au moyen des pr@cddents 
tableaux de faqon claire. La notat ion 

R1 = P1 ® P2 et R2 = Q~ ® Q2 

est alors @vidente. 
La ligne inverse de route (cf. [11]) d 'un tableau s tandard  R, d 'ordre n, de 

forme ~,/8, est l 'ensemble des entiers k tels que 1 < k < n -  1 et tels que (k + 1) 
soit @crit plus haut que k dans R. Cet te  ligne inverse de route est not@e Iligne R. 
On pose ~galement : 

(2.1) Ides R -- IIligne R[ et Imaj R = ~ { i :  i E Iligne R}. 

Dans l 'exemple prdcddent, on a Iligne R1 = {2, 3, 5, 7}, de sorte que Ides R1 = 4 
e t I m a j R 1 = 2 + 3 + 5 + 7 = 1 7 .  

La stat is t ique Imaj introdui te  ici sur les tableaux gauches reprend l'infor- 
mat ion  contenue dans la charge et la cocharge des tableaux,  deux notions intro- 
duites par  LASCOUX--SCHfgTZENBERGER [17, 18]. Voir dgalement MACDONALD 
[21, p. 129]. 

Pour  chaque d iagramme gauche v /0  de cardinal n, on in t rodui t  le polynSme 
g~n~rateur du couple (Ides, Imaj) sur l 'ensemble de t o u s l e s  tableaux s tandard 
R,  d 'ordre  n, de forme t,/0, ~ savoir le polynSme : 

(2.2) F'/°(t'q) = Z tIdeSRqIm~jR (R s tandard,  de forme v/8) .  

Ce polynSme sera d~sign~ par (t, q)-tableau. 
Dans le present article, on consid~rera essentiellement les ( t ,q)-tableaux 

Fx®u(t, q) correspondant  aux diagrammes A ® #. 

3. F o n c t i o n s  de  S c h u r  

Nous rappelons bri~vement ici comment  les polynSmes C~ (cf. (1.1) et (1.2)) 
s 'expr iment  en fonction des (t, q)-tableaux et comment  l'alg~bre des fonctions 
de Schur fournit  tous les dMments de caIcuI n~cessaires. 

On note Sv/o(x) la fonction de Schur gauche associ@e au d iagramme gauche 
u / o ,  avec • c o m m e  ensemble  de variables ( c /  [21, p 42]). Lorsque . / 0  = A ® 
(avec A et # diagrammes de Ferrers, comme indiqu@ dans la section prdcddente), 
il rdsulte de la ddfinition m~me des fonctions de Schur (cf. [21, p.42]) que l 'on a : 

(3.1) = = 

Par  ailleurs, les produits  de fonctions de Schur s 'expr iment  comme combi- 
naisons lindaires d 'autres  fonctions de Schur : 

(3.2) Sx(x)S~(x) = X~ gx~S~(x) ,  
12 
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off leE coefficients gx~v sont des entiers positifs, qu'on pent 6valuer par 
l 'algorithme de Littlewood-Richardson. 

Partons alors des deux formules de Cauchy (cf. [21, p. 33 et 35]) : 

: ] - [ ( 1 -  
)~ i , j  

E S~,(x)S~,(y)= I I ( 1  + x,yj), 
), i , j  

et multiplions les membre £ membre compte tenu de (3.1) tout  en introduisant 
une variable d'homog~n~itg u. Nous obtenons : 

(1 + zuxiyj) 

n )%1z i , j  

off, pour chaque n > 0 fix~, la seconde sommation est sur lee paires de partitions 
(A,/z) telles que I11 + I/zl = n. En prenant pour x (resp. y) un ensemble fini 
{ x l , . . . ,  xr+l} (resp. { y l , . . . ,  ys+l}) de variables et en faisant lee substitutions 

i - - 1  j - - 1  xi*- -q l  ,YJ*---q2 , o n e n d ~ d u i t l a f o r m u l e :  

(-zu; ql, q2)r+l,s+l 
E un E zlXls~®~(i''"'q[)Sx'®~ (i'''''q~) = (u;qi,q2)r+l,s+l 

n 2%# 

r 8 Multipliant par tit 2 et sommant  par rapport  £ r et s, on obtient, comme second 
membre,  le second membre de l'identit~ (1.1). Le premier membre,  lui, s%crit : 

E u'~ E zlxl E t~Sx®.(1 , . . . ,q~)  E t~sx,®~,(1,...,q~). 
n )~,/~ r s 

Comparant  avec (I.1), on voit donc que Cn est ~gal £ l'expression : 

(3.3) Cn =- E Z l ) q ( t l ; q l ) n + l ( t 2 ; q 2 ) n + l  
),,Iz 

t ~  t i S ~ e ~ , ( 1 ,  . . . , q [ ) S ~ , , ® ~ , ( 1 ,  . . . , q ~ ) .  

Le lemme suivant, ~nonc~ et d~montrd danE [8, th~or~me 4.1], permet 
non seulement de prouver que Cnest un polynfme,  mais fournit aussi une 
interpretation combinatoire pour Cn, compte tenu des propridt~s bien connues 
des fonctions de Schur. REMMEL [28] a utilis~ rdcemment ce lemme pour 
exploiter combinatoirement plusieurs formules classiques sur leE fonctions de 
Schur. Notre coll~gue Richard STANLEY, dane une correspondance privde, nous 
a fait savoir que ce lemme pouvait se d~duire de la proposition 8.3, p. 24 de sa 
th~se [32], pourvu que l'on sache faire le rapprochement  souhaitd entre (P,w)- 
partitions et (t ,q)-tableaux. 
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LEMME. - -  Soil ~/0 un diagramme gauche de n dldments, alors le (t,q)- 
tableau Fv/o(t,q), tel qu'il est ddfini en (2.2) est donnd par: 

(3.4) F~,/o(t ,q) = (t; q)n+i ~ trSv/0(1, q, q2, . . . ,qr) .  

Comparant  (3.3) et (3.4), on en d~duit que Cn est un polynSme et qu'il peut 
~tre exprimd au moyen de la formule : 

(3.5) Cn = ~ z[~[F:~®~(tl,ql)F~,®lz(t2,q2), 
X,l* 

05 la somme est ~tendue sur l 'ensemble des couples de diagrammes de Ferrers 
tels que [A] + j#[ = n. 

Donnons enfin une autre expression pour Cn, qui prend en charge la 
d6finition (2.2) des (t,q)-tableaux. Soient R1, R2 deux tableaux standard, 
d 'ordre n, de forme A1 ®/Zl et A2 ® #2, respectivement.  On dit qu'ils sont 
jumelablessi A1 = A Set/z~ =/z2.  La paire AI®~I,A2®/z 2 ( = A1 ®/Zl, All ®~1) 
est appel~e forme de R1R2. Le V-vecteur de la paire RIR2 est, par d~finition, 
le vecteur : 

(3.6) V(RIR2) = (IAlJ ,IdesRl,IdesR2,ImajRl,ImajR2). 

On note aussi v(RIR2) le mon6me : 

(3.7) v ( R I R 2 )  = zJ)~[ tlIdes R, t2Ides R2 t/lImaj RI t/2Imaj R2 

Enfin, on dgsigne par Tn ~ l'ensemble des couples jumelables de tableaux standard 
d 'ordre n. I1 r~sulte de (3.5) et de (2.1) que C~ est le polyndme gdndrateur de8 
paires de tableaux standard d'ordre n, jumelables, par le vecteur V, ou encore 
que l'on a : 

(3.8) C~ = Z vIR1R2) (R1R2 e Tnl). 
Rx R2 

4. Le ca lcu l  des  p o l y n 5 m e s  

Nous montrons ici comment  on peut simplement calculer les polyn6mes 
Fx (t, q), puis en d~duire l'expression de Fx~ (t, q), enfin d6terminer Cn au moyen 
de la formule (3.5). 

Chaque (t, q)-tableau Fx(t, q) sera repr~sentg par son diagramme de Ferrers 
sous-jacent. Par  exemple : 

F4,2(t ,q)=~-~ ] I. 
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De la m6me mani~re, le symbole I !  6 ] ] ] ddsigne la fonction g6n6ratrice, par 
Ides et Imaj (cf. (2.1)), des tableaux s tandard de forme A --- 4, 2, ayant  l 'entier 
6 dans le coin sup6rieur droit.  

En se repor tant  £ la d6finition mSme de la ligne inverse d 'un  tableau et de 
I d e s  e t  I m a j ,  o n  a : 

~-~ 
] I= I I+1 I I 161, 

= tq~l I I I I + t q b ~ + ~ ,  
= tq4F4(t,q) + tqbF3,1(t,q) + F3,2(t,q). 

Si on connait  d~j~ l 'expression des polynbmes F~(t, q) pour  les A tels que I)~l < 5, 
on obtient  donc celle de F4,2(t, q). Dans l 'annexe 1, c'est ainsi que les F~(t, q) 
ont ~tg calculus jusqu '£ l 'ordre 6. 

Maintenant ,  les identit~s (3.1) et (3.2) sur les fonctions de Schur entra[nent 
les formules : 

(4.1) 

et 

(4.2) 

F~®.(t, q) : F.®~(t, q) 

Fx®~(t,q) = Eg:~F~( t ,q ) .  
l z  

La premiere de ces formules permet  de ne calculer F~®~(t,q) que pour  les 
couples •, # tels que )~ < # (pour un ordre total  donn~ sur les parti t ions).  La 
seconde dit qu 'une bonne table des coefficients g ~  de Lit t lewood-Richardson,  
telle qu'elle est donn6e dans JAMES-KERBER [15] o u  WYBOUlZNE [34], suffit 
pour  d6duire l 'expression de F~®,(t, q) de celle des F~(t, q). 

Muni  de la table des F~®~(t, q), on peut  utiliser d i rectement  la formule (3.5) 
pour  calculer les polynbmes Cn. On peut  aussi faire usage de la formule : 

(4.3) Cn = E z'~l E gx~lg~,~ È:T~l(tl,ql)F~(t2,q2). 
~,~  Vl ~V2 
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5. Les i n v o l u t i o n s  

Soit Tn l 'ensemble de tous les tableaux standard d 'ordre n dont la forme est 
un produit  ,k ® # (~ventuellement r~duite ~ un diagramme de Ferrers). Nous 
nous proposons de montrer  qu'on peut construire trois involutions J ,  S et T 
de Tn ayant les propridt~s suivantes : 

Si P ® Q est un tableau standard d'ordre n, de forme )~ ® it, alors 

(5.1) (p  ® Q)S est de/orme it ® ~ et 
(5.1') I l igne(P ® Q)S = Iligne P ® Q ; 

(5.2) (P ® Q)J est de/orme ~ ® it et 
(5.2') I l i gne (P®Q)  J = n - I l i g n e P @ Q ;  

(5.3) (p ® Q)T e~t de forme it' ® ~' et 
(5.3') Iligne(P ® Q)T = [n - 2] \ ~ligne P ® Q. 

De plus, 
(5.4) S,  J et T commutent  deux d deux. 

L'involution T e s t  simplement la transposition des tableaux, de sorte que 
(5.3) et (5.3') sont des propri~t~s immddiates. 

La construction des deux autres involutions repose sur les propri~tds du 
jeu de taquin et sur les propri~t~s de l'op@ation de vidage-remplissage J des 
tableaux droits (cf. [30, 31, 16, p. 48-73]). Rappelons qu'£ tout tableau gauche 
(par exemple un tableau P ® Q de forme A ® #), on peut faire correspondre 
un tableau droit de m~me contenu et ayant la m~me ligne inverse de route. 
Ce tableau droit, que l'on notera Taq(P @ Q) (si l'on part  du tableau gauche 
P @ Q), s 'obtient £ partir  de P @ Q en appliquant un nombre suffisant de lois 
les mouvements  de base du jeu de taquin (cf. [31, 20]). On a donc :  

(5.5) Iligne P ® Q = Iligne Taq(P  ® Q). 

Consid~rons, par exemple, les deux tableaux : 

68  6 

p N Q = 4 5 9  et R =  4 8  
3 3 5 9  
1 2 7  1 2 7  

On v@ifie qu'ils ont la mSme ligne inverse de route {2,3, 5, 7} et que l'on a 
R = Waq(P ® Q). 

Rappelons aussi que le vidage-remplissage des tableaux droits est une 
involution R ~-~ R J, conservant le contenu et la forme et satisfaisant 

(5.6) I l igneR J = n - Iligne R, 

si R e s t  d 'ordre n (cf. [11]). 
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Par  exemple, le vid6-rempli R J du tableau R ci-dessus est donn6 par : 

8 

R J =  79  
3 5 6  
1 2 4  

et l'on a Il igneR J = {2,4,6,7} = 9 -  {2,3,5,7} = n -  IligneR. 
Soient maintenant  A, #, v trois partitions de l, m, n, respectivement,  telles 

que l + m  = ne t  A,# c v e t  soit Ro un tableau standard,  d 'ordre n, de forme v. 
On note W1 = W(A,/z, Ro) l 'ensemble des tableaux s tandard P ® Q, d 'ordre 
n, de forme A ® #, tels que Taq(P  @ Q) = Ro. Le r6sultat remarquable dfi 
SCHOTZENBERGER. (el. [31, p. 95]) est que le cardinal de W(A, #, Ro) ne dgpend 
que de la paire non ordonnde {A, #} et de la forme u de Ro ; il est, de plus, 6gal 
au coefficient g()~,/~, v) de Littlewood-Richardson. On a, enfin, 

( 5 . 7 )  = 

Comme le vidage-remplissage conserve la forme des tableaux droits, on 
conclut immgdiatement  que les huit ensembles W1, Ws = W(#,A, Ro), 
Wj = W(A,#,RoJ),  Wsj = W(#,A, RoJ), Wt = W(#',A',RoT), W~t = 
W(A', I J ,  ROT), Wit W r ' A t = (#,  , RoJT), Wsjt W(A', #', Ro JT) ont tous m~me 
cardinal, ~gal ~ g(A, #, u). 

Supposons que le triplet (A,#,u)  soit tel que u < u' (par exemple, par 
rapport  £ l 'ordre lexicographique inverse des partitions), le tableau droit Ro 
6tant toujours suppos~ de forme u. Au quadruplet (W1, Ws, Wj, Wje) faisons 
correspondre quatre bijections arbitraires, comme indiqu~ dans le diagramme : 

s w(~, A, Ro) W(A,i;Ro) , Ij 
W(A,,,Ro J) w(,,A, RoJS) 

Si P ® Q est dans W1, notons (P ® Q)S, p ® Q)J, (p  ® Q)JS les images de 
P ® Q par les applications de ce diagramme, soit : 

p ® Q  ) ( p ® Q ) S  

(P ® , (P ® 
Ce diagramme ~tant construit,  formons ensuite le diagramme obtenu en rem- 
pla~ant les quatre tableaux par leurs transposes : 

(p  ® Q)T , (p  ® Q)ST 

i i (p  ® Q)JT , (p  ® Q)JST 
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Comme on sait (cf. [11, 31]) que, si Taq (P  ® Q) = Ro, alors T a q ( ( P  ® Q)T) = 
R T, il est clair que ces quatre tableaux transpos6s (P ® Q)T (p ® Q)sT 
(p ® Q)JT et (P ® Q)JST appartiennent respectivement £ Wt, W,~, Wit, 
k}~~t- Ceci prouve les propri6t6s (5.1) et (5.2). La propri6t6 (5.4) r6sulte de 
la construction m@me de ces involutions. 

Enfin, les propri6t6s (5.1') et (5.2') sont automat iquement  v6rifi6es, puisque 
l'on a pour tout P ® Q c W(A,# ,Ro) ,  la relation Taq(P  ® Q) = TaqRo,  d'o6 
I l igneP  ® Q = IligneRo. Par  d6finition m6me des ensembles W, on en tire : 

I l igne(P ® Q)S = Iligne Ro = Iligne P ® Q ; 

I l igne(P ® Q)J = Iligne Ro g -= n - Iligne Ro = n - Iligne P ® Q. 

Remarque.- On peut  obtenir une construction explicite des involutions 
S, J e t  T en utilisant les deux lemmes 3.7 et 4.5 de SCHUTZENBERGER [31]. 
Cependant  les bijections entre les ensembles W d~pendent de deux tableaux 
standard P o e t  Qo, de forme A et #, choisis arbitrairement.  

6. Les  s y m ~ t r i e s  

Nous disposons de t ous l e s  ~l~ments pour d~montrer le th~or~me 1.1. Pour 
visualiser les quatre propri~t~s ~ 5tablir, il est bon de se reporter  aux tables 
de l 'annexe 2, o~1 sont reproduites les tables des valeurs C(n; v) pour tous les 
vecteurs v e t  les valeurs n de 1 £ 6. 

La relation (1.2) dit que chaque table est symgtrique par rapport  ~ sa 
diagonale principMe. 

La relation (1.3) exprime le fait que, dans chaque table, pour tout  couple de 
valeurs (r, s), le bloc correspondant ~ (r, s) a un axe de symgtrie vertical. I1 a 
done aussi un axe de sym~trie horizontal en conjuguant Ies propri~tgs (1.2) et 
(1.3). 

La relation (1.4) dit que le centre de la table est un centre de symgtrie. 
Enfin, (1.5) affirme que la table correspondant ~ la premiere valeur n - m 

du vecteur V se d~duit de la table correspondant k m par une sym~trie par 
rapport  ~ son axe vertical. De ce fait, on peut  representer en une seule lois les 
tables m et les tables n - m en disposant les variables de fa§on adgquate. 

Notons Tn ~ l 'ensemble de toutes les paires R1R2 jumelables (cf. section 3). 
Pour  d~montrer (1.2), on eonsid@re l'involution i de 7"~ d~finie par : 

(6.2') i(R1R ) = R R,. 

Cette involution envoie bien chaque paire R1R2, de forme A ® #, A' ® ~, de V- 
vecteur (m, r, s, i, j )  sur R2RI de forme A'®#, A®# et de V-vecteur (m, s, r, j ,  i). 

Pour  obtenir  (1.3), on eonsid~re la bijection de T~ sur lui-m~me d6finie par : 

(6.3') j (R~R2) = R1R2 g. 
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D'apr~s (3.5) et (5.5), on d~finit bien 1~ une bijection, qui envoie chaque R1R2 
de forme A®#, AIQ#, de V-vecteur (m, r, s, i, j )  sur R1R2 J, de forme A®#, A'®# 
et de V-vecteur  (m, r, s, i, ns - j). 

Avec t d6finie par : 

(6.4') t (RIR2)  = R1 sT R2 sT. 

on tient une involution de T~, qui d'apr~s (5.3) envoie RIR2 sur RlSTR2 ST, 
de forme A' ® ~', A ® #' et de V-vecteur 

(re, n -  1 - r , n -  1 - s, (~) - i, (~) - j ) .  

La derni~re involution, not6e s, est d6finie par : 

(6.5') s ( n l n 2 )  = RlSR2 T. 

Elle envoie la paire R1R2, de forme A ® #, A' ® # et de V-vecteur (m, r, s,i , j)  
sur une paire RlSR2 T, de forme # ® A,#'  ® A, de V-vecteur  

( n -  m , r , n -  1 - s , i ,  (~) - j ) .  

Ceci ach~ve la d6monstration du th6or~me 1.1. 
Soit G le groupe engendr~ par les involutions i, j ,  t et s. On vgrifie 

imm~diatement les relations : 

i 2 = j 2 _ ~ _ t  2 = 8 2 = ( ~ j ) 4 = ( i s ) 4 = l ,  

i t : t i ,  j t : t j ,  s t : t s ,  j s : s j .  

Par  consgquent, le groupe G contient le groupe di6dral D4(i , j ) ,  d 'ordre 8, 
engendr~ par {i , j},  ainsi que le produit  de ce groupe par le groupe {1, t} 
d 'ordre 2. 

Soit RIR2 un ~l~ment de Td. Les 61gments de l 'orbite de R1R2, par rapport  
au groupe G, sont de la forme Rk~R1 ~, avec {k, l} = {1, 2} et a,  • des monSmes 
de degrd au plus dgal £ 1 en chacune des variables S, J ,  T. Les ~l~ments Rk~Rl ~ 
de l 'orbite ne contenant ni S, ni T dans les exposants a et ~ sont au nombre 
de huit. Ce sont en fait les huit 61dments de l 'orbite de R1R2 par rapport  au 
sous-groupe D4(i , j )  : 

R1R2, R2R1, R2R1 J, R1JR2, R1JR2 J, R2JR1 J, R2JR1, R1R2 J 

Les 61dments RkaR~ ~ tels que a et/~ sont divisibles par ST sont au nombre de 
huit : 

R1STR2ST, R2ST R1 ST, R2ST R1 JST, R1 JST R2ST ' 
R1JSTR2 JST, R2JSTR1JST, R2JSTRI ST, R1STR2 JST. 

Les seize ~l~ments 6crits consti tuent l 'orbite de R1R2 par rapport  au produit 
D4(i,j) x {1,t}.  

cause de la dgfinition de s, les seules autres paires RkaRt z possibles doivent 
satisfaire l 'une des deux conditions : 
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(i) S d i v i s e  a ,  T n e  d i v i s e  p a s  a ,  T d i v i s e / 3 ,  S n e  d i v i s e  p a s / 3 ,  

(ii) T d i v i s e  a ,  S n e  d i v i s e  p a s  a ,  S d i v i s e / 3 ,  T n e  d i v i s e  p a s / 3 .  

Ces  p a i r e s  f o r m e n t  l ' o r b i t e  de  R l S R 2  T p a r  r a p p o r t  a u  g r o u p e  D 4 ( i , j )  × {1, t }  

e t  s o n t  a u  n o m b r e  de  se ize  : 

RISR2  T, R2TR1 S, R2TR1Js ,  R1JSR2 T, 

R1JSR2 JT, R2JTR1 gS, R2JTR1 S, R1SR2 JT, 

R ITR2  S, R2SR1 T, R2sR1JT ,  R IJTR2  S , 

R1JTR2 gS, R2JSR1JT ,  R2JSR1 T, R1TR2 JS. 

II  n ' y  a p a s  d ' a u t r e s  p a i r e s  p o s s i b l e s .  Le g r o u p e  G es t  d o n e  d ' o r d r e  32. 
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A n n e x e  1 

TABLE DES (t, q) -TABLEAUX 

Lorsque A ®st un diagramme de Ferrers, le calcul du (t, q)-tableau F~(t, q) 
a 6t@ expliqu@ duns la section 4. Pour  un diagramme gauche A ® it, on part  
des tables des (t, q)-tableaux F~,(t, q) et on utilise la relation (3.4), ainsi qu'une 
table des coefficients de Litt lewood-Richardson (cf. [15, 34]). 

Duns les tables suivantes, les rubriques des colonnes sont les exposants r de 
t, et i de q du polynbme F ~  (t, q). La rubrique de ligne ®st le diagramme A ® #. 

Par  exemple, duns la table n = 5, sur la ligne 2@21, on trouve les coefficients : 

1112211134311 11 II 

Se reportant  au haut de la table, on obtient donc pour le polynbme F2®21 (t', q) 
la valeur : 

t(q + 2q 2 + 2 ¢  + ¢ )  + t 2 ( ¢  + 3q 4 + 4 ¢  + 3 ¢  + qT) + t3(q7 + qS), 

n = l  

i--+ 

t 1 
T 

n = 2  

r--+ 0 
i--+ 0 

2 1 
11 

1 ® 1  1 

T 
, \ ® #  

n = 3  

r--+ 0 1 
i--+ 0 1 

3 1 
21 1 

111 
1 ® 2  1 1 

1 ® 1 1  1 
2 ® 1  ..... i 1 

1 1 @ 1  1 

T 
A ® t t  

2 
2 3 

1 
1 

1 
1 1 
1 
i 1 

r - - ~  

i--+ 

4 
31 
22 

211 
1111 

1 ® 3  
1 ® 2 1  

1 @ 111 
2 ® 2  

2@11 
1 1 ® 2  

11 ® 11 
3 ® 1  

2 1 ® 1  
111 ® 1 

T 

n = 4  

0 1 2 
0 1 2 3  3 4  

1 
1 1 1 

1 1 
1 1 

1 1 1 1 
1 2 1 1 2 

1 1 
1 1 2 1 1 

1 1 1 1 1 
1 1 1 1 1 

1 1 2 
1 1 1 1 

1 2 1 1 2 
1 1 

3 
5 6 

1 
1 

1 
1 1 

1 
1 
1 1 

1 
1 1 
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A n n e x e  2 

TABLES DES NOMBRES C(n; m, r, s, i, j) 

Les polyn&nes C,~ d~finis par la relation (1.1) sont des polynSmes £ cinq 
variables : 

• " m r s i 3 "  Cn = Cn(Z, tl ,t2,q2,q2) = E C ( n ; m ' r ' s ' z ' 3 ) z  tlt2qlq2' 

off m = 1 , 2 , . . . , n ;  r , s  = 0, 1 , . . . , n  - 1 et i , j  = 0, 1 , . . . ,  (~). Les tables qui 
suivent donnent les valeurs des coefficients C(n; m, r, s, i, j)  pour n = 1, 2, 3, 4, 5 
et toutes les valeurs de m, ainsi que pour n = 6 et m - 0 ,1 ,5 ,6 .  A chaque 
couple (u ,m) tel que 0 ~ m < n/2 et 1 < n _< 6 est associde une table des 
valeurs de C(n; m, r, s, i, j).  Les tables correspondant £ n = 6 et m = 2, 3, 4 font 
appara~tre des coefficients £ trois chiffres et deviennent ainsi trop volumineuses 
pour la reproduction. De plus, la capacitd m~moire du logiciel TEX est d~passde ! 
On notera que r et i sont des indices de ligne et s et j des indices de colonne. 

Se reportant,  par exemple, £ la table n = 5, m = 1, on constatera qu'£ 
l ' intersection de la ligne r = 2, i = 5 et de la colonne s = 1, j = 3, on trouve 
le hombre 8. Done C(5; 1, 2, 1, 5, 3) = 8. 

Lorsque u/2  < m ~ n, les coefficients C(u; m, r, s, i, j )  sont lus dans la table 
associde au couple (n, n -  m). Les indices de ligne r et i restent les m~mes, mais 
les indices de colonne s e t  j doivent ~tre lus de droite £ gauche, en prenant la 
num~rotation des deux derni&res lignes de la table. 

Enfin, l 'avant-derni~re ligne du tableau (n, m) contient la somme des coeffi- 
cients de chaque colonne, divisde par le coefficient binomial (2) : 

= 1 " E O ( n ;  j).  C(n; m, ., 8, . , y ) / ( = )  (/(m)) m,r,  

Comme on peut le vgrifier facilement (par exemple en utilisant l ' interpr6tation 
de Cn en termes de permutations colordes d~crite dans notre article pr6c6- 
dent [8]), ces sommes divisdes ne sont autres que les coefficients des hombres 
q-Euldriens A,~,~(q) d6finis par CARLITZ [3, p. 336]) : 

A,,~(q) = E ( C ( n ; m , . , s , . , j ) / ( : ) ) q Y .  
Y 

La derni&re ligne du tableau (n ,m) contient la suite famili~re des nombres 
Eul~riens : 

A,~,~ = A,~,~(1) = E C(n;m,. ,s , . , j ) / ( ,~) .  
Y 
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n = l , m = O  

s ~  0 r i  

j-~ o 1 ~  
Io l  o 1 o[ o I 

T T o~ - - j  
r 0 + - s  

E 1 
~,-+ 1 

n = l , m = l  

n = 2 ,  m = O  

~ - - - +  r 

j--+ 0 1 J~ ; 

T T lO+--j 
r i 1 0 + - s  

E--+ II 1 

E--+ 

n = 2 ,  m = 2  

n = 2 ,  m = l  

s - - ~  r i 

j---~ 01' 1 ~..~ 

1 1 

T T i o ~  
r i 1 O * - s  

E--+ 1 i 

E--~ i 

n = 2 ,  m = l  

n = 3 ,  m = O  

s--~ I 0 1 2 r i 
I 

j -~  o I 2 3 ~ ;  
0 0 1 

1 1 1 
! 2  1 1 

2 3 1 
? $ 3 2 l O ~ - j  
r i 2 2 0 + - s  

E - ~  1 1 1 1 

E--~ '" '1 2 1 

n = 3 ,  m = 3  

n = 3 ,  m = l  

s--+ 0 1 2 r i 

j - +  0 1 2 3 ~ ~ 

1 2 2 1 

1 2 2 1 

1 1 1  

T T 3 2 1 0 +--3 
r i 2 2 O + - s  

E--+ 1 1 1 1 

E--*  1 2 1 

n = 3 ,  r a = 2  

n = 4 ,  m = O  

s - +  0 ! 1 2 3 r i 

j - -+  0 1 2 3 3 4 5 6  ~ ~ oIzl 
1 2 1 1 

1 1 1  

1 1 1  
1 1 2 1 

1 1 1  

1 

T T 6 5 4 3 3 2 1 0  +- 3 

r i 3 2 1 0 +-s  

E--+ '" i '  '3 5 3 3 5 3 1 

E ~ 1 1i  11 1 

n = 4 ,  m = 4  

n = 4 ,  rn== 1 

s--~ 0 1 2 3 r i 

j - -+  0 1 ' 2 " 3 3 4 5 6  ~ ~ 

O O l  1 i l  2 o ~  
1 1 2 3 2 1 2 1  1 

1 2 1 3 5 3 2 4 2 
3 1 2 3 2 1 2 1 

3 1 2 1 2 3 2 1  
2 4  2 4 2 3 5 3 1  

5 1 2 1 2 3 2 1 

3 6 1 1 1 1 

] ' 1 " 6 5 4 3 3 2 1 0 . - - 3  
r i 3 2 1 O + - s  

E - + I  1 3 5 3 3 5 3 1 

--+ F1 I i  I i  1 

n = 4 ,  m = 3  



n = 4 ,  m = 2  

n = 4 ,  m = 2  

s--+ 0 t I 2 

j - -+ 0 1 2 3 3 4 

0 0 1 1 1 1 1 

1 1 2 4 2 2 4 
1 2 1 4 6 4 4 6 

3] 1 2 4 2 2 4 

3] 1 2 4  2 - 2  4 

2 4 1 4 6 4t 4 6 

5 1 2 4 2 2 4 

3 6 1 1 1  1 1 

T T 6 5 4 3 3 2 
r i 3i 2 1 

E---+ ' 1  3 5 3 3 5 

E ~ i ii ii 

3 ] r i  
5 6 ; ;  

1 0 _~t 
2 1 1  
4 1 2 1 

2 1 3 

2 1 3 

4 1 4 2 

2 l S i  
1 613~ 
1 O + - ' j  

0 + - s  

3 1 

1 

n = 5 ,  m = O  

1 1 1 

1 1  1 

s ~  0 1 

j ~ 0 1 2 3 4  

0 0 1  

1 1 1 1 1  

2 1 2 2 1  
l i 3  1 2 2 1  

4 1 1 1 1  i 

3 i 
4 1 1  

2 5  1 1  

6] 1 1 

7! 

6 
7 

3 8 

9 

4 1 0  

T T L O 9 8 7 6  
r i 4  3 

1 4 9 ' 9 4  E ~  
E ~  1 26 

2 1 3 
I 

3 4 5 6 7 1 6  7 8 

1 1 
1 1 

1 1 

1 1 2 1 1 1  
1 3 4 3 1 i  
2 4 6 4 2 !  
1 3 4 3 1  

1 1 2 1 1  

1 1  1 

1 1 1 

7 6 5 4 3 

2 

6 1 6 2 2 1 6  6 

66 

1 1 1 
1 2 2 

1 2  2 

1 1 1 

4 3 2 

1 

4 9 9  

26 
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n = 5 ,  m ~ 5  
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n = 5 ,  m = l  

1 
1 2 3 4  

1 1 1 1  

2 3 3 2  

3 6 6 3  

3 6 6 3 !  
2 3 3 2  

1 2 2 1  
2 6 6 2  
3 8 8 3  
2 6 6 2  

1 2 2 1  

3 4 5 6 7  

1 2 3 2 1  

2 6 8 6 2  
2 6 8 6 2  
1 2 3 2 1  

2 4 6 4  2 

4121612 4 
6162216 6 
4121612 4 

2 4 6 4  2 

1 2 3 2 1  
1 1  2 6 8 6 2  
1 1  2 6 8 6 2  

1 2 3 2 1  

9 8 7 6 7 6 5 4 3  

3 2 

4 9 9 4 6 1 6 2 2 1 6 6  

26 66 

3 
6 7 8 9 

1 1 

1 1 

1 2 2 1 
2 6 6 2  
3 8 8 3 
2 6 6 2  

1 2 2 1 

2 3 3 2 

3 6 6 3  

3 6 6 3  
2 3 3 2 

1 1 1 1 

4 3 2 1 

1 

4 9 9 4  

26 

n=-S, rn=-4 

n----5, m----2 

2 4 4 2  
4 8 8 4  

4 8 8 4  
2 4 4 2  

1 2 

1 2 3 4 3 4 5 6 7  

1 1 1 1 1 1 2 1 1  
2 5 7 5 2  

2 5 5 2  
5 1 2 1 2  5 
7 1 7 1 7  7 
5 1 2 1 2  5 
2 5 5 2 

3 

4 9 9 4  

26 

5 1 2 1 7 1 2 5  

5 1 2 1 7 1 2 5  
2 5 7 5 2  
2 8 1 0 8 2  
8223022 8 

10304030 i0 
8223022 8 
2 8 i0 8 2 

1 2 2 1 2 5 7 5 2  
2 5 5 2 5 1 2 1 7 1 2 5  
2 5 5 2 5 1 2 1 7 1 2 5  
1 2 2 1 2 5 7 5 2  i 

1 1 2 1 1 !  

9 8 7 6 7 6 5 4 3  
2 

6 1 6 2 2 1 6  6 

66 

3 
6 7 8 9  

1 2  2 1 
2 5 5  2 

2 5 5  2 
1 2  2 1 

2 5 5 2  
5 1 2 1 2  5 
7 1 7 1 7  7 
5 1 2 1 2  5 
2 5 5 2 
2 4 4  2 
4 8 8 4 

4 8 8 4 
2 4 4  2 

1 1 1 1 

4 3 2 1 

1 
4 9 9 4  

26 

n ~ 5 ,  m----3 
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n = 6 ,  m = O  

s- -*  0 1 

j - - *  0 1 2 3 4 5 

01 0 I 
1 1 1 1 1 1 
2 1 2 2 2  1 

1 3 1"2 3 2 1 

4 1 2 2 2 1  
5 1 1 1 1 1  

3 

4 1 1 1  

5 1 2 1 
2 6 2 3 2 

7 1 2 1  

8 1 1 1 
9 

6 
7 
81 

3 9: 1 

10  

11 
12 

10 

11 

4 1 2  
13 

14 

5 1 5  

T ~ 15 14 13 12 11 lO 

r i 5 4 

--~ 1 5 1 4 1 9 1 4  5 

~, --* 1 57 

2 3 

3 4 5 6 7 8 9 6 7 8 9 1 0 1 1 1 2  

1 1 2 1 1  

1 2 3 2 1  
1 1 2 1 1  

1 1 2 2 2 1 1  

1 3 5 6 5 3 1  

2 5 lO 1110  5 2 
2 6 1 1 1 4 1 1  6 2 
2 5 1 0 1 1 1 0  5 2 

1 3 5 6 5 3 1  
1 1 2 2 2 1 1  

1 2 2 2 1  

2 4 5 4 2  

2 5 6 5 2  
2 4 5 4 2  

1 2 2 2 1  

1 2 2 2 1  

2 4 5 4 2  
2 5 6 5 2  
2 4 5 4 2  

1 2 2 2 1  

1 1 2 2 2 1 1  
1 3 5 6 5 3 1  

2 5 1 0 1 1 1 0  5 2 
2 6 1 1 1 4 1 1  6 2 

2 5 1 0 1 1 1 0  5 2 

1 3 5 6 5 3 1  
1 1 2 2 2 1 1  

1 1 2 1 1  

1 2 3 2 1  
1 1 2 1 1  

i 2 1 1 1 0  9 8 7 6 9 8 7 6 5 4 3 

3 2 

~10 35 66 80 66 35 10 10 35 66 80 66 35 10 

302 302 

4 5 r i 

1 0 1 1 1 2 1 3 1 4 1 5  ~ 

0 0 

1 
2 
3 1 

4 
5 

3 

4 

5 
1 6 2 

7 

8 
9 

6 
1 1 1 7 

1 2 1 8 

2 3 2 19 0 3 
1 2 1 

1 1 1 i i  
12 

1 1 1 1 1 10 

1 2 2 2 1 11 

1 2 3 2  1 1 2 4  
1 2 2 2 1 13 
1 1 1 1 1 14 

1 15 5 

5 4 3 2 1 0 +-j"  

1 O + - - s  

5 1 4 1 9 1 4  5 1 

57 1 

n = 6 ,  m = 6  
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n-----6, m :  l 

s---+ 0 1 

j - - + i  0 1 2 3 4 

0 0 1 1 1 1 1 

1 1 2 3 3 3 

2 1 3 6  7 6  

1 3 1 3 7 9 7 

4 1 3 6 7 6 

5 1 2 3 3 3 

2 9 
5 3 4 5 6 7 8 

2 1 2 3 4 3 2 1 

3 2 6101310  6 2 

3 2 8141814 8 2 

3 2 6101310  6 2 

2 I 2 3 4 3 2 1 

3 4 

6 7 8 9 10 11 12 10 11 12 13 14 

1 2 3 2 1  

2 4 6 4 2  

1 2 3 2 1  

3 1 2 2 2 

4 2 6 8 6 

5 3101410  

2 6 4131813  

7 3101410  

8 2 6 8 6 

9 1 2 2 2 

6 

7 1 2 1 

8 2 4 2 
3 9 3 6 3 

10 2 4 2 

11 1 2 1 

12 

] 2 4 7 8 7 4 2 
2 4 13 24 29 24 13 4 

3 7 24 45 54 45 24 7 

4 8 29 54 66 54 29 8 

3 7 24 45 54 45 24 7 

2 4 13 24 29 24 13 4 

1 2 4 7 8 7 4 2 

1 2 4 4 4 2 1 

2 8161916  8 2 

4 1 6 3 2 3 8 3 2 1 6  4 

4 1 9 3 8 4 6 3 8 1 9  4 

4 1 6 3 2 3 8 3 2 1 6  4 

2 8161916  8 2 

1 2 4 4 4 2 

1 2 4 4 4 2 1 I 

2 8 16 19 16 8 2 

4 16 32 38 32 16 4 

4 19 38 46 38 19 4 

4 16 32 38 32 16 4 

2 8 16 19 16 8 2 

1 2 4 4 4 2 1[ 

2 4 7 8 7 4 2  

4 1 3 2 4 2 9 2 4 1 3  4 

7 24 45 54 45 24 7 

8 29 54 66 54 29 8! 

7 2 4 4 5 5 4 4 5 2 4  7 

4 13 24 29 24 13 4 

1 2 4 7 8 7 4 2  

1 2 1 
2 4 2 

3 6 3 

2 4 2 

1 2 1 

1 2 2 2 1 

2 6 8 6 2 

3101410  3 

4131813  4 

3101410  3 

2 6 8 6 2 

1 2 2 2 1 

0 0 

1 

2 

3 1 

4 

5 

3 

4 

5 

6 2 

7 

8 

9 

6 

7 

8 

9 3 

10 

11 

12 

10 

11 

412 

131 
14 i 

5 15 i 
T T115 14 13 12 11 101 

r i 5 4 

1 2 3 2 1  

2 4 6 4 2  

1 2 3 2 1  

121110 9 8 7 6 

1 2 3 4 3 2 1 

2 6101310  6 2 

2 8141814  8 2 

2 6 i013 lO 6 2 

1 2 3 4 3 2 1 

9 8 7 6 5 4 3  

2 

2 3 3 3 2 1 1 0  

3 6 7 6 3 1 1 1  

3 7 9 7 3 1 1 2 4  

3 6 7 6 3 1 1 3  

2 3 3 3 2 1 ! 1 4  

1 1 1 1 1 1 1 5 5  

5 4 3 2 1 0 ~ j  

1 O ~ s  

n - ~ 6 ,  m = 5  



R A I S I N G  O P E R A T O R S  A N D  Y O U N G ' S  R U L E  

A. M. Garsia (*). 

ABSTRACT:  In a few mysterious lines of QSA VI Alfred Young introduced" the 
notion of Raising operator. Very sketchily he goes through some rather remarkable 
manipulations to derive what is now sometimes referred to as Young's  rule. In 
previous joint work [3] we have made rigorous a portion of Young's  argument by 
interpreting these operators as acting on Ferrers' diagrams. Other authors, somewhat 
later have presented similar interpretations (see [8] and [10]). In the present work we 
bring some evidence to suggest that in Young's interpretation, raising operators acted 
on Tableaux rather than shapes, With this view, we can finally put together a rigorous 
version of the remaining unexplained portion of Young's  treatment. This effort has also 

led us to a remarkably elementary and very combinatorial proof of Pieri's rule. 

Introduction 

One should only read the few sentences in the introduction to G. James book [7] to appreciate some of our 

contemporaries attitude towards the work of A. Young. Indeed, Young's  style of writing is quite forbidding. His 

definitions are vague, his proofs are sketchy and sometimes only carried out in a few simple cases, One gets the 

impression that he may have discovered the result by experimentation, convinced himself of its general validity 

but only succeded in proving it in the cases presented. Matters are made even worse by the fact he often 

expects (without explicit mention) the reader to be familiar with definitions and arguments given in his 

previous writings on the subject. 

The best attitude to have in regards to Young's  work is to view it not as a place to learn the subject (a 

much  tess painful introduction to QSA can be found in Rutheford [9]) but rather regard it as a collection of 

hints and a source of combinatorial inspiration. With this view, one discovers that Young could do with the 

algebra of the symmetric group pretty much what he wanted or for that matter whatever anyone else would 

ever want to do. 

This work is concerned with only a few pages of Young's writings. (QSA IV p. 259-261 and QSA VI p. 

196-201). Starting from the cryptic sentences tiaat we find there, we have been led to remarkably simple proofs 

of  two basic results in the representation theory of the symmetric group. Namely: Young's rule and Pieri's rule. 

Perhaps we should recall that Young's  rule is concerned with the decomposition of the character of the 

permutation representation induced by the action of S n on the left cosets of a Young subgroup (a product of 

smaller symmetric groups). Pieri's rule is traditionally stated as a combinatorial recipe for obtaining the Schur 

function expansion of the product of a Schur function by a homogeneous symmetric function. In Young's 

context it simply gives the decomposition of the representation of S~k obtained by inducing from S k x S h 

198o Mathematics Classification. 05A15, 05A19, 20C30, 20C35, 68-04, 68C05. 
(*) Work supported by NSF grant at the Univ. of Cal. San Diego and by ONR grant at the MIT, 
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the outer tensor product of an irreducible representation of S k by the trivial representation of S h . 

The contents are divided into three sections. In the first we review some notation and give Young's natural 

units in a form which is convenient for our developments. In the second section give our derivation of Pieri's 

rule and derive some remarkable identities concerning Young's idempotents. In the final section we we present 

our new interpretation of Young's  proof of Young's rule and complete Young's  argument by means of the 

identities obtained in the second section. 

Whether or not our interpretation of those pages of QSA is in agreement with what Young had in mind, 

what matters is that it is in reading those pages that we have been led to the present developments. We 

therefore hope that our experience will stimulate further readings of his remarkable works. 

We wish to acknowledge here our gratitude towards Jeff Remmel and Luc Favreau who patiently 

participated in endless discussions as to the possible interpretations of Young's cryptic statements. Their specific 

mathematical contributions to this paper will be quoted later and in context. 

1. The natural  uni ts .  

Let G be a finite group and let N(G) , k(G) denote respectively the order and the number  of conjugacy 

classes of G .  We shall also denote by A(G) the corresponding group algebra. 

Let A denote an index set of cardinality k(G) and 

ei~i for XEA and for i , j = 1,2,.,.,rex 

be elements of  A(G) satisfying the following conditions 

1) each ei~ is different from zero. 

2) e~e~s = 0  if h ~ p .  or j~er .  

1.1 

3) e x e x = e x for all i,j,k and h i,j j ,k i,k 

4) 3". m? = N(G) 
hEA 

Then it is quite elementary to show that every element f ~ A(G) can be expanded in the form 

h~A i , j~  1 

where I denotes the operation of taking a coefficient, E 

from the identities: 

1 =  e:,~ I, i=l,2,..,m~ . 1.3 
h~ 

It is also quite easy to show that we must  have 

e~ I, = 0 for all ,YEA and all i~ j  . 1.4 

Finally, we can easily show that the coefficients ai~(o-) in the expansion 

give a complete set of irreducible representations of G .  Moreover, the fundamental characters of G are 

given by the expressions 

X ~ =  h~ ~ eXi . 1.6 
i -1  

f e~i I, e~'j , 1.2 

denotes the identity of G and h x can be computed 
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Such units as the eiXi are in principle all that we need to have to study the representations of G .  Of 

course for an arbitrarily given G these units are hard to come by. But remarkably, for the symmetric group 

S n , Young was able to write down explicitly two different sets of them. They are referred to now as the 

natural and the semi orthogonal units. The latter are so named since they give rise to a set of unitary irreducible 

representations. 

Young succeded in establishing quite a number of basic properties of the representations of Sn simply by 

working with the natural units. In particular his approach to the proof of Young's rule is based on some 

remarkable properties of these units. 

Nevertheless, his constructions are unduly intricate in this case and we shall have to give here a simpler 

and more convenient definition. To this end we need to introduce some notation. 

We shall follow as closely as possible Young's notation, with some exceptions. For typographic reasons 

it is more convenient to represent Ferrers' diagrams as left justified rows of dots, of lengths weakly increasing 

from top to bottom. Rows will be numbered from bottom to top. As customary we shall identify partitions with 

Ferrers' diagrams. The notation h~-n as usual indicates that h is a partition of n ,  or equivalently that the 

corresponding Ferrers' diagram has n dots. A tableau of shape h is obtained by replacing the dots of the 

Ferrrers' diagram corresponding to h by arbitrary integers. We shall follow the French notation and call a 

tableau standard, when the dots are replaced (if h ~ n  ) by the successive integers 1,2,...,n so that they result 

in increasing order from left to right on the rows and from bottom to top on the columns. Column strict 

tableaux are analogously defined. That is they are tableaux with entries weakly increasing in rows from left to 

right and strictly increasing in columns from bottom to top. With these exceptions, whatever concept we shall 

use here undefined, its definition may be found in [4], [5], or [6]. 

In the picture below we depict the Ferrers' diagram corresponding to the partition h = ( 1,3,3,4 ) , a 

standard tableau T of shape h and a column strict tableau S of the same shape. 

• 6 4 
• • • T =  4 8 1 0  3 3 4  
• • • 2 5  9 S =  2 2 3  
• • • • 1 3 7  11 1 1 1 2  

The multiset of entries of a tableau is usually referred to as the content of  the tableau. For instance, the content 

of the tableau S given above is 13233342 . 

For a given set A of integers we shall denote by [A] the formal sum of all permutations of A .  In 

other words, if S A denotes the symmetric group of A then 

[A} = ~ ~ . 1.7 
crCS A 

It is convenient to write these permutations as products of cycles. For instance, we write 

[248] = ~ + (2,4) + (2,8) + (4,8) + (2,4,8) + (2,8,4) . 

We also set 

In particular 

[A]'  = ] ~  s ign(o-)  o- . 1.8 
o'ES A 

[2481' = ~ -  ( 2 , 4 ) -  ( 2 , 8 ) -  (4 ,8)+ (2,4,8)+ (2,8,4) . 

This given, if the rows of a tableau T are R 1 , R 2 , • • • , R h and its columns are C 1 , C2, ' • • , Ck 

then Young sets 

P(T) = [R l] [R 2] . . - [Rh ]  , N(T) = [C1]' [C2] . . . .  [Ck]' . 

Thus for the tableau T given above we have 

P(T) = [ 1 3 7 1 1 ] [ 2 5 9 1  [48101 and N(T) = [ 1 2 4 6 ] ' [ 3 5 8 1 ' [ 7 9 1 0 ] '  . 
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For an injective (all entries distinct) tableau T of shape h , we shall set here 

3' (T) P(T) N(T) 1.9 
h~ 

where hx is the product of the hooks of the Ferrers diagram of ~.. The constant h~ was first computed by 

Young in QSA II (pp. 364-367), it is precisely the integer that makes 3' (T) into an idempotent. This latter 

fact is not trivial (see [4] for a proof). If ,k~n and h~ is defined as the ratio 

n! 
h h ~ - -  nx 

where n x denotes the number of standard tableaux of shape )~ , then the idempotency of 3" (T) can be shown 

with a reasonable amount of work (see [4]). 

For two standard tableaux T I and T 2 (not necessarily of the same shape or size) we shall let T t ["1 T2 

denote their common subtableau. That is, if the integers 1,2,_,i occupy the same positions in T: and T 2 but 

i+l  does not, then TI N T2 is the subtableau of T1 (or T 2 ) containing 1,2,..,i. We shall also call i+l  

thefirst letter of disagreement between T 1 and T 2 . 

This given, we shall say that T I precedes T 2 if the first letter of disagreement between T~ and T2 is 

higher in T 2 than it is in T 1 • This total order of standard tableaux is introduced in QSA IV (p. 258), We 

shall thus refer to it as the Young order. Let then 

denote the standard tableaux of shape X arranged in the Young order. It is also convenient to denote by Oejht 

the permutation that sends the tableau T~ into the tableau T~ . For, simplicity we shall sometimes omit the 

superscript X whenever dealing only with tableaux of the same shape. Of course we intend a permutation o- 

to act on a tableau T by simply replacing the entry i with its image o-~ . With these conventions, we can 
easily derive that we have 

P(o-T) = o- P(T) o--: , N(o-T) = cr N(T) o --1 , 3'(o-T) = o- y(T)  o --1 . 1.11 

Now, a very elementary argument, (see for instance [9]) shows that we have 

N(Tj) P(Ti )=  0 , for all j >  i 1.12 

and therefore we must  also have 

3"(Tj) 3 ' ( T i ) = 0  , f o r a l l j >  i , 1.13 

In general, this may not hold for j < i .  Nevertheless, for some shapes (such as hooks for instance) 1.12 does 

hold for all i ~ j .  In this case it is easy to show, using 1.11, that the units 

@j = P(T~) ,ri~ N(T~) / h~ 

do satisfy the conditions 2) and 3) of 1.1. 

To compensate for the fact that 1,12 does not always hold as desired, Young sets 

e~, i = P(T~) o-,~ N(Tj) Mff / h~ , 1.14 

where Mj x are elements of the group algebra put together precisely to rnake the relations 2) and 3) valid 
without exception. 

The only thing that remains to be verified is condition 1.1 4). However, the identity 

n! = E nZ 
xi-n 

when n a gives the number of standard tableaux of shape ~, is well known and easy to prove. Indeed, a very 

elementary and quite straightforward proof is given by Young in QSA II. 
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Young's definition of the M{ is rather messy and difficult to use. Yet in several occasions Young uses 

these factors in a very surprising manner• indicating that he knew a lot more about them than he ever 
expticitely stated, Now, it develops that if we set 

Mj~ = (I-~,(T;41)) (l-?,(X~_2)) (l-?,(T~X)) , 1.15 

then conditions 1), 2) and 3) of 1.1 are easily shown (using 1.11 and 1.13) to hold without exception. 

This will be our construction of the natural units. We shall see that this definition makes the natural units 

a very convenient tool for studying the representations of the symmetric groups. 

In Young's terminology, P(T) is the row group of T and N(T) is the column group. We shall indicate, 

as it has become customary, by a and /3 generic permutations of the row and column groups respectively. 

Now a very basic fact (see [9] for a proof) is that for any two tableaux Tl and T2 of the same shape the 
inequality 

N(TI) P(T2) # 0 

implies the existence of permutations c~ 1 ,/31 and ~'2,/32 respectively of the row and column groups of T1 
and T 2 giving 

TI =/31 a2 T2 = a:/31 T 2 = a2/3 2 W 2 , 

from which we derive that 

P(T0 N(T:) P(T 2) N(T 2) ~ s igna l )  P(T I) N(T I) BI c~2 P(T2) N(T2) = 

P(T:) N(TI) P(T1) N(TI)/31 o~2  . 

Thus using the idempotency of every ~, (T) we get 

3,(T 1) -/(T 2) = sign(/31) ~,(T:) 

Now omitting the superscript k let us set as Young does 

E i j =  P(T i) o-ij N(Tj) 1.19 

To show that our units are the same as those given by Young we need only show the basic 

Lemma 1.1 

The following identities hold for the natural units corresponding to shape k : 

n~ 

Ers = ha E bjs % " 1.20 
j,=s 

where bjs is different from zero only if the permutation o-j~ is expressible in the form 

~rjs = B~s C~js 1.21 

with the last two factors elements of  the column and row groups of Tj and in the latter case we have 

bj~ = sign(Bj s) 1.22 

P r o o f  

To simplify our notation let us set 

Pi = P(Ti x) Ni=  N(T/~) 7i = y (T~') e i=  e 2'' 

Then from 1.15 and 1.2 with f =  Ers we get (by repetitive uses of 1.11) 

ei Ers e j=  hx F~ eii I, % = 

= Pr O'rs Ns Pj o'ji Ni (1-"/i+1) " "" (1--yn x) l, eij= 

= h~yrO'rsCrji'Yi (1-"/i+l) ' ' '  (1--'Yn x) I, eij= 
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= h~ oji ~'i (1-W~-l) ' ' • (1-3,n~) 7r O'rs 1¢ eij 

Now using 1.12 it is easy to derive that  

This  gives 

Tr if i :  r , 

yi(1--Ti+l) " " • (1--3'ns) Tr : 0 otherwise 

e r E r s e j =  hx2o'jrTrO'rs 1, e r ) =  hx2-ej~rjr~rrs I, erj = 

= hx2Tj crjs l, erj = ha Pj Nj o-js [, % = 

= hx bjs erj . 

Now clearly either crjs is of  the form 1.21 and bjs is given by 1.22 or this t e rm will necessarily be equal 

to zero. Thus  the  l e mm a  follows f rom 1.2 .  

Compar ing our  formula  1.20 with the express ions  obtained for the natural  uni ts  in Young ' s  QSA IV (p. 

258) or Rutheford  ([9] P. 51) we can easily derive that our units  are the same as Young ' s .  

R e m a r k  1.1 

Of course  we see from the definition of the bjs that bss = 1 . Thus  the matrix 

B = II bjsll (b,s = 0 for j < s) 

has de terminant  one, and therefore  is invertible over the integers. 

Introducing the matrices 

e =  [I eijH ' E =  II F~Jll , L =  II kij~ = B-1 , 1.23 

we can write 1.22 in the form 

or equivalently 

and in componen t  form: 

E = h a e B 1.24 

e = h~-E L 1.25 

& 
1 

Elk Lkj . 1.26 e~j = ~-x k~j 

R e m a r k  1.2 

The  presence of denomina tors  in some  of these  formulas  has led several workers in this area to the 

mis taken belief that Young ' s  deve lopments  concerning the natural  representat ion are only valid in characteristic 

zero. Actually, it develops that  both Specht work on the so called Specht modules and Rota ' s  Straightening 
Formula, which are generally regarded as characteristic free deve lopments  can be related to the  natural  units.  In 

particular, the derivation of Specht Modules  that is given in [7], in each of its significant steps, can be identified 

(see [1]) with Young ' s  derivation of the natural. Thus ,  when James '  polytabloids are taken as basis the 

result ing representat ion matrices are of  course identical with those originally given by Young.  Familiarity with 

these two derivations,  reveals that Young ' s  is not only more  e lementary but also simpler.  It should be 

ment ioned  that the  natural  representat ion can also be used to put together  an efficient algori thm for carrying 

out Rota ' s  straightening. 

The  present  deve lopment  should help making all this a bit less surprising. For, we can at the least deduce 

f rom formula  1.25 that there are no denominators  in the final expression giving the natural representation.  In 

fact, formulas  1.5 and 1.25 combined  give 
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~(~) ~ ~ ~k Lk~ I~-1 . 1,27 
k-i 

We shall not dwell any further into this here since we come back to it with greater detail in [1]. 

Remark 1.3 

There is an interesting partial order of standard tableaux which underlies the Young order, it is worthwhile 

studying it on its own merits. Given two standard tableaux T 1 , T 2 let us set 

Tl ~ T2 1,28 

if and only if 

N(TI) P(T2) ;~ 0. 1.29 

Note that if T 2 comes before T~ in the Young order then there is a pair of letters that is vertical in T~ and 

horizontal in T2 and the product in 1.29 is then equal to zero. Thus the Young order is a linear extension of 

the relation Tl -"* T2. Note further that in a chain 

T I ---* T 2 ~ T 3 . . . . .  T k . . . .  1.30 

the common subtableaux 

T1 N T2 , T1 ("] T3 , ' ' '  , T1 ('] Tk 

form a weakly decreasing sequence. Indeed we see, for instance, that if T~ 1"1 T2 D T2 ~ T3 then the first 

letter of disagreement between T 3 and T 2 is the same as that between T 3 and T l and is higher in T 3 that 

in T 2 and a fo r t i o r i  than in T 1. This forces Tl O T 2 D  TI ("IT3. On the other hand, if 

T1 ("l T2 C T 2 ("IT3 (strictly) then T 3 as far as T 1 is concerned behaves exactly like T 2 and 

TI ~ T3 = Tl ('~ T2 • 

Thus the only way that a chain as in 1.30 can loop back on itself (say T k= T 1 ) is that all of the 

intermediate tableaux contain T 1 as a subtableau. This means that for tableaux of the same size we can define 

a partial order by taking the transitive closure of" ~ " 

Remark 1.4 

A useful property of tableaux idempotents is that they do reflect in some weak sense tableau containment. 

Indeed, if T 1 is a subtableau of T 2 then using the fact that the row and column groups of T 1 are subgroups 

of those of T 2 we can (by means of two coset decompositions) write 

P(T2) N(T 2) = P(T l) RCN(T  I) 

with R and C sums of coset representatives respectively lying in the row and column groups of T 2 

2. Pieri 's rule. 

Before we can proceed we need to introduce some notation. Let us go back for a moment to the general 

case of a finite group G .  For a given element f of the group algebra A(G) set 

F G f  = ] ~  cr f o  --1 2.1 
o-~G 

It is immediate that the operator F G is linear and maps A(G) into its center. Moreover, we see that for any 

two elements f ,  g ~ A(G) we have 

F G f g  = F G g f .  

Using this simple fact we can easily verify that for any set of units e(.j satisfying 1.1 we have: 

F~e~'j = 0 (for i ~ j  ) 2.2 

F G eiX.i ~ X ~" (for i =  1,..,mx ) 2.3 
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Going back to the symmetric groups, it will be convenient to use F n rather than F C for the case when 

G = S n . Now, it is easy to see that 2.3 in the case of the natural units reduces to the statement that 

Fn 7(T)  = X ~ 

holds for any tableau T of shape X~-n. Indeed, it is clear that the left hand side of this identity is 

independent of  the particular T that is chosen. But in the case that T = T~ we have 

Here and in the rest of this section, for n = a + b we shall let T A denote a standard tableau of shape h 

in the integers 1,2,..,a and B denote the set of consecutive integers a-I-l, a+2, . . ,  n .  We shall say that a 

standard tableau T ,  in the integers 1,2,..,n is B-pieri o v e r  T A , if and only if T can be obtained by adding the 

elements of B to T A so that no two of them fall in the same column. Similarly a shape /z is said to be b- 

pieri over ), if the Ferrets diagram of g can be obtained by adding to the diagram of ~. b dots no two on 

the same column. 

For a given h ~ a ,  let A x denote the irreducible representation of the symmetric group [1..a] 

corresponding to ~ . Furthermore, let the symbol A x a T n denote the representation of the symmetric group 

[1..n] obtained by inducing from [1..a]x [a+l_n] the tensor product of A s by the trivial representation of 

[BI . 

This given, the following result is basic in the representation theory of the symmetric groups. 

P I E R I ' S  R U L E  

The irreducible constituents o f  A x a [ n are the representations A ~ corresponding to the partitions tx that are 

b-pieri over k and each occurs with multiplicity one. 

In Young's  work this result appears as an identity involving characters of symmetric groups. It is expressed 

there in terms of the operator F n . Namely, Young states (see QSA IV p. 260) that for any ~.4--a and any 

tableau TA of shape h as indicated above we have 

FnT(TA) ~ = Z bX 'a . 2.4 
/x 

where the b is to indicate that the summation is to be carried out o n l y  o v e r  the partitions /x that are b-pieri 

over X.  

It is not difficult to see that this identity implies Pieri's rule. Indeed, the character version of the rule is 

simply the identity 

Fn ~ [B]]b! = Z b x "  2.5 
/x 

However, since 

and 

X ;t = FaT(TA) , 

( ray (TA)) [B] [BI 
F~ a! b! Fn y(TA) b! 

we see that 2.4 and 2.5 are equivalent identities. 

We have found Young's proof of 2.4 difficult to decipher. Nevertheless using his sentences as a collection 

of hints, and taking 1.14 and 1.15 as the definition of the natural units we have put together the argument 

given below. 
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We start with formula 1.2 with 

Y (TA) [G] 
f 

h x b! 

In view of 2.2 and 2.3 the identity in 1.2 yields that 

n 

r , f  = ~ h,~'~, f e e  I,X ~ . 2.6 
r ~ |  

We are thus reduced to calculating the expressions 

h u f e~ l, P(TA) N(TA) [B] 
h x b! P(T~) N(T~) Me [, • 2.7 

If we expand the factor Mr ~ here according to its definition 1.15 we are led to summands  of the form 

P(T A) N(T A) [B] P(T~) N(Tr ~) P(T,~) N(T~) P(T~) N(T~) ' • ' P(T~) N(T~) 1, • 

with 

r <  i1<  i2<  . < ik~< n u . 

Now, this may be rewritten as 

N(TA)P(Tr~) N ( T t )  P(T,~) N(T,~) P(T,~) N(T,~) • ' • P(T~) N(T~)P(T a) [B] 1, , 2.8 

and the non vanishing of such a term yields us the relations 

T A ~ T ~ -  T , ~ -  T,~ . . . . .  T , ~ -  T A . 

In view of Remark 1.3 we must  conclude that T A must  then be a subtableau of all the successive ones. 

Moreover, owing to the presence of the factor [B] in 2.8 we derive that no two elements of B can be in the 

same column of T ~ In other words T~ itself must  be B-pieri over T A , and thus also that /z must  be b- 
t k " 

pieri over ,k . Since the tableaux 

T~ T~ T~ -- - T" 

have all the same shape, they must  all necessarily be B-pieri over T a . However, a moments  reflection reveals 

that this last condition forces a term such as in in 2.8 to vanish identically. The reason for this is that if two 

different standard tableaux T I and T 2 of same shape are both B-pieri over the same tableau T A then some 

element of B must  be in a higher row in T1 than it is in T 2 and for some other element of  B the opposite 

must  hold. This will give pairs of  elements in the same column of TI that are in the same row of T2 and vice 

versa. Now this fact implies that 

P(T 0 N(T 2) = 0 = P(T 2) N(TI) 

We must  then conclude that the only surviving term in the expansion of Mr u is the trivial identity term. In 

other words we can omit Mr u altogether in the identity 2.7 

We are thus reduced to calculating terms such as 

P(TA)N(TA) p(Tr~)N(Tr~)[b~ 1~ 
h a 

With Tr ~ B-pied over T A . However using Remark 1.4 we can reduce this to 

P(Tr~) N(T~)"~'~ ] l~ 

Finally we can get rid of the last factor [B] by the following argument (typical in Young's  work). Assume that 

B splits in to the subsets B 1 , ~ ,  - •.  , l~ in successive rows of T # .  Letting 

[BI = ~ ri [BIIIB2] " ' "  [Bkl 
i 
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be the left coset decomposition of [B] we can rewrite our  term in the form 

ri [BI][B21 ' [Bj  P(Tr~)N(T~) I~ - 
i 

Now the"l~'  factors get absorbed by. P(Tr") yielding the numerical factor 

b ] ! b 2 ! ' b k !  , 

b~ indicating the cardinality of B i . 

We are finally reduced to evaluating terms of the form 

ri P(T~)N(T~)  1~ = N(T~) P(r iT~)r  i 1~ . 

Now since each ri  (with the exception of the identity) moves around the elements of B in Tr ~ bringing 

some of them down and some of them up, there will necessarily be pairs of entries in of the columns of T, ~ 

that are in the same row of riTr" . But this forces all these terms to be zero, leaving us with 

bl! b2! . . . bk! b]! b2! • . . bk! 
b! P(Tp)N(T~)  l, b! 

Note that the multinomial coefficient 

bl! b 2 ! . . -  bk! 

gives precisely the number  of standard tableaux of  shape p, that are B-pieri over T A . Denoting this 

coeMecent by b~ we can recapitulate these findings as follows: 

1 
if Tr" is B-pieri  over T A , 

y(TA) ~ le~ = 0 otherwise 2.9 

combining this with formula 2.6 we see that we must  have 2.4 as asserted. 

3. Young 's  rule. 

Let 

a = { a l , a 2 ,  . - - , a k }  

be a composition of  n and let A 1 ~ { 1,2,..,@ and 

A i = {al+a2+ . . . +ai_ 1 , . • - , al+a2+ - . . + a  i } (for i=2,.. ,k ) 

be the corresponding decomposition of the interval [1,n] into successive disjoint intervals. 

For a partition , and a composition a it is customary to denote by Kx, a the number  of column strict 

tableaux of  shape X and content 1 ai 2 a2 . . .  k ak 

The character version of  Young's  rule can be stated as follows 

r n  [All[A2] " ' "  [Akl = ~ X~ K~,~ . 3.1 
al!a2! - - - a f t  

It is well known and easy to show that the left hand side gives the character of the permutation representation 

induced by the action of Sn on the left cosets of the Young subgroup [AI][A 2] . . . [Ak] . Thus  this identity 

simply says that the multiplicity of A ~' in this representation is given precisely by the number  Kx, a . 

Young states 3.1 in a very curious manner. Under the assumption that al>/a2>/ •.  - >/a k he writes 

Fn [AI][A2]"""  [Ak] U 1 x(al .. . . . .  k) 
al!a2! . . . a f t  = J ~ 3.2 
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Where he says that Si,j is the operation of" moving one letter from tfre jth row to the i t~ % 

He then states that this relation may be inverted to 

x(al .... . .  k) = H ( 1 - Si,j ) Fn [AI][A2] "" " [Ak] 3.3 
i < j al! a2! " " " ak! 

This development is extremely puzzling, for it is clear from Young's use of words that he intends Sij to act on 

tableaux, yet it appears (see [3]) that the only way to make simultaneous sense out of 3.2 and 3.3 is to interpret 

S~ .j as an operation on shapes. That is, we replace the word letter in the quoted sentence above by the word 

dot. 

However, since we have 

rt a 

X a = h a Z  era r , 
r = l  

and each unit e~r corresponds to a uniquely determined tableau, it is quite possible that Young really meant 

Ski to act on tableaux, This possibility should be further reinforced by the proof of  Young's  Rule that we are 

about to present. 

Our argument stems from the few cryptic sentences at the end of page 196 of QSA VI. The starting point 

is again formula 1.2 with the eiXd the natural units. For the case 

JAIl [A21 
f= a~! a2! 

let us write 

f ~ = A~r(f), ear,r + NDT 
r = l  

where "NDT' stands here for non diagonal terms, that is terms in e.~j with i ~ j . The nature of these terms is 

of no consequence here since (in view of 2.3) they are sent to zero by Fn .  

Now Young states that when X = ( a1+b,  a2-b ) with b>~0 the coefficient of e~r is zero unless Tr ~ 

has the letters 1,2,..,a~ all in the first row and in this case 

A~r(f) l 

From this assertion, 3.1 (in the case of two part partitions) can be easily derived since the binomial coefficient 

(;~) gives precisely the number  of  standard tableaux T"r,r that have 1,2,..,a~ in the first row and the 

coefficient Kx, a is precisely equal to one in this case. Young then goes on to say that the general case can be 

proved in the "same waft'. No justification whatsoever is given for the assertion even in the case of two part 

partitions, 

Actually it is not too difficult to verify the validity of Young's  assertion in the case of two part partitions. 

The real puzzle starts when we try to interpret the cryptic same way and state the basic identity in the general 

case. 

To formulate the most natural and tempting interpretation we need some notation. Given a column strict 

tableau S of shape h and content 1 a~ 2 a2 - - • k ak  let us say that a standard tableau T fits S if and only if 

T is obtained by replacing in S the l 's by the elements of A l , the 2's by the elements of A2, . . . , the 

k's by the elements of A k . Finally, let n(S) denote the number  these tableaux. 

This given, we may conjecture that 

[ A , ] [ A 2 ] ' ' "  [ak] = Z ~ A ~(a )  e x + NDT 3.4 
a l !  a 2 !  " " " a k !  h r = t  ' r , r  • 
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where A ~ ( a )  is equal to zero unless T) fits some column strict tableau S of content i a~ 2 a2 - - • k ak and in 
this case. 

I 3 .5  
A ~ ( a )  = n(S) 

In a joint effort with J. Remmel we succeeded in proving this conjecture for the case of three part 

partitions, however the general case presents insurmountable difficulties. Nevertheless the effort was not totally 

fruitless since it inspired the argument we used in this paper for the proof of Pieri's Rule. 

We should note though that, for the sole purpose of proving Young's  Rule, it is sufficient to prove 3.4with 

ArXr(a) given by 3.5 as indicated above and " N D T '  replaced by terms annihilated by F n • Now it develops that 

we can indeed prove this version of the conjecture. 

More precisely, given two elements f ,  g of the group algebra of Sn let us write f~ -ng  if and only if 

Fn ( f -g )  = 0 .  This given, our  basic identity may be stated as follows. 

Lemma 3.1 

For any composition a =  ( a  t , a 2 ,  ' , a k )  we have 

[AI][A2] " ' "  [Ak] = ~ s  1 fi~s Y(T) , n  - -  3.6 
afla2! - ak! , n(S) 1- ' s 

where the f irst  sum is to be carried out over all column strict tableaux o f  content 1 a~ 2 a2 . • • k ak . 

P r o o f  

We proceed by induction on k .  The assertion is trivial for k~ 1 . For k -1  we can write it in the form 

[At] " ' "  [Ak 1] E ( k  t) E T(TA) 
a]! . . .  a k 1! s T~ fits S n(S---~ + E 3.7 

where the superscript ( k - l )  is to indicate that now the first sum runs over all column strict tableaux of 

content 1 a~ . . . ( k - l )  a ~  . Furthermore,  assuming that 

a I + ' "  + ak. I = a , 

the error term E satisfies 

F ~ E =  0 . 

Aiming to prove the identity for k let us set 

B = { a + l , a + 2 ,  . . .  , a + b }  

Multiplying 3.7 by [ b ~  we get 

[All ' ' '  [Ak-I] [B] E ( k - i )  
al! " ak-t! b! S 

(with a + b =  n ) . 

'~ .  Y (TA) [B] [B] 
n(S) b! + E b--~-. Jtl,**d 

T A fits S 

3.8 

Note now that the summand  is precisely of the form studied in our proof of Pieri's rule. Indeed, equation 2.9 

can be written as 

T(TA) ~ = Z Z e--~ + N D T .  3.9 
• " Tr~ B-pieri  over T A b~  

Moreover, f rom 1.20 we derive that 

e~ = y(T,  W) + NDT . 

and thus 3.9 yields 
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X~ V pie~i ovo~ T a bu + NDT . 3.10 

Now this equation gives us precisely what is needed to complete the induction argument. For, substituting it in 

3.8 and observing that 

.F~(E) 
F~(E [BI) = F , A ~  [B]) = 0 , 

we finally deduce the identity 

[ a l ] ' ' "  [ak-l] [B] __ Z (k-,) Z Z E y(T~) 
. . .  n(S) b, al!  a k l !  b! n S T A fits S ,~ T~ I~pieri over T A 

which is easily seen to be merely a more complicated way of writing our identity 3.6. 

Remark 3.1 

Starting from our identity 3.6 it is possible to justify Young's expression 3.2 with the raising operators 

acting on tableau idempotents. Just as in [3] we do not have associativity and we shall have to define the action 

of a compound raising operator 

Q = I I  s~,, 311 
i<j 

rather than the action of the individual St,/ 's. To this end, for a given column strict tableau S let Q(S) be 

the compound operator obtained by letting ~x~ in 3.11 be equal to the number of j's that are in the i tla row 

of S.  For instance if (in English notation) 

1 1 1 1 2 3 4  

2 3 3 4  
S = 3 4 4  3.12 

4 

then 

We may say for instance that 

equation 

Q(s)  = s1,2 sl,3 523 Sl,4 82,4 S324 . 

Q(S) raises 2 letters ,from the fourth row to the third. We may also write the 

Q(S) 

1 1 1 1  1 1 1 1  
2 2  2 3 3 4  

3 3 3 3  = 3 4 4  

4 4 4 4 4  4 

Or even more generally we may write equations such as 

1 2 3 4 
5 6 

S1,2 ~"~f,3 $3,4 8 9 10 

1213  

2 3 4  

1 2 3 4 6  

5 9 10 

= 8 1 3  
12 

In other words if Q is given by 3.11 then Q T is obtained by raising in succession for each j and for i=l to 

j -1  the aij last letters of the jth row of T up to the end of the i ~h row. 

Now, the basic rule in defining the action of a compound raising operator Q on an idempotent 7 (T) is to 

set the result equal to zero if Q T is not a tableau or if two letters which are in the same row in T end up in 

the same column of Q T .  If neither of this two events occurs then we set 

QT(T)  = y(QT)  • 

We can easily see then that if T is a tableau of shape (aba 2 . . . . .  a 0 then Q'y(T) = 0 unless Q =  Q(S) for 

some column strict tableau of content 1 a~ 2 a2 - - * k ak • and then of course Q T is precisely the tableau 
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obtained by replacing the j ' s  of S from left to right by the elements of the jth row of T .  

Note now that since for any tableau T of shape X ~- n we have 

Fn-y(T) = X ~, 

equation 3,6 can be rewritten in the form 

[ & I [ A 2 I I & ]  = ~ ),(T(S)) , 

alia2! - - .  aft s 

where T(S) is the tableau obtained by replacing for each j in succession the j's of S from left to right by 

the elements of Aj in their natural order, However, due to our conventions concerning raising operators we 

can rewrite this last equation as 

[A1][A2] " ' "  [Ak] =- H 7 ~ 1  
al!a2! ' ' "  ak! i<j l--bi,J T(A) 

3.13 

where (assuming al>_,a2/> . •. >/a k ) the tableau A is simply that whose jth row consists of the elements of 

Aj in their natural order. 

Now it is easy to see that since a raising operator acts on the position of a letter and a permutation acts on 

the value these two actions commute. Thus, for any Q and any permutation ¢r , we do have that 

and afortiori we do have as well that 

We thus deduce from 3.13 

Q o ' T  = o ' Q T  

o- Qy(T)  o- ~ = Q'y(o'T) . 

[AI ] [A2] ' ' "  [Ak} ° ' - I  -- H 1 
cr a? a2-'-~. ~ - - 7 ak-~ = ~ i<j ~ y (o'A) 3,14 

If we now sum these identities for all o- in Sn we derive that 

Fn [AI ] [A2] ' ' "  [At] --  H 1 ){(al,a 2 ...... k) 
al!a2! " " " ak! i<j 

But now the congruence becomes equality since both sides are central elements of the group algebra of Sn. 

Thus 3.2 holds true as Young asserted even with this interpretation of the raising operators. 

Remark 3.2 

We have no idea whatsoever how Young could justify inverting 3.2 to get 3.3. This is done in [3] with a 

completely different definition of raising operators. The closest we can come in tying 3,3 to 3.2 via the present 

definition of raising operators is by working not with idempotents but rather with words in the free monoid. 

However, since this topic would lead us far out of the present context, we have to refer the reader to [2] for 

further details. 

We are thus left with two open problems. Namely, whether or not 3.4 (with 3,5) holds true as generally as 

Young seem to indirectly assert and the derivation of 3.3 from 3,2 with the present definition of Raising 

operators. 
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C o u n t i n g  Three -L ine  Lat in  R e c t a n g l e s  

Ira M. Gessel* 
Department of Mathematics 
Brandeis University 
Waltham, MA 02254 

A k x n Latin rectangle is a k x n array of numbers such that (i) each row is a permutation 

of In] = {1, 2 , . . . ,  r~} and (ii) each column contains distinct entries. If the first row is 12 . . . n ,  the 

Latin rectangle is said to be reduced. Since the number k x n Latin rectangles is clearly n! times 

the number of reduced k × n Latin rectangles, we shall henceforth consider only reduced Latin 

rectangles. It is known [7, exercise 4.5.10, p. 288; solution, p. 507] that  the number of (reduced) 

3 × n Latin rectangles is the coefficient of z" /n!  in 

OO ~;n 

~ V" ~! x)~+~" (I) 
(1+ 

For other work on the enumeration of 3 × n Latin rectangles, see [1],[2],[8]-[12], and [13, pp. 

204-210]. 

A 3 x n Latin rectangle may be identified with the pair (It, or) of permutations of l , . . . , n  

which are its second and third rows. A pair (r ,  a) of permutations corresponds to a 3 × n Latin 

rectangle if and only if for each i in [hi, r(i) ~ i, a(i) ~ i, and 7r(i) ~ a(i) ;  in other words, It, a, 

and ~ra -1 are derangements. 

We generalize (1) to count r and a by their numbers of cycles, and we obtain the following 

result: 

T h e o r e m  I .  The number of pairs (~,a)  of permutations of In] such that r ,a,  and lrcr -1 are 

derangements, ~r has j cycles, and a has k cycles, is the coefficient of aY flkxn/n! in 

e2~x 
n=0 n ~  (1 + c~x)"+/~(1 + flx)'~+'~(1 + x) '*+'~' (2) 

,,,h~re (,,). = ,,(,:, + I ) . . .  (~ + r, - I). 

Our approach is similar to that taken by Fonts and others {3]-[6] in their combinatorial study 

of orthogonal polynomials. We work with digraphs corresponding to permutations. We may 

identify the permutation ~r of [hi with the digraph on [hi having an edge from i to r(i) for each i. 

* partially supported by NSF grant DMS-8504134 
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We define a Latin configuration to be a digraph on In] with edges in three colors, yellow, 

blue, and green, with the following properties: 

1) The yellow edges form a derangement lr on In]. 

2) The blue edges form a derangement cr on [hi. 

3) If there is a green edge from i to ] ,  then there must be both a yellow and a blue edge from i 

to j. 

The weight of a Latin configuration is defined to be ~l~tfll~l-/a where t~r] is the number of cycles 

of 7r, ]a] is the number of cycles of a, and g is the number of green edges. Let L , (a , f l , '~ )  

be the sum of the weights of all Latin configurations on In] and let K,(a,f3,'y) be the sum of 

al-IflM~/ll(-,a)l over all pairs ( r ,  a) of derangements of [hi, where I(r,  a) is the set of values of i 

for which r ( i )  = a(i). 

L e m m a  1. 

L,,Ca,fl,7) = K.Ca, f l ,7 + 1). 

P roof .  Let D(n) be the set of derangements of In]. Then 

K.(~,a ,~+l)= ~ .t-t/ol(~+l)t~(~,~)t= 
~ , a 6 D ( n )  

al'dfllot.yiGt. 

~',a6D(~) 
G C;(~,o) 

But a pair 0r, a)  of derangements together with a subset G of I0r ,  0") corresponds to a Latin 

configuration in which the green edges are those from i to r ( i )  = c~(i) for i 6 G. 

It follows that K , ( a ,  fl, 7) = L,,(a, fl,'l - 1). We now determine the generating function 

oo n 

for Latin configurations. 

First we may split the vertices of a Latin configuration into two classes: those in green cycles 

and all others. A green cycle is coextensive with a blue cycle and a yellow cycle, and therefore 

can have no edges connecting it with any other vertices. 

The set of green cycles of a Latin configuration constitutes a derangement, since the only 

restriction on them is that  there be no fixed points. Since the generating function for derangements 

is e-X/(1 - x), the generating function for green cycles, together with their associated blue and 

yellow cycles, is (e-~Z/(1 - "~x)) aft because every edge is weighted '1 and every cycle is weighted 

aft. Thus L(z) = (e- ' Ix/(1 - 7z))'~flR(z), where R(x) is the generating function for 9reen-acyclic 

Latin configurations, that  is, Latin configurations with no green cycles. 
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We shall count green-acyclic Latin configurations by constructing them in two steps, with 

each step translating into a generating function operation. We first insert the green edges, ob- 

taining a set of green paths and a set of isolated vertices. We then "mark" certain vertices with 

indeterminates. Finally, based on the marks, we insert the yellow and blue edges. 

First we. make two observations which are the basis for the derivation of our generating 

function. 

1) The green edges constitute a set of disjoint paths, each of which has at least two vertices. 

2) If the green edges are contracted (together with their associated yellow and blue edges), what 

remains is a digraph consisting of a yellow permutation and a blue permutation. Any yellow 

or blue loop in the contracted graph must be attached to a vertex that was contracted. 

Now we do the construction. We start  with a set of green paths, each of at least two vertices, 

and a set of isolated vertices. We mark each isolated vertex with A and B. We mark the head of 

each green path with either A or a and with B or ft. 

The generating function for the configurations we have constructed so far is 

) i - - -  ~ + ABz , (3) 

where each green edge is weighted ~/. 

Next, we put in the yellow and blue edges as follows: 

1. Construct a yellow derangement through all the vertices marked A and a blue derangement 

through all the vertices marked B. 

2. For each vertex v which is the head of a green path, do the following: Let u be the tail of 

the path. If v is marked A, there is a yellow edge (w, v). Replace this edge with the yellow 

edge (w, u). If v is marked a ,  add the yellow edge (v, u). 

3. Repeat step 2 with A, a~ and "yellow" replaced by B, fl, and "blue." 

4. Add a yellow edge and blue edge parallel to every green edge. 

It is clear that only Latin configurations are obtained, and each is obtained exactly once. 

We now describe the operation on the generating function (3) which corresponds to the 

insertion of yellow and blue edges. Let D,,(s)  = ~ ,  sl*[, where the sum is over all derangements 

r of In]. Then the Latin configurations coming from a term AiBJakf l t '~mx'~/n!  in (3) will have 

total weight Di(a)Dj( f l )ak f l t" l"nx '~/n!  . This is because each vertex marked a yields a yellow 

cycle, each vertex marked fi yields a blue cycle, and the contribution from the vertices marked A 

and B is D i ( a ) D j ( f l ) .  

It is convenient to adopt the "symbolic" or "umbrM" convention 

A i = Di (a )  

B j = Dj( f l ) ,  
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by which we mean that  henceforth after an expression is expanded, any occurrence of A ~ is to be 

replaced by D~(a) and any occurrence of B i is to be replaced by DiCfl). As shown by Rota  [14], 

this means formally that  we apply to all our formulas a linear operator  ~ defined by 

( ABiakfl ~.) ( )D(/9)akfl 

Thus we need only evaluate (3) with this interpretation. First we study some properties of these 

"umbral  variables." We note that  

DiCa)~.1 = ~ ' 
i----O 

and thus 
° 

\ l - x /  

Now we introduce umbral  variables a and b defined by a = a + A and b = fl + B, that  is, 

a"  = ( a + A)'* 

and 

b"  = (fl + B)"  

for all n. Then we have 

2; n oo 2; n 

Thus a'* = (a),~, and similarly, b n = (/~),,. 

L e m m a  2. For a11 k, 
e ~ a k = ( l - ~ )  - ~  ~ • 

P r o o f .  We have 

e . a x a  k ~ a n + k -  ~ ~ '~  

ri,=O n = O  

= ( a l k ~ ( a + k ) , , ~ .  - (1_ ,~1~+ ~ - ( 1 - ~ )  - °  ~ • 
n = O  

It follows by linearity that  for any series f for which f ( a )  makes sense, 

Similarly, we have 

ebxI(b,  = (1--  X) 

Put t ing  these together,  we have 
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L e m m a  3. 

e ~ ' + b v f ( a , b ) = ( 1 -  u)-~'(1 ¢ - 8 f  ( a b ) 
- ) ' 1 - - u ' t  - - v  ° 

Now we write (3) as 

( a b T x  2 ) ( abx 
exp \ 1  - 7z + abx - afix - c~bx + ct f lx  = e a ~ e  -~p~-~b~ exp \ 1 - - - - - '~x]  " 

It then follows from Lemma 3 that  this is 

, ° ~ ( 1  + Z z ) - " ( 1  + ~ ) - ~  exp (I + ,G~)(1 + ~ ) ( 1  - ~) 
oo 

n:0  r~! (1 -F c~x)n+/~(1 + f l X ) n + a ( 1  -- 7x )  n '  

SO mult iplying by the generating function for green cycles, we get the generat ing function for 

Latin configurations, 

L . , C ~ , A ~ ) ~ ,  : e ~ ( ' - ~ ) ~  ( ~ ) . ( Z ) .  ~" 
• n!  (1 + c~x)'~+¢~(1 + f l x ) ' ~ + " ( 1  -- "lx) n+°t~" 

r ~ = O  n = O  

Then changing 7 to 7 - 1, we have 

X n 

n! 
n . = O  n = O  

X ~ 

(1 + ax)n+/~(1 + f l x ) n + e t ( 1  - ( ' I  -- 1)x) '~+a~ 

as the generat ing function for pairs ( r ,  c~) of derangements  by cycles of ~r, cycles of or, and equal 

values of Ir and a.  Set t ing 7 = 0 yields Theorem 1. 

Note in par t icu lar  that  se t t ing 7 = 1 yields 

oo . ~ 
~on.(c~)D~(~)~=e.~ ~ (c~),,(/3)~ z ~ = " .=o  '~! ( 1 + ~ ) - + ~ ( 1 + ~ ) " + - '  (4) 

and set t ing ot = fl = 1 in (4) yields 

O0 tl, O0 fig B 

r t = O  n = O  

where D,~ = Dn(1) is the derangement  number.  

The  methods  used in this paper  can also be used to count pairs (tr, a)  of permuta t ions  by the 

number  of cycles of r and a and the number  of fixed points of r ,  a ,  and r a  -1 .  If we omit  from 

this generat ing function the number  of fixed points of r a  -1 then we obtain a formula equivMent 

to the bil inear generat ing function for Charl ier  polynomials  (of which (4) is a specialization)• 



111 

The first six values of the polynomials K,~(a,fl, ~) are as follows: 

g 0 = l  

KI = 0 

K2 = ~ ' 7 2  

//'3 = 2aft(1 + 73) 

K4 : 3aft(2 + 2a + 2fl -t- 2aft + 83' + 4a'72 --F 4fl'72 + 2"l 4 + afl"l 4) 

K5 = 4afl(48 + 30a + 30fl + 30aft + 30"1 + 60a7 + 60/~'7 + 30afl~l 

+ 60"/2 4- 35otflff 2 -{- 30or,-/3 -]-- 30fl,,/3 + 6,75 + 5ct~3'75) 
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Abstract : 

We consider path in the lattice of positive integer coordi- 

nate where the possible "moves" are of four kinds : (i) increasing 

the x co©rdinate by i, (2) decreasing the x coordinate by l, (3) 

increasing the y coordinate by i, (4) decreasing the y coordinate 

by i. The number of such paths of len@th £, from (0,0) to any point 

whose y-coordinate is 0, lying below or touching the main diagonal, 

is CnCn+ 1 for £=2n and Cn+iCn+ 1 for £=2n+I where C n is the 

Catalan number. We give a bijective proof of this result. As corollary 

we give exact formulas for the number of standard Young tableaux 

having n cells and a most k rows in the cases k=4 and k=5 . 

I - Introduction. 

Les nombres de Catalan C - (2n) ! interviennent dans de 
n n!(n+l)! 

tr~s nombreuses formules d'@num~ration. Citons, entre autres, le nom- 

bre de faqons de partager un polygone en triangles (Euler [8] , 

Segner [21]), le nombre de mani~res d'effectuer un produit de n fac- 

teurs (Rodrigues [ 21], Catalan [3]), Le probl~me du scrutin (Bertrand 

[ 2] ) , les arbres dessin~s (Harary, Prins, Tutte [ 15] ) , ]es chemins 

minimaux sous-diagona~ix (Andr~ [ i]). Plus r~cemment des formules 

d~num~ration ont fait intervenir le produit de deux nombres de 

Catalan cons~cutifs CnCn+ 1 et le ca~r~ d'un nombre de Catala~ CnC n. 
Cn rencontre ces nombres dans l'@num@ration de certaines familles de 

cartes planaires (Mullin [17], Tutte [18]) et dans l'~num~ration des 

permutations de Baxter alternantes (Dulucq [6], Cori, Dulucq, Viennot 

[5]). 

Le principal r~sultat de cet article est d'~tablir que C C 
nn 

et CnCn+ 1 ~num~rent aussi une classe de che~ins sous-diagonaux. 

On appelle chemin une ligne polygonale dans le quart de plan 

des coordcnn~es entiSres constitute par une suite de points 
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A0,AI,...,A n tels que A 0 soit l'origine et que les coordonn6es 

(pi,qi) de A i et (Pi+l,qi+l) de Ai+ 1 v@rifient l'une des quatres 

conditions suivantes (i=0,1,...,n-l) : 

(i) Pi+l=Pi+l et qi+l=qi (pas Est) 

(2) Pi+l=Pi et qi+l=qi+l (pas Nord). 

(3) Pi+l=Pi-i et qi+l=qi (pas Ouest). 

(4) Pi+l=Pi et qi+l=qi-i (pas Sud) . 

La longueur d'un tel chemin est n. Ii peut @tre consid@r@ 

comme non minimal car ce n.'est pas forc@ment le chemin le plus court 

qui relie l'crigine au point A . Ii est dit sous-diagonal si pour 
D 

i=l,2,...,n Pi est sup@rieur ou @gal ~ qi . Ces chemins sous- 

diagonaux ont ~t@ introduits par G. Viennot qui a conjectur6 le 

r@sultat suivaDt qui est d@montr@ ici : 

Th6or6me I - Le nombre de chemins sous-diagonaux de icngueur 2n 

dont l'extr6mit@ terminale est sur l'axe des x est ~gal ~ CnCn+ I. 

Le nombre de tels chemins de icngueur 2n+l est ~gal ~ Cn+iCn+ 1 

La preuve donn@e iciest purement comhiDatoire. Elle utilise 

la notion classique de chemin minimal ou chemin de Dyck. Ce sont les 

chemins pr@c6dents qui n'utilisent pas les pas Ouest et Sud. Ainsi, 

dans le troisi6me paragraphe on construit une bijecticn entre les 

chemins sous-diagonaux et des paires de chemins minimaux sous-diago- 

naux et des paires de chemins minimaux sous-diagonaux reliant l'ori- 

gine ~ un m@me point et ne se coupant pas. 

Le quatri@me paragraphe d6montre l'6galit~ du nomhre de 

paires de chemins minimaux sous-diagonaux ne se coupant pas et du 

nombre de paires de chemins minimaux sous-diagonaux dont les longueurs 

sont les m@mes ou diff6rent de 2. Ces deux bijections prouvent le 

th6or@me 1 car le nombre de chemins minimaux sous-diagonaux reliant 

l'origine au point (n,n) est @gal ~ C . 
n 

Un corollaire de ce r6sultat est la d6monstration combinatoire 

des deux identit6s suivantes : 
n 

(i) CnCn+ 1 k[ 0 

n-i 
(2) C C = Z 

n n k= 0 

(2n) ! (2n+2) ! (2k+9) ! ,, 

(n-k) ! (n-k+l) ! (2k) ! (n+k+2) .~ (n+k+3) ! 

(2n-l) ! (2n+l) ' (2k+4) ! 

7n-k-l) ! (n-k) : (2k+l) ! (n+k+2) ! (n+k+3) ! 

Ces identit@s sont ~ rapprocher ce celle-ci (cf [5]) bien 

= ~ 2n Mais cette derni~re peut se d6montrer connue : CnCn+ 1 k=0(2k ) Cn_kCk . 
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tr~s facilement par le calcul en utilisant la convolution de 

Vandermonde alors que la d@monstration par le calcul des deux premie- 

res n'est pas imm@diate. 

Un deuxi~me corollaire du th@orTme 1 est l'@numTration des 

tableaux de Young standard ayant n cases et au plus k lignes pour 

k:4 et k=5. En effet, il existe une bijetion ([13] ,[14] ) entre les 

tableaux de Young standard ayant n cases et au plus 4 lignes et les 

chemins sous-diagonaux de longueur n dont l'extrTmit@ terminale est 

sur l'axe des x. 

II - D@finitions 

On utilisera des ensembles finis appelTs alphabets dont les 

@lTments seront appel@s des lettres. Les principaux alphabets utilisTs 

seront Z={x,x,y,~} et A:{a,a}. Un mot est une suite finie de lettres 

que l,'on notera f=ala2"''an . Le mot vide (la suite vide) sera not@e 

s . L'ensemble X* de tousles mots sur l'alphabet X (monoide libre 

engendr@ par X) est muni classiquement de l'op@ration binaire de 

concat@nation qui met bout-~-bout 2 mots. 

La longueur d'un mot, not@e Ifl, est le nombre de lettres 

de f. Pour une lettre x, Iflx note le nombre de lettres x 

contenues dans f. Un mot f' est un facteur gauche d'un mot f si 

il existe un mot f" tel que f:f'f". 

On d@finit les deux morphismes 6 et 6 de Z* dans ~ par: 
x y 

6 x(x)=l, ~X (~)=-I' 6 x (y)= 6 x(y) = 0 et 

y(x)= ~y(~): 0 , ~y{y)= i , 6y(~): -i. 

De m~me on d@finit le morphisme 6 de A* dans ~ par : 

(a)= 1 , 6 (~) : -i. 

On appelle langage de Dyck (parfois appel@ langage restreint de Dyck) 

le langage suivant : 

{f C A* I ~(f)=0 et Vf' facteur gauche de f alors ~(f')k0}. 

On le note D. Ii est bien connu que IDA A2nI= C n. L'ensemble des 

facteurs gauches de D de longueur 1 et d'image p par 6 est 

not@ FI, P (i et p sont de mTme parit@). Le nombre 

IFI,pI = (p+l) 1 ! a souvent 6t@ calcul@ (cf Comtet [4], 

Andrf i  [1  ] ,  K r e w e r a s  [ 1 6 ] ,  N a r a y a n a  [18 ]  , G o u y o u - B e a u c h a m p s  [ 1 2 ]  ) .  

L e s  m o t s  d e  F 1 ,  p c o d e n t  l e s  c h e m i n s  m i n i m a u x  s o u s - d i a g o n a u x .  I1  s u f f i t  

d e  c o d e r  l e s  p a s  E s t  p a r  a e t  l e s  p a s  N o r d  p a r  ~ . L e s  c h e m i n s  d e  
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Dyck, cas particulier des chemins de Motzkin d@finis par Viennot (cf. 

[26] [9 ] et [ 10 ]), sont des chemins minimaux sous-diagonaux ~ qui 

on fait subir une rotation. Les pas Est deviennent alors des pas Nord- 

Est joignant un point de coordonn6es (i,j) au point de coordonn@es 

(i+l, j+l) et les pas Nord des pas Sud-Est joignant (i,j) au point 

(i+l, j-l). Le chemin au lieu de devoir rester au-dessous de la 

diagonale principale doit ne pas passer au-desous de l'axe des x. La 

figure 1 montre le chemin minimal sous-diagonal et le chemin de Dyck 

correspondant cod6s par aaaaaa~aaaaaaaaa. 

L ,  . r 

f 

X 0 X 

FIGURE I 

III - Chemins de Dyck nese coupant pas± 

Soit V le langage compos~ des mots f de z* v~rifiant 

les deux propri~t@s suivantes : 

i) 6 (f) = 0 
X 

ii) Yf' , facteur gauche de f,6y(f') z 6x(f')~0. 

!i est facile de constater que les mots du langage V codent 

les chemins sous-diagonaux dont l'extr@mit~ terminale est sur l'axe des 

x. Les pas Nord, Sud, Est et Ouest sont cod~s respectivement x,~, y 

et y. La contrainte 6y(f')k6x(f') force le chemin ~ @tre sous-diagonal 

la contrainte 6x(f')z0 emp~che le chemln de passer au-dessous de l'axe 

des x, et la contrainte 6 (f) = 0 obl~ge le chemin ~ finir sur l'axe 
X 

des x. 

La paire (g,h) de Fl,pX FI, p est form@e de mots qui ne se 

coupent pas si pour tout g' (resp. h ~) facteur gauche de g (resp. 

h) tel que Ig' I =lh' I on a ~(h')~(g'). On note Vl, p l'ensemble des 

paires de mots de FI, p x FI, p qui ne se coupent pas. On peut 

remarquer que si (g,h) est form@e de mots qu± ne se eoupent pas, 

alors I fI=Igl et 6(f) = 6(g). La figure 2 donne un exemple d'une 

paire de mots qui ne se coupent pas et d'une paire de mots qui se 

coupent. 
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Y 

0 

Mots qui ne se  coupent pas (I=15,p=5) 

(g=aaaaaaaaaaaaaaa,h=aaaaaaaaaaaaaaa) 

~" j ,  

0 X 

Mots quise coupent (i=15,p=5) 

(g=aaaaaaaaaaaaaaa, h=aaaaaaaaaaaaaaa ) 

FIGURE 2 

Propri~t~ 2 - L' ensemble des mots de V de longueur iest en bijection 

qui ne coupent pas. avec l'ensemble des paires de mots (g,h) de p=0 Vl,p 

D~monstration - On d&finit le morphisme E de Z* dans ~×A* de la faqon 

suivante : 

E(y) = (a,a) ; E(y)=(a,a) ; E(x)=(a,a) ; E(x)=(a,a) . 

E est olairement une bijection de Z 1 dans A1 ~ A I. 

Soit fun mot de V de longueur i. Posons E(f)=(g,h) . Par 

construction ifi=IgI=lh i . Soient f' ,g' et h' les facteurs gauches de 

f,g et h de longueur m(0 _<m _< i) . on constate facilement que 

6(h')=~x(f')+6y(f') et que 6(g')=6 (f')-~x(f'). La propri~t~ ii des 
Y 

roots de V implique alors que 6 (h') >-6 (g') >-0 et la propri6t@ i que 

(h)=6(g). Ainsi E(f) est une paire de mots aui ne se coupent pas. 

E est donc bien la bijection annonc@e. 

Remarque - 

× est fortune de mots qui ne La paire (g,h) de FI, p Fl+2,p+ 2 

se touchent pas si, pour tout g' (resp. h') facteur gauche de g 

(resp. h) tel que Ig' I=l h' I -2 on a ~(h') ~(g') . Notons que i et p 

doivent @tre de m~me parit@, que les deux premieres lettres de h doivent 

@tre des a at que lhT=Igl+2 et 6(h) = ~(g) + 2. 

La figure 3 donne un exemple d' 

touchent pas et d'une paire de mots quise touchent 

x 
Mots qui ne se touchent pas (I=13,p=3) 

(g=aaaaaaaaaaaaa, h=aaaaaaaaaaaaaaa) 

FIGL~RE 3 

une paire de mots qui ne se 

¥ 

o 

Mots quise ~ouchent (i=13,p=3) 

(g=aaaaaaaaaaaaa,h=aaaaaaaaaaaaaaa) 
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Soit TI, p l'ensemble des paires de mots de FI,p×FI+2,p+ 2 

qui ne se touchent pas. On remarque que IT1, P 1= ~l,p I puisque (g,h) 

appartient ~ Vl, psi et seulement si (g,aah) appartient ~ TI, p- 

PropriEtE 3 - ~l,p I = I TI, p I = I El, p ] IFI+2,p+ 2 I- I FI+2, p I IFl,p+ 2 I. 

DEmonstration - 

On utilise une technique dEsormais classique de Gessel et 

Viennot [ ii] (cf. aussi [20] ,[22] , [27J , [7 ] et [19] qui consiste, 

pour @valuer la difference du hombre d'61@ments de 2 classes de 

n-uplets de chemins, ~ mettre en bijection les n-uplets de ehemins qui 

se coupent de chacune des deux classes et ainsi ~ ne garder que les 

n-uplets de chemins qui ne se coupent pas. 

Soit (g,h) un ElEment de FI,p~ FI+2,p+ 2. Notons 

g3,g4,...,gl+ 2 les lettres de A composant get hl,h 2 .... ,hl+ 2 celles 

de h. Deux cas peuvent se produire : 

- Soit (g,h) est une paire de mots ne se touchant pas. 

- Soit (@,h) est une paire de mots qui se touchent, c'est-~-dire 

qu'il existe un entier i {3~isi+2) tel que ~(hlh2...hi)s6(~g4...gi) 

Supposons que (g,h) soit une paire de mots qui se touchent. Soit j le 

plus petit indice (2Sj~l+2) tel que 6(hlh2...hj)=6(g3g4...gj). Si j=2 

on prend g3g4...gj=s.L'indice j existe car si deux mots se touchent 

les chemins de Dyck correspondants passent au moins une fois par le 

m@me point puisque d'une part l£(hlh2...hi)-6(g3g4...gi} Iest 

toujours Un nombre pair et d'autre part j6(hlh2...hi)-6(hlh2...hi_l) ] 

est toujours Egal ~ 1 (ainsi que [6(g3g4...gi)-@(g3g4...gi_l) I) • 

Construisons les deux mots g":hlh2...hjgj+igj+2...gl+2 et 

h"=g3g4...gjhj+lhj+2...hl+ 2 . Ii est clair que (g",h") appartient 

Fl+2,p x Fl,p+2" 

Par le m@me proc@d6, on peut faire correspondre ~ un 

@l@ment (g",h") de Fl+2,p× Fl,p+ 2 un @iEment (g,h) de l'ensemble des 

mots qui se touchent. En effet les chemins de Dyck correspondants 

g" et h" se croisent et donc se touchent obligatoirement au moins une 

fois . Ii suffit d'inverser les deux chemins ~ partir du premier point 

o~ ils se rencontrent. La correspondance est bijective. 

Le nombre d'El6ments de TI, pet donc de VI, pest bien 6gal 

]FI,p ] ~i+2,p+2 I-~Fl+2,p ]]El,p+2 I • 
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Corolla!re : 

n n 

a) IVNz2n I =k=E0 IV2n, 2k I =kZ=0 
(2n) ! (2n+2) ! (2k+3) ! 

(n-k) ! (n-k+l) I (2k) ! (n+k+2) l (n+k+3) ! 

b) IV ~ z2n-iI= 
n-i 

IV2n_l, 2k+l I= 
k=0 

n-i 
= Z 

k=O 

(2n-l) ! (2n+l) ! (2k+4) ! 
(n-k-l) ! (n-k) ! (2k+l) ! (n+k+2) i (n+k+3) ! 

Preuve : Comme on l'a vu dans l'introduction 

iFl,pl=(p+l) I ! 
Fk~], [i+-t2--+iI, 

" 2 

IFl,pl = 0 sinon. 

si 1 et p sont de m~me pari£@ et 

i! (1+2) ! (p+3) i et ainsi, en 
Done IVl,p! = i ~  ![~+~ !p! [ I-~ +2 ] ! ~ 3  ] ! 

reportant les valeurs de IVl,pl pour l=2n et 2n-i on d~montre le 

corolla!re. La figure 4 donne le tableau des premieres valeurs de Vl, p. 

1 p 0 1 2 3 4 5 6 7 8 9 I0 

0 1 

1 0 1 

2 1 0 1 

3 0 3 0 1 

4 3 0 6 0 

5 0 14 0 i0 

6 14 0 40 0 

7 0 84 0 9O 

8 84 0 300 0 

9 0 594 0 825 

i0 594 0 2475 0 

1 

0 I 

15 0 1 

0 21 0 

175 0 28 

0 308 0 

~25 0 504 

FIGURE 4 

1 

0 1 

36 0 1 

0 45 I 0 
i 
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IV- Le nombre de chemins sous-diaggnaux se terminant sur l'axe des x. 

On appelle M21 l'ensemble des mots f=flf2...f21 de F21,0 

tels que fl_l=fl=a. De m@me on appelle D21 l'ensemble des mots 

f=flf2...f21 de F2L, 0 tels que fl_l = fl=a - 

On note [ l'image de f @ A* par le morphisme qui change les 

a en a et les a en a. 

est l'image miroir du mot f, c'est-~-dire que si 

f=flf2...f n alors f~n...f2fl 

Propri@t@ 4 - Le nombre de mots de V de longueur 1 est @gal 

IM21+41-1D21+41. 

D@monstration : Soit (g,h) un 61@ment de Fl,p×~l+2,p+ 2. Le mot 

gaa~ appartient ~ F21+4,0 et donc ~ M21+4. Inversement, pour tout 

mot f=flf2...f21+4 de M21+4 , il existe un entier p tel que flf2...fl 

appartienne ~ FI, pet f21+4f21+3...fl+3 ~ FI+2,p+ 2 .Donc 

1 1 

~21+41 =p~o IF1,pIIF~+2,p+21 

De m@me si (g,h) est un @16ment de FI,p+2 ~ FI+2, p le mot 

gaah appartient ~ F21+4,0 et donc ~ D21+4. Inversement pour tout mot 

f de D21+4 il existe un entier p tel que flf2 .. "fl appartienne 

-- 1 

'F et f "l,p+2 21+4 f21+3"''fl+3 ~ FI+2,P" Ainsi ID21+4 I= ~ IF 1 p+21 IF1+2, p 
p=0 ' 

i 

Comme M21+4ND21+4 = 4, on a bien l'@galit@, d'apr~s la 

propri@t@ 3 : 

1 

jv n zlj= z (IFI,plIFI+2,p+21-1F 1 p+211Fl+2,p 
p=0 

Propri@t@ 5 : a) I M4n+4 l-ID4n+41= CnCn+ 1 . 

b) IM4n+2I-ID4n+21: CnC n 

I)=IM21+4J-ID21+41 • 

D@monstration : 

a) l=2n 

Soit fun @l@ment de F~I+4. Le mot f peut s'6crire 

f=flf2f3 avec IflI= If31=l et If21=4. soit 2p l'image de fl par 

Si de plus f appartient ~ M21+4 , il est dans l'une des quatre classes 



120 

suivantes d@finies par la valeur de f2 : 

~) f2 : aaaa , 6(flf2)=2p avec 0spsn . 

8) f2 := aaaa , 6(flf2)=2p+2 avec 0spsn-i 

7) f2 = aaa[ , 6(flf2)=2p+2 avec 0spsn-i 

6) f2 = aaaa , ~(flf2):2p+4 avec 0ipsn-2 . 

Si f est un @16ment de D21+4, suivant la valeur de f2' il 

appartient ~ l'une des quatre classes suivantes : 

~') f2 = aaaa , 6(fi)=2 p avec ispsn . 

8') f2 : aaaa , 6(fl)=2p+2 avec 0~psn-l. 

Y') f2 = aaaa , 6(fl)=2p+2 avec ispsn-i 

~') f2 = aaaa , 6(fl)=2p+4 avec 0sp~n-2. 

Soit P l'application de Z 21+4 dans Z 21+4 d@finie par : 

P(flf2f3 ) : ~3f2{i avec IflI:If3]=l et If21:4 

Si on d6compose les classes ~ et T de M21+4 en les 3 classes suivantes: 

~i ) f2=aaaa , @(flf2):2p avec ispsn , 

Y1 ) f2=aaaa , 6 (flf2)=2p+2 avec ispsn-i , 

s) soit f2:aaaa et 6(flf2)=0,soit f2=aaaa et @(flf2)=2 , 

il est clair que Pest une bijection entre la classe ~l(resp. 8,y 1 

et 6) de M21+4 et la classe ~' (resp. B',y' et 6') de D21+4 .Donc 

le nombre d'616ments de la classes est @gal ~ IM4n+41-1D4n+4 I (cf. 

figure 5). 

Or un @16ment de la classe ~ est @gal soit a flaa[af 3 avec 

6(fl)=~(f3)=0 soit flaaaaf3 avec ~(fl):6(aaaaf3)=0. 

Notons soit f4:aaf 3 dans le premier cas, soit f4=aaf3 dans le 

second cas. Le couple (fl,f4) appartient alors a F2n,0 x F2n+2,0 

Inversement ~ tout couple de F2n,0 × F2n+2,0. On peut associer un 

616merit de la classes de M21+4 . 

Ainsi CnCn+l:IM4n+41-1D4n+4 I 
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b) l=2n-i. 

La d6monstration se fait de la m@me mani6re. 

Soit fun 616ment de F~I+4. Le mot f peut s'6crire 

f=flf2f3 avec iflI=If31=l et If21=4. soit 2p-I l'image de fl par 6 

Si de plus f appartient ~ M21+4 , il est dans l'une des 

quatre classes suivantes d6finies par la valeur de f2 : 

e) f2=aaaa , 6(flf2)=2p-i avec Isp~n. 

8) f2=aaaa , 6(flf2):2p+l avec ISp~n-l. 

y) f2:aaaa , 6(flf2)=2p+l avec IspSn-l. 

6) f2=aaaa , ~(flf2)=2p+3 avec isp~n-2. 

Par contre si f appartient ~ D21+4 , il est dans l'une des 

quatre classes suivantes d@finies selon les valeurs de f2 : 

~') f2=aaaa , @ (fl)=2p-i avec 2spsn . 

8') f2=aaaa , @ (fl)=2p+l avec ispSn-l. 

y') f2=aaaa , 6(fl)=2p+l avec Isp~n-l. 

6') f2=aaaa , 6(fl)=2p+3 avec isp~n-2 . 

Si on decompose la classe ~ en les deux classes suivantes : 

el ) f2=aaaa , 6 (flf2)=2p-i avec 2sp~n , 

~) f2=aaaa , 6(flf2)=l , 

il est clair que l'application P d6crite plus haut est aussi une 

bijection de la classe el (resp. @,yet 6) de M21+4 dans la classe e' 

~esp. @',y' et 6') de D21+4. Et done le hombre d'@l@ments de la elasse 

est @gal ~ IM4n+21-1D4n+2 I (cf. figure 6). 

Mais un 61@ment f de la classe~ s'~crit flaaaaf 3 avec la 

condition 6(fi)=6(~3)=i. La classes est done en bijection avec l'en- 
(2n) ! 

semble F2n_l × F2n_l,l. Or F2n_l.l=Cn = n! (n+l) ! 



122 

Ainsi CnCn= IM4n+21-1D4n+2 ! 

Ceci termine la preuve de la propri@t@ 5. 

Le th@or6me iest une cons6quence direc~e des propri6t6s 

4 et 5. 

Les premieres valeurs des coefficients de la s@rie 

6num~ratrice sont : I, i, 2, 4, i0, 25, 70, 196, 588, 17@4, 5544, 

17424, 56628, 184041. 

Les identit~s (i) et (2) r6sultent des propri@t@es 3 et 5. 

Remarque 1 : 

On volt facilement que le langage V n'est pas alg6brique. 

Les s6ries : 

oo 
h(z) = Z 

n=0 
i~/2 sin2~ ) CnCnzn=4/~ (l-/l-16z (8z sin 2 ~ )-icos2~ d 
0 

et g (z) = 
fTj2 

CnCn+ 1 zn=2/rl~ (i- -16Z sin 2 -I 2 n=0 ~0 h° ) z cos ~ d <~ 

ne sont pas alg~briques et donc la s~rie g6n6ratrice des mots de V ne 

l'est pas non plus. Par contre elles sont "differentiably finite" au 

sens de Stanley [24] puisque leurs coefficients v@rifient les 

relations : 

(n+2) 2 (2n+i)2C C =0 Cn+iCn+l-4 n n 

et (n+3) (n+2)Cn+iCn+2-4(2n+3) (2n+l)CnCn+ 1 : 0. 

Remarque 2 : 

On appelle R-chemins les chemins sous-diagonaux qui sont 

color6s de la fagon suivante : les pas Ouest (resp. Nord, resp. Sud) 

dont le point de d@part a des coordonn6es de parit6 diff@rente sont 

color6s avec quatre (resp. deux, resp. deux) couleurs. Par les m@mes 

techniques que pr@c@demment (cf. [ 13]), on peut d@montrer le r6sultat 

suivant : le nombre de R-chemins de longueur 2n aboutissant 

l'origine est 6gal ~ (RnRn+2-R~+I)/2 o~ R nest le nombre de Schr~der 
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.2n-i, 
Z {. i } Cn-i 

iz0 

Ce r6s~Itat peut ~tre rapproch6 du fait que le hombre de 

chemins sous-diagonaux de longueur 2n retournant ~ l'origine est @gal 
n _ 3! (2n) ! (2n+2) ! 

CnCn+2-C +i n[ (n+l) ! (n+2) ! (n+3) ! 

Les premiers nombres de R-chemins de longueur 2n aboutissant 

l'origine sont (0sns6) : i, 4, 28, 284, 3652, 55108, 932476. 

R_emarque 3 : 

II existe une bijection ([ 13] ,[ 14]) entre les tableaux de 

Young standard ayant n cases, p cOlonnes de hauteur impaire et au plus 

4 lignes et les chemins sous-diagonaux de longueur n aboutissant au 

point de eoordonn@es (p,0). On a alors les r@sultats suivants : Le 

hombre de tableaux de Young standard ayant I cases et au plus 4 lignes 

est 6gal ~ CnC n pour l=2n-i et CnCn+ ] pour l=2n. 

Ze nombre de tableaux de Young standard ayant n cases et au plus 5 

n/2 3!n! (2i+2) ! 
lignes est 6gal ~ Z 

i=O (n-2i)!'i'! (i+l)! (i+2)! (i+3)! 

,,,i l~p-<n 

> 

2n 4 2n 2~ 4 2n 

; 

2n 4 2n 2n 4 2n 

2,7 4 2n 2n 4 2n 

2n 4 2n 2n 4 2n 

FIGURE 5 
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l~p<n 

2n-I 4 2n i 2n I 4 2n-I 

[ p~:n-I 

/'~ p "( \  

2n-1  4 2n-1 2n 1 4 2n-1 

l tp~n-1  

2n I 4 2n I 2n I 4 2n-1 

l£p<n-2 <~ 

< 
2n-1 4 2n i 2n 1 4 2n-1 
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Foncteurs analytiques e t  e s p b c e s  d e  structures 

par 

Andre Joyal 

Universit6 du QuEbec ~ MontrEal 

Introduction 

Le but de ce travail est d'exposer la thEorie des esp~ces de structures en relation avec la thEorie 

des foncteurs analytiques. Ceci permet de donner 5 la thEorie des operations sur les esp~ces de structures 

une base conceptuelle satisfaisante. Nous dEvelopperons ensuite la thEorie des esp~ces tensorielles en 

gardant en vue des applications aux alg~bres de Lie libres. 

Chapitre 1. Foncteurs analytiques 

1. O. La construction du monoide librement engendr6 par un ensemble A est succinctement rEsumEe 

par la sErie gEom&rique 

L(A) = 1~ A n 
n20 

De m~me, la sErie exponentielle 

exp(A)= 2~ A n 
r~0 / "~n 

nous donne la construction du monoide commutatif libre sur A fie quotient An /~n  est pris relativement 

raction naturelle du groupe sym&rique ~ n  sur An).  

Une troisi~me construction est celle de l'ensemble C(A) des mots circtdaires sur un alphabet A: 

C(A) = Y~ A n 
n~>O /Cn 

ofl C n est le sous-groupe de ~ n  engendr6 par la permutation i ~ i + 1 (mod n). 

Avec l'appui financier du programme FCAR, QuEbec, EQ 1608, et du CRSNG, Canada. 
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Ces trois constructions sont en fait des foncteurs de la cat6gorie des ensembles vers elle-mSme, 

L ,  exp, C : Ens > Ens 

Plus g6n6ralement, soit 

~ n  x Fin] ) Fin] (n ~ 0) 

une suite de repr6sentations ensemblistes des groupes sym6triques. 

D6finition 1. Un foncteur F: Ens ) Ens est analytique s'il poss~de un d6veloppement en s~rie de 

Taylor 

F(A)= 2 A n * F [ n ]  
rt.~.0 ~ n  

le n-i~me terme de cette s6rie 6tant le quotient du produit cart6sien A n x F[n] par h relation d'6quivalence 

identifiant (f, (~t) avec fro, t) pour tout f e A n, o e ~n,  t e F[n]. 

Remarque.  Nous avons fait agir ~ n  ~t droite sur A n e n  posant f~  = (fl ..... fn) c = (f(r(I) ..... f(~(n))- 

On peut aussi fake agir ~ n  ~ gauche en posant (~.f = f (~-1. On a alors une bijection. 

A n x F[n]~n -~ F[n] x A n / ' ~ n  

Nous dirons que (F[n] I n >0) est la suite de coefficients de Taylor du foncteur F. Cette terminologie 

pr6sume de l'unicit6 du d6veloppement en s6rie de Taylor d'tm foncteur analytique. Nous a11ons 6noncer 

un r6sultat ~t cet effet. Remarquons d'abord qu'une suite 0 = (0n In>0)  d 'applications 

~n-6quivariantes 

induit une transformation naturelle 

On: F[n] >Gin] (n ~0) 

O : F  >G 

entre les foncteurs analytiques correspondants. Nous dirons que la suite 0 est un morphisme de la suite 

(Fin] E n_>0) vers la suite (Gin] In>0). 

Th6or~me 1. L'application 0---) 0 est une bijection entre l'ensemble des isomorphismes de 

(Fin] lnL'O) vers (G[n] I n_>0) et rensemble des isomorphismes naturels de F vers G. 

Autrement dit, la s6de de Taylor d'un foncteur analytique est unique h isomorphisme canonique 

pr~s. Ce r6sultat se g6n6ralise comme suit. Un carr6 commutatif 

f 
A > B  

I v 
C ~ D 

u 

est r~gulier si pour tout (b, c) e B x C tel que v(b) = u(c) il existe a e A tel que (f(a), g(a)) = (b, c). 
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D~finit ion 2. Soient F, G des foncteurs Ens 

r@ulidre si pour tout f: A > B le carr6 

) Ens. Une transformation naturelle c~: F > G est 

est r6gulier. 

F(O 
F(A) > F(B) 

cxA 1 l a B  
G(A) > G(B) 

G(f) 

Propos i t ion  1. L'application 0 i--> ~ est une bijection entre rensemble  des morphismes de (FIn] I n>0) 

vers (GIn] I n_>0) et rensemble des transformations naturelles r6guli~res de F vers G. 

La d6monstration est contenue dans rappendice.  Le th6or~me 1 est une cons6quence de cette 

proposition puisque tout isomorphisme naturel F > G est r6gulier. 

I1 est possible de caract6riser les foncteurs analytiques par des conditions simples: bicontinuit6 et 

r6gularit6 (appendice). 

La proposi t ion  entraine que pour  tout  foncteur analyt ique F il existe une et une seule 

transformation naturelle r6guli~re (le support ): 

supp: F > exp 

En effet, comme exp[n] = 1 pour tout n > 0, il y a un et un seul morphisme de suites 

0: (FIn] In > 0) > (exp[n] In -> 0) 

et par suite une et une seule transformation naturelle r6guli~re 0 = supp. 

1 . 1 .  Les foncteurs analytiques de plusieurs variables sont d6finis au moyen des s6ries de Taylor  en 

plusieurs variables. Soit d ~ N.  Pour tout n = (n 1 . . . .  nd) e N d et pour tout A = (A 1 . . . .  Ad) e Ens d, 

posons 

An n 1 ... And 
= A 1 x . . . x  --u~ ~ n  = ~ n  1 x x "~nd 

Soit (FIn] I n e  N d) une famiUe de ~ n - e n s e m b l e s  

~ n  x F[n] > F[n] (ne N d) 

Un foncteur F: Ens d > Ens est analytique s'il posshde un d6veloppement en s6rie de Taylor  

F(A 1 .... .  A d ) =  5". F [ n ] x A  n /  
n~ II d ~ n  

On d6montre que la suite de coefficients (F[n] I n ~ IN d) est uniquement d6termin6e (~ iso- 

morphisme canonique pros) par le foncteur F. 
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Notation. Nous utiliserons, pour drsigner les foncteurs, les conventions usuelles de l'Analyse pour les 

fonctions d'une ou de plusieurs variables. Nous 6crirons souvent F(X) plutrt que F pour drsigner un 

foncteur d'une variable X. Nous 6crirons de m~me F(X, Y) pour drsigner un foncteur de deux variables. 

Avec ces notations, X pourra drnoter aussi bien le foncteur identit6 Id: Ens ) Ens que le foncteur 

projection p 1: Ens2 > Ens. 

1.2.  Soit F un groupe fini agisssant sur un ensemble fini I. Pour tout ensemble A, le groupe F agit 

naturellement sur A I = {f: I ............. , A} : 

((r.f)(i) = f(cr-li) (ie I, ~e  1-3 

La puissance symrtrique de A par le F-ensemble I est le quotient A I / F  . Vdrifions que l 'opr- 

ration de puissance symrtrique est un foncteur analytique. En effet, soit n = Card I et soit A(I, n) 

l'ensemble des bijections de I vers { 1, 2 ..... n}. La composition (v,f) --+ fov d~finit une application 

A(I, n) × A n > A I 

Les groupes F et @n op~rent sur A(t, n) et ces actions commutent entre dies. On obtient, par passage 

au quotient, une application 

A(I, n ) / F  x A n > A I / F  

et, finalement, une bijection 
A ( I , n ) / F X A  n / @ n  ~ ) A I / F  

Les puissances symrtriques se grndralisent au cas de plusieurs variables: soit F u n  groupe fini 

agissant sur des ensembles finis 11 ..... I d. La puissance symrtrique d'un multi-ensemble 

(A 1 ..... Ad) par (I 1 ..... I d) est le quotient 

A I l x  ... x A I d / F  

On v6rifie qu'il y a un isomorphisme 

AI11 Icl ~ A(I, n ) / F  x A n x . . . x A  d / F  / "~n 

off n = (n 1 ..... n d ) =  (card I 1 ..... card Id) et A(I, n) = A(I 1, n l )  x ... x A(Id, rid). 

1 .3 .  Nous aUons maintenant drcrire des oprrations sur tes foncteurs. Nous drmontrerons plus tard 

que ces oprrations prrservent ranalycitr. 

(i) la somme 
(F + G)(A) = F(A) + G(A) 

et, plus grnrralement, la combinaison linraire 

(Y. C i x F i ) ( A  )=  Y. C i x F  i (A) 
ie  I ie I 

oh (C i [ie I) est une famille d'ensembles et (F i I ie I) est une famille de foncteurs; 
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(ii) leproduit (fini) 

et, plus gdn&alement, 

et aussi la puissance 

(F.G)(A) = F(A) x G(A) 

(I-[ Fi)(A)= I-I Fi(A) 
i¢I ieI 

FI(A) = F(A) I 

(iii) la composition (ou la substitution ) 

(FoG)(A) = F(G(A)) 

et, plus g6n6ralement, 

F(G 1 . . . .  Gr)(A ) = F(G 1 (A) . . . .  Gr(A)) 

o~ F: Ens r > Ens et Gi: Ens d > Ens (l<i<_r) ; 

(iv) le quotient par l'action d'un groupe 

(F/F)(A) = F(A)/ r  

off F agit sur F par transformation naturelle. 

Th6or~me 2. Les foncteurs analytiques sont clos sous les op6rations suivantes: 

i) les combinaisons lin6aires finies ou infinies 

ii) les produits finis 

iii) la composition 

iv) le quotient par raction d'un groupe. 

Pour d6montrer ce th6or~me, on peut utiliser les propri&6s camct6risant l'analycit6 (appendice) 

ou encore proc6der par calcul direct des coefficients des s6ries de Taylor. Cependant, il appert que ces 

coefficients ont une forme compliqu6e quand on choisit de les d6crire, ainsi que rayons fait jusqu'~ 

pr6sent, comme des repr6sentations ensemblistes des groupes sym6triques. Nous obtenons des calculs 

plus transparents en prenant un autre modNe: les esp~ces de structures. La d6monstration du th6or~me 

est par suite report6e en 2.1. 

C h a p i t r e  2. E s p b c e s  d e  s t r u c t u r e s  

2.0.  La th6orie des esp6ces de structures est essentiellement une th6orie des coefficients des foncteurs 

analytiques. Elle entretient une relation 6troite avec la th6orie des s6ries formelles et avec la combinatoire. 

Gr'~ce ~ elle, il devient possible de d6velopper une vision combinatoire des op6rations d6finies sur les 

foncteurs analytiques. 
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D6finition 1. Une esp~ce de structures F est un foncteur 

F[ ]: B ~ Ens 

oh B est la categoric des ensembles finis et bijections. Un 616ment o~F[S] est une structure d'espOce F 

sur S; nous dirons aussi que c'est tune F-structure sur S. Si [3 = F[u](c0 o~. u: S -:" " T, nous dirons que 

13 est obtenue en transportant (z le long de la bijection u et que u est un isomorphisme de ccvers 13. 

Les F-structures forment une catdgorie (un groupoide): la cat6gorie el F des dldments de F; un 

objet de el F est un couple (o¢, S) o?a ot~ F[S]; un morphisme u: (~x, S) )(13, T) est un isomorphisme 

de c~ vers 13. Les composantes connexes de ce groupoide sont les types de structures: deux structures ont 

le marne type si et seulement si elles sont isomorphes. Nous d6signerons rensemble des types de 

l'espbce F par 

F[S] 
S 

Pour chaque entier ne  N,  on ddfinit, par transport de structures, une action du groupe 

sym6trique ~ n  sur F[n] = F[{1,2 ..... n}]. 

Proposition 1. On a une bijection canonique 

F[S] = Y. V[n]/~ 
s m_>O n 

, 13 Preuve. Toute structure o:~ F[S] est isomo~he ~ une structure ~ ~ .  [n] oh n = Card S. De plus, c( et 

c(' sont isomorphes 5 c¢ si et seulement si elles sont isomorphes entre-elles, c'est-~-dire si et seulement si 

il existe cy~ '~n  tel que g.cz' = of'. C.Q.F.D. 

Une esp~ce de structure de plusieurs variables est un foncteur 

F[ ]: B d ) Ens 

og de N est le nombre de variables. On d6finit sans difficult6 les concepts d'isomorphisme et de type 

de F-structures. Nous d6noterons 

F[S 1 . . . .  S d] 
S 1 ..... S d 

l'ensemble des types de l'esp~ce F. I1 est aussi possible de d~finir des sommations partielles; ainsi 

F[S, TI 
T 

d~signera, pour chaque S~ B, l'ensemble des types de l'esp~ce T ~-~ F[S, T]. 

Un exemple d'esp~ce de deux variables est t'esp~ce A. Pour tout (S, T)~ B 2 on a 

A[S, T] = {f: S ~ T I f est bijecfive} 

Nous allons maintenant dresser une liste d'identit6s gouvemant l'utilisation de ~ et de A. Ces 

identit6s seront ufiles clans les calculs ~ venir. 
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a) associativit6 

b) commutativit6 

c) distributivit6 

d) remplacement 

e) 

~ F[S, T] = ]~ F[S, T] 
S T S,T 

F[S,T] = ~ F[S,T] 
S,T T,S 

~G[S]  x F[S, T] =GIS]  x ~ F [ S ,  T] 
T T 

F[S] × A[S, T] = F[T] ×A[S, T] 

A[S, T] = 1 
T 

Le symbole d'6galit6 dans ces identitOs signifie qu'il y a un isomorphisme naturel entre les deux 

membres. Les esp~ces figurant dans ces formules peuvent comporter d'autres variables que celles 

d6crites explicitement. Cependant, pour la distributivit6, il est n6cessaire de supposer que G[S] est 

ind6pendante de la variable T. Ajoutons ~ cette lJste quelques relations: 

f) 
F[S, T] = ~ X F[S, T] 

S,T R S+T=R 

o~ la sommation ordinaire est index6e par les couples (S, T) tels que SnT = O et SvoT = R. 

g) 
E A ixzx[Ti ,S]= X A i 

S ieI i~I 

h) A[U+V, R] = X A[U, S] x A[V, T] 
S+T=R 

Voyons qu'une esphces de structures F est entihrement d&ermin6e (~ isomorphisme canonique 

prhs) par la suite (F[n] ] n>O). 

Proposition 2. On a un d6veloppement en s6rie 

F[S] = n~>0_ F[n] x A[S, n] / ~ n  

Preuve. On a successivement 

F[S] = F[S] x Z A[S, T] 
T 

= ZF[S] x A[S, T] 
T 

= Z F[T] x A[S, T] 
T 

= nX_>oF[n] x A[S, n] / ~ n  
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ob nous avons utilis~ e), c), d) et la proposition 1. On peut aussi faire une d6monstration directe que 

nous laissons au lecteur. 

Le dgveloppement en sgrie de la proposition 2 nous permet de voir que toute suite (F[n] I n>0) de 

repr6sentations des groupes sym~triques d6finit une esp~ce 

S ~ E oF[n] x A[S, n] / 
~ n  

Nous dirons que c'est l'extension de la suite (F[n] I n)_>O). 

Pour tout entier n>-0, soit Ens ~ n  la cat6gorie des ~n-ensembles. Posons 

~ *  ~n 
Ens = ~ 0  Ens 

D'autre part, soit Ens B la cat6gorie des esp~ces (les mo1~phismes 6tant les transformations naturelles), on 

a le  foncteur restriction r : F ~ (F[n] I n _> 0) 

B "~* 
r : Ens ; Ens 

et le foncteur extension 
11 

e : Ens > Ens" 

Proposition 3, Les foncteurs r et e sont des gquivalences de cat6gories (quasi-)inverses rune de 

l'autre. 

Nous pouvons maintenant donner une description combinatoire du foncteur analytique associ6 

une esp~ce F. Pour tout ensemble A, consid6rons l'esp~ce 

S~--~ F[S] x A S 

p: S 

Nous dirons qu'un 616merit (a, p) e F[S] x A S est une F-structure dtiquetde par A; la fonction 

> A est un dtiquetage de o~ par A; un 61gment de A est une dtiquette. Posons 

F(A) = Z F[S] x A S 
S 

Un 616ment de F(A) est un type de F-structures 6tiquetges par A. Pour toute fonction f: A ...... ) B ,  

nous noterons F(f): F(A) ; F(B) rapplication obtenue en composant les 6tiquetages par f. Nous 

avons un foncteur 

F( ): Ens ) Ens 

Proposition 4. Le foncteur F( ) est analytique et l'on a 

F(A) = Z: F[n]  × A n / 
n_>u ~ n  
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Preuve. C'est une consdquence de la proposition 1. 

Les rdsultats d6montr6s jusqu'ici nous permettent maintenant d'affirmer qu'il y a 6quivalence 

entre les trois concepts suivants: 

A) Une suite de repr6sentation ensemblistes des groupes sym6triques 

~n x F[n] 

B) Un foncteur anatytique 

F[nl (n>O) 

C) Une esp~ce de structures 

F( ): Ens ~ Ens 

F[ 1: B ~ Ens 

Notation. Nous utiliserons indiff6remment F ou F(X) pour d6signer run ou rautre de ces concepts. 

L'usage de parentheses nous permettra de r6soudre, au besoin, l'ambiguit6. Autrement dit, 

F[S], Fin], F(X)[S], F(X)[n] 

sont des coefficients de F alors que F(A) est le r6sultat de rdvaluation du foncteur analytique F(X) en 

AE Ens. 

2 .1 .  Dans ce paragraphe, nous allons donner une liste de formules pour le calcul de la somme, du 

produit et de la substitution d'esp~ces de structures. Chacune des formules est une recette combinatoire 

perrnettant de cor~stmire les structures de l'esp~ce d6sir6e. 

(i) la somme 

et la combinaison lin6aire 

(F+G)[S] = F[S] + G[S] 

(~ iCi  x Fi)[S l = ~ i C i  x Fi[SI 

(ii) le produit fini 
(F-G)[S] = Y~ F[U] x G[V] 

u+v=s 

(IIiei Fi)[S] - f~IS iEII-i Fi[f-l(i)] 

VI[S] = Y l I  F[f-l(i)] 
feI S ieI 

(iii) la composition FoG (si G[@] = @) 

(FoG)[SI= Z 
Re Eq[S] 

F[S/R] x l"I 
C~ S/R 

off Eq[S] est rensemble des relations d'6quivalence sur S. 

G[C] 
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O n a  

(iv) la composition FoG (cas g~ndral). Consid&ons l 'espbce en deux variables 

W [ S , T ]  = Y~ F[T] x 1-[ G[f ' l ( i ) ]  
f:S-+T ieT 

(FoG)[S] = ~ W[S, T] 
T 

(v) la composition F(G 1 . . . . .  Gr) (si Gi[O] = O, l<i<r)  

F(G 1 . . . . .  Gr)[S] = ]~ F[S/R] x l-I Gt(c)[_C_] 
(R, t)e Eqr[s] Ce IS[/R 

o~t S = (S 1 . . . . .  Sd), ISI = S 1 + ... + S d et og 

Eqr[S] = {(R, t) I Re  Eq[[Sl], t: [SI/R 

Nous avons pos~ 

S/R = (t-1(1) . . . . .  t - l ( r))  e B r 

) {1,2  . . . . .  r}} 

et C = (CnS 1 . . . . .  CnS d) ~ B d 

(vi) l '6valuat ion (partielle). Si F = F(X, Y) et A e  Ens, alors 

F(A, Y)[T] = ~. F[S, T] x A s 
S 

~ 0  Fin, T] A n = x / ~ n  

(vii) le quot ien t  par un groupe 

(F/F)[SI = F[S]/F 

Preuve.  Les formules i), vi) et vii) sont dvidentes. 

ii) F(A) x G(A) = ( ~  F[S] x A S) × ( ~  G[T] x A T) 
S T 

= ~ F[S] x G[T] x A S+T 
S,T 

= ~. E F[S] x G[T] x A S+T 
R S+T=R 

= ~ ( E F[S] x G[T])A R 
R S+T=R 

iv) F(G(A)) = ~  F [ T l x G ( A )  T 
T 

= ~  F[T] x G T ( A )  
T 

= ~ F[TI x ~ GT[sI  x A S 
T S 

= ~  ~ F [ T ] x G T [ S ] x A  S 
T S 
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puisque ron a W[S, T] = F[T] x GT[s] .  

= ~ ]~ F[TI x GT[sI  x A S 
S T 

= ~ ( ~  F[T] x GT[s])  x A S 
s T 

= £ (~. W[S, T]) x A S 
S T 

(iii) L'hypothSse que G[O] = O entralne que 

I ]  G[f-10)]  = 
iET 

pour toute fonction f: S ) T non surjective. On a donc 

W[S, T] = ]~ F[T] x I I  G [ f - I 0 ) ]  
f:S-~T ie T 

Comme tout 616ment ((x, 13, f) e W[S, T] est isomorphe ~t un et un seul 616ment (cG ~Y, p) e W[S, S/R] 

og p: S ~ S / R  est la projection canonique, on a 

W[S, T] = • F[S/RI x H G[C] 
T Re Eq[S] Ce S/R 

(v) est laiss6 au lecteurdiligent. 

Remarque .  Toute substitution se ram~ne/~ une substitution sans terme constant suivie d'une 6valuation 

partielle. Par exemple pour calculer F(G 1 . . . . .  Gr), calculons d'abord l 'espbce 

H = H(X, Y) = F( Y1 GI(X)  . . . . .  Yr Gr(X)) 

o h X = ( X  1 . . . . .  X d ) , Y = ( Y 1  . . . . .  Yr) '  S o i e n t S = ( S  1 . . . . .  Sd) e B d e t T = ( T  1 . . . . .  Tr) E B r. 

Un ~l~ment de H[S, T] est un triplet (f, c~, ~) oh 

i) f : S  1 + . . . + S d - - - + T  1 + . . . + T  r 

ii) c{ est une fonction qui associe 5 chaque 616ment x ~ T i une structure d'esp~ce G i sur la fibre 
f ' l (x)  

iii) 13 e F[T 1 . . . . .  Tr] 

Nous dirons que (f, or, [3) est u n e f i b r a t i o n  (G 1 . . . . .  Gr) -enr ich ie  sur les fibres et F-enrichie  sur la 

base. Pour obtenir F(G 1 . . . . .  Gr), il  suffit de substituer Y1 = 1 . . . . .  Yr = 1 darts H(X, Y). Autrement 

dit, 

F(G 1 . . . . .  Gr)[SI = ~ H [ S ,  T] 
T 

2 . 2 .  Dans cette pattie, nous allons examiner les op&ations de produit cartdsien et de produit scalaire 

d'esp~ces et aussi les op6rations de base du calcul diffdrentiel. 
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Le produit cartdsien F 0 G de deux esp~ces F, G: B d ) Ens: 

(F 0 G)[S] = F[S] x G[S] (S~ B d) 

Le produit scalaire <F, G> : 

<F, G> = 5~ F[S] x G[S] 
S 

Si la sommation est restreinte ~ certaines variables, on obtient le produit scalairepartiel : 

<F(X, Y), G(X, Y)>X = ~ F[S, T] x G[S, T] 
S 

Remarque .  

<F(X, Y), G(X, Y)>X = (F 0 G)(1, Y) 

<F(X, Y), G(X, Y)>y = (F O G)(X, 1) 

<F(X, Y), G(X, Y)> = (F 0 G)(1, 1) 

Proposition 5 Soit F(X) une esp6ce de structure. On a 

F(XY) = F(X) 0 exp(XY) 

= F(Y) 0 exp(XY) 

Preuve. En effet, un calcul simple nous montre que 

exp(XY)[S, T] = A[S, T] 

et 
F(XY)[S, T] = F[S] × A[S, T] 

= F[T] x A[S, T] 

Proposition 6. [Y.N. Yeh] Soit F(X) une esp~ce de structures et soit A un ensemble. On a 

F(AX) = F(X) O exp(AX) 

Preuve. Ii suffit de constater que 

et 

F(AX)[S] = F[S] x A S 

exp(AX)[S] = A S 

Pour Ie calcul diff6rentiel, on pose 

(d/dx)TF(x)[s] = F(T)(x)[s] = F[S+T] 

C.Q.F.D. 

On v6rifie les identit6s suivantes: 

a) la formule de Leibniz 
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b) Ia formule de Taylor 

(FG)(T) = ~. F(A)G (B) 
A+B=T 

F(X+Y) = 

c) la "r~gle de d6fivation en cha~ne" 

n~_> 0 F(n)(x) × y n  / "~n 

F(G(X))' = F'(G(X))G'(X) 

Pour route espbce H(X), on peut d6finir un op6rateur diff6rentiel H(d/cLx). 

H(d/dx)F(X)[S] = ~. H[T] x F[T+S] 
T 

L'op6rateur H(d/dx) est adjoint ~ l'op6rateur de multiplication par H(X): 

<H(d/dx)F, G> = <F, HG> 

en effet, 

<H(d/dx)F, G> = ~ Y. H[T] × FIT+S] × G[S] 
T S 

= ~, ]~ H[T] × G[S] × F[T+S] 
R S+T=R 

= ~ ( E HIT] ×G[S]) × F[R] 
R S+T=R 

= ~. (HG)[R] × F[R] 
R 

= <HG, F> 

Chapi tre  3 Esp~ces virtuel les  

3.0 .  Le but de ce chapitre est d'introduire le concept d'esp~ce virtuelle pour pallier 5 rabsence de 

l'op6radon de soustraction en th6orie des esp~ces. La d&inition des op6rations de somme et de produit 

d'esp~ces virtuelles ne pose pas de difficult6s car il suffit d'imiter les r~gles de l'alg~bre. Par contre, le 

prolongement de I'op6ration de substitution est plus d61icat et nous introduisons pour ceta une R~gle des 

signes qui permet de r~soudre Ie probl~me de fa~on satisfaisante. 

Dfifinition 1. Une esp~ce de structures F: B d ) Ens estfinitaire si 

Card F[n]<¢o, pour tout nE IN d 

Si de plus 
Card Fin] = 0 

sauf pour un nombre fini de n~ IN d, nous dirons que F est polynOmiale. 
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D~finition 2. Une esp~ce virtuelle Vest  une diff6rence formelle V = F-G entre des esp~ces finitaires. 

La relation d'6galit6 F-G = M-N entre esp~ces virtuelles signifie que F+N = M+G. 

La transitivit6 de ta relation d'6galit6 entre esp~ces virtuelles est cons6quence de la propri6t6 de 

simplification des esp6ces fmitaires: 

F + M = G + M  ~ F = G  

Pour d6montrer cette propri6t6, nous utiliserons le principe suivant (6quivalent au principe d'involution de 

Garsia-Milne [G.1]). Soient A, B, C des ensembles finis et soit 

~ :A+C ~ ;B+C 

une bijection. Alors on peut constmire une bijecfion r~siduelle 

~g:A ~ )B 

ne d6pendant que de (p. En effet, pour tout xe A Ia suite x, (p(x), (p2(x) . . . .  doit se terminer en un 

616ment y = ",g(x)e B. De m6me, pour tout ye B, la suite y, ~p-l(y), (p-2(y) . . . .  doit se terminer en un 

616ment x = ~g-l(y)e A. 

Supposons maintenant qu'un groupe F agisse sur A, B, C et que (p soit F-6quivariante. On voit 

imm~diatement que ~t est F-6quivariante. De m~me, si on suppose que (pest une transformation naturelle 

de foncteurs (~ valeurs dans les ensembles finis), on volt que Ves t  aussi une transformation naturelle. 

La somme et le produit d'esp~ces virtuelles sont d6finis comme suit: 

(F - G) + (M - N) = (F + M) - (G + N) 

( F -  G ) '  (M - N) = (FM + GN) - (GM + FN) 

Ces op6rations donnent/~ l 'ensemble des espbces virtuetles en les variables X 1 . . . . .  X d u n e  

structure d'anneau commutatif que nous d6signerons par B[[X 1 . . . . .  Xd]]. Les esp~ces virtuelles 

polyn6miales constituent un sous-anneau que nous d6signerons par B[X 1 . . . . .  Xd]. 

Pour tout groupe fini F,  soit B(F) l'anneau de Burnside du groupe F. Rappelons sa 

construction. Les 616ments de B(1-') sont des diff6rences formelles entre F-ensembles finis avec la m~me 

relation d'dgalitd que clans la ddfinition 2. Nous dirons que les dl6ments de B(F) sont des representations 

ensembtiste virtuelles du groupe F. La somme et le produit sont d~finis comme ci-haut, sauf qu'il faut 

plutbt utiliser le produit cartdsien de F-ensembles. 

La proposition 3 du chapitre 2 entralne que l'on a un isomorphisme de groupes additifs 

B[X 1 . . . . .  X d] ~ 1~ B(~n)  
nc I,I d 

En outre, puisque 
B(~n ) "  B(@ m) ~ B(~n+m)  

pour le produit des espbces, on voit que B[X 1 . . . . .  X d] est un anneau gradu6. Le compl6t6 de 
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B[X 1 . . . . .  X d] s'identifie avec B[[X 1 . . . . .  Xdl]:  

B[[X 1 . . . . .  Xd]] ~ I-[ AB(~n)  
n E  l q  ~ 

Tout 616ment F E B[[X 1 . . . .  Xd]] s'6crit sous la forme d'tme s6rie formelle 

F =  Y, ~ F n 

o~ F n est la partie homog~ne de degr6 ne  IN d. La partie homog~ne de degr6 0 est le terme constant 

F 0 = F(0) = F(0 . . . . .  0). 

L e m m e  (Classique). Si F(0) = 1, alors F est inversible dans ranneau B[[X 1 . . . . .  Xn]]. 

Preuve .  Posons F = 1 +T. La s6rie g6om6trique 

(I+T) -1 = n~0(-1)n T n 

converge puisque Tes t  sans terme constant. 

En vertu de ce lemme, respbce exponentielle exp(X)~ B[[X]] est inversible puisque exp(0) = 1. 

Nous allons calculer l'esp~ce virtuelle exp(X) -1. Posons, pour tout SeB ,  

go[S] = {f: S --4> (2k) I ke  IN} 

el [S]  = {f: S --* (2k+l) I ke  IN} 

o~2 (n) = { 1, 2 . . . . .  n} pour tout n e  IN. 

Proposition 1. On a 

exp(X) -1 = gO (x) - £1(X) 

Preuve .  Posons exp(X) = 1 + T(X). On trouve que pour tout ne  IN, 

Tn[Sl = {f: S --~ (n)} 

ce qui donne le r6sultat. 

I1 faut souligner ici que l'6galit6 

exp(X) -1 ~ (-1) n X  n 
= / G n 

est fausse. Nous sommes maintenant en mesure de d6finir exp(-X): 

D6finition 3. 

exp(-X) = exp(X) -1 

Cette d4fmition sugghre la notation suivante: 

aS = eo[Sl - e l [Sl  (Se B) 
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I1 est peut-~tre bon de souligner ici que gS n'est pas la difference entre deux ensembles mais Ia diff6rence 

entre deux foncteurs. Ainsi, gn est la repr6sentation ensembliste virtuelle obtenue en effectuant Ia 

diff6rence entre go[n] et gtin]. Nous allons maintenant 6noncer la rhgle des signes. Soit F(X) une esp~ce 

virtuelle. 

R~gle des signes [J.1] 

F(-X)[n] = gnF[n] 

Dans cette formule gnF[n] d6signe le produit de E net  de F[n] dans l'anneau de Burnside B(~n). 

Dans le cas de plusieurs variables, nous aurons 

F(-X, Y)[n,m] = £n F[n,m] 

oft gn d6signe l'616ment de B ( ~  n x ~ m )  obtenu en composant la representation gn de ~ n  avec la 

projection ~ n  × ~ m  .... > ~n" Nous aurons de m~me 

F(X, -Y)[n, m] -- gm F[n, m] 

F(-X, -Y)[n, m] = ~n gm F[n, m] 

= En+m Fin, m] 

oft gn+m est l'~16ment de B( ~ n  x ~ m )  obtenue par restriction de 1'616merit gn+m de B ( ~ n + m )  au 

sous-groupe ~ n  x ~ m  c ~ n + m "  

La R~gle des signes permet de r6soudre le probl~rne de la substitution. Par exemple, supposons 

que l'on veuille substituer M-N dans F(X). On calcule d'abord l'esp~ce virtuelle F(X-Y): 

F(X-Y)[n, m] =gm Fin+m] 

ce qui donne 

et on pose ensuite 

F(X-Y) = Fo(X, Y) - FI(X, Y) 

F(M-N) = Fo(M , N) - FI(M, N) 

On montre que cette op6ration est bien d~finie, c'est ~ dire que 

Fo(M, N) - FI(M, N) = Fo(P, Q) - Fx(P, Q) 

si M-N = P-Q. 

Pour ~liminer les probI~mes de convergence, nous allons limiter la substitution F(G) aux deux 

cas suivants: 

a) F est polyn6miale b) le terme constant de G est nul 

Th6or~me 1 [J.2, Y.1] La substitution des esp~ces virtuelles, telle que d6crite avec la R~gle des signes, 
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est une op6ration bien d6finie. De plus, elle donne lieu ~ une loi de composition associative. 

R e m a r q u e .  I1 est int6ressant de reformuler la R6gle des signes en utilisant le produit  cart6sien des 

esp~ces virtuelles. On pose 

(F - G) 0 (M - N) = (FOM + GOM) - (FON + GOM) 

La r~gle des signes devient 

F(-X) = F(X) 0 exp(-X) 

F(-X, Y) = F(X, Y) 0 exp(-X) 

3 . 1 .  Soit B(F)  l 'anneau de Burnside d'un groupe fini F. Nous allons voir  que chaque 416ment 

Fe  B[X 1 . . . . .  Xd] d6finit une op6ration 

F: B(F) d ~ B(I-) 

Remarquons d'abord que si F est une esphce polynhmiale ordinaire (nous dirons aussi que F est positive) 

et A 1 . . . . .  A d sont des F-ensembles finis alors F(A 1 . . . . .  Ad) est un F-ensemble fini. Cette op6ration 

s'6tend aux esphces virtueUes: 

( F -  G)(A 1 . . . . .  Ad) = F(A 1 . . . . .  Ad) - G(A 1 . . . . .  Ad) 

Nous allons prolonger ces op6rations aux F-ensembles virtuels. Soit (A1-B 1 . . . .  A d - B d )  e B(F) d. La 

R~gle des signes nous permet de calculer resp6ce virtuelle 

F(X1 . . . . .  Xd ; YI . . . . .  Yd) = F(X1 - Y1 . . . . .  Xd - Yd) 

On pose ensuite 

F(A 1 - B 1 . . . . .  A d - Bd) = F(A 1 . . . . .  A d ; B 1 . . . .  B d) 

Pour s'assurer que cette opOration est bien d6finie, il faut s'assurer que 

F(A 1 . . . . .  A d ; B 1 . . . . .  B d) = F(U 1 . . . . .  U d ; V 1 . . . . .  V d) 

d~s que A i - B i = U i - V i (l<i_<d) 

Th4or~me 2 [J.2]. Les 616ments F e B[X 1 . . . . .  Xd] donnent lieu ~ des op6rations bien d6finies 

F: B(F) d ) B(F) 

De plus, on a rassociativit6 

F(61 . . . . .  Gd)(b) = F(G l(b) . . . . .  ad(b))  

o~ G i e B[X 1 . . . . .  Xr] (l<__i<_d) et b = (b 1 . . . . .  br) e B(F) r 

3 . 2 .  Le th6or6me des fonctions implicites se transpose ais6ment en th6orie des esp~ces. Soient 

X = (X t . . . . .  X d ) ,  Y = (Y1 . . . . .  Yr) et F(X, Y) = (FI(X, Y) . . . . .  Fr(X, Y)) des esp~ces virtuelles. 

Nous dirons que les esp6ces virtuelles N(X) = (N 1 . . . . .  Nr) sont solutions du syst~me d'6quations 
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si l'on a N(O) = 0 et 

F(X, Y) = 0 

F(X, N(X))= 0 

ThEor~me 3. Si la matrice jacobienne (OF/OY)(0, 0) est inversible, alors le syst~me d'Equations 

F(X, Y) = 0 

poss~de une et une seule solution Y = N(X). 

La demonstration est laissEe en exercice. Le thEor~me montre en particulier que si F(X) est une 

espbce telle que F(0) = 0 et F'(0) = 1 alors F(X) poss~de un inverse G(X) pour l 'op&ation de 

substitution: 

F(G(X)) = G(F(X)) = X 

On peut donner une description combinatoire des coefficients de G(X) et, plus gEn&alement, des 

coefficients de H(G(X)) o~t H est une esp&e quelconque. Soit S u n  ensemble fini. L'ensemble Eq[S] 

des relations d'Equivalence sur S est ordonnE. Notons 6 l'616ment minimum de Eq[S] et i l'E1Ement 

maximum. Soit R = (6 = R 0 < R 1 < R 2 < ... < Rn) une cha~ne strictement croissante d'61Ements de 

Eq[S]. On a une suite de projections canoniques 

Posons 

s s/% P--,%1 p '  P• 
. . . . . . . . . . .  ... ~ S/Rn 

f (R)  = {p-l(x) I x e S / R k ,  1Nk<__n} 

Nous dirons que f (R)  est rensemble des fibres de R. Posons 

% = S/Rn 

Nous dirons que S/R est la base de R. Soit 

Qn[S] = {R = (6 = R 0 < R 1 < .. < Rn) I Ri e Eq[S], l<i<n} 

Wn[S ] = Y. H[S/R ] x rI F[C] 
Re Qn[S] Cef [R] 

Propos i t ion  2. On a 

H(G(X)) = n~__O (-1)nWn(X) 

Preuve. Nous allons appliquer aux esp&es de structures une m&hode d'inversion des series formelIes 

due ~ G. Labelle [L.1 ]. ConsidErons l'op&ateur additif 
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8: B[[X]] > B[[X]] 

qui transforme H(X) dans H(F(X)) - H(X). On a par d6finition 

8(H)[S] = ~ H[S/R] × I I  F[A] 
R~ F_4t. [S ] Ae SIR 

~6 

= W l [ S  ] 

Un raisonnement par r6currence nous donne 

8 n ( H ) [ S ]  = Wn[S] 

Ce qui entra~me que 8n(H)[S] = Q5 d~s que n e s t  assez grand et, par  suite, que la s6rie 

n>_~0 ( -1)  n 8n(H) = ~ 0 ( - 1 ) n  Wn(X) 

converge vers un 616ment W(X) e B[[X]]. On a 

w(F) = (1+5)(w) 

= (1+5) ~ 0 ( - I ) n  8n(H) 

= H  

C.Q.F.D.  

Consid6rons maintenant le cas oh H(X) = X. Pour tout ensemble fini S e t  pour tout n>0 posons 

Pn[S] = {(6 = R 0 < R 1 < .. < R n = i) I Rie  Eq[S], l<i<n} 

Vn[S] = Y H FIC] 
R~ Pn[S] Cef (R) 

On a alors 

G(X) = ~ 0 ( - 1 ) n  Vn(X) 

Dans le cas oh F(X) = exp(X) - 1, la proposition 2 nous donne 

C o r o l l a i r e .  

log( l+X)  = n~0(-1)n Pn(X) 
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Chapitre 4. Esp~ces  t enso r i e l l e s  

4 .0 .  Darts cette partie, nous d6velopperons certains aspects de la th6orie des foncteurs analytiques 

d6finis sur la cat6gorie des espaces vectoriels. Cette th6orie est en quelque sorte Ie prolongement de la 

th6orie des foncteurs polyn6miaux formalis6e par I.G. Macdonald [M. 1]. Du point de vue alg6brique, 

c'est la th6orie des ~-anneaux, des fonctions sym6triques et des fonctions de Schur [K.1]. Les esp~ces 

tensorielles sont ranalogue lin6aire des esp~ces de structures: ce sont les coefficients des foncteurs 

analytiques ~ valeurs dans la cat6gorie des espaces vectoriels. Certaines esp~ces tensorielles sont 

6quip6es d'une structure d'alg~bre, en particulier d'alg~bre de Lie: ce sont les alg~bres de Lie tordues de 

M.G. Barratt lB.1]. Nous utiliserons la th6orie des esp~ces tensorielles pour d6montrer que la 

construction des alg~bres de Lie libres s'obtient en 6valuant un foncteur analytique Lie (X). Les 

coefficients de Lie (X) sont des repr6sentations du groupe sym6trique isomorphes aux repr6sentafions de 

Reutenauer [R.1]. Nous exprimerons ces coefficients au moyen de l'homologie du treillis des partitions. 

Ces calculs permettent de jeter une lumi~re nouvelle sur certains travaux de R. Stanley IS.l] et de P. 

Hanlon [H. 1 ]. 

4 .1 .  Soit k un corps de caract6ristique 0. Nous d6signerons par Vect ou Vect k la cat6gorie des 

k-espaces vectoriels. 

D~finition 1. Une espdce tensorielle F est un foncteur 

F[ ]: B ) Vect 

A toute esp~ce tensorieUe F est associ6e une suite (F[n] I n~0) de repr6sentations lin6aires des 

groupes sym&riques 

~ n  x F[n] ) F[n] (n>0) 

D~finition 2. Un foncteur F: Vect 

Taylor 

) Vect est analytique s'il poss~de un d6veloppement en s6rie de 

F(V) = n~>0F[n] ® V ®n / ~ n  

On d6montre que la suite des coefficients (F[n] I nL,0) est d6termin6e (~ isomorphisme canonique 

pros) par le foncteur F et que de plus eUe d6termine (~ isomorphisme canonique prbs) l'espbce tensorieUe 

F. Autrement dit, les concepts suivants sont 6quivalents: 

i) une esp~ce tensorielle F = F[ ] 

ii) une suite (F[n] J n>0) de representations lindaires des groupes sym6triques 

iii) un foncteur analytique F = F( ): Vect ; Vect 

Nous adopterons pour les esp~ces tensorielles, les m~mes conventions ff6criture que celles que 

nous avons adopt6es au Chapitre 2 pour les esp~ces de structures. 
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Remarque. Nous dirons qu'un 616ment t~ F(V) est un tenseur d'espdce F sur V. Cette terrninologie est 

conforme ~ l'usage du mot tenseur en physique, en gdom6trie et en alg6bre. 

Exemples .  

L(V) = ~ V ®n = alg~bre tensorielle T(V) 
n~_>O 

exp(V) = 2 0  v®n / = alg5bre symdtrique S(V) 
~ n  

A(V) = ~ A[n] ® V ®n / "~n = n~° An(v) = alg6bre ext6rieure 

Dans ce demier exemple, le coefficient A[n] est la repr6sentation altern~e de ~n:  

A[n] = k e n (~. e n = (sgn c)  e n 

La cat6gorie Vect B des esp~ces tensorielles est une cat6gorie ab61ienne semi-simple. Elle est 

mtmie de sommes directes quelconques 

( i 2  Fi)[S]-- ~ Fi[S] 

et d'un produit tensoriel 

(F®G)[S] = E) F[AI ® G[B] 
A+B=S 

associatif, sym&rique et unitaire [M. 1 ]. 

Les foncteurs analytiques sont ctos sous la composition, ce qui se traduit par l'existence d'une loi 

de composition sur les esp~ces tensorielles. Dans Ie cas o~t G[~]  = 0, les coefficients du compos6 FoG 

sont donn6s par la formule 

(FoG)[S] = (~) F[S/RI ® (~) G[CI 
Re Eq[S] C~ S/R 

Pour tout ensemble A, nous noterons k(A) ou kA respace vectoriel librement engendr6 par A. 

De m~me, pour toute esp~ce de structure F nous noterons k(F) ou kF l'esp~ce tensorielle obtenue en 

composant les foncteurs 
F 

B ) Ens 

Vect 

S'il n'y a pas d'ambiguit6, nous d6signerons par F l'esp~ce tensorielle kF. On v6rifie que le fonctettr 

k( ): Ens B ) Vect B 
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pr6serve les op6rations de somme, de produit et de composition. 

Soit V un espace vectoriel. L'6valuation en V d6finit un foncteur F ~ F(V) 

) Vect e(V): Vect B 

Nous allons voir qu'il poss~de un adjoint ~ droite [K.1] 

{V, }: Vect. 

Pour tout We Vect et pour tout S~ B, posons 

On a 

) Vect B 

{V, W}[S] = Hom(V @S, W) 

Hom(F(V), W)= I~0Hom(F[n ] ® V ®n, W) 
@n 

= ~n~>0 Hom ~ n  (F[n], Hom(V ®n, W)) 

= Horn(F, {V, W}) 

Ce qui montre que e(V) et {V, } sont adjoints l'un de rautre. De plus, e(V) pr6serve le produit tensoriel: 

(FQG)(V) = F(V) ® G(V) 

kl (V) = k 

et par suite on a des transformations naturelles 

{v, w l t  ® {v, w2} ~ {v, w l  ® w z} 

k ~ {V, k} 

4 .2 .  Darts cette pattie, nous allons 6tudier les esp~ces tensorielles munies d'une structure alg6brique. 

D~finition 3. [B.I] Une alg~bre tordue est une esp~ce tensorielle F munie d'une structure d'alg~bre: 

FQF ........ ) F 

I1 y a plusieurs vari6t6s d'alg~bres tordues: associative, commutative, alg~bre de Lie, etc. 

Exemples. Pour toute espbce G, l'esp~ce 

T(G) = (~  G ®n 
n2>0 

est une alg~bre tordue associative. De m~me, 

exp(G) = S(G) = (~) G ®n, 
~ o  z ~ n  

est une alg~bre tordue associative et commutative. Voici une description plus d6taill6e du concept 

d'alg~bre de Lie tordue: le crochet 
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FNF [ '  ] ;F 

doit satisfaire aux identit6s 

i) [ , 1 + [ , 1 " ¢ = 0  

ii) [ ,  [,11 + [,  [ , l ] o +  [,  [ ,11o2=0 

otJ '~: F®F ~ ~  F ® F  est la symdtrie du produit tensoriel et oft o:  F ® F ® F  ; F ® F ® F  est la 

permutation cycfique des facteurs. Les parenth&es [ ,  [ ,  ]] ddsignent le morphisme composd 

F®F@F F®[, l ) F®F [ '  l) F .  

Pour tout espace vectoriel V, soit Lie(V) l'alghbre de Lie fibre sur V. 

Th6or6me 1. Le foncteur Lie: Vect > Vect est analytique: 

Lie(V) = _ ~  Lie[n] ® V ®n / 
~ n  

Remarque.  Ce r6sultat et sa d6monstration sont valables pour une vari6t6 quelconque d'algbbres et pas 

seulement pour les alg~bres de Lie. 

Preuve. Nous avons vu, ~ la fin du paragraphe pr6c6dent, que pour tout V~ Vect, le foncteur 6valuation 

e(V) poss~de un adjoint ~t droite {V, }. Remarquons d'abord que si W e s t  une alg~bre de Lie, alors {V, 

W} est une alg~bre de Lie tordue: en effet, le compos6 

{v, w} ® {v, w} ..... ~. {v, w®w} 

{v, w} 

est une structure d'alg~bre de Lie sur {V, W}. D'autre part, soit F = F(X) l'alg~bre de Lie tordue libre 

sur l'esp~ce tensorielle X = kX. Le foncteur 6valuation en Ve Vect pr~servant le produit tensoriel, on 

constate que F(V) est munie d'une structure d'alg~bre de Lie. Pour mute alg~bre de Lie W on a alors des 

bijections naturelles entre les morphismes suivants 

F(V) ) W (1) 

F > {V, W} (2) 

X > {V, W} (3) 

V = X(V) > W (4) 

Lie(V) . ~ W (5) 

ob les morphismes (1), (2) et (5) sont des morphismes d'alg~bres. Ceci montre que ron a 

Lie(V) = F(V) 

C.Q.F.D. 
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Remarque.  La suite (Lie[n] I n~0) de repr&entations des groupes sym~triques est isomorphe ~ celle 

obtenue par C. Reutenauer [R. 1 ]. 

Th~or~me 2. (Poincar~-Birkhoff-Witt). Soit U(F) l'alg~bre enveloppante d'une alg~bre de Lie tordue 

F. Le morphisme canonique F - U(F) est injectif et l'on a de plus un isomorphisme canonique 

U(F) _~ exp(F) 

Preuve. On v6rifie d'abord, par un argument de foncteur adjoint, que pour tout Ve Vect on a 

U(F)(V) = U(F(V)) 

Remarquons [B.2] ensure que pour toute algebre de Lie L on a un isomorphisme 

TI: U(L) _~ S(L) 

naturel entre les foncteurs U et S. Ceci entralne que l'on a des isomorphismes nature& 

U(F(V)) _7.- S(F(V)) 

et fmalement que 

U(F) _- exp(F) 

C.Q.F.D. 

Proposi t ion 1. 

exp(Lie (X)) = 1 / 1-X 

Preuve. Appliquant le th6or~me pr6c6dent, on a successivement 

exp(Lie (X)) = U(Lie (X)) 

= T ( X )  

= 1 / 1 - X  

4.3. Dans cette partie, nous allons discuter de la th6orie dc~ esp~ces tensorielles virtuelles. Celles-ci 

sont obtenues en prenant des diff6rences formelles entre esp~ces tensorieUes finitaires. La transitivit6 de 

la relation d'6galit6 

F-G = M-N ¢~ F~N -_ M~G 

est cons6quence du fait que Vect Best  une cat6gorie semi-simple. Les esp~ces tensorieltes virtuelles en 

d-variables X 1 ..... X d forment un anneau que nous d6signerons par 

R[[X 1 . . . . .  Xd]] 

Les esp~ces polyn6miales forment un sous-anneau 

R[X 1 . . . . .  Xd] c R [ [ X  1 . . . . .  Xd]  ] 

On a an isomorphisme de groupes additifs 

R[Xt . . . . .  Xd] "n ~dclq R(~n)  
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ob R ( ~  n ) est le groupe des repr6sentations virtuelles de ~n"  Ceci donne ~ R[X 1 . . . . .  Xd] une 

structure d'anneau gradu6 puisque 

R(~n)  "R(@ m) ~ R(~n+  m) 

pour la multiplication des esp~ces. L'anneau R[[X 1 . . . . .  Xn]] s'identifie au compl&6 de l'armeau gradu6 

R[X 1 . . . . .  Xn]: 

R[[X 1 . . . . .  Xd]] = ner]lqdR(~n) 

L'op6ration de lin6arisation se prolonge aux esp~ces virtuelles et on obtient ainsi un homomorphisme 

d'anneaux 

k( ): B[[X 1 . . . . .  Xnl] ~ R[[X 1 .... ,Xn]] 

S'fl n'y a pas d'ambiguit6, nous d6signerons parfois l 'esp&e tensorielle kF par F. 

La R~gle des signes prend une forme simplifide en thdorie des esp&es tensorielles. Posons 

A(X) = Y'nzufl[n] ® X n / ~ n  = ~0 An(x) 

Propos i t ion  2. 

exp(X) -1 =n~>0(-l)n An(x) 

Preuve.  Pour tout Se B e t  pour tout n>0, posons 

Ln[Sl = {f: S --~ (n)} 

La proposition 1 du chapitre 3 nous donne 

exp(X)-t[S] = E (-I) n Ln[S] 
n_>0 

Nous allons d6cfire un complexe de cha~nes 

 0ts) o  ltsl  2tsl 2 

dont lqaomologie est donnge par la suite 

A0[S], AI [ s ] ,  A2[S] .... 

Line identit$ classique sur rhomologie des complexes nous donnera: 

Y~ (-1)nLn[S] = Y. (-1)nAn[S] 
n.~0 n>0 

Si Card S<I, alors 2=0 et An[s] = kLn[S]. Si Card S>I, posons, pour tout n_>0, 

Cn[S ] = {(O<A0< ... <An<S ) ] Ai=S, l<i<n} 

I1 y a une bijection naturelle 6vidente 

Cn[Sl : Ln+~[S] 
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Soit A°S le complexe simplicial des parties propres non vides de S. G6om6triquement, A°S est le bord 

du simplexe dont les sommets sont les 616ments de S; la r6alisation g6om6trique de A°S est une sphere de 

dimension 6gale ~ Card S-2. Par d6finition, Cn[S] est rensemble des simplexes de dimension n de la 

premiere subdivision barycentrique de A°S. L'homologie r6duite de A°S peut donc se calculer au moyen 

du complexe de chahae 

k <-- kC0[S] <--- kCI[S] ~-  ... 

Comme on a (r6sultat classique de topologie): 

~In(A°S) = An+2[S] (n20) 

la d6monstration est termin6e. 

Utilisant les notations du chapitre 3, cette proposition montre que 

an = (-1)nA[n] 

dans l'anneau R(~n) .  

Pour tout ensemble S, soit H[S] l'ensemble ordonn6 des relations d'dquivalencespropres sur S: 

H[S] = {Re Eq[S] [ 6<R<i} 

Darts ce qui suit, H.(H[S]) d6signera lqaomologie r6duite du complexe simplicial des chalnes non vides 
de H[S]. 

Th6or~me 3. 

log(1 +X)[n] = k. 1 

= - k . 1  

= (-1)n+lttn_3 (rI[nl) 

Preuve. D'apr~s le coroIlaire de la proposition 2 du chap. 3, 

log(1 +X) =n_~0 (-1)nPn(X) 

o?a 

s i n =  1 

s i n =  2 

s i n > 2  

Pn[S] = {(6=R0< ... <Rn=i)[ Ri e Eq[S], l<i~n} 

Pour tout n~>0, soit Cn(1-I[S] ) rensemble des chalnes de longueur n de l'ensemble ordonn6 H[S]. On a 

Cn(H[S]) = Pn+2[S]. Consid6rons le complexe augment6 

kPl[S ] e-- kCo(rI[S]) ~ kCI(H[S] ) ~-- ... 

dont rhomologie est (si Card S>2) 

0 ,  H0(H[S]), HI(I][Sl) .... 

On a alors 

-PI[S] + • (-1)nCn(I-I[S])= ]~ (-1)nItn(l'I[S]) 
n._>0 n.>.>0 
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Autrement dit, 
log(l+X)[S] = ~>o(-1)n}In(~[S]) 

d~s que Card S > 2. Pour terminer la d6monstration on utilise le fait que le treillis Eq[S] est un treillis 

g6om6trique [F. 1, S. 1] et par suite que 

~In(1-I[S]) = 0 sauf si n = (Card S) - 3. 

Th6or~me  4. 

et 
Lie(X) = log 1 / 1-X 

Lie[l] = k.1 

Lie[2] = A[2] 

Lie[n] = A[n] ® kln_3(I-[[n] ) (n_>3) 

Preuve.  La premiere 6galit6 r6sulte de la proposition 1 du chapitre 3. On en ddduit que 

Lie(X) = - log( l -X)  

Utilisant la R~gle des signes et le thdor~me prgcgdent, on obtient le r6sultat. 

4 .4 .  Pour terminer, nous allons calculer le caract~re de l'esp~ce tensorielle Lie(X). Rappelons 

quelques r6sultats. A toute esp~ce tensorielle fmitaire F(X) est associ6e une sgrie indicatrice 

o~ 

et 

Z F est une s6rie forrnelle d'une infinit6 de variables: 

Z F = Y~ l/n! 5". Tr F[~] I[0] 
n?_>O o~ ~ n 

Tr F[ts] est la trace de l'op6rateur lin6aire F[(s]: Fin] > F[n] 

I(o) est le mon6me Xl d l  ... Xn on o~t d i est le hombre de cycles de longueur i dans c. 

Z F = ZF(Xl,X2,X 3 .... ) 

On ales identitds 
ZF+ G = Z F + Z G 

ZFG = ZFZ G 

ZF(G) = ZF(ZG) 

o5 le membre de droite de la demi~re 6galit6 dgsigne leplgthisme : s i f = f ( x l , x  2, ... ) et 

g = g(xl,x 2 . . . .  ) alors 
f (g )  = f (g l , g2  .... ) 

off 

P r o p o s i t i o n  3. 

gi = g(xi' x2i .... ) 

Zlog( l+X ) = ~ kt(n)/n log(l+x n) 
n~>l 

= 5". - 1 / n  Y~ g ( d ) ( - 1 )  n /d  xdn/d  
n~>l dln 
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Preuve. Inversant la relation Y = log(l+X), on obtient 

1 + X = exp(Y) 
et par suite 

1 + x 1 = exp( Y~ yn/n) 
1121 

log(l+Xl) = Y. Yn/n 
112>1 

ce qui entrahae que pour tout k21 

log(l+Xk) = Y~ Ynk/n 
n_>_l 

Une inversion de M6bius nous donne finalement le r6sultat 

Yl = y~ Ix(k)& log(l+x k) 
k_>l 

Remarque.  Si on combine ce r6sultat avec celui de la proposition on obtient le r6sultat de P. Hanlon sur 

la fonction de M6bius du treillis des partitions invariantes par une permutation donn6e [H.1] 

P ropos i t i on  4. 

ZLie(X) = Y. Ix(n)/n log 1 / 1-x n 
n_>.>l 

= Y~ 1/n Y~ Ix(d)Xd n/d 
n21 din 

Preuve. I1 suffit d'utiliser le th6or~me 4: 

Lie(X) = log 1 / 1-X 

Remarque.  La proposition permet de g6n6raliser la formule de Witt. Soit F u n  groupe fini agissant sur 

un espace vectoriel V. L'action du groupe F se prolonge h l'alg~bre de Lie libre sur V: 

F x Lie(V) > Lie(V) 

Lie(V) est une alg~bre gradu6e 
Lie(V) = • Lien(V) 

n20 

et le groupe F agit sur la partie homog~ne de degr6 n 

F x Lien(v) > Lien(V) 

D6signons par % le caract~re de la repr6sentation V et par %n le caract~re de la repr6sentafion Lien(V). 

Proposi t ion 5. On a pour tout ~ e  F 

%n(~) = 1/n • %((fa) n / d j  
din 
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A p p e n d i c e  

Dans cet appendice, nous allons d6montrer l'unicit6 de la s6rie de Taylor d'un foncteur analytique 

et donner des conditions simples qui caract6risent les foncteurs analytiques. 

D6finition 1. Le diagramme DF d'un foncteur F: Ens 

couples (x, A), off x~ F(A), et dont les morphismes (x, A) 

telles que 

F(f)(x) = y 

D6flnitlon 2. Un 616merit x~ F(A) est ggn~rique si pour tout 

(z, C) 

f 
(x, A) > (y, B) 

Ens est la cat6gofie dont les objets sont les 

(y, B) sont les fonctions f: A > B 

il existe h: (x, A) ) (z, C) tel que le triangle 

(z, C) 

f 
(x, A) ~ (y, B) 

soit commutatif. 

Lemme 1. Soit u: (x, A) - - ~  (y, B). Si y est g6n6rique, alors u est surjecfive. Si x et y sont 

g6n6riques, alors u est bijective. 

Preuve. Si y est g6n6rique, il existe h: (x,B) ~ (y, A) tel que le triangle 

(x, A) 
u 

1 B 
(y,B) ~ (y,B) 

soit commutatif. Ceci entra~e que u est surjective. Si de plus x est g6n6rique, alors h est surjective et, 

par suite, u est bijective. 

Pour tout ensemble fini S posons 

F°[S] = {x~ F(S) I x est g~n6rique} 

Le foncteur F°[ ] est d6fini sur la cat6gorie B; c'est donc une esp~ce de structures. Consid6rons le 

foncteur analytique F°( ) dont les coefficients sont donn6s par F°[ ]: 
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F°(A) : ~ F°[SI × A S 
S 

i: Fo------~ F 

qui envoie la classe de (x, f) e F°[S] x A S dans l'~16ment F(f)(x) ~ F(A). 

Lemme 2. La transformation i: F ° - ~ F est injective. 

Preuve.  Soit 

(x, f) ~ F°[S] x A S e t  (y, g) ~ F°[TI x A T 

Supposons que F(f)(x) = F(g)(y). 

Ona 

Nous allons montrer que (x, f) et (y, g) sont isomorphes. 

(y, T) 

f 
(x, S) ) (z, A) 

off z : F(f)(x) = F(g)(y). Comme x est g6n6rique, il existe h: (x, S) 

(y, T) 

f 
(x, S) ) (z, A) 

soit commutatif. La bijectivit6 de h est cons6quence du lemme 1. 

(y, T) tel que le triangle 

C.Q.F.D. 

Proposition 1. Soit F: Ens ; Ens un foncteur analytique. On a un isomorphisme canonique 

F°[] : F[] 

Preuve. Cet isomorphisme envoie xE F[S] dans la classe de 

(x, IS) e F[S] × S S 

Le lecteur pourra compl6ter la d6rnonstration. 

Proposition 2. Un foncteur F: Ens > Ens est analytique si et seulement si i l  est engendr6 par ses 

~l~ments g~n6riques finis, c'est-~-dire si pour tout xE F(A), fl existe un 616ment g6n6rique (y, S), avec S 

fini, et un rnorphisme (y, S) > (x, A). 

Preuve. En effet, x~ F(A) appartient ~ l'image de i: F°(A) - > F(A) si et seulement si il existe un 

616merit g6n6rique (y, S) avec S fini et un morphisme (y, S) -> (x, A). La proposition 1 montre que la 

condition est n6cessaire. La suffisance r6sulte du fait que si i est surjective, alors elle est bijective 
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(Lemme 2), ce qui montre que F est isomorphe au foncteur analytique F °. 

Lemme 3. Soit c~: F > G une transformation naturelle r6guli6re entre les foncteurs F et G. Si 

xe F(A) est g6n6rique, alors ot(x)e G(A) est g6ndrique. 

La d6monstration est laiss6e au lecteur. 

Proposit ion 3. Soit a :  F ) G une transformation naturelle r6guli~re entre les foncteurs analytiques 

F et G. Alors il existe une et une seule transformation naturelle 0: F[ ] ) G[ ] telle que a = 0 (voir le 

chapitre 1). 

Preuve. D'apr~s le lemme pr6c6dent, cz induit une transformation 

a°: F°[ ] ) G°[ ] 

et par suite (prop. 1) on a une transformation naturelle 

0 : F [ ]  .......... ) G [ ]  

Le reste de la d6monstration est laiss6e au lecteur. 

I1 reste ~ caract6riser les foncteurs analytiques. 

D6finition 3. Un foncteur F: Ens ) Ens est continu s'il pr6serve les limites inductives filtrantes. 

Si F pr6serve de plus les limites projectives filtrantes, nous dirons qu'il est bicontinu. 

D6finition 4. Un foncteur F: Ens 

en carr6s r6guliers. 

) Ens est rdgulier s'il transforme les carr6s commutatffs r6guliers 

Th6or&me 1. Un foncteur F: Ens ~ Ens est analytique si et seulement si il est bicontinu et r6gulier. 

Preuve.  Pour ddmontrer la ndcessit6, remarquons que Ia classe C des foncteurs bicontinus et r6guliers 

est close sous 1) les produits finis 2) les sommes quelconques 3) le quotient par l'action dun groupe 

fini. Remarquons ensuite que le foncteur identit6 X: Ens ) Ens appartient ~ C et que tout foncteur 

analytique F poss~de un dgveloppement en s~rie 

F =  Y~ F [ n ] x X  n /  ~ n  
n_>0 

Pour d6montrer la suffisance, nous allons vdrifier qu'un foncteur bicontinu et r6gulier est 

engendr6 par ses 616ments g6n6riques (prop. 2) 

D~finition 5. Soit F: Ens ) Ens un foncteur. 

morphisme 

f 
(y, B) 

Un 616ment xe  F(A) est minimal si pour tout 

(x, A) 

f est surjectif. 
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Lemme 4. Soit F: Ens 

finis. 

) Ens un foncteur continu. Alors F est engendr6 par ses 616ments minimaux 

Preuve.  Soit xe F(A). La continuit6 de F entraine qu'il existe un sous-ensembIe fini S c A  et un 

616ment ye F(S) tel que F(i)(y) = x, off i d6note l'inclusion ScA.  Choisissons un couple (y, S) de sorte 

que la cardinalit6 de S soit la plus petite possible. L'616ment (y, S) est minimal. C.Q.F.D. 

Lemme 5. Soit F: Ens ) Ens un foncteur continu rdgulier. Un dl6mem xe F(A) est gdn6rique si et 

seulement si tout morphisme 
(x, A) ~ (y, B) 

off Best fini et y minimal, est un isomorphisme. 

Preuve. D4montrons la suffisance, la ndcessit6 6rant laissde au lecteur. Soit 

(z, C) 

1 
(x,a)  ~ (y,B) 

La r~gularit~ du foncteur F entra~ne rexistence d'un carr~ commutatif (off D = AxC): 
B 

(w, D) ) (z, C) 

1 t 
(x, A) ~ (y, B) 

La continuit6 de F entrahne rexistence d'un morphisme (lemme 4) 

(v, S) ) (w, D) 

of  (v, S) est fini et minimal. Le compos6 

O: (v, S) ) (w, D)-----> (x, A) 

est alors inversible si rhypoth~se est satisfaite. On a par suite un triangle commutatif 

D6finition 6. Soit F: Ens 

(~-1 
(x, A) ~ (v, S) ) (w, D) ) (z, C) 

(y, B) 

) Ens. Nous dirons que xe F(A) est irrdgulier si 

i 
x~ Im(F°(A) > F(A)) 

C.Q.F.D. 

Lemme 6. Soit F u n  foncteur continu r6gulier et soit x0e F(S0) off S O est fini. Si x 0 est irr6gulier et 

minimal, il existe un morphisme 

(Xo, So) ~ (x 1, Sl) 
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~lque 

1) S 1 est fmi et x Iest  irr6gulier et minimal 

2) pest surjective sans ~tre bijective 

Preuve. Six 0 est irrdgulier, ~ plus forte raison il n'est pas gdndrique, ce qui entra£ne, en vertu du lemme 

prdcddent, rexistence d'un morphisme 

(X 0, S 0) ~ - "  (Xl, S 1) 

tel que 

1) (xl, $1) est minimal 

2) u n'est pas bijectif 

La minimalitd de (x 0, S 0) entralne que u est sarjective. De plus, si on avait xl~ F°(S1 ), on aurait a fortiori 

x 0 = F(f)(xl)~ F°(S0 ) ce qui est absurde puisque x 0 est irrdgulier. Done x Iest irrdgulier. 

C.Q.F.D. 

Lemme 7. Soit F u n  foncteur continu et rdgulier. 

incompatibles entre dies: 

1) F prdserve les limites projectives ffltrantes 

2) I1 existe un dldment irrdgulier xE F(A) 

Alors les deux conditions suivantes sont 

Preuve. Supposons les deux conditions satisfaites. La continuitd entralne rexistence d'un morphisme 

(lemme 4): 
(x, A) ( (x O, SO) 

o?~ S O est fmi et x 0 est minimal. L'irr6gularitd de x entralne celle de x 0. Une utilisation itdrative du lemme 

prdcddent implique rexistence dune cha~me infinie 

q2 
(Xo, SO) ~ (x 1, S1) ~ - -  (x 2, $2) ( ... 

teUe que pour tout n_>0 

1) (x n, Sn) est fini et minimal 

2) qn est surjective sans &re bijective 

Posons 
So, ,  = ~_m Sn 

ct soient Pn: S~,,  , ) S n (n>O) les projections. L~ypoth~se quc F prdserve tes limites projectivcs 

entratne I'existence dun dldment ze F(S~,) tel que 

F(Pn)(Z ) = x n pour tout n2>0 

I1 existe par continuitd un morphisme i 
(z, S~,) ." (w, S) 
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oh S est fini. Comme 
lim Card S n = o o  

n---9oo 

il existe un entier n tel que le compos6 
Pnoi 

(x n, Sn) ," (w, S) 

n'est pas surjectif. Ceci contredit la minimalit6 de (x n, Sn). 
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ENUMERATION UNDER FINITE GROUP ACTION: 

SYMMETRY CLASSES OF MAPPINGS 

Adalbert Kerber 

Lehrstuhl II f~r Mathematik, Bayreuth, W.-Germany 

It is the aim of this talk both to give a quick and easy i n t r o d u c t i o n  

to as well as a review of part of the theory which is often called 

P~lya's theory of enumeration. I do not use this name for two reasons. 

First of all I want to embed it into the much more general theory of 

finite group action (which does not need more effort, in fact as I 

dare say, it makes things easier to understand), and secondly this 

theory is older than P61ya's famous paper, it is in fact due to 

J.H. Redfield. 

The main point is that along these lines the main theorems of P@lya's 

theory of enumeration turn out to be beautiful but particular cases of 

lemmas on finite group actions. 

I. Introduction 

The theory in question is devoted to the g e n e r a l  problem of d e f i n i t i o n ,  

enumera t ion ,  c l a s s i f i c a t i o n  and c o n s t r u c t i o n  of s t r u c t u r e s  in  mathema- 

t i c s  and s c i e n c e s  by way of considering them as orbits of finite groups 

on sets of mappings. The historic origin dates back to the middle of 

the nineteenth century when chemists discovered the phenomenon of iso- 

merism, part of which was solved by representing molecules by graphs. 

The question arose for the number of graphs with a given edge degree 

sequence since it is the same as the number of connectivity isomers 

with a given gross formula (as long as the different atoms have pairwise 

different valencies). 

But it needed another seventy years until J.H. Redfield (1927) and 

G. P~lya (1937) put this problem into a group theoretical context which 

uses the following quite general Ansatz: 

(i) Choose suitable finite sets X,Y % @ and groups G,H acting on X,Y, 

which yield natural actions of G,H,H×G,HIG on yX := {f:X ÷ Y}. 
X 

(ii) Recognize the structure in question, say, a graph on v vertices 

as an orbit of such an action. 
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Use algebraic and combinatorial methods in order to get as much 

of information as possible on these orbits. 

2. A list of problems 

Let us consider an example, the graphs On 4 vertices, and list a few 

of the related problems: 

ix! ix[ " - "  • " " " " ........... " " - - ' ,  L X _ !  

i " T /  " - - "  . . . . . . . . . .  . X [  

Some of the obvious questions are: 

(i) Give a definition of "graph" which is flexible in the sense that 

it easily generalizes to multigraphs, directed graphs, .... 

(ii) Provide a formula for the total number of graphs on v vertices 

(which is 11 if v = 4, as you see). 

(iii) Enumerate the graphs on v vertices by weight (:= no. of edges). 

In our example the answer is the following sequence of numbers: 

1,1,2,3,2,1,1, which again gives rise to the question if all such 

sequences of numbers of graphs by weight are unimodal, i.e. 

weakly increasing to the middle term and then weakly decreasing. 

(iv) Enumerate graphs by edge degree sequences. 

(v) For which v do selfcomplementary graphs exist? 

(vi) Count graphs by automorphism group. Characterize the subgroups 

of the symmetric group S v which occur as automorphism groups of 

graphs on v vertices. 

(vii) Enumerate graphs by weight and automorphism group. 

(viii) Construct the graphs on v vertices exhaustively and redundancy- 

-free. 

(ix) Construct graphs on v vertices uniformly at random. 

All these questions can be answered except question (iv), for which no 

satisfactory answer is known yet and which is, as it was mentioned in 

the introduction, in fact the question which gave rise to the whole 

theory. I shall describe some of the solutions in the next sections 

starting right now with question (i) which asks for a flexible defini- 

tion of graphs on v vertices. 

Let v := {1,...,v} denote the set of vertices, so that the set of 

2-subsets 
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[2] 
v := {{i,j} [i,j 6 v,i * j} 

is the set of pairs  of v e r t i c e s .  Hence putting Y := 2 := {0,1} and 

X := v [2] 
_ , a labelled graph on v vertices can be considered as an 

(v [2] ) 
f 6 yX = 2 - , where 

=IO, if i and j are not connected 

f({i,j}) 

I, otherwise. 

The symmetric group S v acts on Z and hence on Z [2] and therefore also 

on 2 (Z[2]) in a natural way, namely by r@numbering the vertices, so 

that an orbit is an isomorphism class of labelled graphs, which is 

exactly what we mean by a 9raph. 

This definition is very flexible, for if we want to shift to k-multi- 

graphs on v vertices, i.e. if we want to allow up to k-fold edges (but 

still no loops), then we need only replace 2 = {O,1] by k+1={O,...,k}. 

If instead we want to consider directed graphs without loops, then we 

replace v [2] by v <2> := { (i,j) [ i,j ~ v,i ~ j}, and so on. 

3. Finite group actions 

Let G denote a finite group (written multiplicatively) and S a finite 

nonempty set. An action of G on S is a mapping 

G×S ÷ S: (g,s),÷ gs 

subject to the conditions 

g(g's) = (gg')s, IGS = s. 

The basic notions in connection with actions of finite groups are: 

- the orbit of s: G(s) := {gs I g E G}, 

- the stabilizer of s: G s := {g i gs = s}, 

- the f i x ed  po in t s  of g: Sg := {s I gs = s}. 

We remark that for a transversal T of the orbits we have S = 

-I 
Furthermore it is very easy to see that Gg s = gGsg , so that 

Gs := {Ggs = gGs g-1 I g E G} 

0 G(t) . 
tET 
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is a full class of conjugate subgroups, and that G(s) + G/Gs:gS ,+ gG s 

turns out to be a bijection between the orbit G(s) and the set G/G s of 

left cosets of G s in G. This leads to the following very important re- 

sult on the order of G(s): IS(s) [ = IG/Gsl- 

Using this and denoting by 

S/G := {G(t) I t 6 T} 

the set of orbits of G on S, one easily derives the following lemma, 

usually called Burnside's le~na (but in fact it is older, it is due 

to Cauchy and Frobenius): 

3 1 ] S / C l  = 1 Z I .  " 75T gCG ISg 

There exist various refinements of this lemma. The most important ones 

are contained in the following result (due to Stockmeyer) : 

3.2 The Fundamental Lemma: 

Le t  ~ d e n o t e  t h e  M o e b i u s - f u n c t i o n  on t h e  l a t t i c e  of  s u b g r o u p s  of  G. Let  

w : S  ÷ R d e n o t e  a ( w e i g h t - )  f u n c t i o n  from S i n t o  a r i n g  c o n t a i n i n g  ~, w 

be ing  c o n s t a n t  on t h e  o r b i t s  ~ i  o f  G on S ,  w i t h e  v a l u e  o n  w i ,  s i E w i -  

Then f o r  each s u b g r o u p  u o f  G and i t s  c l a s s  U o f  c o n j u g a t e  s u b g r o u p s  

we have  

Z w = ~ ~ ~(U,V) Z w(s). 
G EU 1 L G / u I  V V-~G 

s ,  s 
1 

Let me show how easy it is to prove this lemma: 

Z w(s) = Z Z w(s) 
U-<G U~V V=G 

s s 

= Z 1 

u~v [~J Gs~ 
w(s) 

= ~ iG/Vl 
u~v I~I 

~ w i • 
G s EV 

1 

Moebius-inverslon now yields the statement. 
Q 
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3.3 Corollaries: 

(i) The g e n e r a t i n g  f u n c t i o n  for  t h e  enumera t ion  of t h e  o r b i t s  of G 

by w e i g h t  w i s  

Z w i I Z ~ w(s). 
i = ~ gCG S6Sg 

( i i )  The number of o r b i t s  of l e n g t h  k of G on s i s t  

I ~ z ~(u,v) ISvl 
IG/uI:k v 

( i f  S V := {s V geV (gs=s)]). 

( i i i )  The number of o r b i t s  of t y p e  ~ ( i . e .  t h e  s t a b i l i z e r s  of t h e  

e l emen t s  are rn U) i s  

~ ~ ~(u,v) Isvl. 
V 

It is most important to notice that in order to apply 3.2/3 we need 

on ly  to c h a r a c t e r i z e  the  s e t  S v of f i x e d  po in t s  of V, for  each subgroup 

V. The rest is done by an application of the Moebius-function ~ which 

does not depend on the action of G on S which is examined. 

Let us conclude this section by slightly simplifying the above equation 

by using that (as w is constant on the orbits): 

w(s) = Z w(s) , 

V~Gs gVg- I <43 
s 

and introducing the abbreviation 

(u,~) := z ~(u,w). 
we~ 

Now if UI,...,Ud are the classes of conjugate subgroups of G, U i 6 Ui' 

then we obtain the following equation 

w = ~ ~ ~(Uj,U k) w(s). 
Gs. CUj i ~ k Uk~G s 

1 

Putting 

bjk := IG/~Ujl u(Uj,Uk), B(G) := (bjk) , 

a matrix which we call the B u r n s i d e m a t r i x  of G, and which is the inverse 

of the t a b l e  of marks: 

-I iG/Ukt 
B(G) = M(G) = (mjk), mjk - ¢(Uj,Uk), 

being the zeta function of the subgroup lattice. Thus: 
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3.4 Corollary: 

The g e n e r a t i n g  f u n c t i o n  for  t h e  enumera t ion  of such o r b i t s  by w e i g h t  w, 

t h e  e l e m e n t s  of which have s t a b i l i z e r s  in  Uj, i s  t he  e l e m e n t  i n  t h e  

j - t h  row of t h e  column v e c t o r  

o 

B(G) • E w(s) 

Uk~G s 

This theorem has the advantage that it clearly seperates the things 

which do depend on the particular action of G from B(G) which does only 

depend on the isomorphism class of G. Unfortunately the evaluation of 

B(G) needs the knowledge of the subgroup lattice. A different approach 

which allows to avoid this can be found in the cited paper by 

Rota/Smith. I wanted to emphasize the finite group action aspect. 

4. Symmetry classes 0fmappings 

Let X,Y denote two finite nonempty sets on which finite groups G,H act. 

Then G,H,H×G and the wreath product H~G := HX×G act on yX in a natural 
X 

way: 

G×yX ÷ yX (g,f),+ fog-l, 

H×Y X ÷ YX: (h,f) ~ hof, 

(HxG)×y x ÷ yX: ((h,g),f) ~ hofog -I, 

(H~G)×yX ÷ yX ((~,g),f)~ ~, where 

X f(x) := ~(x)f(g-lx). 

The orbits under these actions are called symmetry  c l a s s e s  of mappings .  

In order to apply the above mentioned results on finite group actions 

we first of all remark that we obviously can embed G,H and H×G into the 

wreath product H[G so that all what we need to derive is a characte- 

rization of the X f6yX which remain fixed under an element (~,g)CH[G. 
X 

4. I Lemma 

c(g) 1 -I 
Let  g = H ( x  g x  . . . g  ~ x ) deno t e  a c y c l e  d e c o m p o s i t i o n  of  t h e  per -  

~-I ~ 
m u t a t i o n  ~nduced by g on X i n t o  d i s j o i n t  c y c l e s .  For 1 ~< ~ ~< c(g) w e  

pu t  -I +I 
(~,g) := ~(x )¢(g-lx )...¢(g ~ x ). h 

Then f C yX i s  l e f t  f i x e d  by (~,g) i f  and on l y  i f  
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(i) For each v f(xv) i s  a f i x e d  p o i n t  of  hv(~,g): 

(ii) 

f(x ) 6 Yh (e,g) ' 

and 

t h e  o t h e r  v a l u e s  of  f can be o b t a i n e d  from t h e s e  v a l u e s  f ( x  ) 

a c c o r d i n g  to  ,the e q u a t i o n s  

f (x) : ~(x) f (g-lx) , x C X. 

Proof: Iteration of f(x) : ~(x)f(g-lx) yields 

f(x) = m(x)~(g-lx)f(g-2x) ,... f(x v) = hv(~,g)f(xv). 

An application of 3.1 now yields for the total number of symmetry 

classes: 

I ~ iyle(g) 4.2 (i) IyX/GI = ~ g 

I ~ iYhrlXl (ii) Iyx/H[ = 7~7 h 

ai(g) 
(iii) IyX/H×GI = ~ I  (h,g)E in IYhil 

(ai(g) := no. of i-cycles induced by g on X). 

(iv) IyX/HIGI = I ~ HIY h (~,g) I- 
X IHIIXlIGI (~,g) ~ 

This answers the second one of the questions put in section 2. The ans- 

wer to the third one now follows by an application of 4.1 to 3.3 (i). 

The most general weight on yX which is constant on the orbits of G on 

yX is the mapping 

4.3 w:Y x ÷ Q[Y]:f ÷ N f(x), 
x6X 

where we took Y as set of (commuting) indeterminates over ~. 4.1 shows 

that f is left fixed by g E G iff f is constant on the cycles of g (on 

X). If such a cycle is of length i, then it contributes to the weight of 

f the factor yi, if y is the value of f on this cycle. Thus 

a i (g) ( Z y~) 
i ycY 

is the sum of the weights, of all the f 6Y X fixed under g. Hence 3.3 

(i) yields P61ya's famous theorem: 
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4.4 The Sum of t h e  v a l u e s  of t h e  w e i g h t  w on t h e  o r b i t s  of  G on yX i s  

• .(g) 
I (Nyl)al 

Z W i = Z 
i ~ g i y 

In terms of the cycle-indicator for the action of G on X, i.e. the 

polynomial 

ai(g) 
I Z H z. C ~[z I ..... Zlx I ] Cyc(G,X) := ~ g6G i z 

and the so-called P61ya-insertion of polynomials p( .... y .... C ~[Y] 

into the cycle-indicator 

I 
Cyc(G,X I p( .... Y .... )) :: ~ 

we can rephrase 4.4 as follows: 

i 
E Z p( .... y .... ) 

gCG i 

a (g) 1 

4.5 P61ya's Theorem: 

The g e n e r a t i n g  f u n c t i o n  fo r  t h e  e~umera t ion  of symmetry  c l a s s e s  of G 

on yX by w e i g h t  ( c f .  4.3)  i s  

Cyc(G, X I ~ Y). 
yGY 

The other theorems on the enumeration by weight under the actions of 

H,H×G and HIG can be derived similarly, since lack of space I have 

to leave X that to the reader. 

5. Enumeration of G-classes by weight and automorphism group 

According to 3.4 we obtain for the enumeration of G-classes on yX by 

weight and autormorphism group the following matrix product 

I • Ix/ul liW k) 
5.1 B(G) ~ K ( ~ y ) 

i=I yCY 

where li(Uk) denotes the length of the i-th orbit of U k on X. This co- 

lumn contains in its j-th row the generating function for the enumera- 

tion of such orbits by weight, that have their stabilizers in U.. 
3 

If we are interested only in the enumeration by automorphism group we 

map each y onto I, obtaining the matrix 
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5.2 B(G) ] YI LX/Uk! 

Let us consider an example: G := S 4. The Aachen subgroup lattice pro- 

gram yields the following transversal of the classes of conjugate sub- 

groups: 

U I = <I>, U 2 = <(24)>, U 3 = <(12)(34)>, U 4 = <(132)>, U 5 = <(24), (13)>, 

U 6 = <(1324)>, U 7 = <(12) (34), (14) (23)>, U 8 = <(132) , (13)>, 

U 9 = <(1234),(24)>, UIO = <(132),(142)>, U11 = <(1324),(1342)>. 

It is easy to evaluate the sequence of numbers of orbits of the Uj on 

4 [2] , which is 

14 [2]/Ujl = 6,4 4,2,3,2,3,2 2 , 1 , 1 . ,  , 

Besides this we obtain from the Aachen subgroup lattice program the 

table M(S4) of marks which we have to invert (which is again easy since 

M(S 4) is ~riangular. The resulting columns for k = 1,2,3,4,5 which 

give the numbers of (k-1)-multigraphs by automorphism group are 

B(S 4 ) 

(cf. 5.2) : 

k 2 

k 3 

k 2 

k 3 

k 2 

k 2 

k 1 

klj 

k: I 

O 

O 

O 

O 

O 

O 

0 

O 

O 

O 

i l  

2 3 

I 'I 21 

lj 9 

01 o 
2 I 9 

0 0 

0 1 

2 I 6 

2 I 6 

0 0 

2 3 

4 5 

1OO 465 

84 230 

36 1OO 

O~ 0 
i 

241 50 I o 
lO 

1 2  2 0  

1 2o! 
o: 

4~ 5 I 

The last column (k=5) shows for example that there exist exactly 900 

different 4-multigraphs on 4 vertices of which 465 have trivial auto- 

morphism group U I = <I>. 

Notice that the fourth, sixth and tenth row of this matrix consis~ of 

zeros only. This means that neither U 4 = <(132)> = A 3, nor U 6 = <(1324)> 
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= C 4 nor UIO = <(132),(142)> = A 4 occur as automorphism groups of 

k-m~itigraphs on 4 vertices, I ~k < 4. Let me show how it can be 

proved that this is true also for bigger k and that A v is, for v > 3, 

never the automorphism group of a graph on v vertices? 

Choose an f 6 yX. Its inverse images X := f-1[{y]] form a decomposition 
Y 

of X into disjoint subsets (some of which may of course be empty): X=0Xy. 

The stabilizer of f in the s y m m e t r i c  g r o u p  S x is the direct sum of the 

symmetric groups on the X : 
Y 

(Sx) f = e S x • 
y6Y y 

These subgroups of S X are called the Vou~g ~ubgr0ups. Thus the stabi- 

lizer of f in G, the permutation group induced by G on X, must be the 

intersection of this Young subgroup (Sx) f with G and we have obtained 

5.3  C o r o l l a r y  

A s u b g r o u p  U of  G o c c u r s  as t h e  s t a b i l i z e r  o f  an f 6 yX i f  and o n l y  

i f  U i s  t h e  i n t e r s e c t i o n  o f  G w i t h  a s u i t a b l e  Young ~ u b g r o u p  o f  S X. 

Thus in particular the alternating group Av, v ~ 3, does never occur 

as automorphism group of a graph on v vertTces. For A = WNS , W a 
V V 

Young subgroup of SX, X = Z [2], yields W = S X as Av acts tra{siti- 

vely on [[2] and hence WnS v = Sv" Similarly it tur~s out that the cyclic 

group C v cannot De tne automorp~lsm group of a graph on v vertices, if 

v ~ 3. 

This can be made more explicit by considering the mapping 

~:Sx ÷ yX:~ ~ for. 

We call the IYl-tuple of the orders of the inverse images the content 

of f: 

C(f) := ( .... If-1[{y}] I .... ), 

It is not difficult to check that ~ has the following properties: 

5 .4  ( i )  ~ maps S x on to  t h e  u n i o n  o f  G - c l a s s e s  on yX t h a t  c o n s i s t  

o f  mappings  o f  c o n t e n t  C ( f ) .  

( i i )  The i n v e r s e  image  o f  t h e  G - c l a s s  o f  f o r  i s  t h e  d o u b l e  

c o s e t  (Sx) f~  G. 

Thus in particular a transversal of the double cosets (Sx)f~ G in S x 

is mapped under ~ onto a transversal of the G-classes of content C(f). 

(cf. H~sselbarth/Ruch/Richter). This can be used for a redundancy-free 
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construction. One can take advantage of the fact that S x can be linearly 

ordered if X has this property, so that there exists a canonic system 

of representatives, consisting of the least members of the double cosets 

(see Brown et. al.). 

This can be considered as an answer to question (viii) put in section 

2, but one should be aware of the fact that double coset calculations 

are very cumbersome. One gets a list of all the graphs with v vertices 

only up to v = 9 in a reasonable computer time. 

An algorithm for generating orbit representatives uniformly at random 

was recently given by Dixon and Wilf. The method is: choose a conju- 

gacy class C of G, which acts on S, with the probability 

Iclls_I 
p(C) := IS/GI~GI , g E C, 

then pick a g E C and construct a fixed point s of g, uniformly at 

random. Then the probability that s belongs to the orbit ~ of G on S 

is IS/GI -I . One can use this for graphs with v < 30 vertices easily 

and for bigger v if a very good long integer arithmetic is at hand. 

6. The Burnside ring and a @eneralization 

The enumeration of the orbits of G on S by stabilizer class Ui can be 

considered as the problem of identifying S with a certain element in a 

specific ring, the Burnside ring of G, as we shall see in a minute. 

This ring theoretic approach has a useful generalization (Plesken) 

which will be described next. Assume (S,<) is a poset on which 

G acts as a group of automorphisms, i.e. we assume in addition that 

v x,yES, gEG (x < y ~=~ gx < gy). 

If again both S and G are finite, then the following is easy to verify: 

6 .1  (i) E l e m e n t s  i n  t h e  s a m e  o r b i t  a r e  i n c o m p a r a b l e .  

( i i )  The  o r b i t s  B. can  be  n u m b e r e d  i n  s u c h  a way  t h a t  
1 

B i 9 x < y 6 B k ~ i ~ k . 

(iii) I f  s < s' t h e n  

IG(s) II{y E G(s') I s < Y}I = IG(s') li {x E G(s) I x < s'}l- 

Lattices are posets. Assume that the finite group G acts on a finite 

lattice (L,A,V). Then the following properties are equivalent: 
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6.2 (i) V x,yCL, g6G: x < y ~ gx < gy, 

(it) V x,yEL, gEG: g(x^y) : gx^gy, 

(iii) V x,y6L, gEG: g(xvy) = gxvgy. 

The lattice (L,^,v) defines two semigroups: (L,A) and (L,v). Hence let 

us assume that (S,.) is a finite semigroup and that the finite group 

G acts on it as a group of automorphisms: 

V x,yES,g6G (g(x-y) = gx.gy). 

The semigroup  r ing  ~ [S,-] consists of the f:S ÷ ~ where addition f+f' 

is pointwise and where the multiplication comes from that of S: 

(f~f') (X) := Z f(y).f'(z). 
yz=x 

AS usual we write its elements as "formal sums" 

f = Z fx x' fx := f(x) 
x6S 

It is very important to notice that we can put, for each i,j,k and 

s E Bk: 

aij k := I{ (x,y) E Bi×B I x.y = s}l 3 

(the upper point in aij k indicates the semigroup multiplication) for 

this number does not depend on the chosen representative s of B k. These 

numbers are the structure constants of the following subring. 

IS,- ] G :: {f 6 ~ IS,. ] I v g6G (f = fog-l)}, 

consisting of the G-inuariant elements of the semigroup ring. 

6.3 Is,. ] G has the orbit sums b i := 
xEB. 

ducts satisfy the equations 1 

: Z aij k b k . bi~bj k 

The main theorem (Plesken) is 

x as ~ -basis. Their pro- 

6 . 4  T h e o r e m  

Le t  B I . . . . .  B d deno te  t he  o r b i t s  of t h e  f i n i t e  group G a c t i n g  on t h e  

f i n i t e  l a t t i c e  ( L , ^ , v )  as group of automorphism,  and i n d i c a t e  by b k t h e  

o r b i t  sums. Then 

(i) I f ,  f o r  any x 6 B i 

A 
aik := I{Y 6 B k I x < Y}I, 

t h e n  t h e  mapping 
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b k t÷ 

A 

alk 

A 

a d k  

A 

=: ek 

d e f i n e s  a r i n g i s o m o r p h i s m  b e t w e e n  ~ [L,A] G 

I f ,  f o r  any y 6 B 
1 

(ii) 

t h e n  t h e  mapping 

V 
aik :: l{x {} B k I x ~< Y}I , 

and ~ d  . 

V 

alk 

b k ~ • =: ~ 

V 

adk 

and ~!(+,~). d e f i n e s  a r i n g i s o m o r p h i s m  b e t w e e n  ~ [L,v] G 

( i i i )  T h e s e  r i n g s  and t h e i r  i m a g e s  a re  r e l a t e d  by t h e  i d e n t i t i e s  

(iv) 

A 
aiklBil : a v kiJBkJ 

For t h e  ( c o o r d i n a t e w i s e ]  p r o d u c t s  ~ 9 ~ A  o f  t h e  co lumns  o f  t h e  
i 3 

m a t r i x  A ^ ^ = ( a i k )  we have  t h e  u n i q u e  l i n e a r  c o m b i n a t i o n  

A A 

alialj 
A A 

~iAAj := " : kE aijk~ k . 

A A 

adiadj 

And c o r r e s p o n d i n g l y  

V V 
~V. V = E aijk~ k . 
i 3 k 

A A V V 

(v) aik = akii, aik = aki i . 

The main point in the proof is to show that A A and A v are triangular 

matrices with 1's along the main diagonal. 

Beautiful examples are provided by the regular polyhedra and their 

symmetry groups. For example, the tetrahedron on which A 4 acts gives 

rise to the matrix 

14641 
AA = I 331 

121 
11 

1 , 

A A A A A A 
w h e r e  ~ 3 ~ 4  = 2~3+3~ 2.  T h i s  m e a n s  ( 6 - 4  ( v ) )  : a343  = 2 ,  a342  = 3 ,  s o  

that each edge can be represented in exactly two ways as the infimum 
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of a face and an edge while a vertex can be represented in exactly three 

ways as such an infimum. 

Now what about the Burnside ring? 

From G and a transversal {UI,...,U d} of the classes of conjugate sub- 

groups we obtain a complete set of pairwise nonisomorphic transitive 

G-sets ~ as follows: 
1 

w i := G/U i = {xU i I x E G}, I < i ~ d. 

G acts on G/U i by 

G×G/U i ÷ G/Ui: (g,xU i) ~ gxU i. 

We indicate the G-isomorphism class of w i by 

~i := {S 1 G-set, G-isomorphic to ~i } 

Thus 

:: {~I' .... ~d } 

is the complete set of G-isomorphism classes of transitive G-sets. The 

B u r n s i d e  r i n g  ~ := {~:~ ÷ ~ } consists of the "formal sums" 

d 

= E zi~i, Z i := ~(~i ) , 
I 

which we can add: 

gi+~j : ~iG~j 

(form the disjoint union ~.0~. and then take its G-isomorphism class) 
z 3 

and multiply 

~i'~j := ~ bijk~k, if ~i×wj = Z bijk~k . 
k k 

6.5 Theorem: 

(i) The mapping 

~i ÷ ING(Ui) :Uilui' ui := 
uc~ i 

d e f i n e s  an embedding  

~ ÷ ~ [L(G),^] G 

U 6 ZZ [L(G)'^]G 

(ii) 

o f  t h e  B u r n s i d e  r i n g  o f  G i n t o  ~ [ L ( G ) , ^ ]  G. 

For t h e  m a t r i x  A ̂  o f  ~ [ L ( G ) , ^ ]  G and t h e  t a b l e  M(G) o f  marks  we 

have  



174 

0 

M(G) = A ̂  - ING(Ui) :Uil 

O 

This finally explains the role of the table of marks. 
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JOINT DISTRIBUTIONS 

OF THREE DESCRIPTIVE PARAMETERS OF BRIDGES 

Germa in  K rewe ras  
U n i v e r s i t ~  P i e r r e  e t  ~ i a r i e  C u r i e  ( P a r i s  V I )  

4 p l a c e  J u s s i e u  75005 P a r i s  

§ I .  I n t r o d u c t i o n  

A bridge i s  a f i n i t e  word  w r i t t e n  w i t h  a ' s  ( a s c e n t s )  and b ' s  ( d e s -  

c e n t s )  i n  e q u a l  n u m b e r ,  such t h a t ,  f o r  w h a t e v e r  i , t h e  i - t h  d e s c e n t  ne -  

v e r  a p p e a r s  b e f o r e  t h e  i - t h  a s c e n t .  I f  t h e  t o t a l  l e n g t h  o f  t h e  word  i s  

2n , we s h a l l  c a l l  i t  a b r i d g e  o f  span n , o r  n - b r i d g e .  I t  i s  w e l l  known 

t h a t  t h e  t o t a l  number  o f  n - b r i d g e s  i s  t h e  C a t a l a n  number  n~-T(  ) = c n 

B r i d g e s  have been i n v e s t i g a t e d  e x t e n s i v e l y ,  e s p e c i a l l y  f r om t h e  f o l -  

l o w i n g  v i e w p o i n t  : i f  some d e s c r i p t i v e  p a r a m e t e r  o f  an n - b r i d g e  i s  s u b -  

j e c t  t o  t a k e  a p r e s c r i b e d  v a l u e  z , t h e  c o r r e s p o n d i n g  number o f  n - b r i d -  

ges i s  an i n t e g e r  f u n c t i o n  f ( n , z ) ,  w i t h  t h e  p r o p e r t y  ~ f ( n , z )  = c 
n z 

One o f  t h e  most  f a m i l i a r  d i s t r i b u t i o n s  f ( n , z )  i s  t h e  s o - c a l l e d  

Narayana  d i s t r i b u t i o n  

N o ( n , z )  = 1(n) n z ( z ~ 1 )  
0 i f  n >. 1 

No(n ,0 )  = 
I i f  n = 0 

w h i c h  e n u m e r a t e s  t h e  n - b r i d g e s  w i t h  z " p e a k s "  ~ c c u r r e n c e s  o f  a b ) .  

I t  w i l l  be c o n v e n i e n t  f o r  t h e  a ims o f  t h i s  p a p e r  t o  c o n s i d e r ,  i n -  

s t e a d  o f  t h e  number z o f  p e a k s ,  t h e  number o f  o c c u r r e n c e s  o f  aa ( d o u -  

b l e  a s c e n t s ) ,  w h i c h  i s  o f  c o u r s e  n - z  s i n c e  any o f  t h e  n a s c e n t s  a i s  

f o l l o w e d  e i t h e r  by a n o t h e r  a o r  by a b . In a l l  t h e  s e q u e l  we s h a l l  d e -  

n o t e  t h e  l a t t e r  p a r a m e t e r  n - z  w i t h  t h e  l e t t e r  h.  Thus t h e  number  o f  n -  

b r i d g e s  w i t h  a p r e s c r i b e d  number  h o f  d o u b l e  a s c e n t s  w i l l  be 

I n n 
N(n h) = ~ ( h ) (  ) ' h+1 h E { 0 , 1  . . . . .  n - l }  ( I )  

The d i s c o v e r y  o f  t h i s  d i s t r i b u t i o n  e s s e n t i a l l y  goes back t o  a p a p e r  

by Na rayana  [ 6 ] .  
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More r e c e n t l y  i t  was d i s c o v e r e d  t h a t  two o t h e r  d e s c r i p t i v e  parame- 

cI t t e r s ,  the c o n s i d e r a t i o n  o f  which r, ay appear  as s l i g h t l y  l ess  n a t u r a l ,  

a l s o  f o l l o w  the same Narayana d i s t r i b u t i o n .  I~ar,~ely : 

( i )  the number d o f  ascents in even position, w i t h  the  obv ious  ex -  

t reme va lues  

d = 0 f o r  the  b r i d g e  a b a b . . . a b  = (ab)  n 

d = n--1 f o r  the b r i d g e  a a b a b . . . a b b  = a ( a b ) n - l b  

The gene ra l  r e s u l t  is  i m p l i e d  by the se t  o f  papers  I f ] ,  [2 ]  and [ 3 ] .  

( i i )  The number k o f  long non f i n a l  sequences. By "sequences"  we 

mean here maximal  subwords made e i t h e r  o n l y  o f  a s c e n t s ,  which we c a l l  

jumps, or o n l y  o f  d e s c e n t s ,  which we c a l l  landings ( i f  t h e r e  are z peaks, 

t h e r e  are z jumps and z l a n d i n g s )  ; we c a l l  a sequence long i f  i t  i s  ma- 

de o f  a t  l e a s t  two l e t t e r s ,  and we e x c l u d e  the f i n a l  sequence,  neces-  

s a r i l y  a l a n d i n g ,  f rom the e n u m e r a t i o n ,  i r r e s p e c t i v e l y  o f  whe the r  i t  i s  

long or  n o t .  Example : the g - b r i d g e  

a a a  b a a  b b a  b b a  b a a  b b  

has 3 long  jumps and 2 long  n o n - f i n a l  l a n d i n g s ,  so t h a t  the t o t a l  num- 

ber o f  long non-final sequences ( l . n . f . s . )  i s  k = 5 Again i t  i s  ob-  

v ious  t h a t  the ex t reme va lues  o f  k are 

k = 0 

k = n-1 

f o r  the b r i d g e  (ab)  n 

n 

f o r  the b r i d g e  (aabb)  ~ i f  n is  even 

n-1 

or  ( a a b b )  -2" i f  n i s  odd 

The g e n e r a l  r e s u l t  has been proved by the  a u t h o r  and P. Moszkowski  [ 4 ] .  

Once a s c e r t a i n e d  t h a t  the t h r e e  p a r a m e t e r s  h (number o f  doub le  as-  

c e n t s ) ,  d (number o f  ascen ts  in  even p o s i t i o n )  and k (number o f  l . n . ~ s . )  

f o l l o w  the same d i s t r i b u t i o n ,  i t  i s  n a t u r a l  to  wonder what  the j o i n t  

d i s t r i b u t i o n s  a r e ,  i . e .  to  c a l c u l a t e  the number o f  n - b r i d g e s  f o r  which 

two o f  the  t h r e e  pa rame te r s  have p r e s c r i b e d  v a l u e s .  
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This was f i r s t  done f o r  the parameters  h and k by the a u t h o r  and 

Y. Poupard [ 5 ] ,  who were n a t u r a l l y  led to a problem in  which not  on l y  k 

is  s p e c i f i e d  a t  the same t ime as h , but even the number i o f  long jumps 

and the number j o f  long n o n - f i n a l  l a n d i n g s  are s p e c i f i e d  s e p a r a t e l y  ( o f  

course i + j = k ) .  The n o t e w o r t h y  r e s u l t  can be s t a t e d  in the f o l l o w i n g  way :  

the number o f  n - b r i d g e s  w i t h  h doub le  ascen t s ,  i long jumps and j long 

n o n - f i n a l  l a n d i n g s  is  g iven by the monomial e x p r e s s i o n  

E ( n , h , i , j )  = ~ (h  h n~h 1 n+~) 
i ) ( j  )( - I  ) ( j  (i2) 

The t r e a t m e n t  o f  the p a r t i c u l a r  cases i=O or h=O, which both lead 

to the o n l y  b r i d g e  (ab) n , is  t r i v i a l .  

We s h a l l  have to remember in §2 t h a t  the way to prove (2) in  [5]  

leans on the c o m b i n a t o r i a l  p r o o f  o f  an i d e n t i t y  e q u i v a l e n t  to 

h - l+u  n-h+v,  E ( i + j , j , u , v )  (3) = Z ( i + j - 1 ) (  i + j  ) E ( n , h , i , j )  ( u , v )  

As f a r  as on l y  the j o i n t  d i s t r i b u t i o n  o f  h and k is  needed, i t  can 

be e a s i l y  c a l c u l a t e d  by 

n-1 
B ( n , h , k )  = ~ E ( n , h , k - j , j )  

j=O 

Tables o f  B ( n , h , k )  f o r  n < 8 are g iven  in §4 , i l l u s t r a t i n g  the 

f a c t  t h a t  

n-1 
Z B ( n , h , k )  = N(n ,h)  

k=O 

and 

n-1 

h=O 
B ( n , h , k )  = N(n ,k )  

In the f o l l o w i n g  s e c t i o n s ,  we proceed in a s i m i l a r  way to i n v e s t i g a -  

te what happens i f  we p r e s c r i b e  d and h ( §2 ) ,  or d and k ( §3 ) .  In both 

cases we s h a l l  have f i r s t  to so l ve  a more r e f i n e d  problem than s imp ly  

f i n d i n g  the j o i n t  d i s t r i b u t i o n  o f  two pa rame te rs .  

§2. P r e s c r i b e d  d and h 

2.1 The doub le  a s c e n t s ,  i . e .  the occurences o f  aa, can have two so r t s  o f  

p o s i t i o n s  : odd-even (OE) or even-odd (EO) ; the f i r s t  doub le  ascent  en- 

coun te red  is  n e c e s s a r i l y  in  OE p o s i t i o n .  Let  us c a l l  r the number o f  dou- 

b le  ascents  in  OE p o s i t i o n  (DAOE) and s the number o f  doub le  ascents  in  
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EO p o s i t i o n  (DAEO),  so t h a t  r+s  = h . In  t h e  f o l l o w i n g  e x a m p l e  w i t h  n = 9 ,  

w h e r e  t h e  wo rd  i s  s l i c e d  i n t o  9 p a i r s  f o r  c l a r i t y ,  we have  r = 2 ( u n d e r -  

l i n e d  d o u b l e  a s c e n t s )  ans s = 3 ( o v e r l i n e d )  : 

p = a a--T~bla__Ealb~blb~blbbLbb 

In  t h e  same 9 - b r i d g e  we have  d = 4 ( p o i n t e d  a s c e n t s ) .  

Our g o a l  i n  t h i s  s e c t i o n  i s  t o  d e t e r m i n e  t h e  number  E * ( n , d , r , s )  o f  

n - b r i d g e s  w i t h  d a s c e n t s  i n  even  p o s i t i o n ,  r DAOE ' s and s DAEO ' s ; we 

s h a l l  i n  f a c t  p r o v e  t h a t  E * ( n , d , r , s )  depends  on i t s  f o u r  a r g u m e n t s  e x a c -  

t l y  i n  t h e  same way as E ( n , h , i , j )  d e p e n d s  on i t s  own.  

2 . 2  We s h a l l  need t h e  c o n c e p t  o f  " s q u e e z e d  b r i d g e "  as i n t r o d u c e d  by 

Y. P o u p a r d  [ 7 ] .  

S q u e e z i n g  a b r i d g e  P means s p o t t i n g  a l l  t h e  o c c u r r e n c e s  o f  ab , d e -  

l e t i n g  them and j o i n i n g  t h e  r e m a i n i n g  s u b w o r d s  t o g e t h e r .  The e x a m p l e  P 

a b o v e ,  once  s q u e e z e d ,  y i e l d s  t h e  b r i d g e  

P' = a a a a b a b b b b 

( t h e  " s c a r s "  o f  t h e  d e l e t i o n s  a r e  m a r k e d ) .  

We s h a l l  f i r s t  p r o v e  t h e  f o l l o w i n g  

Lemma : I f  an n - b r i d g e  P has d a s c e n t s  i n  even  p o s i t i o n ,  r d o u b l e  a s -  

c e n t s  i n  " o d d - e v e n "  p o s i t i o n  (DAOE) and s d o u b l e  a s c e n t s  i n  " e v e n - o d d "  

p o s i t i o n  (DAEO),  i t s  s q u e e z e d  b r i d g e  P' i s  an ( r + s ) - b r i d g e  w i t h  r a s -  

c e n t s  i n  odd p o s i t i o n  (AO) and s a s c e n t s  i n  even  p o s i t i o n  ( A E ) .  

The lemma i s  e a s i l y  v e r i f i e d  f o r  s m a l l  v a l u e s  o f  n . Assume t h a t  i t  

i s  t r u e  f o r  any  span < n - l ,  and c o n s i d e r  an n - b r i d g e  P w i t h  r DAOE ' s 

and s DAEO ' s 

I f  P i s  c o n n e c t e d  ( i . e .  i s  n o t  t h e  c o n c a t e n a t i o n  o f  two n o n - e m p t y  

b r i d g e s ) ,  t h e  d e l e t i o n  o f  t h e  i n i t i a l  a and t h e  f i n a l  b y i e l d s  a ( n - 1 ) -  

b r i d g e  Q ; t h i s  can be w r i t t e n  P = aQb C l e a r l y  enough  P' = a Q ' b ,  w h e r e  

Q' i s  t h e  b r i d g e  o b t a i n e d  by s q u e e z i n g  Q . O b v i o u s l y  

r ( P )  = s ( Q )  + I 

and s ( P )  = r ( Q )  
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so t h a t ,  when p a s s i n g  f r o m  Q t o  P , t h e  sum r+s  i s  i n c r e a s e d  by I u n i t .  

F u r t h e r m o r e  any odd p o s i t i o n  i n  Q becomes even in  P and c o n v e r s e l y ,  

so t h a t  DAOE ' s and DAEO ' s a r e  exchanged  be tween  P and O . Thus t h e  

p r o o f  o f  t h e  lemma i s  s t r a i g h t f o r w a r d  i f  P i s  c o n n e c t e d .  

I f  P i s  n o t  c o n n e c t e d ,  i t  i s  a c o n c a t e n a t i o n  o f  s e v e r a l  c o n n e c t e d  

componen ts  ( o r  " a r c h e s " ) ,  each o f  wh i ch  has a span < n-1 S ince  the  

lemma i s  supposed  t r u e  f o r  each a r c h  s e p a r a t e l y ,  i t  i s  t r u e  f o r  P be-  

cause each a r c h  i s  o f  even l e n g t h  by d e f i n i t i o n .  

2 .3  C o n s i d e r  now a g i v e n  ( r + s ) - b r i d g e  P' , w i t h  r AO ' s and s AE ' s 

P' has a c e r t a i n  number  o f  d o u b l e  a s c e n t s ,  say u DAOE ' s and v DAEO ' s .  

I t  f o l l o w s  e a s i l y  t h a t  t h e  o c c u r r e n c e s  o f  ab in  P' a r e  r - u  t i m e s  in  OE 

p o s i t i o n  and s - v  t i m e s  in  EO p o s i t i o n .  

In  o r d e r  t o  go back  f r o m  P' t o  t h e  n - b r i d g e  P whose squeezed  b r i d g e  

i s  P' , we have t o  insert, i n  each o f  t h e  2 r  + 2s + I p o s s i b l e  p o s i t i o n s ,  

a c e r t a i n  number ( p o s s i b l y  O) o f  o c c u r r e n c e s  o f  a b ,  i . e .  ( a b )  z w i t h  a 

c e r t a i n  non-negative e x p o n e n t .  The e x p o n e n t  must  i n  f a c t  be pos i t ive  f o r  

t h e  p o s i t i o n s  be tween  an a s c e n t  a and a d e s c e n t  b ( e l s e  t h i s  a and t h i s  

b wou ld  have been d e l e t e d  by s q u e e z i n g  P i n t o  P ' ) .  The sum o f  a l l  t h e s e  

e x p o n e n t s  must  be n - r - s .  

I n s t e a d  o f  c a l l i n g  t h e  s u c c e s s i v e  e x p o n e n t s  

z 0 z I z 2 z 3 z 4 . . . . . . . . .  Z2 r+2s_  I Z2r+2s  

i t  w i l l  be c o n v e n i e n t  to  c a l l  them 

YO Xl Yl  x2 Y2 . . . . . . . .  Xr+s Yr+s  

x 
( a b )  X w i l l  be i n s e r t e d  be tween  t h e  p o s i t i o n s  2 h - I  and 2h , t h u s  

r - u  o f  t h e  e x p o n e n t s  x X must  be p o s i t i v e  s i n c e  i n  P' ab a p p e a r s  r - u  

t i m e s  i n  p o s i t i o n  ( 2 ~ - 1 , 2 ~ ) .  In  t h e  same way ( a b Y ~ ) w i l l  be i n s e r t e d  

be tween  t h e  p o s i t i o n s  2~ and 2~+I , t h u s  s - v  o f  t h e  e x p o n e n t s  yh must  

be p o s i t i v e  s i n c e  i n  P' ab a p p e a r s  s - v  t i m e s  in  p o s i t i o n  ( 2 ~ , 2 h + I ) .  In  

P t h e  i n s e r t e d  ( a b )  x~ w i l l  a l l  be i n  EO p o s i t i o n ,  w h i l e  t h e  i n s e r t e d  

( a b )  y~ w i l l  a l l  be in  OE p o s i t i o n  ; t he  f o r m e r  a l o n e  w i l l  i n c r e a s e  (by  

x~ u n i t s )  t h e  number o f  a s c e n t s  in  even p o s i t i o n  (AE ' s ) .  

I t  f o l l o w s  t h a t  t h e  e x p o n e n t s  x I x 2 . . .  Xr+ s w i l l  be a sequence  o f  
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r+s  i n t e g e r s ,  r - u  o f  w h i c h  must  be p o s i t i v e  and s+u n o n - n e g a t i v e  ; t h e i r  

sum must  be d -s  s i n c e  t h e  number o f  AE ' s must  be i n c r e a s e d  f r o m  s ( i n  

P ' )  t o  d ( i n  P ) .  The number o f  such sequences  i s  e a s i l y  p r o v e d  to  be t h e  
d - 1 + u )  

b i n o m i a l  ( r + s - 1  

In a s i m i l a r  way t h e  e x p o n e n t s  YO Yl " ' "  Yr+s  w i l l  be a sequence  o f  

r+s+1 i n t e g e r s ,  s - v  o f  wh i ch  must  be p o s i t i v e  and r+v+1 n o n - n e g a t i v e  ; 

as f o r  t h e i r  sum y O + Y 1 + . . . + Y r + s  , i t  must  be such t h a t  

r+s  r+s 
Z x~ + Z y~ = n - r - s  

A A ~=I k=O 

span i n c r e a s e  f r o m  P' t o  P ; whence 

r+s  
y£ n - r - s - ( d - s )  = n - d - r  

k=O 

Aga in  t h e  number o f  such sequences  i s  e a s i l y  p r o v e d  t o  be a b i n o m i a l ,  

v i z  ( n - d + v )  
• r + s  

F i n a l l y ,  g i v e n  a squeezed  ( r + s ) - b r i d g e  P' w i t h  s AE ' s , u DAOE ' s 

and v DAEO ' s ,  t h e  number o f  p o s s i b l e  n - b r i d g e s  P h a v i n g  d AE ' s , r 

DAOE ' s and s DAEO ' s , whose s q u e e z i n g  g e n e r a t e s  P' , i s  t he  p r o d u c t  

( d - 1 + u ~ ( n - d + v )  
r + s - 1 '  r+s 

The i m m e d i a t e  c o n s e q u e n c e  i s  t h a t  t he  numbers  E * ( n , d , r , s )  s a t i s f y  

t he  i d e n t i t y  

d -1+u  ( n - d + v )  E * ( r + s , s  u , v )  (4 )  E * ( n , d , r , s )  = Z ( r + s - 1  r+s 
(u,v) 

We o b s e r v e  he re  t h a t  ( 4 )  i s  i d e n t i c a l  to  (3 )  i n  § I . ,  e x c e p t  f o r  t h e  no -  

t a t i o n s .  S i n c e  ( 3 )  was t h e  c e n t r a l  t o o l  t o  p r o v e  ( 2 ) ,  we can now s t a t e  

t h e  r e s u l t  c o r r e s p o n d i n g  t o  ( 2 ) ,  v i z .  

I d ( d ) ( n - d - l s  r 1 n -d  E * ( n , d , r , s )  = # ( r )  _ ) ( s+1  ) (5 )  

§3.  P r e s c r i b e d  d and k 

3.1 Aga in  we s h a l l  p r o c e e d  to  e n u m e r a t e  n - b r i d g e s  w i t h  d AE ' s ,  and p r e s -  

c r i b e  a d d i t i o n a l l y  n o t  o n l y  t he  t o t a l  number k o f  l o n g  n o n - f i n a l  s e q u e n -  

c e s ,  b u t  s e p a r a t e l y  t he  number o f  l o n g  jumps and t h e  number o f  n o n - f i n a l  

l a n d i n g s .  
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For t h i s  purpose we s h a l l  need a "symmetry lemma" which w i l l  be i n -  

t roduced by the f o l l o w i n g  remarks.  

Let us s t a r t  from the exp ress ion  (2) of  § I ,  which enumerates the 

n - b r i d g e s  w i t h  h double ascen t s ,  i long jumps and j long n o n - f i n a l  l a n -  

d ings .  Among these b r i d g e s ,  some begin w i t h  a a . . .  ; t h e i r  number i s  

E o ( n , h , i , j )  = E ( n , h , i , j )  - E ( n - l , h , i , j )  (6) 

s ince  the s u b t r a c t e d  term counts those which begin w i th  ab Let us now 

f i n d  an exp ress ion  F ( n , h , i , j )  f o r  the number of  n - b r i d g e s  w i t h  h double 

ascen ts ,  i long n o n - i n i t i a l  jumps and j long n o n - f i n a l  l a n d i n g s .  Among 

such b r i d g e s ,  F I begin w i t h  a b . . .  and F 2 begin w i t h  a a . . .  C l e a r l y  

F I = E(n-1 , h , i  , j )  

and F 2 = E o ( n , h , i + 1 , j )  , 

so t h a t ,  w i t h  use of  the s u i t a b l e  form of  (6) , 

F ( n , h , i , j )  = F I + F 2 

= E ( n - l , h , i , j )  + E ( n , h , i + 1 , j )  - E ( n - l , h , i + 1 , j )  . 

Since the exp ress ion  of  E is  known by ( 2 ) ,  i t  i s  e lemen ta ry  (a l t hough  

not so s h o r t )  to d e r i v e  the r e s u l t  

F ( n , h , i , j )  = (h h ) (n -h -1  n-h-1 h+ I h - l ) ( n - h  2) n-h 
i ) ( j  i ) (  j ) - ( i +  ) ( j  i - i  ( j +1 )  (7) 

Any of  the n - b r i d g e s  counted by ( 7 ) ,  i f  preceded by an a d d i t i o n a l  ascent  

a and f o l l o w e d  by an a d d i t i o n a l  descent  b , i s  b i j e c t i v e l y  t rans fo rmed  

i n t o  a connected ( n + 1 ) - b r i d g e  w i t h  h+1 double ascen ts ,  i + I  long jumps 

( i n i t i a l  or not)  and j+1 long land ings  ( f i n a l  or n o t ) .  Thus the number 

H n , i , j ( h )  o f  connected n -b r i dges  w i th  i long jumps, j long l and ings  and 

h double ascen ts ,  i s  g iven by F ( n - l , h - l , i - l , j - 1 ) ,  whence 

H n , i , j ( h )  = ( h - l ) ( h - i  j 11)( i i n  h 1 ) ( n - h - 1 ) _ ( V ) ( 1 1 - 2 ) ( n ; h - 2 ) ( n - h )  
- j -1 j -2  - 2  j ' 

exp ress ion  which makes i t  easy to check t h a t  

H n , i , j ( h )  = H n , i , j ( n - h )  
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T h i s  r e s u l t ,  w h i c h  we c a l l  t h e  " s y m m e t r y  l e m m a " ,  i s  i n t e r e s t i n g  by 

i t s e l f  because  i t  e x t e n d s  to  t h e  c o n n e c t e d  n - b r i d g e s  w i t h  p r e s c r i b e d  

numbers of long jumps and lonj landings a r e m a r k  w h i c h  i s  a s t r a i g h t -  

f o r w a r d  c o n s e q u e n c e  o f  t he  symmet r y  o ~ t h e  Narayana  d i s t r i b u t i o n  as f a r  

as a l~  t h e  c o n n e c t e d  n - b r i d g e s  a re  c o n c e r n e d .  

3 .2  In t h i s  s e c t i o n  we s h a l l  c o n s i d e r  t he  s e t  V ( n , i , j )  o f  t h e  connected 

n - b r i d g e s  w i t h  p r e s c r i b e d  numbers  i and j o f  l o n g  jumps and l o n g  l a n -  

d i n g s .  

The f o l l o w i n g  r e m a r k s  a re  o b v i o u s  : 

( i  ~ } ) ( 1 , i , j )  i s  n o n - e m p t y  o n l y  i f  i = j = 0 

( b r i d g e  ab o r  " m i c r o - a r c h " )  

( i i  ~ ( 2 , i , j )  i s  n o n - e m p t y  o n l y  i f  i = j = I 

( i i i  For  any n > 3 , ~ ( n , i , j )  i s  n o n - e m p t y  i f  and o n l y  i f  i > I , 

j > I and i + j  < n-1 

Our main s t a t e m e n t  w i l l  be the  f o l l o w i n g  : i n  ~ ( n , i , j )  t h e  p a r a -  

m e t e r s  " t o t a l  number o f  l a n d i n g s  ( o r  j u m p s ,  o r  o c c u r r e n c e s  o f  a b ) "  and 

"number  o f  a s c e n t s  in  odd p o s i t i o n  ( A O ' s  ) "  have the  same d i s t r i b u t i o n .  

The a s s e r t i o n  i s  t r i v i a l l y  checked  f o r  n = I and n = 2 ¢ 0 ( 3 , i , j )  

r e d u c e s  to  t h e  two b r i d g e s  aaabbb and aababb , t h e  f i r s t  o f  w h i c h  has I 

l a n d i n g  and 2 AO ' s , t he  second 2 l a n d i n g s  and I AO . 

L e t  us assume t h a t  o u r  a s s e r t i o n  i s  t r u e  f o r  t h e  spans 1 ,2  . . . . .  n-1 

and f o r  w h a t e v e r  i and j ( r e c u r r e n c e  a s s u m p t i o n ) ,  and c o n s i d e r  a b r i d g e  

P b e l o n g i n g  to  / Y ( n , i , j ) .  

S i nce  P i s  c o n n e c t e d ,  i t  may be w r i t t e n  

P = a Q b , 

where  Q i s  an ( n - l ) - b r i d g e .  The l a t t e r  i s  e i t h e r  c o n n e c t e d  o r  decomposa -  

b l e  i n t o  m a r c h e s  QI Q2 " "  Qm ' t h e  t - t h  o f  w h i c h  i s  an n t - b r i d g e  w i t h  

i t l o n g  jumps and J t  l o n g  l a n d i n g s  ; Qt E ~ ( n t , i t , J  t )  and n t < n-1 , 

so t h a t  we can use t h e  r e c u r r e n c e  a s s u m p t i o n .  

Note t h a t  N = (n 1 n 2 . . .  n m) i s  a sequence  o f  positive i n t e g e r s  
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( w i t h  sum n - l ) ,  b u t  n o t  n e c e s s a r i l y  I = ( i l , i 2 . . . i  m) o r  J = ( J l  J2 " ' "  Jn ) '  

w h i c h  can have  v a n i s h i n g  t e r m s  b e c a u s e  o f  " m i c r o - a r c h e s "  ; i t  i s  e a s y  t o  

make s u r e  t h a t  

i i  + i 2  + . . .  + im = ~ i  i f  n l  > 2 

- I  i f  n I = I 

and J l  + J2 + " ' "  + Jm = J J  i f  n m > 2 

I j - 1  i f  n m = I 

L e t  t h e  s e q u e n c e  N be s p e c i f i e d  and c o n s i d e r  t h e  s u b s e t  o f  ~ ( n , i , j )  

f o r  w h i c h  t h e  s u c c e s s i v e  a r c h e s  o f  t h e  ( n - 1 ) - b r i d g e  Q have  spans  

n I n 2 . , .  n m T h i s  s u b s e t  can i n  t u r n  be p a r t i t i o n e d  i n t o  c l a s s e s  

C = ( N , I , J ) ,  each  o f  w h i c h  c o r r e s p o n d s  t o  s p e c i f i e d  N, I and J ( g e n e r a l  

c l a s s  P ( n , i , j ; C ) ) .  

E x a m p l e  : ( n , i , j )  = ( 1 2 , 4 , 3 )  

N = ( 5 , 6 )  (m = 2 ,  n I = 5 ,  n 2 = 6 n1+n 2 = 1 2 - I )  . 

T h e r e  a r e  f o u r  p o s s i b l e  s y s t e m s  ( l , J )  ; one o f  t hem i s  d e f i n e d  by 

i = ( 2 , 2 )  i I = 2 ,  i 2 = 2) and J = ( 2 , 1 )  

I ~ ( n 1 , 1 1 , J l ) i  = I P ( 5 , 2 , 2 ) 1  = 2 

( J l  = 2 ,  J2 = I )  

B r i d g e s  : a a b a a b b a b b  3 l a n d i n g s ,  2 AO ' s 

a a a b b a a b b b  2 " 3 " 
° 

l ~ ( n 2 , i 2 , J 2 ) l  = I 2 ( 6 , 2 , 1 ) i  = 10 

B r i d g e s  : a a a a b a a b b b b b  

a a a b a a a b b b b b  
• • * * 

a a a b a a b a b b b b  

 a b baabbbb 
• • • • 

a a b a a a a b b b b b  

a a b a a a b a b b b b  

a a b a a b a b a b b b  

 aba a a bbb 
a a b a b a a b a b b b  

aabababaabbb 

2 l a n d i n g s ,  3 AO ' s 

2 4 " 

3 3 " 

3 4 " 

2 3 " 

3 2 " 

4 4 " 

3 2 " 

4 " 3 " 

4 " 2 " 

( I n  b o t h  l i s t s  a b o v e ,  t h e  AO ' s a r e  p o i n t e d ) .  
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The equa l  d i s t r i b u t i o n  o f  l a n d i n g s  and AO ' s on each o f  t h e  s e t s  

~ ) ( n t , i t , J  t )  i s  a c h i e v e d  a c c o r d i n g  to  t h e  r e c u r r e n c e  a s s u m p t i o n  (and 

i m m e d i a t e l y  checked  on t h e  above e x a m p l e ) .  

More p r e c i s e l y ,  i f  we c a l l  A t ( z  t )  ( r e s p .  B t ( z t ) )  t h e  number o f  b r i d -  

in ~ ( n t , i t , J  t )  t h a t  have z t AO ' s ( r e s p .  z t l a n d i n g s ) ,  t h e  ges r e c u r -  

r ence  a s s u m p t i o n  means t h a t  

A t ( z  t )  = B t ( z  t )  (8 )  

As a c o n s e q u e n c e ,  in  t h e  c l a s s  o f  ( n - 1 ) - b r i d g e s  Q c o r r e s p o n d i n g  to  

~ ) ( n , i , j ; C ) ,  i . e .  t h e  c a r t e s i a n  p r o d u c t  

m 
]i ~ ( n t , i t , J t  ) , 

t=1 

t h e  number  Ac (Z )  o f  b r i d g e s  h a v i n g  z AO ' s i s  equa l  t o  t h e  number Bc(Z)  

o f  b r i d g e s  h a v i n g  z l a n d i n g s ,  s i n c e  b o t h  a re  o b t a i n e d  by m u l t i p l y i n g  

t o g e t h e r  t h e  c o r r e s p o n d i n g  number A t ( z  t )  and B t ( z  t )  and summing up w i t h  

r e s p e c t  t o  a l l  t h e  a d m i s s i b l e  sequences  (z  I z 2 . . . .  Zp) w i t h  sum z . 

In t h e  above e x a m p l e ,  t h e  c l a s s  C i s  composed o f  20 (=2 x 10 b r i d -  

ges Q ; t h e  number o f  l a n d i n g s ,  as w e l l  as t he  number o f  AO ' s ,  i s  equa l  

t o  4 : 3 t i m e s  ( I  x 3 , s i n c e  4 = 2 + 2 

to  5 : 7 t i m e s  ( I  x 4 + I x 3 , " 5 = 2 + 3 = 3 + 2 

to  6 : 7 t i m e s  ( I  x 3 + I x 4 , " 6 = 2 + 4 = 3 + 3 

to  7 : 3 t i m e s  ( I x 3 , " 7 = 3 + 4 

Once p r o v e d  t h a t  i n  any c l a s s  C we have 

A c ( z )  = Bc(Z)  (9 )  

i t  i s  c o n v e n i e n t  to  c o n s i d e r  a ( v e r t i c a l )  l i s t  o f  t h e  b r i d g e s  P in  

~ ( n , i , j )  g r o u p e d  by c l a s s e s  C I C 2 . . . .  and to  w r i t e  i n  f r o n t  o f  each 

row in  a co lumn ( a ) ,  t h e  number o f  A0 ' s in  P : say y 

i n  a co lumn ( a ' ) ,  t h e  number o f  AE ' s i n  P 

( o r  o f  A 0 ' s  in  Q) : n - y  

i n  a co lumn ( b ) ,  t h e  number o f  l a n d i n g s  

(common to  P and Q) 

L e t  y be a g i v e n  i n t e g e r  and x i t s  c o m p l e m e n t  t o  n ; x = n - y  The 
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number o f  occur rences  o f  y in  column (a) is  equal  to the number o f  oc- 

cur rences  o f  x in  column ( a ' ) ,  i . e .  to  the number o f  b r i dges  Q hav ing  

x AO ' s. By v i r t u e  o f  9 ) ,  the number o f  occu r rences  o f  x in  ( a ' )  is the 

same as in  column ( b ) ,  s ince  the e q u a l i t y  o f  these numbers is  ach ieved  

i n  each o f  the c lasses  C. But by v i r t u e  o f  the "symmetry lemma" proved 

above,  t h i s  x appears n (b) the same number o f  t imes as i t s  complement 

y = n -  x . F i n a l l y  y appears the same number o f  t imes in (a) and (b ) ,  

which means t h a t  in  ~ ( n , i , j )  the number o f  b r i dges  w i t h  y A0 ' s is  equal  

to the number o f  b r i dges  w i t h  y l a n d i n g s  ; which completes the p r o o f  o f  

the a s s e r t i o n  announced in t h i s  s e c t i o n .  

The l i s t  ~ ( 6 , 2 , 1 )  taken from the above example i l l u s t r a t e s  the a r -  

gument ; we i n d i c a t e  here the c lasses  C I C 2 C 3 C 4 and in each b r i d g e  P 

the d e c o m p o s i t i o n  i n t o  aQb and the d e c o m p o s i t i o n  o f  Q i n t o  i t s  a rches .  

C I 

P 

a aaabaabbbb 

a aabaaabbbb 

a aabaaabbbb 

a aababaabbb 

a 

C a 2 
a 

a 

C 3 a 

ablaaaabbbb 

ablaaababbb 

ablaabababb 

a b ~ a a a b b b  

ab~blaababb 

(a) (a~ (b) 
-b TM 3 3 2 

b 4 2 2 

b 3 3 3 

b 4 2 3 

b 3 3 2 

b 2 4 3 

b 4 2 4 

b 2 4 3 

b 3 3 4 

a ablabaabb 2 4 4 C 4 a a ~ b a a ~  b 

Q 

In  the sequel  we s h a l l  use the r e s u l t  in  the f o l l o w i n g  e q u i v a l e n t  

form : in the set  ~ ( n , i , j )  o f  connected n - b r i d g e s  w i t h  i long j u m ~ a n d  

j long  l a n d i n g s ,  t he re  are as many b r i dges  w i t h  x doub le  ascents  as w i t h  

x ascents  in even p o s i t i o n  (AE ' s ) .  

3.3 I t  i s  now easy to  come back to the o r i g i n a l  p rob lem,  which concerns 

the set  ~ ( n , i , j )  o f  n - b r i d g e s  (no l o n g e r  n e c e s s a r i l y  connec ted)  hav ing  

i long jumps and j long n o n - f i n a ~  l a n d i n g s ,  and to  show t h a t  in  t h i s  se t  

the parameters  "number h o f  doub le  ascen ts "  and "number d o f  ascents  in 

even p o s i t i o n "  are a l so  e q u a l l y  d i s t r i b u t e d .  

For t h i s  purpose ,  c o n s i d e r  s e p a r a t e l y  two types o f  b r i dges  in 
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~ ( n , i , j ) .  The f i r s t  t ype  c o n s i s t s  o f  the b r i d g e s  end ing  w i t h  . . . a b  ; 

f o r  these b r i d g e s ,  p r e s c r i b i n g  the span n and j long n o n - f i n a l  l a n d i n g s  

goes back to p r e s c r i b i n g  the span n-1 and s i m p l y  j long l a n d i n g s .  For 

the second t y p e ,  i . e .  f o r  a l l  the b r i d g e s  o f  ~ . ( n , i , j )  end ing  w i t h  . . . b b ,  

p r e s c r i b i n g  j long n o n - f i n a l  l a n d i n g s  goes back to p r e s c r i b i n g  s i m p l y  

j+1 long l a n d i n g s .  

To w h i c h e v e r  t ype  a b r i dge  o f  ~ ( n , i , j )  b e l o n g s ,  i t  can be decompo- 

sed~ i n t o  i t s  s u c c e s s i v e  arches PI ,P2 . . . . .  where Pt be longs to some 

L f ( n t , i t , J  t )  ; moreover  ~ ( n , i , j )  can be p a r t i t i o n e d  i n t o  c l asses  

C = ( N , I , J ) ,  each o f  wh ich  is  i n c l u d e d  in  one of  the two types and c o r -  

responds to g iven  sequences o f  n t , i t and J t  The same argument as in  

§ 3.2 proves t h a t  w i t h i n  each c l ass  the number h o f  doub le  ascents  and 

the number d o f  AE ' s are e q u a l l y  d i s t r i b u t e d .  The r e s u l t  o b v i o u s l y  ex-  

tends to e i t h e r  " t y p e "  , thus  to ( ~ ( n , i , j ) ,  as i s  i l l u s t r a t e d  by the f o l -  

l o w i n g  example ,  w i t h  n = 5, i = 2, j = I : 

h d 

type I aabaabbbab 2 2 

type  I I 

aaabbaabbb 3 2 

aabaabbabb 2 3 

aaabbb~abb 3 2 

aababb~abb 2 3 

aabb~aabbb 3 2 

aabblaababb 2 3 

aabblabl abb 2 2 
ab[aabb~abb 2 2 

The f i n a l  c o n c l u s i o n  i s  t h a t  i f ,  among the n - b r i d g e s  w i t h  i long 

jumps and j long n o n - f i n a l  l a n d i n g s ,  we have to enumerate those w i t h  d 

ascents  in  even p o s i t i o n ,  we f i n d  the same number as the one t h a t  enu- 

merates those w i t h  d doub le  ascen t s .  The l a t t e r ,  as was proved in  [ 5 ] ,  

i s  g i ven  by ( 2 ) ,  w i t h  rep lacemen t  o f  h by d ; thus  the number looked 

f o r  i s  

Z (d) (d) (n-d-~ n-d 
d i j i - I  ) ( j+1) 

a t h i r d  i n t e r p r e t a t i o n  o f  the same f u n c t i o n  of  f o u r  arguments as met in  

(2) and ( 5 ) .  
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§4.  Summing up t h e  l a s t  two a r g u m e n t s  

In o r d e r  n o t  to  p r i v i l e g e  any o f  t h e  t h r e e  p r o b l e m s  s o l v e d  by the  

same f o u r - a r g u m e n t  f u n c t i o n ,  we s h a l l  now a d o p t  Greek l e t t e r s  and w r i t e  

E(n,X,p ,o) -  I (X) (X) (~-X-I) (n-X) (10) 
X p ~ p-1 o+I  

To r e c a p i t u l a t e ,  we know now t h a t  ( I 0 )  e n u m e r a t e s  t h e  n - b r i d g e s  w i t h  

(a )  ~ a s c e n t s  in  even p o s i t i o n ,  p d o u b l e  a s c e n t s  in  " o d d - e v e n "  p o s i -  

t i o n ,  o d o u b l e  a s c e n t s  in  " e v e n - o d d "  p o s i t i o n  (§2 )  

(b )  Z a s c e n t s  in  even p o s i t i o n ,  # l o n g  jumps and o l o n g  n o n - f i n a l  

l a n d i n g s  (§3 )  

( c )  % d o u b l e  a s c e n t s ,  p l o n g  jumps and o l o n g  n o n - f i n a l  l a n d i n g s  

( [ 5 ] ) .  

M o r e o v e r ,  i f  we s e t  p + o = ~ , t h e  f u n c t i o n  o f  t h r e e  a r g u m e n t s  d e f i -  

ned by 

n-1 
B ( n , ~ , , ~ )  = ~ E ( n , % , ~ - o , ~ )  ( 11 )  

o=O 

g i v e s  e x p l i c i t l y  t h e  t h r e e  j o i n t  d i s t r i b u t i o n s  o f  t h e  p a r a m e t e r s  d ( a s -  

c e n t s  i n  even p o s i t i o n ) ,  h ( d o u b l e  a s c e n t s )  and k (number  o f  l o n g  non-  

f i n a l  " s e q u e n c e s " ,  i . e .  jumps o r  l a n d i n g s  i n d i s t i n c t l y )  in  t h e  cases  

( a )  k = d ~ = h 

( b )  >, = d ~ = k 

( c )  X = h ~ = k 

The f u n c t i o n  E wou ld  n o t  be easy  to  t a b u l a t e  because  o f  i t s  f o u r  a r -  

g u m e n t s .  I t s  v a l u e s  a r e  r e a d i l y  c a l c u l a t e d  ; t h e y  a r e ,  i n  a way ,  g e n e r a -  

l i z a t i o n s  o f  t h e  Na rayana  numbers  d e f i n e d  by ( I ) .  

On t h e  o t h e r  hand ,  B i s  s u s c e p t i b l e  o f  a t a b u l a t i o n ,  wh i ch  i s  g i v e n  

b e l o w  f o r  n < 8 ; i t  i l l u s t r a t e s  in  p a r t i c u l a r  t h e  announced p r o p e r t y  o f  

t he  row sums and co lumn sums, v i z .  t h a t  b o t h  y i e l d  t he  Na rayana  numbers .  
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n = 2 0 1 ~  l 
= 0 

IT li 

n = 3 0 I 2 I 
f 

= 0 I I f 
I 2 I 3 

2 1 t l  

I 3 I I 

n = 4 0 I 2 3 

), = 0 I 

I 3 3 

2 2 3 I 

3 I 

I 6 6 I 

I 

6 

6 

I 

n = 5 

= 0 

I 

2 

3 

4 

0 I 2 3 4 

I 

4 6 

3 9 7 I 

2 5 3 

I 

I 1 0 2 0 1 0  I 

I 

I0  

20 

10 

I 
] _  _ _  _ _  

n = 6 

h = 0 

I 

2 

0 I 2 3 4 5 

510  
4 1 8 2 2  6 150 

3 3 1 5 2 2 9  1 1 5 0  

4 2 7 6 115 

5 _ _ 1 . . . . . . . . . . . . . .  i _ I  ..... 

1 1 5 5 0 5 0 1 5  I I 

n = 7 

h = 0 

I 

2 

3 

4 

5 

6 

0 I 2 3 4 5 6 n = 8 

I ~ = 0 

6 15 21 I 

5 3 0 5 0 2 0  05 2 

4 30 70 55 15 I 75 3 

3 21 45 30 6 1105 4 

2 9 1 0  i 2 1  5 
I 

I [ 1  6 
7 I 21 105175 105 21 I I 

0 I 2 3 4 5 6 7 
I 

I 1 1  

7 2 1  1 2 8  

6 4 5 9 5  ~0 196 

5 5 0 1 6 0 1 8 5 8 0  10 490 

4 42 144 185 96 18 r490 

3 2 7 7 6  7 0 2 0  196 

2 1 1 1 5  28 

1 1 

I 2 8 1 9 6 4 9 0 4 9 0 1 9 6  28 1 I 

T h e s e  n u m b e r s  B d e s e r v e  t o  be s t u d i e d  f o r  t h e i r  own s a k e .  T h e y  e x -  

h i b i t  v a r i o u s  p r o p e r t i e s  w h i c h  may be m o r e  o r  l e s s  e a s y  t o  p r o v e  ; we 

o n l y  m e n t i o n  one  o f  t h e m  as an e x a m p l e ,  l e a v i n g  t h e  p r o o f  up t o  t h e  r e a -  

d e r  : 

I f  n i s  odd  ( = 2 m + I ) ,  t h e  d i f f e r e n c e s  b e t w e e n  r o w  m and row  m+1 a r e  

p o s i t i v e  and f o r m  a s y m m e b r i c  s e q u e n c e  ( t a k i n g  t h e  same v a l u e s  f o r  p 

and n - N ) .  
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I f  n i s  even (=2m),  the d i f f e r e n c e s  between row m-1 and row m form 

a skew symmetric sequence ( t a k i n g  o p p o s i t e  va l ues  f o r  ~ and n -~ ,  thus  

va lue  0 f o r  N=O, wh ich  means B(2m,m- l ,m)=B(2m,m,m) ) .  
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50ME NEW COMPUTATIONAL METHOD5 

IN THE THEORY OF SPECIE5 

Gitbert Labelle* 
Universit~ du Quebec a Montreal 

O. Introduction. 

The strong interactions between Classical Analysis and Enumerative Combinatorics 
are reflected by the fact that different kinds of series - -  including the "calculus" of the 
operations between them --  can be associated with each given combinatorial species 
[J2,J5]. The purpose of the present paper is to describe some computational techniques, 
involving inversion and Newton-Raphson iteration, that can be applied in a "uniform 
manner" to such series. 

For simpl ic i ty of presentation, we shall state and prove our results within the 
context of unisorted unweigthed combinatorial species . Their generalizations to 
multisorted and/or weighted species (see [J2], also [LT]) can be obtained in a 
stralgthforward manner. It is also possible to further extend the results to the case of 
virtual species (i.e. formal differences of species) using the various operations between 
them (including substitution) introduced in [J3] and [Yl-2]. 

Let F be a species. We shall be concerned with the following series: 

• The generating series of F, given by F(x) = T- n fn xn In! where fn is the number 

of (labeled) F-structures on n distinct points. 

• The type-generating series of F, given by F(x) = ~-n Tn xn where T n is the 
number of isomorphism types of F-structures on n points (i.e. unlabeled F-structures). 

• The cycle indicator series of F, given by 

ZF( XI'X~X3 .... ) = ~EI~I+ 2j~ + 3J~ .I.... 4 o~ fp1,13z,i3~,." x~ x~ z x~'3...//I l~I Pl ! 2~ J32 ! 31~ 133 ! .-. 

where fI~,I~,I~,... : flx F[131,13mp ) ... ] Is the number of F-structures on n distinct points 

(n = P1+2pz+3133 + ... ) which are invariant under the action of any permutation 13, of these 

n points, of type ISi, pmI3~... (here 13 k denotes the number of cycles of length k in 13). 

* Avec l'appui financier du programme FCAR (Quebec, EQ1608) et du CRSNG (Canada, A5660). 
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Cycle indicator series are also called indicatrix series, for short. Standard 
references about them are [BBN;B 1 ,B6-7;H 1-2;HP;HR;J2;JK;L2,L5-6,L9;P;R 1 ,R2,R3;W]. 

• The molecular series of F, given by F(X) = ~-n. H fH Xn/H where fH denotes the 
mult ip l ic i ty  (up to isomorphism) of the molecular component Xn/H, of F. Here, for 
each n, the variable H runs through a (fixed) set of representatives of the conjugacy 
classes of subgroups of the symmetric group ~n and X denotes, as usual, the species of 
all singletons. See [J3-5], [L4,L8-9] and [Y1-2] for more informations (and various 
tables) concerning the calculus of molecular series (see [L 10] for related series). 

Consider now any two species F and G. It turns out that the equality F(X)=G(X) of 
their respective molecular series is a much stronger condition than the mere equality 
Z F = Z G of their corresponding cycle indicator series (see [LS] for the "simplest" expl ici t  
combinatorial i l lustrat ion of this phenomenon). This can be explained as fol lows : Each 
species F determines, by functorial i ty, a sequence (F[n])n~ o of permuta t ion  - 
representations of the symmetric groups ~n and, by linearization, a corresponding 
sequence (~,in F[n])n~ o of linear representations of each ~n (these two sequences 
are arising from the sets F[n] of all F-structures on {1, 2, 3 ..... n }, n=O, 1, 2 .... ). One 
can check that 

F(X) = G(X) i f f  each F[n] is isomorphic to 6[n] 

while 
Z F = Z 8 i f f  each ~,tn F[n] ls Isomorphic to ~,in G[n], 

which is a weaker condition. In the f i rs t  situation, we say that F and G are isomorphic 
species (and usually wr i te F = G); in the second, we say that they are l i nea r l y  
isomorphic species. Sti l l  weaker conditions are 

and 
F(x) = G(x) 

T(x) = ~(x) 

(i.e. F and G are equlpotent species) 

(i.e. F and G are type-equlpotent species). 

Moreover [J2], F(x) = ZF( x,O,O .... ) and F(x) = ZF( x,x2,x 3, ... ). 

The whole situation is conveniently summarized by Figure 1 which displays the 3 

main levels of structural information in the theory of species: the "combinatorial" 
level, the "linear" level and the "analytical" level. "Going down" in this figure means 

"forgetting structural information" 

In Sl we present a general principle by means of which one can " l i f t " formulas from 
classical (multidimensional) Analysis up to the linear level. We apply i t  to obtain 
explici t  expressions for the cycle indicator series of certain species of "enriched" rooted 
trees (in the sense of [J2, LI]), including, as a special case, the species of "ordinary" 
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rooted trees. This is done by l i f t ing to the linear level, the classical multidimensional 
inversion formulas due to I.J.Good [G2} and SAJoni [J1]. In §2, we show how a certain 
combinatorial approximation problem concerning recursively defined species gives rise, 
in a natural manner, to an efficient Newton - Raphson iterative scheme that can be 
applied to all 3 levels. This generalizes the combinatorial approach to Newton - Raphson 
iteration given in [DLL}. The standard references about combinatorial species are [B2-5; 
D; DLL; FL1-2; J2-5; LI-IO; LS; LV; Y1-2]. For the representation theory of the symmetric 
group see [JK] for instance. 

0 

z 

0 

bJ 

z 

F- 

z 

SPECIES OF 
LABELED STRUCTURES 

G ,  F , G.F ,G(F)  
G +  F , G×F , G' 

I UNLAOELED ] ...,~ e[C 
STRUCTURES 

i i , ,  ii 

CYCLE INDICATOR SERIES 

Z G , Z F , Z G' Z F , ZG(Z F) 
a 

ZG+ Z r ,ZGx Z F , ax 1 ZG 

. . . ,  e tc  

POWER SERIES 

G(x), F(x), G(x)F(x), G(F(x)) 

G(x)+F(x), G(x)xF(x), G'(x) 

[ ( 3 ( x ) , F ( x ) I  - ' - ,  e tc  

i l l l  

G-~F 
(ISOMORPHISM) 

\ / 
% 

Z G =  z F 

,U 
G(x):F(x) 
G(x)=F(x) 

(EQUIPOTENCE) 

GOING DOWN MEANg 
FORGETTING gTRUCTURAL INFORMATION 

ELgure 1 



"jacobian" matrix 

I '= (fi)l ~i< 

respect ively,  then 
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I. A "lifting" Principle from classical Analysis. 

Let C{{ xl ,x~x ~ .... }} be the r ing of ( formal)  ind icat r ix  ser ies 

f( xl,xa, x 3 .... ) = ~. fl3i,l~,l~,.. x~1 x~ x~... III~ ! 21~J3z! 31~133g ... 

whose coefficients fI~,l~,l~,.., belong to the field C of all complex numbers. Many 

supplementary operations can be added to that ring structure, including a derivation 

and a substitution (plethysm) defined by (see [J2]) : 

f '  = OflO× i and g(f) = g( f l , f~f3,--- ) 

where the fo l lowing convention is used 

fk = f( xk, X2k, X3k, " ), k = I, 2, 3 ..... 

Each of these operations has its counterpart in both the Combinatorial and the 

Analytical levels. Moreover, the "chain rule" takes Its usual form: 

h = g(f) ~ h' = g ' ( f ) f ' .  

This analogy w i th  c lassical  Analysis goes very far  in v iew of the fo l lowing observat ions 

(see [L2]) : Define, for each ind icat r ix  series f, the in f in i te  vector £ and the in f in i te  
f_' by 

= (f(xi, x2i, x3i .... ))l<i<~ and I" = ((i)l~xj)fi)i ~ i, j < ~ 

Observatlon I. h = g(f) ,: > 11 = g(f) where the right member denotes the usual 

(infinite dimensional) vectorial substitution 

Observation 2. h' = g'(f)f' < > h_' = g--(f )f_' where the right member denotes theusual 

(infinite dimensional) matricial multiplication. 

Observation 3. The jacobian matrix f_' = ((i)laxj)fi) I ~ i,j < ~ is always upper triangular 

and we have, for each i,j ~ l, 

(i}li}xj)fl= (~fli~xj/i) i if i divides J, and = 0 otherwise. 

Moreover, i f  f '( 0,0,0, ._ ) = I then det f_' = I1 i ~ I f'( xi, x2i, x3i, -- )- 
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Hence, we can state the following "heuristic" principle: 

Lifting Principle : 

Analysis gives rise, 

/ndicatrix series. 

"Every" formula from classical m-dimensional power series 

letting m --+ ~, to a corresponding formula at the level of 

We shall illustrate the use of this principle by lifting the classical multi- 

dimensional inversion formulas due to I.J.Good [G2], and S.A.Joni [Jl] to compute the 

indicatrix series of the species A = A(X) and B = B(X) which are respectively 

characterized by the following two combinatorial equations 

A(X) = XR(A(X)) and B(X) = X + G(B(X)), 

where R and G are any two given species satisfying R[~] = ~ and G[~] = G'[~] : ~. A 

structure of species A can be descrlbed[J2, L I] as an R-enrlched rooted tree (French: 

arborescence R-enrichie) and a generic example is given by Figure 2a. Similarly, a 

B-structure can be described [L2] as a G-Catalan rooted tree (French: G-arborescence 

de Catalan) and is given by Figure 2b. 

.~ o ~  °~ .0~to~ 

® ®® or 

' 

Lig_ure 2a Figure 2b 

Theorem A. Let A = XR(A) be the species of R- enrichedrooted trees and let F be an 

arbitrary species Then the indicatr/x series ZF(A) of the species F(A) /s given by 

fixF(A)[J31,13~,I33 .... ] = coeff, of(x~x~x~...ll~1!2~p2!3~p3t...) in 

ZF( xi,x2,x3, ... )rli ~ i p( xi,x2i,x31, ... ) ZR( xi,x2i,x31 .... )13i 
where 

p( XI,X2,X 3 .... ) = I - XIZR'( XI,X2,X 3 .... )IZR( Xl,X2,X 3 .... ). 
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Proof. We have ZF(A) = ZF(Z A) where Z^ = ZzZR(ZA). TO simplify the notation, let us 

write f, a and r for ZF, Z^ and Z R respectively. We must compute f(a) = f(al,az, a3 .... ) 

given that a = xlr(a). By Observation I above, this last equation is equivalent to the 

infinite system 

a i = x i r i (  a ~ , a ~ a 3 ,  ... ) ,  I = I ,  2 ,  3 . . . . .  

Now, Good's multidimensional Inversion formula, which is valid for finite systems 

a I = xir i (a~,a~ .... am) , I ~ i < m, with a i = ai(x~,x~, .... Xm), can be written as 

[xiI~t..xmI~] f(a i ..... a m) = [XlPl...xml 3m] f(x, ..... x m) IK(xl ..... xm) I rl i < i ~ m ri(xl, "",Xm)Pi 

where IK(x~ .... ,x~)l = det { $i,j - xi(()ril()xj)Iri } Hence, the result follows by letting 
m--~ ~ and using the fact, due to Observation 3, that the resultlng determinant 

involves an upper triangular infinite matrix. • 

Theorem B. Let B = X + G(B) be the species of G - Catalan trees andlet F be an 

arbitrary species Then the Indicatrix series ZF(B) of the species F(B) is given by 

ZF(B) = ~k _[_D]E ZF( Xl,X2,X 3 .... )lli~ll" ( xl,x2i,x3i .... )Zs( Xl,X2i,x3i .... )ki Iki! 

where 
IF( Xl,X 2 .... ) = I - ZO'( Xl,X 2 .... ) and [~ = (Ol~xl)k1(Ol~X2) k2 .... 

Proof. We have ZF(B) : ZF(Z B) where Z B = Zx+ Zo(ZB). Again, to simplify, write f, b and 

g for Z F , Z B and Z 0 respectively. We must compute f(b) = f(bl,b~,b 3, ...) given that 

b = x~ + g(b). By Observation 1 above, this last equation Is equivalent to the infinite 

system 

b I = x i + gi( bl,b~b 3 .... ), i = I, 2, 3 ..... 

Now, Jonl's multidimensional Inversion formula, which Is valid for finite systems 

b i = x i + gi( bl,b ~ ...,bm), I ~ i ~ m, with b I = bi(xl,x ~ .... Xm), can be written as 

f(bl,...,bm) = ~k_Dikl...Dmkm f(xl,...,x m) IM(xl,...,xm)I ll1~i~rn gi(xl,...,xm)kIlki I 

where IM(x I ..... Xm) I = det { 81, j - ()gilaxj }. Hence, the result follows by letting m --~ 
and using the fact, due to Observation 3, that the resulting determinant involves an upper 

triangular infinite matrix. • 

Other multidimensional inversion formulas (e.g. Abhyankar's [Bcw], Gassers [01], 

Labelle's [L2], Stieltjes '[$]) can be lifted using the same technique. Each particular 

choices of the species F, R or G in the above theorems gives an explicit formula for 

corresponding series ZA or Z e • 
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Corollary AI. Let 8n6 be the species of all endofunctions, then 

f i x  8rib[pl,13~,J3s,...} = ~ l ( f i x  ~2)P2(fix ~3)133 ... 

where ~k iS the number of cycles of length k in the permutation p and fix pk = 
~dlk d~d denotes the number of fixedpoints of the k th iterate ~k of 9, (i.e. k- recurrent 
points of ~ ) 

Proof .  Take, in Theorem A, R = the species E of all sets and F = the species 5 of all 
permutations. Then A = X exp(A) = the species ~r of all ordinary rooted trees and F(A) = 
S(g') = the species 6n6 of all endofunctions. But R' = E' = E = R, so that p(xl,x~,...) 
=l-xlZR'/Zp,= l-x~. Moreover, i t  is wel l -known [see BK1;J2;R1;R2;R3] that Z s = i l  i (1-x i )  -I 
and Z E = exp :Ej x j l j .  Hence, 

ZF( Xl,X2,X3 .... ) l l i  ~ 1 P( xi ,x2i ,x3i ,- . .  ) ZR( x i ,x2i ,x3i  .... )~i 

= I l l  ( 1 - x i  ) ' i  I1 i (1-x i) exp (Pi :Ej x i j / j )  = I l  k exp {( f ix  pk)xk/k}. 

Taking the coef f ic ient  of ( x~ xI~ x~ . . . /11~1  ! 21~2 ! 31~s ! ... ) in th is last expression 
gives the desired result. • 

Corollary A2. Let ~ be the species of all (ordinary)rooted trees, then 

f i x  ET[13~,!3~133,...} = I }~ l - t I l k  z2 {( f ix 13k)J3k - k13k(fix 13k)[Jk-l}, i f  [31~ 1; 

= 0 ,  / f  p l = 0 .  

Proof .  This t ime, take R = E and F = X (the species of all singletons). Then F(A) = 
X(~') = 9 ~ and Z X = x~. 50, proceeding as above, one gets 

ZF( x l ,x2,x3 .... ) l l i  ~ 1 P( x i ,x2i ,x3i  .... ) ZR( x i ,x2i ,x3i  .... )Pi 

= xl  I I  i (1-x  i) exp (Pi ~-j x i i /J )  = x~ I lk ( I -Xk) exp {( f ix  pk)Xk/k} 

= x~ I lk:E i { ( f ix  pk)i _ k i ( f i x  Isk) i - l }  xk i /k i i ! ,  

which gives the desired result. • 

Corollary B. Let ~¢p be the species of aN binary commutative parenthetisations 

[J2, L2], then 
Z~(:p = ]El< (~/~Xl)kl((}/i}x2)k2... Xl l l iz  1 (1- Xi){( Xi 2 + X2i ) /2 }k i /k i ! .  
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Proof. Use Theorem B with G = the species E~ of all unordered pairs of (distincts) 
points and F=)L Here, Z O=(x~ z+x2)/2 and Z O' =z x =x 1, • 

Notes, An alternate proof of Corollary A2, involving the matrix tree theorem, has 

been recently suggested by Doron Zeilberger [Z]. Also, Corollary A1 can be easily verified 

by a direct combinatorial argumenL 

Another computational tool consists of the following "convolution" operation 
between sequences of (formal) indicatrix series. 

Definition. The convolution a.b of anytwosequences 

a = (a(n))n~ i = (a(n; xl,x~x3,...))n~l and b = (b(n))n> i = (b(n; x~,x~x 3,...))nzi 

of indicatrix series ts the sequence c = (c(n))nz i = (c(n; xl,x2,x3,...))n21 given by the 

formula 

c(n; xl,xax 3,...) = ~E dln a(d; x~,xax 3,...) b(nld; Xd, X2d, X3d, ...), n21. 

In ~orL 

c = a * b iff c(n) = ~. dln a(d) [b(nld)] d . 

The next proposition shows, among other things, that this convolution is closely 
related to the chain rule for indicatrix series. 

Proposition C. a) The set C{{ xl,x~,x 3 .... }}IN* of all sequences of indicatrix series is 

a non-commutative ring, with unity, under termwise addition and the above convolution. 

The unity is the sequence E = (E(n))n~ I = (I,0,0,0 .... ) of constant indicatrix series. 

b) Denote by ?f = (aflaxn)n~ i the "gradient" of the indicatrlx series f. For any three 

Indicatrix series f, g, h such that h = g(f), the chain rule h" = g'(f)r takes the 

following form" Vh = [(Vg)(f)], Vf. 

c) Let a, b ~ *  - ~  C{{ xl,x~,x3 ,... }} be two sequences of indicatrix series and f, g, 
h be indicatrix series such that 

then 
h=~En~! a(n)gn , g=~-n~l b(n) fn 

h=~-n> i c(n) f n where c = a * b  (here fn means f(Xn,X2n,...)). 

Proof. a) Straightforward verification. 
b) tt is easy to see that the jacobian matrix [ '  of any indicatrix series f is completely 
determined by its f i rs t  line ~tf. Now, the matrix version ll' = g.'(f_.) f ' of the chain rule 



200 

gives, for any i, j (where i divides j ) :  

(ah/axj/i)i = ~-flKlj [(ag/axk/i)(f)]i (af/axj/k)k • 

Hence, the result follows by putting i = 1 in this last equality. 

c) We have successively, 

h = :Zi~ I a(i)g i = ~ i~i a(i)(2 j~i b(j)fj)i = y- i,j~i a(i)(b(j))ifji = ~-n~l c(n)fn' 

Remark. Note that the "usual" commutative convolution c = a • b, 

c(n) = ~.dln a(d) b(nld), n~l 

of multiplicative number theory [HW], for complex-valued arithmetical functions a, b, c : 

~I* ) C, is a special case of the above convolution. This is easily seen by viewing 

a(n), b(n) and c(n) as "constant" indicatrix series and using the fact that (b(n/d)) d = 

b(n/d) in this case. In the general noncommutative case (of arbitrary sequences of 

indicatrix series), it is easily seen that the classical MObius inversion splits into two 

different forms: [b =u,a ~ >~*b =a], [b =a,u < -", b•l~ =a]. Herel1(n) = 

M6bius function evaluated at n and u(n) = I, n~l. 

From a practical point of view, the "convolution of gradients" in part b) of 

Proposition C can be used to simplify the computation of certain classes of indicatrix 

series. For example, it can help in the manipulation of the Lie-Gr6bner indicatrix series 

introduced by the author in [L2]. Explicit formulas for indicatrix series can also be 

obtained by direct applications of part c) of Proposition C, as the following corollary 

shows. 

Corollary C. [CI;L5;R3] Let E, S and C respectively denote the species ofaMsets, 

aN permutations and all cyclic permutations. Let M be a species for which Z M is 

already known. The foMowing formulas hold. 

a) If N is a species such that M = E(N) then 

ZN = ~k~1 ( ~(k)Ik ) log ZM( x k, x21 <, X3k .... ). 

b) If N is a species such that M = S(N) then 

Z N = I - [I k~i { ZM( Xk, X2k, X3k .... ) }-ll(k). 
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c) / f  N is such that M = C(N) then 

Z N = 1 - exp { - E k~l ~(k) ZM( x k, x2k, X3k .... ) } 

where ~o(k) = k -i •plk ( 1 -p), p prime 

Proof. Let a = (a(n))n~ 1 and b = (b(n))n~ 1 be any two sequences such that a ,  b = E. 
Then by part c) of Proposition C, we have for any two indicatr ix series f and g : 

[g = ~k~l a(k) fk " :' f = ~-k~l b(k) gk ]. The corollary w i l l  fo l low from special choices 

ofa, b,f,g. 
a) Let M = E(N) and wr i te,  for simplici ty, m = Z M and n = Z N. Then we have 

m =exp(n l+n2/2 +n3/3 + )  and so I o g m = n l  + n ~ / 2 + n  3 / 3 + . . . , p u t t i n g  g = l o g m ,  

f=n ,  a(k) = l/k, we get b(k) = p(k)/k. Hence the formula n = ~-k~l (l~(k)/k) log m k, as 

deslred 

b) Let M = SiN) , m = Z M , n = Z N. Then m = (1-n l ) - t (1-n2)- i (1-n3)  -1... and so 

(- logm) = ~-k~i ( l°g(1-n))k. Putting g = -log m, f = log ( l -n) ,  a(k) = u(k) = 1, (k21), we 

get b(k) = I~(k). Hence log( l -n)  = ~ k2i p(k)(-log re)k, which gives the desired result. 

c) Let M = C(N), m = Z M , n = Z N. Then (see [J2] example 22) using the Euler tot ient 

function • we can wr i te  m = ~.k~l(~(k)/k)(- log(1-nk)). Putting g = m, f = - log( l -n) ,  

a(k) = ~(k)/k, we get af ter  short manipulations, b(k) = ~(k) = k- l l ]Plk(I-p).  Hence 

log(I/(l-n)) = ~-k~i ~o(k) ink, as desired. • 

Referee's notes. The idea of using the M6bius function for the sort of inversion given 

in part a) was propounded by Cadogan [C1] in a fa i r ly  general setting, and applied 

speci f ical ly in the cycle index sum sett ing by Robinson [R3]. An alternate proof of the 

result  In part c)can be obtained by applylng part b ) to  E(M) = E(C(N)) = 5(N). 

2. Combinatorial Newton-Raphson iteration. 

A computational iterative scheme for successive approximations to an object is 

often better than an explicit expression -- unless the object is given in "closed form" (as 

in Corollaries AI and A2 above, for example). With this in mind, we shall solve, at the 

combinatorial level , a problem Involving successive approximations of certain very 

general families of species, including all the above "enriched" ones. Down, at the 

analytical level, the solution of the problem will correspond to the classical 

Newton-Raphson iteration (the "tangent" method) frequently used in Numerical Analysis. 

D e f i n i t i o n s .  Given any species F and any k 2 O, denote by F k (respectively, F~k ) the 

species of aM F-structures built on exactly k (respectively, at most k) points 

a) The species F~k = Fo + FI ÷ " + Fk is calledan approximation to F of order k. 
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b) Foranytwospecies F end G, a nature/isomorphism F~k "" ;, G<k iscal led a 

contact of order k between F and G and is denoted by F ~-~ G. 

Let now M=M(X,Y) be a given (bi-sorted) species such that M[j~, j~] = 

(~Pi/a¥)[~,~]:~.It is known [d2] that the combinatorial equation 

A = M(X, A), 

with the initial condition A[jgl] = ~, determines, up to isomorphism, a unique species 

A = A(X). 5o that it can be taken as a "recursive definition" of the species A = A(X). 

For convenience, an arbitrary A-structure shall be called a M-tree. Figure 3 shows a 

typical M-tree. 

G: 

• / 

o~--~ M ~  

M\. ~ .  " 
rl \o@ 

LiglJre 3 

Of course, R-enriched rooted trees and G-Catalan rooted trees are particular 

instances of M-trees (take M(X,Y) = XR(Y) and M(X,Y) = X+G(Y) respectively). 

Problem. Let A = M( X, A ) be the species of aM M- trees and let k ~ 0 be a given, 

fixed integer Consider the approximation (~ to A definedby 

CI = Ao+AI+ "+Ak ~ A 

IS it possible to compute, in a natural way a new species @ + such that 

@+ ---2k+l A, 

using combinatorial constructions depending only on @ and M ? 
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Here, ~naturaltty" means that If • is isomorphic with another species (~* then 
e~ ÷ must be isomorphic wlth the corresponding species Q*+. 

Note that the contact of O~ ÷ with A is required to be more than twice that of eL 
Here is the (positive) solutlon to the problem: 

Solution. Define a species IB by iB = Ak+ I + Ak+2+ ... + A2k+l and let us agree with 

the following suggestive terminology : 

An Q-structure is a light tree, a E~-structure is a heavy tree. 

Analyzing any given heavy tree (see Figure 4a) we find that at most one heavy tree can be 

attached to its "root". 

exac l ly  
o o / ~ . ~  S/one heavy 

®= 

Figure 4a 

or 

@ 

This is due to the fact that if at least two heavy trees were attached to the root, then 

the underlying set of the given heavy tree would be of cardinality at least (k+ I )+(k+ 1 ) > 

2k+l, a contradiction. Iterating this decomposition until there remain only light trees 

we find Figure4b: 

Lig.ur e 4b 

Of course, the right member in this figure depends, in a natural way, only on (~ and 

M. Hence, using classical operations among species, we have established the following 

contact: 

IB 2k+ I L(My(X,(~) )'(M(X,(~) - Q ) 
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where L = L(X) is the species of all linear orders and My = aMlaY. The "combinatorial 
substraction" in the right-hand side is due to the fact that the last tree in Figure 4b is a 
M(X,~)-structure which is heavy, i.e. not an Et-structure ( i t  can be checked that ~ is a 
subspecies of M(](,~)). Summarizing, we have established the following theorem 

describing Q+ : 

Theorem D. (A Newton-Raphson scheme for species) 
Let CI = A o + A I + ... + A k ~ A be a given approx/mation to the species A of all 

M - trees. Then the new species Cl + definedby the formula 

(~+ = C[ + L(My(X,CL) )(M(X,CL) - El ) I~2k+1 

co/hcides (up to Isomorphism) with the better approximation 

CI÷IB = Ao+AI~+Ak+Ak+I++A2k+I ~k+l A. 

In practise, Theorem D can be used to compute the molecular series A(X) via a 

sequence of successive approximations Ct<o>(x), CI<I>(X), CI<2>(X),... defined by 

CL<°>(X) = 0 and (~<n+l>(x) = l~<n>+(X), n=0,1,2 ..... This sequence is highly convergent to 

A(X). In fact, it is a "quadratically convergent" sequence and we have CL <n> ......... "°2n_i A. 

The following algorithm can be used to generate CL + from (~ in a very efficient manner, 

without having to compute first the "auxiliary" species 

L(My(X,Et) ) = 1 + My(X,~) + My(X,~) 2 + My(X,~) $ + ... 

Let P:= M(X,~t) and Q:= My(X,Ct). 

Algorithm D. ( INPUT : Ao, A1 .... , A k 
FOR 1 := 1 TO k+l DO 

BEGIN 

Ak+i := Pk+i 
FOR j:= 1 

END. 

OUTPUT : Ak+ I, "" , A2k+l ) 

TO i - t  DO Ak+i ,= Ak+ i + QjAk+i_ i 

Proof. The ~-structure in the left-hand side of Figure 4a is, in fact, an Ak+ i - 
structure, for a certain value of i, 1 ~i~k+ t ( the cardinality of the underlying set being 
k+i ). For this value of i, the right-hand side displays either a QjlB-structure ( for a 
certain value of j ) or a Pk+i-structure. The condition (aM/aY)[~,~] = ~ implies that 

j ~ 1, so that the Qj~-structure ( i f  i t  exists) must be a QiAk+i_j-structure with 
1 <j~i- 1. Hence, 

Ak+i = Pk+i + Q1Ak+i-1 +'' ' +QjAk+i-j +''" +Qi- lAk+l • I 
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E x a m p l e  D. Let A = A(X) be recurs ive]y deMned by 

A = X + C(X)A + E~2(X + A), A[~I] = 

where C denotes the species of all oriented cycles and E~2 that of all sets having at 

least 2 points (see Figure 5). Here M(X,¥) = X + C(X)¥ + E~2(X+¥). Put Ct <°>= 0, 

ct<n+l>= ~<n>+, n=0,1,2, ... ; then el <i> = A~+ Ai, 0. <2> = Ao+ A I + Az+ A 3 where 

A o : 0, A 1 = X, A 2 = 2X 2+ 2E2, As = 6X ;s + 9XE~+ 2E s, 

Moreover, Ct <3> = A o + A I + A~ + ..- + A~ ~---~ A contains dozens of terms involving 

products and compositions of species such as X, E k, C k for small values of k. 

• • • 

Q - • or or • • 

Fig~,re 5 

The computations involved in the above example have been done with the help of 

Algorithm D and various elementary identities about species such as: E = ~i~o Ei, 

Eo =i, Co = 0, E~ = CI = X, C2 = E2, E~2(M+N+P+) = E(M+N+P+") - I -(M+N+P+') = 

E(M)E(N)E(P) .... 1 -(M+N+P+...). A computer program dealing directly with molecular 

series would be of great use to carry on similar computations, say up to degree 15 (or 

more). 

Corollary DI. ( A Newton-Raphson scheme for indlcatrix series ) 

Let oc = oc( xl, xz, x} .... ) ~ Z A be a given approximation to the indicatrix series Z A 

of the species A of aM M- trees. Let ZM( x I, x~ ... ; Yl, Y~ ... ) be the/hdicetr/x series 

of the (bi-sorted) species M = M(X,¥). 

Then the new indlcetrlx series cc + = ~+( xl, x~ x 3 .... ), deflnedby the formula 

~+ = OC + ( 1 - (~ZMI~Y I )(xl, X~ ... ; ocI, 0~2,... ))-I. (ZM( Xl ' X~ ... ; 0% Oc~ ... ) - OC) I< 2k+l 

where cx k : c~( Xk, X2k , X3k , ... ), satisfies cx + ---2k+i-- ZA. 
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Proof. Simply apply the operator Z to every formula in Theorem D and use the fact that 
Z L = ( l -x~)  - i .  For any two indicatr ix series u and v, the notation u ~ v  means that 
every monomial xk~ xk2 x3LL. satisfying :E ik i < k, appears wi th the same coefficient in 
both u and v. • 

Of course, an adaptation of Algorithm D to the context of indicatrix series can also 

be made. 

Example DI. Let B = X  + E~(B) be the species of 
parenthetisations considered in Corollary B, section 1, above. 

Let ]3 = J3(xl, x2, x3,...) = k  ZB and define 13 + by 

all binary commutative 

13" = p + (1-I3)-i.(x1+ ½13 2 + ½13~- 13)I<2k+ i 

then I 3+I ~2k+i ZB. This leads to a very efficient iterative method for the computation 

of successive approximations I 3<n> to Z B , n20. 

Corollary D2. ( A Newton-Raphson scheme for type-generating series). 
Let ~(x) = ~i~o ai xi be the type-generating series of the species A of all M- trees 

and let i~(x) = ~-o~i~k ai xi =k ~(x) be a given approximation to ~(x). Then the new 

series ~+(x) definedby 

i~(X) + (1 - (I)ZM/~yl)( x, x 2 .... ; ~.(x), ~(x2) ,  ... ) ) -1 . (  ZM(X ' x 2. ...; ~(X),  ~ (X 2) .... ) - ' ~ (X ) ) I  ~,2k+l 

satlsf/es ~+(x) =2k+ l  ~(x). 

Proof. Simply replace (xl, xax3, ... ) in Corollary D1 by ( x, X2, X 3, ... ). 

Example D2. When applied to the species B of all binary commutative 
parenthetisations, Corollary D2 takes the following form 

~ ( X )  ~ "B(x) = )  ~ + ( x )  = ~ ( x )  + ( 1 - ~ ( x ) )  - l ' ( x  ÷ ½~2(x) + ½~(x 2 ) - ~ ( x ) )  " - -2k+ l  B(x)  

It is interesting to compare the resulting computational scheme wi th the (linearly 
convergent) one given in [C2, vol. 1, p.67]. 

Corollary D3. (The usual Newton-Raphson scheme for generating series). 

Let A(x) = Ei~o ai xili! be the generating series of the species A of all M- trees and 

M(x,y) = ~-j,j~o mi,j xiyJli!j ! be that of the (bi-sorted)species M = M(X,¥). Let ~L(X) = 

~o~i~k ai x11i! ~ A(x) be agivenapproximat/on to A(x). Then the new series Ct+(x) 

de fined by 
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~ + ( x )  = (~(x) + ( 1 - M y ( x , ( ~ ( x ) ) ) - i - ( M ( x , O . ( x ) )  - (~ (x ) )J  ~2k,1 

+ x  satisfies (~ ( ) -~ Zk+1 A(x). (Here, My(x,y) stands for ~M(x,y)lay ). 

This time, the " i terat ion step" corresponds to the classical "newtonian step" 

1~+ = lq - ~('q)/~'(l~), currently used In the computation of truncated power series (see 

[BK2-3]), when applied to the equation ~(y) = y -M(x ,y )  = 0 to obtain successive 

approximations *q<O>(x), l~<l>(x), "q<2>(x) ..... to the "unknown" series y = y(x), y(O) = O, 

Example D3. The f i rs t  few terms of the generating series A(x) of the species 

A = ]( + C(]OA * Ez2(X + A) (considered in example D above) are given by 

x + 6x2/2l  + 65x3/3! * 1092x4/4! + 25272x5/5! + 749034x6/6! * 27108440X7/71 + ... 

Aknow ledgemen ts .  The author wishes to thank F. Bergeron, H Decoste, A. Joyal, 

J. Labelle, P. Leroux, and the referee for their helpful suggestions. 
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COMBINATORIAL RESOLUTION OF SYSTEM5 

OF DIFFERENTIAL EQUATIONS, I. 

ORDI NARY DI FFERENTI AL EQUATIONS. 

by 

Pierre Leroux*, Universite du Quebec a Montreal 

G~rard X. Viennot, Universite de Bordeaux I 

§I. Introduction 

There is a strong interplay between differential equations and enumerative 
combinatorics. A simple and classical example goes back to 1879 with the enumera- 

tion by Andr~ [AN] of alternating permutations (r = (~(I) > ~(2) < ~(3) > (~(4) ... of 

In] = { I, 2 ..... n}. The sequence of numbers E n of such permutations (known as the Euler 

numbers) satisfies a certain recurrence relation which is equivalent to the following 

system of differential equations 

y' = 1 +y2 , y(O) =0 
(l l) 

z' = yz , z (0 )= l  

where y = y(t) = Z n~O E2n+t t2n+tl(2n+ l )! and z = z(t) = ~.n~O E2n t2n/(2n)!, whose uni- 
que solution is given by the trigonometric (generating) functions y = tan t and z = sec t. 

One direction is the use of differential equations in order to obtain some infor- 
matton about the generating functions of finite combinatorial structures. For example, 
Collins et al. [CGJ] consider the enumeration of permutations of [n] having a "periodic 
up-down sequence". They show that the corresponding generating functions satisfy a 

differential system of Riccati type. A similar enumeration problem involving the reso- 
lution of systems of differential equations can be found in [CA1], [CA2] where the so- 
called Ollivier functions appear. As another example, see [TU] where Tutte establishes a 
second order differential equation for the generating function of map colourings. 

A second direction is to start from a (system of) differential equation(s) satisfied 
by a given function f(t) = ~.n20 an tn/n! - Now the problem is to find finite combinatorial 
structures enumerated by the integers a n . This gives a so-called "combinatorial inter- 

pretation" of the numbers an, or equivalently of the function f(t). The combinatorialists 

* Avec l'appui financier du programme FCAR (Quebec, EQ 1608) at du CRSNO (Canada~ A5660). 



211 

want to derive the identit ies satisfied by these functions f(t)  from bijections and cor- 
respondences between the combinatorial objects themselves. These constructions cons- 
t i tute a "combinatorial" or "geometric" theory of the functions, giving a new insight into 
their analytic properties. Such a methodology can be applied to a wide class of func- 
tions, including, for example, elementary trigonometric functions or generating func- 
tions of orthogonal polynomials. A sample is given by the following trigonometric 
identit ies which can be proven directly from correspondences between f in i te combi- 
natorial structures: 

sec 2 t  ; 1 +tan 2 t  (t.2) tan(u+v) = t a n u + t a E v  (I.3) 
t - t a n u t a n v  

i;tanxdx = logsect (1.4) [toSeCxdx--logCtant+sect) (1.5) 

See [LO] in this volume for a combinatorial proof of (1.3) and §6 for (1.5). Another ex- 
ample is the combinatorial theory of Jacobi el l ipt ic functions that has been init iated by 

Dumont [D1], [D2], Flajolet [FLA] and Viennot [V2] and where many questions remain open. 

The f i rs t  purpose of this paper is to give a systematic way to find combinatorial 
interpretations of the solutions of (systems of) differential equations of the form 

Yl = fi (t, Y l,---, Yk ) , Yi (0) = °~i , i = 1 ..... k (1.6) 

where f l  .... , fk are generating functions (in k+l variables) of some combinatorial f in i te 
structures. The combinatorial objects may be weighted by some formal parameters. We 
wi l l  give a "canonical"  comb ina to r ia l  i n t e r p r e t a t i o n  of the solution of such sys- 
terns (see §3 and §6). tn order to work at this level of generality, without explicit ing 
the combinatorial structures having f l  ..... fk as generating functions, we need an 
abstract formalization of what we mean by "combinatorial structures", together with 
some basic operations on these structures. 

The fundamental notion used here is that of 1L-species, a variant in the theory of 
combinatorial species of structures ([BL], [J1], [LA]). Intuit ively, a l[.-species cot- 

responds to a certain kind of combinatorial objects constructed on total ly ordered sets 
An example of It-species is the "alternating permutations" or, more generally, 
"permutations having a given up-down sequence". "Young tableaux" is another example. In 
comparison, the species of structures originally introduced by Andre Joyal (herein called 
[}-species, see §2) do not make use of a total order on the underlying sets. Examples of 
[}-species are "endofunctions", "permutations", "involutions", "linear l ists", "graphs', 
"trees", "binary trees", etc. 
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In fact the differential equations themselves can be lifted to the combinatorial 

level and written, in the case of one equation, in the form 

Y' = M(T,Y) , Y'(O) = Z , (1.7) 

where Y, Y' and M are certain 2-sorted l[.-species and T and Z are variables cortes- 

ponding to two distinct sorts. The standard operations on L-species, such as derivation 
and substitution alluded to in (1.7), are defined in §2. 

Our main result is that any differential equation (1.7) has a "canonical" solution 
which is given in terms of M-enriched increasing arborescence, as displayed in 
figure 3.2., and that this solution is unique, up to a canonical isomorphism. A similar 
result also holds for combinatorial systems of the form (1.6). The unicity is in contrast 
with the case of ~-species: G. Labelle [L4] has shown that the same equation can have 
several non-isomorphic solutions (as B-species) 

We now illustrate the general method by giving the "canonical" combinatorial 

solution of the system (1.1). Here y and z wi l l  be denoted by Y and Z and considered as 
ft.-species, that is, as constructions which can be performed on linearly ordered sets. 
Starting with the initial conditions, Y and Z are built up recursively using (1.1). The 
equations Y' = 1 + y2, Y(O) ; O, and Z' = YZ, Z(O) = 1, are respectively visualized in 
figures 1.1 and 1,2, where "rain." designates the minimum element of the underlying sets. 

i-q;  orI  
min. 

i-q-I  
J 

rain. 

Figure I. I  Figure 1.2 

Iterating these procedures, one finds that Y can be canonically identified with the 
construction of so-called complete increasing binary trees. The same is true for Z, 
except that there remains an empty leaf at the extreme right end (see f ig 13 and 1.4 
respectively). The sets of vertices of the trees are linearly ordered and "increasing" 

means that their elements are increasing when going away from the root. 

This canonical solution, the l[.-species of "increasing binary trees" should, by 
unicity, be isomorphic to that of "alternating permutations". In this case, the canonical 
isomorphism is the well known bijection due to Foata and Schutzenberger (see [FS2, 2 nd 
part] or [F5T], [FR], [Vl], [V3], [GJ, 5.2.14]) which associates to any increasinq binary, tree 
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(not necessarily complete) a permutation, by "projection". For example the trees 

displayed on figure 1.3 (resp figure 1.4) give the permutation of an odd (resp. even) 

number of elements o- = 8 3 5 l 7 2 6 4 9 (respect ~ = 4 1 8 3 5 2 7 6). The alternating 

property comes from the fact that the binary tree is complete (resp. "almost" complete). 

1 

............ 8_ 5 7 

3 6 

4 

1 

Figure 4.3 Figure 1.4 

In fact, at least three different classes of permutations can be used to give a 

combinatorial interpretation of the Euler numbers: the above alternating permutations, 
the Andr~ permutations introduced by Foata and SchOtzenberger [FS1], [FST], and the 

Jacobi permutations defined by Viennot [V2]. These classes are naturally associated 
with the "canonical" interpretations of three different systems of differential equations 

(see §6 below). 

Note that the canonical solutions of systems of differential equations given in 

terms of M-enriched increasing arborescences, remain at a certain "recursive level". 
This is the price to pay for a general method that works for any system of differential 
equations. Usually more combinatorial work needs to be done to go to other levels of 
combinatorics, as above in going back to the alternating, Andr~ or Jacobi permutations. 

This last step does not involve differential equations any more. It is taking place only at 
the "bijective combinatorics" level and is somewhat analoguous to the transformation of 

recursive programs into non-recursive ones in computer science. An advantage of our 

method is to bring some order inside the "zoo" of the many known different combinatorial 

interpretations of classical functions. 

This paper is the f i rst  of a series devoted to a combinatorial theory of differential 

equations. Our objective is to l i f t  as much as possible of the classical theory to the 
combinatorial or discrete level, thus obtaining a completely new insight and also new 

tools to effectively handle or solve differential equations. 



214 

tn this paper we use the M-enriched increasing arborescences to give 
combinatorial CbiJective") proofs of some classical results such as, for example, the 
method of "variation of the constant" for linear differential equations. Using the 
beautiful idea of eclosions of G. Labelle [L2], we give in §5 a combinatorial proof of the 
classical Lte-GrObner formulas. We recall basic concepts about L-species in §2 For 
s impl ic i ty we work wi th only one equation in §3, §4 and §5. M-enriched increasing 
arborescences are formally introduced in §3 and the main theorem is proven there. In §6 
we extend this theory to systems of differential equations and give some applications, in 
particular to the Jacobi e l l ip t ic  functions and the bu f f i ng  equation. 

The topics covered by the following papers wi l l  include a combinatorial 
integral calculus [LVI], the method of separation of variables [LV2], and non 
l inear systems with forced entries, with particular combinatorial methods of 
resolution [LV3]. An interesting fact is that the combinatorial interpretation of systems 
with forced entries is contained in the interpretation of the corresponding ordinary 
system w i th no entries. Using F 1 iess theory o f such systems (see for example [F t ], [FL 1 ], 
[FL2], [LL]) we wi l l  be able to find an expllci t  combinatorial interpretation of the 
coefficients of the so-called Volterra kernels Then, using other combinatorial tools, 

such as the notion of "h is tor ies" ,  we wi l l  give expl ici t  new formulas for these 
coefficients in certain special cases, such as the one given in [FL2, p. 566]. The cases of 
the buffing equation and of e l l ipt ic functions and integrals w i l l  also be treated in more 
detail in other papers. 
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§2. L-species 

The 1L-species are introduced as a variant of the theory of species of structures to 
account for the combinatorial constructions that make use of a linear order on the 

underlying set, for example "alternating permutations" or "increasing binary trees". To 

give precise and concise definitions, we introduce the following categories: 

I~. = the category of f ini te sets and functions 

= the category of f ini te sets and bijections 
I[. = the category of f inite linearly ordered sets and order preserving 

bijections. 

Recall then (see [Jl],  [LA], or [L5] and [YE] in this volume) that a species of 
structures F (herein called E~-species to emphasize the distinction with 1L-species) is 
a functor 

F : D3 ~ E .  (2.1) 

By contrast, an L - spec ies  M is defined to be a functor 

M : ~- - - ~  I~ . (2.2) 

This means that to each linearly ordered f ini te set ~, M associates a f ini te set, 
denoted by M[~], whose elements are called M-structures on ~, and to each order 

preserving bijection m : ~1 ---~ ~2, a function 

M[m] : M[~I] I ~  M[~2], (2.3) 

called the transport of structures, in a functorial way, that is such that 

M[mo~P] = M[~o]oM[Lp] and M[I~] = tM[~]. (2.4) 

A convenient and useful graphical representation of a generic or typical M-struc- 
ture on a linearly ordered set is given by figure 2.t, where the curved arrow indicates 
the linear order on the set of points and the label M represents the M-structure. 

M 

Figure 2.1. Generic M-structure 

Two [,-species M and N are isomorph ic  if, by definition, there exists a natural 
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isomorphism of functors 
oc:M ~)N. 

In other words, there should exist a bi ject ion 

that for any increasing bi ject ion ~o : ~ --~ h, 

(2.5) 

oc2 : MIl l  ~ N[2], for each ~ E I[., such 

the fol lowing diagram commutes: 

oc~ 
M[,~]--~ N[,e] 

MIll t o~ h t 
M[h] ) N[h] 

N[~o] (2.6) 

Given a ~'.-species M, i t  fo l lows from the def ini t ion that the cardinal i ty card M[,~] 

of M[~] depends only on the cardinal i ty of the l inearly ordered set ~. The card ina i i ty  
of M, or the (exponential) gene ra t i ng  f u n c t i o n  of M, denoted by CardM or M(t) is 

defined to be the fol lowing formal power series of Hi]rwitz type 

Card M = M(t) = ~n20 Card M[n] tn/n!, (2.7) 

where, for any n~O, we set [n] = {I ,2,..,n}, including (0] = ~ ,  and we wr i te  M[n] instead of 

M[[n]]. Of course, [n] is equipped wi th  i ts usual order 1 < 2 < ... < n • 

The fol lowing are examples of L-species: 

!. "Alternat ing permutations"; and also other classes of permutations determined by 

their  up-down sequences. 

2. "Increasing binary trees"; and other classes of rooted increasingly labelled trees. As 

we have seen, the [,-species of "complete increasing binary trees" and of "alternating 

descending odd permutations" are isomorphic• 

3. If F iS any B-species, then F can be considered as an ~--species, a f ter  composition 

w i th  the forgetful  functor g- ; B; an F-structure on 2 simply ignores i ts l inear 

order. This class of species includes some important ones that we now point out: 

0 : the "empty"  species, w i th  Card 0 = O; 

I : the"empty set" species, w i th  Card 1 = 1 ; 

T : the species of "s ing le tons" ,  w i th  Card T = t ; 

T 2 : "o rdered pa i rs" ,  w i th  Card T 2 = t 2 ; T2/2! :"doubletons" ; 

T 3 : "ordered t r ip les" .  And so on... 

L : the species of "permutations", considered as " l i s t s "  or " l i nea r  orders". 
We have L(t) = l / ( i - t )  and sometimes wr i te  L = 1/(1 - T). 

E • the u n i f o r m  species, w i th  IE[~]I = t for any ~. There are several ways to 
describe the unique E-structure on .~; some of them, such as "the increasing (or 

decreasing) l is t  of elements of ~", actualy use the linear order of ~. We have 
E = ~,n~oTn/n!, E(t) = exp(t) ,  and sometime5 wr i te  E = exp(T). 
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Note that two non isomorphic ~-species can become isomorphic, when considered 

as t[.-species. This is the case for the two species of permutations: L, for "linear 

orders", and P, for "bijective endofunctions", for which L(t) = 1 / ( l - t )  = P(t). The 

following proposition shows that l[.-species constitute a more rigid combinatorial 

l i f t ing of formal power series than ~-species. 

Proposition 2.1. Two l[.-species M and N are isomorphic if and only if M(t) = N(t). 

Proof. The condition certainly is necessary. To show that it is sufficient, assume 

M(t)=N(t) and select for each n ~ 0 a bijection OCn: M[n]--~ N[n]. Now for any linear- 

ly ordered set 2, say of cardinality n, there is a unique order preserving bijection 

~o:[n] ~ .  tt is then easy to see that the family cc={oc2}2cl [ . ,wi th oc~ definedas 

the composite 

M[m] -1 °On N[~]  
M[2] M[n] ~ N[n] N[2], 

is a natural isomorphism between M and N. 

Note. We often write M = N to denote isomorphism of theE-species M and N. 

(2.8) 

[] 

Operations are defined on L-species, with the purpose of reflecting the usual 

operations on functions or formal power series The definitions are similar to those of 

~-species, with the additional following observations on linearly ordered sets 2. 

We wi l l  denote by 

21+ 2 2 = 2 , (2.9) 

the situation where 21 and 2 2 are subsets of 2, with their linear order induced from 

that of ~, such that 

21N2 2 = ~ and 21U2 2 = 2 . (2.10) 

This supplies the category L with a decomposition law (see [J1] or [B1]) which 

determines the theory of L-species. 

Also, if p ~ R[2] = the set of all equivalence relations on 2, then each equivalence 

class c ~ ~/p has an induced linear order and the factor set 2/p is i tself  linearly or- 

dered according to the order of the smallest elements in each equivalence class. As 

usual, equivalence classes are required to be non empty. The empty set admits one 

equivalence relation with an empty set of equivalence classes. 

In the following derlnltlons, the operations + (and Z )  and x (and T-[ ] on sets 
are the disjoint union and cartesian product, respectively. We let min(~) denote the 
minimum element of 2 and 1~2 denote the ordered set obtained by adjunction of a new 
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minimum element. Recall that [0] = ~ .  

Let M and N be L-species, and ~ be a linearly ordered set. 

operations are defined: 

The addit ion, M + N, by 

The product, MN 

(M+N)[2] = M[2]+N[2] . 

, (see fig. 2.2) by 

(M.N) [~] = Z ~l+~z =2 M[~I] x M[22]. 

The following 

7 

Figure 2.2. Generic MN-structure 

The subst i tu t ion ,  M(N), when N[O] = ~ ,  by 

(M(N))[Jt] = ZpeR[2]M[~/P] x ~-[c~/p N[c]. 

M(N)-structures are often called M-assemblies of N-s t ruc tures (see fig. 2.3). 
M = E, the uniform species, we simply speak of assemblies or sets of N-structures. 

1 

7 2 

6 

9 

Figure 2.3. Generic M(N)-structure 

(2.1 I) 

(2.12) 

(2.13) 

If 
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The operation of substitut ion for m-species is closely related to the concept of 
compos6 pa rU t i onne l  of Foata and Schutzenberger[FS1]. Note that substitution of the 
singleton species T is neutral so that we can wr i te  M=M(T). 

The der i va t i ve ,  M', also denoted by (dMldT), (see fig. 2.4), by 

M'[~] = M[I +~] (2.14) 

m 

i 

M' I M 

Figure 2.4. Generic M'-structure. 

The integral, F = F(T) = J~)M(X) dX, (see fig. 2.5), by 

F[O] = ~ ,  F[4t] = M[~\{min(~)}], for ~ = ~ .  

..-o 

(2.15) 

mio  
Figure 2.5. Generic JIM(X) dX-structure. 

All the elementary properties, associativity, commutativity, d istr ibut iv i ty,  
l inearity, etc., of the operations are true at the combinatorial level, including the 
Leibnitz rule and the chain ru le  for the derivative: 

(M-N)' = MN'+M'N ., (2.16) 

M(N)' = M'(N)-N' , (2.17) 

with equality meaning isomorphism of It-species (see also [Jl] and [LA]). Properties 

particular to combinatorial integration (2.15) will be studied in a forthcoming paper 

[LV2]. The following proposition is now easily verified. 
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Proposition 2.2. For any ]L-species M and N, we have 

(M + N)(t) = M(t) + N(t) , (2.18) 

(MN)(t) = M(t)N(t) , (2.19) 

M(N)(t) = M(N(t)) , ( N[0} = ~ ) (2.20) 

M'(t) = dM(t) /dt  , (2.21) 

Card J T M(X)dX = Jo t M(x)dx (2.22) 

[] 

A consequence of this is that any formula ~Y(M 1, M 2 .... ) = 9(M1, M 2 .... ), expressing 

an isomorphism of ]L-species and involving the above operations, which is valid for any 

sequence of L-species M 1, M 2 ..... w i l l  also be valid for their  generating functions. By 

the principle of extension of algebraic identit ies, the formula w i l l  also be valid for any 

sequence of formal power series ml( t ) ,  m2(t), ... and also for any sequence of analytic 

functions. This is the basic principle at the root of combinatorial proofs of analytic 

formulas such as the Leibnitz rule (2.16) or the chain rule (2.17) for derivation, the 

Lagrange inversion formulas ILl], etc... 

We wi l l  also consider k-sorted ]L-species (k ~ 2), that is functors of the type 

L k = E, x ]L x .., × If, ---> E, (2,23) 

and mixed species, for example of the type 

]L x ]B ~ E , (2.24) 

corresponding to mult ivariable functions and series, as wel l  as K-wei0hted 
]L-species, that is functors of the type 

M : L . ) E ~  , (2.25) 

where K is a commutative ring w i th  unity and E E denotes the category of finite 
E-wei0hted sets, i.e. pairs (A,v) where A is a set and v : A  --~ E is a wei0ht 
f unc t i on ;  a morph ism between two K-weighted sets (A,v A) and (B,v B) is a function 

f : A - -~ B such that v^ = v B o f. 

The reader is refered to [J1, §5, §6], [LA, §3] and [YE], for a discussion of k-sorted 

and K-we ig ted  B-species, in part icular for a def ini t ion of their  operations and 

generating functions, which can easily be adapted to the case of E-species. Perhaps is i t  

worthwhi le to give an expl ic i t  def ini t ion of part ial derivatives: let M = M(S,T) be a 

2-sorted ~'.-species; then we set 

(aM/~)S)[h,~] = M[l+h,~] , (2.26) 

(~MIi~T)[h,~e] - M[h, l*,e] (2.27) 
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§3. Case of one d i f f e ren t i a l  equation 

In this section we examine the case of one d i f ferent ia l  equation of the form 

(dY/dT) = Y' = M(T,Y) , Y(0) = Z (3.1) 

where M(T,Y) is a given 2-sorted [,-species, Z is an indeterminate which wi l l  corres- 

pond to an extra sort of points, and Y(0) is to be interpreted as the [,-species obtained 

from Y by subst i tut ion of the empty species O. Specif ic examples, with, for instance, 

M(T,Y) = I + y2, or a 0 + alY + a2Y2 + ... + an Yn (autonomous), and M(T,Y) = G(T)Y + FiT) 

(l inear), w i l l  be considered in §4. 

Formally, a solution of (3.1) is defined to be a pair (A, ~) where A = A(T) (=Y) is a 

L-species such that A(0) = Z, and ~ is an isomorphism of L-species 

A'(T) ~ > M(T,A(T)). (3.2) 

Note that in fact A also depends on the ini t ial  condition Z and that we should wr i te  

A = ACT,Z) and 

aA(T,Z)/~T ~ ~ M(T,A(T,Z)) , A(O,Z) = Z (3.3) 

Now keeping Z fixed, (3.3) is equivalent to the integral equation 

A(T,Z) = Z + IoTM(X,A(X,Z))dV . (3.4) 

By v i r tue of the def ini t ion (2.15) of the integral (see fig. 2.5) and of the def ini t ion 

of the substi tut ion in a 2-sorted species (see [J1, Def. 19, p. 46] or [LA, p. 89]), this 

integral equation can be visualized as in f igure 3.1, where: 

or 

M 

,,,,..,,.,,,,,,.,,,,"'"Q 
. . . . . . . . . . . . .  . . . . . . . . . . .  E) 

Figure 3. I 

- the dots • and circles O represent singletons of the sorts T (and X) and Z, res- 

pectively, and w i l l  be called "points" and "buds", respectively, 
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- the circled A's represent A-structures on equivalence classes of the underlying set, 

- the two sorts of elements on which the M-structure is constructed are symbolized 
by continuous and mashed lines respectively. 

It now suffices to iterate this process to obtain a canonical combinatorial 
solution of (3.1), that is the ]L-species A = AM(T,Z) of so-called M-enr iched increasing 
arborescences, generically described by Figure 3.2. An AM(T,Z)-structure lies over a 
couple (~,s) of linearly ordered sets (in fig. 3.2, 2 = { I ,  2 ..... 18} and s = {a, b, ..., e}). 

Elements of 2 and s wi l t  be called po in ts  (T-singletons) and buds (Z-singletons) res- 

pectively. We make the convention that "all points are smaller than all buds". In such an 
M-enriched increasing arborescence, a point is called f e r t i l e  i f  i t  is the root of some 

AM-substructure and s t e r i l e  otherwise. Note that the buds, like the steri le points, do 
not have any sons. 

h i l l  w 

M 14"J 
M 

Figure 3.2. Generic AM(T,Z)-structure 

It Should be clear to the reader that the L-species Y = A M is indeed a solution of 

(3.1) since AM(O,Z) = Z and there exists an obvious isomorphism 

3AM(T,Z)I 'aT - ~ M(T,AM(T,Z)) . (3.5) 

Now suppose that (B,m) is another solution of 3.1, then there wi l l  be a unique 
isomorphism of solutions 

: (A M ,W) ~ ~ (B,m), (3.6) 

that is an isomorphism of L-species ~ : A M ~ ~ B such that the following diagram 

commutes 
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(aAt~llaT) ~ ) M(T,A m) 

(~BI;)T) ~ M(T,B) 

(3.7) 

where the natural transformations 3~/aT and M(T,~) are defined in an obvious fashion. 
This is shown by induction on the cardinality of 2, where (2, s) is the couple of l inearly 
ordered sets on which the A M - and B-structures are taken: to start with, we have 
AM(0,Z) = Z = B(0,Z) and the unique choice for ~o is the identity Z ~ Z. Now, for n ~ o, 
suppose that the natural bijection 

~(h,r): A[h,r]-.. ~ Bib,r] (3.8) 

has been uniquely defined for all l inearly ordered sets h of cardinality ~n and for all r, 
and let ~ be of cardinality n. Then we have, for any s, 

AM[I +~,s] = (aAM/aT)[~,s] 

and also, by hypothesis, 

B[l+,e,s] = (aAM/aT)[2,s] 

e(~'s) ~ M(T,AM)[~,s] (3.9) 

cP(2's) ) M(T,B)[,e,s] (3.10) 

in other words, the equivalent of Figure 3.1 wi th A replaced by either A M or B is va l id  
But each A M - and B-substructures that appear in this decomposition (the circled 
A-structures in Fig. 3.1) lies over a couple (h,r) with Ihl~n and hence, by the induction 
hypothesis, correspond isomorphically to each other, using ~(h,r) • Consequently the bi-  
jection M(T,~)(,e,s) can be constructed and afterwards, also ~'(2,s) by asking that the 
diagram (3.7), applied to (~,s) commutes. This determines ¢(1+~,s) = (a~/~T)(~,s) 
uniquely. We thus have proved the following: 

Theorem 3.1. For any 2-sorted [,-species M, the 2-sorted L-species Y = AM(T,Z) of 
M-enriched increasing arborescences with buds, described above, together wi th the 
natural isomorphism ~ : (aAM/aT)(T,Z) .... ~ M(T,AM(T,Z)), tS a (canonical) solution of 
the dif ferential equation (3. I). Moreover, for any other solution (B,m) of 3. I, there is a 
unique isomorphism of solutions ~ : (AM,~) ~ ) (B,~). 

n 

We conclude this section by noting that, as shown by G. Labelle in [L4, theorem B], 
the combinatorial Newton-Raphson iteration scheme, f i rs t  introduced in [DLL], can be 
applied in the resolution of a differential equation and gives a sequence of approxi- 
mations wi th quadratic convergence. More precisely, for any L-species F, we introduce 
the L-species F~n, the "truncation of F to sets of cardinality at most n", by 

F~n[~] : F[2], i f  121 ~ n, and F~n[2] = IZl, otherwise. 

We then have the fol lowin~ 
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Theorem 3.2. Let Y = A = A(T) be the solution of the equation Y' : M(T,Y), Y(O) = 0 

and set Q = A~n. Let Y = IB be the solution of the lrstorder linear di f ferent ia l  equation 

Y' = F(T)Y+G(T),  Y(O)=O, 
where (3.1 1 ) 

F(T) = aM(T,Y)/aY I Y=~(T) and G(T) = M(T,~t(T))- et'(T). 

Then the [.-species et + := Q + ~5 has a contact of order 2n + 2 w i th  A ,  i.e. there 

exists a canonical isomorphism 

~+~2n+2 ~ ) A~2n+ 2. (3.12) 

Proof .  See [LA, §3]. n 

We wi l l  see in the next section how to deal combinatorialy wi th  I rst order linear 

di f ferent ia l  equations. 

§4. Examples 

In this section, we consider special cases of f i rs t  order di f ferent ia l  equations of 

the form (3.1), including autonomous and linear equations. 

Note f i rs t  that the init ial condition Y(O) = Z, can take special forms, by 

substi tut ion into Z, some of which actually make the solution independant of Z. In 

particular, Y(O) = O, the empty  species, is to be interpreted as "no buds are allowed", and 

Y(O) = 1, the empty set species, as "buds are unlabelled, indistinguishable and not 

accounted for". This last case however, the substi tut ion of 1 for Z, is not always 

possible or legal. In particular, the generation of an inf in i te number of structures on any 

given ~ should be avoided. More precisely, wr i t ing  

Y(T,Z) = ~,k20 Yk (T) Zk/k! , (4.1) 

then each Yk(T) should be combinatorialy divisible by k! and the family {Yk(T)/k!}k~O of 

L-species should be summable. 

A f i rs t  order di f ferent ia l  equation is called autonomous if  M(T,Y) = G(Y) does not 

depend on T, i.e. i f  i t  is of the form 

Y' = G(Y) , Y(O) = Z. (4.2) 

In this case, the M-enriched (or rather G-enriched) increasing arborescences w i l l  

have no ster i le  points and, equivalently, only mashed edges w i l l  appear (these are then 
unmashed for s impl ic i ty of representation). See figure 4.1 for an i l lustrat ion of this 
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canonical solution. The following four examples are special cases of autonomous diffe- 

rential equations. 

1 f 

Figure 4. I 

Example 4. I. Consider the autonomous differential equation 

Y' = 1 + y2 , Y(O) = 0 (4.3) 

where M(T,Y) = G(Y) = i + y2 and Z = O. Since there w i l l  be no buds, the canonical 

solution is that of "complete increasing binary trees", as we saw in §I (see fig. 1.3). 

Moreover the unique isomorphism of solutions between this and the other solution of 

(4.1), that of "alternating descending odd permutations" was described in §i as the 

"projection along the x-axis". 

Example 4.2. The generating function y = tan t + s e c t  of alternating permutations 

(without dist inct ion between the odd and even case) is the solution of the fol lowing 

di f ferent ia l  equation 

y' = (1 + y2)/2 , y(O) = I . (4.4) 

Defining z = y - I ,  this is equivalent to 

z' = 1 + z + z2/2 , z(O) = 0 . (45)  

Similar ly to example 4.1, we see that the canonical solution of (4.5) at the species 

level is that of the so-called i nc reas ing  I - 2  a rborescences ,  i.e. arborescences such 

that every vertex has at most two sons. Note that in the case of two sons, no dist inct ion 

is made between lef t  and right, contrar i ly to the case of binary trees. Adapting the 

bi ject ion between increasing binary trees and permutations mentionned eaM ier, one can 

easily give a bi ject ion between increasing I -2  arborescences and "Andr~ permutations"; 

see [FS1], [FS2], [V3]. 

It is also possible to construct direct ly the canonical combinatorial solution of 

(4.4), where (1 + Y2)/2 is to be interpreted as the E-species 1 + y2 weigted by 1/2. 

The reader w i l l  easily show the equivalence between the corresponding welgted 

arborescences and the 1-2 arborescences. 



226 

Example 4.3. Planar t rees are, by definition, L-enriched arborescences (see [L1]), 
where L(T) = 1/(I - T) is the L-species of permutations, considered as lists. Now, from 
theorem 3. I, the L-species Y = Pla(T) of increasing planar trees (see Fig. 42,a)) is the 
solution of the differential equation 

Y' = L(Y) , Y(O) = 0 . (4.6) 

This L-species is also solution of the functional equation 

Y = T + y2/2! (4.7) 

which says that an increasing planar tree is either a singleton or a set of two increasing 
planar trees. One way to realize this fact is to cut the right-most branch at the root of 

any increasing planar tree which is not a singleton (see fig. 4.2, b)). 

9 16 

1 

1 

a) b) 

; ~ 1 3 V 1 5  

> 

Figure 4.2 

It follows from (47) that the generating function y = Pla(t) satisfies the qua- 
dratic equation 

y2_2y+ 2t - 0 (4.8) 

which can be solved to give 

Pla(t) = 1 - ¢'1":2[. 

Example 4.4. Let ao, a 1 .... , a n be scalar parameters. 
solution of the equation 

(4.9) 

From the previous example, the 

is seen to be the L-species of weighted increasing planar trees, such that each vertex 
has at most n sons, the weight of a vertex having i sons being a i . We can also consider 
the infinite case 

Y' = O(Y) : Z i ~ o a i  Yi , Y ( O ) : Z .  (4.11) 

Y' = aol +alY+.. .+an Yn , Y(O) =z (410) 
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The solution is that of "weighted increasing planar trees". This point of view is 

different from the one adopted throughout this paper which considers G = G(T) as an 
abstract E-species rather than as the species of "weighted lists", tt would be possible 

to develop the theory using these weighted increasing planar trees (see [BRI], [BR2]). 
Another option would be to start  with G(T) = Zi~O ai Ti/ i !  considered as the species of 

"weigted sets". 

Example 4.5. The linear equation. The general f i rs t  order linear differential 

equation can be expressed, at the combinatorial level, as follows: 

Y' = F(T)Y + G(T) , Y(O) = Z (4.12) 

where F and G are given ~.-species. 

a) The homogeneous case. If G(T) = O, we have the homogeneous equation 

Y' = F(T)Y Y(O) = Z . (4.13) 

Its canonical combinatorial solution, denoted by Y = AF(T) , is given by enri- 
ched increasing arborescences of a special form, as i l lustrated in figure 4.3, with 

ml <m2<m 3 <m 4. 

m t m 2 m 3 m 4 

Figure 4.3. Generic AF-structure 

This is simply an increasing sequence of fert i le points to which are attached 
F-structures on bigger elements, followed by a bud. Remembering how the integral 
ITF(x)dX (or IF for short) was defined (see ( 2 t 5 )  and fig. 25), we see that we essen- 

t ia l ly  have an assembly of IF-structures, naturally wr i t ten in the increasing order of the 

smallest elements ( inc reas ing  l i s t ) ,  multiplied by Z. In other words, the solution can 
be expressed as 

A F = exp(#o T F(X)dX).Z. (4.14) 

b) The general case. If Y = BF,G(T) is the solution of 

Y' = F(T)Y * G(T) , Y(O) = 0 , (4.15) 

that is with Z = O, then it is easily checked that the solution of the general equation 
(4.12) is simply given by the sum 

y = AF(T) + BF.G(T) . (4.16) 
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The solution Y = BF,G(T) of (4.15) also has a simple combinatorial description, given 
generically by figure 4.4. We see that a BF,G-structure can be described as an increasing 
l ist  of iF-structures ended by an IG-structure. Unfortunately the combinatorial ope- 
ration "to end by" is not easily expressed in terms of the other operations. 

G 

Figure 4.4 Generic BF, 6-structure . 

Analytically, the classical method of "variation of the constant" gives the solution 

Y = CF,G(T) -- exp(Io T F(X)dX). Jo T G(X).exp(-Jo x F(U)dU)dX (4.17) 

for equation (4.15). This expression can be interpreted combinatorially and shown to be 
equivalent to BF,G(T), in the context of v i r tua l  L-species,  that is formal differences 
M-N of L-species (with M I -N 1 --- M 2-N 2 ¢=~ M I+ N 2 = M 2+ N l ), as follOws, 

Notice that CF,G(T) is a product. The left factor is simply an increasing list of 

IF-structures while the right factor is an integral structure which is realized by setting 

aside the minimum element and structuring the rest with the integrand G.exp(-IF). This 

is itself the product of a G-structure and of an increasing list of -IF-structures, that is 

of IF-structures weighted by -I. The product of these -I gives the global weight of the 

CF,G-structure. See figure 4.5 for a generic CF,G-structure, where the G-structure has 

been attached to the right-hand side minimum thus giving an JG-structure denoted by g. 

5ome of the labels are explicitely given and mashed edges are omitted in this figure. 

, • F 

1 3 12 15 7 10 7 
(-1) (-1 g 

Figure 4.5. Generic C F,G-structure. 

20 (}1) 
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There is a sign reversing involution @ on CF, G defined as follows: let f denote the 

maximum iF-structure (according to the roots, of course). If f is bigger than g then the 
involution ~ simply switches f from the right l ist to the left l ist or conversely and 

changes its sign accordingly. This cancels all CF,G-structures except the fixed points of 
which occur when g is actually the maximum of all integral structures of both sides. 

These are obviously isomorphic to BF,G-structures. In other words, we have, as desired, 

BF, G = Fix~ ='- CF, G. (4.18) 

§ 5. Lie-GrSbner formulas 

In this section we adapt to [.-species the method of "combinatorial eclosions" 

f i rst  introduced by Gilbert Labelle in his work on multidimensional Lagrange inversion, 

the implicit function theorem and differential equations in the context of B-species (see 

[L2], [L3] and [L4]. More precisely we wil l  l i f t  to the combinatorial level, the Lie-Grt~bner 
type formulas (see [G1], [G2]) for the solution of the differential equation 

Y' = M(T,Y) , Y(O) = Z. (5.1) 

The case of a system of equations wil l  be considered in the following section. 

Let M(T,Y) be a 2-sorted[,-species. The canonical solution of (5.1), the Theorem 5. ! 
[,-species Y = AM(T) of M-enriched increasing arborescences, can be expressed as 

AM(T) = erZ Ix=o (5.2) 

where r = T~) and ~) is the differential operator defined by 

~) = ~)/~X + M(X,Z)~)/~)Z. (5.3) 

Before proving the theorem, we have to understand the action of the operators 
T~), (T,~)n/nl (n~O), and e T~ , on [,-species. Actually, these operators act on 3-sorted 

L-species • = ~(T,X,Z). The 3 sorts of elements wil l  be named as follows: 

points, I ,  minibuds, O, maxibuds, ( ~ ,  corresponding to T, X, Z respectively. 

Let ~ = ~(T,X,Z) be a 3-sorted L-species and ~ be defined by (5.3) and set 
r = T,~. Then the 3-sorted [.-species F~(T,X,Z) is the sum 

F~(T,X,Z) = ( T a / a X ) ' } ' ( T , X , Z )  + (TM(X,Z)a/aZ)~(T,X,Z). (5.4) 

Hence, using a proper combinatorial interpretation of the partial derivatives of 
l.-specles (see 2.26, 2.27) and the Idea of Gilbert Labelle, a r~'-structure can be 
described as a ~'-structure which has undergone a combina tor ia l  ec losion of one of 
the following two types: 



230 

Type I eciosion, T313X : "Replace the (phantomatic) minimum minibud by an arbitrary 

point". This point comes from the multiplication by T and is called the eclosien point. 
See figure 5. I for a generic (Ta/SX qL)-structure. 

Type II ecloslon, TM(X,Z)a/SZ : "Replace the (phantomatic) minimum maxibud by a 
TM(X,Z)-structure, that is an arbitrary (eclosion) point with an M-structure of minibuds 

and maxibuds attached". See figure 5.2 for a generic (TM(X,Z)~IaZ ~)-structure. 

. ~ I ~  0 / I ~ .  o \  

............. /,,,4,::: ::: ,,: .... 

zl, I'"II~lIIik 

............... O \ N O/  

Figure 5.1, Figure 5.2. 

For n ~ O, Fn~ is obviously obtained by n successive applications of F' = T ~ ,  

that is by n successive eclosions of either type. The order of eclosion is important and 
can be recorded by noting it above the unique "eclosion point" that appears at each step 
(see fig. 5.3). This numbering is not to be confused with the labels of these points. 
Indeed, for a given set of n eclosion points there are nI different label]ings of these in an 
otherwise fixed Phi-structure, since their occurence comes from n multiplications 

by T. In each case, this gives n! distinct structures; however there is only one of these 

whose labels are in the same order as the eclosions; we call this an orderly labelled 

rn~-structure. See for example the r n ~-structure of figure 5.3 where n = 13 and the 

set of points is {a, b, ..., o}, in alphabetical order. 

Now rn/n! can be interpreted as follows: a (rn/nO~-structure is identified with 
an orderly labelled rn~-structure. Finally e r is easily interpreted since it is defined as 

er = ~n~O rnln! (5.5) 

so that a er~l-structure is an orderly labelled rn~-structure for some n ~ O. 

Proof of Theorem 5.1. If we take ~2(T,X,Z) = Z,  the starting structure is simply a 
maxibud After one eclosion, we get F(Z) = T M(X,Z) and after a few more eclosions we 
get an M-enMched arborescence on points or minibuds, and maxibuds. Moreover all the 
points are eclosion points so that in the properly labelled case, that is for erz, the point 
labels can be identified with their order of apparition. Hence they should be increasing 
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as we go away from the root since the eclosions occur in this way. 

7.' % 0  

............. 8~M 

................ ~ ' \  m 

........... 'i"~ ,,,~, ~ C -1~ 
i i ,  i i ,  ~ ,h , , i ,  

0 ....... , ........ , - o  
,v, ............... 1,E~n 

-- --0 ' " 0  

....... 0 ,,.i ....... 0 

Figure 5.3. Generic ordeMy labelled Fn1~-structure, n = 13. 

Finally, setting X = 0 in erZ simply imposes the restr ict ion that there should be 
no minibuds remaining in the structures These can obviously be identified with the 
increasing M-enriched arborescences defined in § 3 (see fig. 3.2). In other words we have 

A M ~ e T~ Z I [] 

If we start  wi th ~(T,X,Z) = F(Z), that is with an F-assembly of maxibuds, where 
F is any given [,-species, and if we apply erand set X = 0, we obviously obtain F-assem- 
blies of AM-structures; in other words we have the sl ightly more general result: 

P ropos i t ion  5.2. For any [,-species F, we have 

F(AM) = erE(z) i x=o  

where A M and r are defined as in theorem 5.1. 

(5.6) 

17 

In the case of the autonomous equation 

Y' = G(Y) , Y(O) = Z, (5.7) 

where G is a given L-species, we have M(T,Y) = G(Y) and, as seen in § 4, the canonical 

solution Y = A(T,Z) is given by "G-enriched increasing rooted trees, with buds" (see fig. 
4.1). We then have the following: 

Coro l la ry  5.3. The solution Y = A(T,Z) of the autonomous equation (5.7) can be 
expressed as 
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A(T,Z) : exp(TG(Z)~)l~)Z) Z 
and 

ACT,Z) = Zn~O (G(Z)~)/~z)nz Tn/n! - 

Moreover, for  any L-species F,  we have 

F(A(T,Z)) = ~-a~o (G(Z)~)/~Z)nF(Z) Tn/n!' 

(5.8) 

(5.9) 

(5.10) 

Proof. Since M(X,Z) = G(Z), minibuds w i l l  never appear in the combinatorial eclosions 

applied to any ~/(T,X,Z) = ~(T,Z). In other words, we have ~)/~)X = 0 and r = T~ = TG(Z)~)/~)Z 
so that theorem 5.1 immediately gives (5.8). 

Furthermore we also have (5.9) since 

exp(TG(Z)~)/;)Z) Z = Zn~O ((TG(Z)a/~)z)n/nq) Z 

= ~,n~O (G(Z)8/I)z)nz Tn/n!. 

Formula (5.10) is obtained similarly from proposition 5.2. [] 

The expression (5.9) is interpreted as follows: First perform all eclosions with 

buds only, keeping track of the order of eclosions (see fig. 5.4), and, when this is com- 

pleted, put the points into their unique position (compare with fig. 4. I ). 

2 \ J ~ -  J-G 7 ' 6 ~  
1 8 

Figure 5.4. (G(Z) a/az) n z (n = 8) 

1 
5 8 

Figure 5.5 

Moreover each (G(Z)~)/~)Z) n Z-structure such as that of f igure 5.4 can be trans- 

formed isomorphically into a structure given generically by figure 5.5. From this 

observation results the fol lowing proposition. 

Proposit ion 5.4. 
in the form 

[BRI] The L-species Hn(Z) = (G(Z) @l~)Z)n Z, for n 2 I, can be written 

Hn(Z) : ~.~ Cn(~) G ~o (G') :i (G") :2 ...(G(P))~P (5. I I ) 

where cx ranges over all sequences (x = ((Xo,O(1...) of non negative integers and Cn(~) is 

the number of increasing arborescences on [n] having, for p = O, I ..... (Xp vertices with 

p sons. o 
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Note that the conditions 

n = ~.p20 OCp and oc 0 = 1 + ~.p~ 1 (P- 1 )OCp (5.12) 

are necessary for having Cn(O() ,' O, so that the expression (5.11) is a f ini te sum. The 

f i rs t  values of Hn(Z) are 

HI(Z) = G(Z) 

Hz(Z) = G(Z) G'(Z) 
(5.13) 

H3(Z) = G2(Z) G"(Z) + G(Z) (G'(Z)) 2 

H4(Z) = G3(Z) G(3)(Z) + 4 G2(Z) G'(Z) G"(Z) + G(Z) (G'(Z)) 3 . 

Another observation which follows from (5.9), or from figure 5.4, is that, for n ~ O, 

(G(Z) ~)/~)Z) n Z : (B/~)T) n A(T,Z) I T : o. (5.14) 

Similar interpretations can be given for the general expansion of the differential 
operator (G(Z) a/az) n applied to any F(Z), using equation (5. 10). See [CO] and [BRI] 

Example 5.5. We now consider a simple example to i l lustrate the use of combinatorial 
eclosions. Let Y = Ter (T,Z) be the solution of the autonomous differential equation 

y' = y3 , Y(O) =z .  (5.15) 

It can be viewed as the E-species of increasing ternary trees, with buds as leaves (see 

fig. 5.6), Setting Z = 1, we get 

Ter(T,Z) I Z=l = Ter(T),  (5.16) 

the [L-species of t e rna ry  t rees.  

7 9 

5 8 

1 

FlOure 5.6 
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Now corollary 5.3 can be applied, with G(Z) = Z 3 , to get 

Ter(r,z) = e Tz3 a/az z. (517) 

Hence, to get an increasing ternary tree with buds, we can do the following: 

i .  Start with a single bud: 0 

2. Apply a certain number of times the 
combinatorial eclosion TZ 3 a/aZ which 
can be interpreted as "replace a bud by a 
TZ3-structure '', as in Figure 5.7. 

0 I 

Figure 5.7. TZ3a/az 

3. Label the eclosion points according to their order of apparition. 

However formula (5.17) can be given a different interpretation by changing 
sl ight ly the f i rs t  two rules given above, as follows: 

I bis. Start with a single bud, with a 
stem planted in a f lower box labelled by 
zero (Fig. 5.8) 

~ o  
Figure 5.8 

2 bis. The combinatorial eclosion T 
z3a/az is to be interpreted as "replace a 
stemmed bud by a TZ3-structure as in 
Figure 5.9". 

Figure 5.g 

For example, i f  we apply a sequence of 10 eclosions, as in figure 5.6, but with this 
new interpretation, we get a planar tree like that of figure 5.10. Setting Z = 1 gives 
figure 5.11 which is nothing but an increasing planar tree (see example 4.3) on the 

linearly ordered set 1+[10] (zero is the new minimum element), that is a 
(d/dT)Pla(T)-structure on [ I0 ] .  Thus, in general, we have 

Ter(T) = e (mza/az) Z i Z= 1 = (d/dT) Pla (T) (5.18) 

and, for the generating function, using (49), 

Ter(t) = (dldt) Pla(t) = lldl-2t. (5.19) 
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7 5 =  9 1 ~  1 =4 

o O  

Figure 5. I 0 Figure 5. I I 

§ 6. 5ystems of differential equations 

Most of the theory developed so far can be easily extended to systems of 

differential equations. We now sketch briefly the main results in this case. Let 

Mi,..:,M p be given p-sorted ~.-species. We will consider the following system of first 

order autonomous differential equations: 

dYi/dT = Yi' = Mi(Yi ..... Yp) , Yi (0) = Zi , i =  1 ,2  .... p .  (6.1) 

There is no loss of general i ty  in assuming, as we do, that  the equations are auto- 

nomous since we can always reduce ourselves to th is  case at the cost of the 

supplementary equation (6.2), i f  necessary. 

Y0' = 1, Y0(0) = 0 ( 62 )  

The in i t ia l  condi t ions Z 1 .... , Zp are considered as p ext ra sor ts  of l inear ly or-  

dered sets (of buds) and the solut ions w i l l  in fact  depend also on them, altough it  w i l l  

not be exp l i c i te ly  wr i t t en ,  to l ighten the notations. 

A solut ion of (6.1) is a fami ly  (Ai, q~i ) where for  i = 1,...,p, 

such that Ai(0) = Z i and ~i  is an isomorphism 

dAi/dT ~ ~ Mi(Ai(T) , . . . ,Ap(T)) .  

A i is a L -spec ies  

(6.3) 

As in the case of one equation, the system (6. t) is equivalent to the integral  

equations 

Ai(T) = Zi + I~ Mi(AI(X) ..... Ap(X)) dX , i = 1 ..... p.  (6.4) 
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For each i ,  this equation can be represented combinatorially as in Figure 6.1, 

where in the non-empty case, the minimum element is marked by the number i and the 

Mi-structure lies over a p-tuple of sets of lines of p sorts: a line of sort j is used to 

attach an Aj-structure to the minimum element. 

Or 

m i n ~  

Figure 6.1 

.Since this process can be iterated,we obtain a canonical solution (AM, I ..... AM, p) 
where AM,i(T) is the ]L-species of p-colored M-enriched increasing arborescences as 
represented in figure 6.2 (where p = 2), where each point is marked with some color j ,  

l~j~p, and is the root of an AM,j-structure; the buds of sort i are empty AM,i-structures 

and are marked by Z i. 

2 7 

Z2 
Figure 6.2 AM,i-structure 

Theorem 6.1. The L-species of p-colored M-enriched increasing arborescences 
is, up to isomorphism, the unique solution AM, 1 ..... AM, p 0f the system (6.1.) Moreover 
this solution can be expressed as, for i = 1,...,p, 

A M,i(T) = e T,19 Z 1 (65) 

where ,8 is the combinatorial differential operator 
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'~ = Z~I Mj(Z1.',Zp)B/~Zj (6.6) 

Proof. The expression (6.5)is very similar to (5.8),in the case of one autonomous 
equation (see cor. 5.3). The only difference here is that the eclosions can be of p 
different sorts: for j = I .... p, the operator TMj(Zl,...,Zp)a/aZ j is interpreted as"replace 
the (phantom)minimumbud of sort j by a point(marked j) with an Mj-assembly of buds 
attached", u 

Note also that (6.5) can be writ ten as 

AM,i (T) = Zn~O ~n Zi Thin! (6.7) 

which says that pointless eclosions can be performed f i rst  and then the points placed in 
position according to the order of eclosions as in corollary 5.3. 

The system of differential equations that we considered in the introduction (see 

(l.i)) can be written as 

YI' = 1 +Y2 , YI(O)=O 
(6.8) 

Y2' = YIY2 , Y2 (0) = I 

Its canonical solution, as given then, is that of complete increasing binary trees 
for Y1 and complete (except for an empty bud at the far right) increasing binary trees 
for Y2- See figures 1.3 and 1.4 where colors 1 and 2 are modestly realized as black 
and white respectively. 

The tangent and secant functions are also solutions of the following slightly 

different system of equations: 

Example 6.2. Consider the system of equations 

YI' = Y2 2 , 

Y2' = YIY2 , 

Here the two sorts of eclosions are as follows: 

I. TZ~aI~Z I (see fig. 6.3). 

Yl(O) = 0 

Y2(O) = I. 

2. TZIZ2~)I;)Z 2 (see fig. 6.4). 

(6,9) 

® ® 

Figure 6.3 Figure 6.4 
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In order to get the canonical solution Y1 = AI(T),  Y2 = A2(T), we can then start 
with a bud Z 1 or Z 2 and iterate the eclosion operators a certain number of times. If we 
set Z 1 = 0 and Z 2 = 1 , we get, for AI (T) ,  increasing binary trees of the form il lus- 
trated by Figure 6.8 and for A2(T), increasing binary trees like those rooted at white 
points in Figure 6.8 (the labels a, c and d on points, and C O and Do on buds should be 
disregarded in Figure 6.8 for the time being. Define a le f t  branch to be a maximal 
subtree having only left edges. These increasing binary trees, called aacobi 
arborescences, are characterized by the following properties: 

AI: All the left branches are even (number of points, not counting buds), except 
the leftmost one which is odd. 

A2: All the left branches are even. 

This combinatorial model of the tangent and secant functions is appropriate for 
establishing the integral (1.5) which can be equivalently writ ten as 

tanT+secT = exp([o TsecXdX). (6.10) 

Indeed, i f  you cut the edges of the leftmost left branch of an A 1 - or A2-structure, what 
you get is an assembly (in the form of a decreasing list), of [A2-structures. 

Note also that this model can take other interesting forms. For example, when the 
bijection between increasing binary trees and permutations (projection on the x-axis) is 
applied to A 1 and A 2, i t  gives the class of Jacobi permutations introduced by one of 
the authors in IV2] in order to obtain a combinatorial interpretation for the Jacobi 
ell iptic functions (see below). 

Another possibil ity is to apply the bijection between permutations, or increasing 
binary trees, and forests of increasing arborescences (see [BU], [Vl] or [V3]). This gives 
forests, that is assemblies (odd or even), of increasing arborescences where all points 
have an even number of sons. For example, the forest of figure 6.5 corresponds to the 
binary tree of figure 6.8 under this bijection. 

16 6 

1 3 V 1  1 15 8 ~ ~ / z  ~ 

5 2 
V 

I 

Figure 6.5 
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Example 6.3. Elliptic functions. 

5' = aCD , 

C' = cD5 , 

D' = dSC 

are some scalar parameters. where a, c, d 

correspond to this system ( sn, cn, dn, respectively, for S, C, D ) with a = 1, 
d = -I< 2 , 50 = 0,  C O = D o = 1 They can be expanded in the form 

sn(t, k) = Zn~O (- 1 )n J2n+ I (k) t2n+ 1/(2n+ 1 )I, 

cn(t, k) = 1 + ~,n~ 1 (- 1 )n J2n(k) t2n/(2n)!, 

dn(t, k) = 1 + ~,n~ 1 (- 1 )n k2n J2n( 1/k) t2n/(2n)L 

Here J2n+l(k) and J2n(k) are even polynomials with non negative 
coefficients, of degree respectively 2n and 2n-2 

We consider the following system 

s(o) = s o , 
C(O) = C o , (6.11) 

D(O) = D O , 

The classical Jacobi el l ipt ic functions 
c = - 1 ,  

(6.12) 

integer 

We wi l l  brief ly show how the general theory gives back the interpretations of 

Viennot [V2] and of Schett's polynomials [SCH]. There are three types of eclosions, as 
displayed on figure 6.6. 

c T D S c ) / 0 C  " I-C]l ) ~ c  

dtSCcq/o')D : ~ I ~) % ?  

Figure 6.6 

Let us assume that S O = 0 .  The underlying binary trees of the solutions S(T), 
C(T), D(T) of (6.11) are of the same type as in the previous example (see fig. 6.8)). 

Moreover, we have to consider the weight of these trees in terms of the parameters a, c 
and d. In fact, once the underlying binary tree is known, the weight aicJd h of an 5- (or 
C- or D-) structure can easily be determined recursivety, starting at the root. 
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As pointed out in the introduction a l i t t l e  more work has to be done in order to 

define this weight in a "global" form, without recursivity. Define the r i g h t - h e i g h t  of a 

vertex in a binary tree as the number of r ight edges of the path going from the root to 

that vertex. We redefine the eclosions of the f i rs t  type as follows: 

If the eclosion appears at an even 

r ight-height vertex, use f ig 6.7, a)- 

If the eclosion appears at an odd 

r ight-height vertex, use fig 67,  b) : 

a) I - E l l  > 

b) I > 

Figure 6.7 

The binary trees produced are the same as before. In part icular all the lef t  

branches are even, except the lef tmost in the case of S(T). See the f igure 6.8, where 

the weights a, c and d as well  as the bud labels 5 O, C o , D o , have been displayed 

according to these new eclosion rules. 

D C O Co ~ C') Do 

1 V a  

Figure 6.8 

It is easy to see that all the eclosions of the third type appear at an odd r ight-  

height in the binary tree (vert ices labelled d). Also, on each lef t  branch containing such 

vertices, exactly half of them are labelled d (the others being labelled a). Thus the 

weight of a S-binary tree of size 2n÷ I (buds are not counted) is an+lcn-JdJ, where j is 

equal to half the number of nodes having an odd right-height. Sett ing a = 1, c = -1 and 
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d =-k 2 and taking generating functions, we obtain from (6.12) that, for example, 

J2n+ l(k) = . ~..j =0 Jzn+ 1,2j k2j , (6. ~ 3) 

where J2n+ 1,2j is the number of Jacobi arborescences with 2n* 1 vertices among which 
exactly 2j have an odd right height. By projection of these binary trees, we get the 
Jacobi permutations and the interpretation of Viennot [V2]. Also, as in the previous 

example, using the bijection between increasing binary trees and assemblies of in- 

creasing arborescences (see fig. 6.5), one gets another result of [V2]: J2n+ 1,2j is equal 
to the number of forests of increasing arborescences of size 2n+l, with all vertices of 

even degree and having 2j vertices at an odd height. 

The functions cn and dn can be deduced similarly. 

Dumont's interpretation of the Jacobi el l ipt ic functions is based on Schett's 
method [SCH]. Schett introduced (in a sl ightly different form) the following polynomials: 

Sm(x,y,z) = ~)mx , m>l , (6.14) 
where 

= yzalax + zxalay + xyataz . (6.15) 

These polynomials can be wri t ten expl ici t ly as 

S2n+l(x,Y,Z) = ~.i,j>O a2n+l, i , jx2iy 2j+1z2n-2i-2j+l 

S2n(X,Y,Z) = Zi, j20 a2n,i,j x2i+ly 2 jz2n-2 i -2 j  
(6.16) 

5chett's result is that the coefficients a2n+l,0j (resp. a2n,i,O) are precisely the 

coefficients J2n+l,2j of thepolynomials J2n+l(k) (resp. J2n,2i of J2n(k)). 

This can be shown as follows. The operator ~ is the operator of theorem 6.1. 
Thus 5m(X,y,z) iS the polynomial enumerating the m! increasing binary trees according 
to the number of buds labelled SO, C O and D O • Let aecgdJ be the weight of such a tree; 
i.e. there have been e ectosions of f i rs t  type, g of second type, and j of third type and 

e + g +  j = m .  Let oc (resp. i}',resp. $ ) be the number of buds labetled 50 (resp Co, 

resp D o). We have the equations 

o~ = 1 - e + g + j ,  a" = e - g + j ,  5 = e + g - j .  (6.17) 

The case of sn is given by putting oc = 0 (no buds labelled S o ) and m = 2n+l . 
Eliminating e gives a" = 2j + 1 and 6 = 2n - 2j + 1 and we get 5chett's result. The 
functions cn and dn can be treated similarly. We wi l l  give more results, in particular 
the relationship between the present general theory and Dumontls work [D1], [D2] in 

another paper. 
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Example 6.4 Ouffing's equation 

Higher order differential equation are generally reduced to systems of f i rs t  order 
differential equations. We give here the classical example of the cubic anharmonic 
oscillator, commonly known as Duffing's equation 

y" = ay' + by + cy 3 , y(0) = c~. (6.18) 

Denoting 13 = y'(0), this is equivalent to the system 

y' = u , y(O) = oc, 
(6.19) 

u' = au+by+cy  3, u(O) = 13. 

There are four types of eclosions giving birth to the weighted increasing rooted 
planar trees as shown in figure 6.9 • 

8 4 ~ ~ c  c i 
a ,  

/o 

17 

P5 
O 

[] 

0 e--~ y 
points 

Ie- -e  u 

O ~ 0~ 
buds 

D H  p 

~ l ecI°si°nsl 

H a~ orb ~) or c (  ~ 

Figure 6.9. 

The tree of figure 6.9 gives the contribution a2bc3oc4p 2 to the coefficient of 
t12/12t of the Taylor expansion of the solution. This kind of p]anar trees can be drawn 
in a more compact form, as shown in figure 6.10. 

There are three types of nodes: 

some nodes contain two num- 
bers (unordered), 

I )  

2) some contain one number and 
a "13", 

3) some contain a single number. 

C 

Figure 6.10 
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tn case 1 or 2, the father is weighted b or c (depending i f  there is one or three 

sons). In case 3, the father is weighted a. These planar rooted trees are 1-3 (one or 
three sons) and st i l l  have the increasing property. 

The case a=O is particularly important since it contains that of Jacobi el l ipt ic 
functions sn, cn and dn. The equation y "=  2y 3, y(O) = 1, y'(O)= 1, gives birth to 

increasing ternary trees with nodes formed by pairs (unordered) of integers or, possibly 
for external nodes, by a single integer. Such trees can be put in bijection with per- 
mutations. Increasing binary trees correspond to binary search trees in Computer 

Science (see Franqon [FR]). The above ternary trees also have a corresponding concept in 
Computer Science, as shown by Jonassen & Knuth [JK]. The analysis of the average cost 

of comparisons involves el l ipt ic functions. 

We will give more details in another paper, combining the general concepts of this 

paper with the concept of "histories". This will be particularily important when the 

Duffing equation has forcing terms. Starting from Fliess & Lamnabhi-Lagarrigue's paper 

[FLi] we will give more explicit computations of the coefficients of the functional 

expansion of the solution, in terms of certain weighted paths. 
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UNE COI~BINATOIRE NON-COMMUTATIVE POUR L'ETUDE DES NOMBRES SECANTS 

Andre Longt in 
D~partement de math#matiques et  d ' i n f o rma t i que  
Un ive rs i te  du Quebec ~ T ro i s -R i v i~ res  
C.P. 500, T r o i s - R i v i ~ r e s ,  GgA 5H7 

There is a non-commutative combinatorial setting in which the up-down st~cture of 

permutations can most naturally be studied. Fn this setting the definition of 

various differential and integral operators and different types of substitution ope- 

rations provides us with the tools and lan~Tuage needed to derive and express many 

of the laws governing these combinatorial structures. 

I n t r oduc t i on .  Si ~ est  une permutat ion de l 'ensemble (1,2 . . . .  n} nous disons q u ' e l -  

le  est  de s p e c i f i c a t i o n  ascendante ou de type % = (m I . . . . .  m~) si m I + . . .  + m~ = n e t  

~ ( I )  . . . .  < c(m I)  > ~(m z + l )  . . . . .  o(m z + m 2) > o(m z + m 2 + I )  < . . . <  ~(m I + . . .  

+ mR,_1) > u(ml + . . .  + mL_ l + I )  < . . .  < ~(m + . . .  + mL)', le  hombre de permutat ions 

de ce type est  d~not~ par S((m . . . . .  mL) ). I I  r ev ien t  s e m b l e - t - i l  a Desire Andr# 

en 1879 d ' a v o i r  le  premier demontre que la s#r ie  g~nera t r i ce  exponen t i e l l e  des nombres 

S((2 . . . . .  2)) est  sec(x) e t  c e l l e  des hombres S((2 . . . . .  2 , 1 ) ) ,  t an (x ) .  Depuis ce temps 

les nombres S(~) ont  ete ~tudies par p lus ieurs  et  de d iverses fagons ( v o i r  [ 5 ] ,  [ I ] ,  

[ 3 ] )  e t  nous pouvons d i re  q u ' i l s  sont g~neralement bien connus. Dans ce t te  #tude nous 

adoptons cependant l e  po in t  de vue que le  contexte combinato i re  nature l  dans lequel  

ces ob je ts  do ivent  # t re  e tud ies  es t  essen t ie l l ement  non-commutat i f  e t  que le  langage 

dans lequel  leurs  l o i s  do ivent  ~ t re  formul#es est  ce lu i  des ser ies  a(X,x)~nam,nX%xn/n:, 

Le probl~me nous se r t  done a la  f o i s  de ra ison e t  de guide pour j e t e r  les premiers j a -  

lons d'une theo r ie  de ces s~r ies fo rme l les .  

Apr6s avo i r  d~ f i n i  les  op#rat ions d ' a d d i t i o n  e t  de m u l t i p l i c a t i o n  nous posons 

cos(X,x)  = ~ ( - I )  ~(T) X T x l m l / I T l ~  , o3 ~(~) denote la longueur de T e t  ITI sa card ina-  

l i t e ,  e t  noes d#montrons que sec(X,x)  = I / cos (X ,x )  est  la  s#r ie  gen~ra t r i ce  des permu- 

t a t i ons  classees selon l eu r  s p e c i f i c a t i o n  ascendante. Nous developpons ensui te  le  

ca lcu l  d i f f e r e n t i e l  e t  i n t eg ra l  des ser ies  a(X, x) et  obtenons d iverses formules de 

r#currence pour les hombres S(~). A la sect ion 6 nous ~tudions les ser ies  de forme 

a (X*Y,x ) ,  a(X+Y,x) e t  a(X-Y,x)  a f i n  d ' o b t e n i r  des formules add i t i ves  pour les nombres 

S(~ I ,T2) ,  S ( ~ + ~ )  et  S(~ l -~2) ,  c ' e s t - ~ - d i r e  des ega l i t ~s  d~cr i van t  les r e l a t i o n s  

e x i s t a n t  ent re  eux et  les nombres S(%1) et  S(~2). Puis ~ la  sect ion 7 nous d e f i n i s -  

sons une opera t ion  de s u b s t i t u t i o n  m u l t i v a r i e e  et  l ' u t i l i s o n s  pour sommer les hombres 

S(T) selon p lus ieurs  param~tres. Enfin ce t te  etude ayant eu pour o r i g i n e  la  recher-  
sec(x) sec(y) 

che d 'une preuve combinatoire pour les  formules c lass iques  sec(~+y) = l - tan(x) tan(-y)  
t an (x )  + tan(y )  

e t  tan(x+y) = TZ-_tan--~-n-(-y~-, nous d~montrons ~ la sect ion 8 que cer ta ines  i d e n t i -  

t#s t r igonomet r iques  ne sont en f a i r  que la  r e s t r i c t i o n  aux permutat ions de type 
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(2 ,2 ,  . . . .  2) d ' i d e n t i t ~ s  comb ina to i res  q#n~ra les ,  v a l i d e s  pour les  permuta t ions  d 'un 

type % quelconque.  A ins i  nous ~ t a b l i s s o n s  l ' i d e n t i t #  

sec(X,  x + y) = sec(X,  y)  ( 1 ) sec(X,  x) 
l - ~ ~ * r  sec(X,  x) r ~ sec(X,  y)  

r~ l  

e t  montrons q u ' e l l e  peut se p rouver  comb ina to i rement  en i n t e r p r ~ t a n t  sec(X, x + y) 

comme la  s~ r i e  g # n ~ r a t r i c e  des permuta t ions  d 'un ensemble b i c o l o r ~  d '~ l~ments  c l a s -  

s#es selon l e u r  s p # c i f i c a t i o n  ascendante.  

I .  Les pe rmuta t ions  de type (ml . . . . .  m&) . So ien t  (E, <) = {L I  < . -  < ~n } un en- 

semble l i n ~ a i r e m e n t  ordonn# e t  ~ une pe rmuta t i on  de E; Si m I + . . .  + mc = n e t  

{ i  : o ( L i )  > ~ ( L i + l ) }  = {m l ,  m I + m 2 . . . . .  m I + . . .  + m L _ l } ,  nous d i rons  que ~ es t  de 

s ~ c i f i c a t i o n  ascendante % = (m I . . . .  m L ~ e t  nous ~ c r i r o n s  o E ~E (T) .  Dans l e  cas 

p a r t i c u l i e r  oQ (E, ~) = { l  < 2 < . .  < n} nous ~ c r i r o n s  s implement  ~ ~ ~ (~) e t  S(%) 

sera la  c a r d i n a l i t #  de ~ ( ~ ) .  

2. L 'esoace (A, N* × N ~ .  N* sera la  mono~de f i b r e  engendr~ par  N = { 1 , 2 , 3  . . . .  } ,  

sera son ~l~ment neu t re  e t  ses au t res  ~l#ments se ron t  d#not~s par ~ = (m~ . . . .  , m~) 

o~ m i ~ l e t  ~ ~ I .  La longueur  ~(z)  de % = (m I . . . . .  mL) sera ~ e t  sa c a r d i n a l i t ~  

ImI sera m z + . . .  + m L. Nous d~ f i n i s sons  aussi  L(~) = 0 - I ~ l .  Si ~ = (m~ . . . .  mk) 

e t  ~2 = (m~ . . . . .  m~) a l o r s  ~1 * ~2 rep r~sen te ra  la  conca t#na t ion  (m z . . . . .  mk, m~, 

. . . .  m~) de % e t  %2' N + pour sa p a r t  sera le  mono~de des e n t i e r s  { 0 , I , 2  . . . .  } sous 

l ' a d d i t i o n .  

Si A es t  un anneau commuta t i f  u n i t a i r e  de c a r a c t ~ r i s t i q u e  o (A, N* , x N +) sera 

N* N + l ' ensemb le  des f o n c t i o n s  de x dans A e t  ses ~l~ments se ron t  repr#sent~s  sous 

forme de s u i t e s  par  a = (aT,n)mEN* e t  en s# r ies  f o r m e l l e s  par 

nEN+ 

a(X, x) = T~N*~ n N +_! aT'n XT xn/n~ G#om#tr iquement l ' # l # m e n t  ~ N *  sera d # c r i t  

par  une cha?ne c o e t  l ' e n t i e r  n~N par un ensemble l i n ~ a i r e m e n t  ordonn# E~  m I m~ 
de c a r d i n a l i t #  n. Une s u i t e  a < (A, N* x N +) sera a l o r s  cons ider#e  comme ~ t a n t  une 

" s o r t e  de s t r u c t u r e s "  dont  l e  po ids sur 

. , IEI  
0 

T 

3. k ' a d d i t i o n  e t  l a  m u l t i p l i c a t i o n  darts (A, N* x N ~ .  Va,b ~ (A, N* x H ÷) on pose:  

(a + b)~ ,n  = a n + b n 
n ) n~ 

(a , b )T ,n  = ~ ~ ( n ) a b , O ~ ( n l , n 2  = n2 ( n l , n = )  (T I ,T  2) h i ' n 2  T l , n  I T2,n2 , n1~ 

nl+n2=n TI~T2=T 

P r o p o s i t i o n .  (A, N* x N +) es t  un anneau u n i t a i r e  non-commuta t i f .  I I  es t  i n t ~ g r e  

A es t  i n t ~ g r e  e t a  = (aT, n ) es t  i n v e r s i b l e  ~ a , o es t  i n v e r s i b l e  dans A. 
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Notat ion:  

not#s par 0 et I .  

et I 
(T,,~ 2) 
TI*T2:T 

l )  Les #l~ments neutres a d d i t i f  et  m u l t i p l i c a t i f  de (A, N* x N +) seront d#- 

2) ~ et % ~ remplaceront respectivement 
(n i ,n2)  : n ( i '  2 ) : % (n i ' n2 )  

nl+n2=n 

Ces operat ions d ' add i t i on  et  de m u l t i p l i c a t i o n  dans (A, N* x N +) s 'app l iquent  natu- 

re l lement  aux repr#sentat ions en s~ries formel les et nous avons 

a(X, x) + b(X, x) = (a + b) (X, x) 

a(X, x) b(X, x) = (a • b) (X, x) 

Ainsi  l ' a d d i t i o n  s ' e f f ec tue  termes ~ termes et la  m u l t i p l i c a t i o n  s ' o b t i e n t  de la fa-  

£0n h a b i t u e l l e  ~ la d i f fe rence  que (aTl ,n  I X "~l xn l / n l~ )  (b 2,n 2 X ~ xn2/n2 [) = 
n l+n2  1 

aTi,n i bT2,n  2 X TI*Te X /n i . n 2. . 

At ten t ion .  X ~ X z= # X ~e X ~t 

G~om~triquement nous #cr i rons 

aT,E b~,E 

a b 
EI,E l Y2,E2 

= = ~ 0 0---- 0 
T 1 T 2 

et 

, oO la somme s 'e f fec tue  sur t o u s l e s  par- 

tages de E en deux sous-ensembles d i s j o i n t s  Ei et E 2 que l ' on  munit des ordres l i n ~ a i -  

res indu i ts  par ce lu i  de E, et sur toutes les fagons de s#parer ° - ~ - - ~  1~, . .~mL)~ en 

deux sous-cha?nes o ~  o ~ . . . . . .  
Tl=(m I . . . . .  m i )  ~mi+ l . . . . .  m~ - - ~  e 

4. Les sQries cos(X, x) et  sec(X, x ) .  On d ~ f i n i t  (cos)m, n = f ( - l )  L(T),  si ITI = n 
L O, sinon 

Donc cos(X, x) = ~ ( - l )  ~(%) X%xITI/ITI~ . Puisque (cos)e, o = l ,  ce t te  su i te  est  inver -  
T 

s ib le  dans (A, N* x N +) et nous posons sec = I /cos , i . e .  sec(X, x) = I /cos(X,  x) . 

Th#or6me. 

sp#c i f i ca t i on  ascendante 

i . e .  ~(X,  x) = ~ l.SEn](~) I x T xn/n[ = sec(X, x) .  
# -  

* ~oJl s i n  = 0 a lors  I / a  Preuve: Va c (A, N x N+),  s i  a , n s i n o n  

te que la  va leur  de sec = I /cos = ~ ( - I )  k (cos - I )  k sur 
kmO 

°T=(ml  . . . . .  m~) ° 

sec(X, x) est la s#r ie  g#n~ratr ice des permutations class~es selon leur  

( -1)k(a-1)  k de sor- 
k~O 

est 
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(COS-I)TI,E I . . .  (cos-l)mk,E k 

( - I )  k ~ m i . . .  Ek ' ) 
k~O ~ _ _  

. .  0 O 
T k 

Puisque ( C O S - l )  - T  7 ~ - ' - ~ i / - o  ~i,E i - ~ , si iT i l  # 
L O, sinon 

nous avons ( I /cos)T,E = 0 si I%1 # IEI,  et si IT1 = IEI ( I / cos)T ,  E = 

L(T ) L(Tk) ( - I )  i - - -  ( - l )  

x I- l _ ( j ,  . .  = 
k~O t E i ] ! l ~ i l # O  o o o - o  

zi z k 

IEi l=ITi  I#0 o ~  " 
~i ~ ~k 

nr nous al lons montrer que la p lupart  des termes de cet te somme s'annulent deux 

deux. En e f f e t  si S \ ( El ~ 1 est une s t ructure t e l l e  que 
E k 6 4 4  

J | 

o - -o  . . .  o o f 
/ 

Tt Tk 

IEi l  = JTi l  ¢ 0 V i et  t (m!)  > I ,  a lors on pose 

E I El E 2 . . .  E k 

~ ( s )  : (m~)  o - - o  o - - o  . . .  o - - o  
T"l T2 Tk 

i i  i i i  oO T i = (ml) , z 1 , E i e s t  l 'ensemble des ml_plus pe t i t s  ~l~ments de E i e t  E 1 est son 

compl~ment dans E . Nous obtenons de cet te facon une b i j ec t i on  entre les st ructures 
I 

sa t i s f a i san t  [Ei l  = ITi l  # 0 et L(z l )  > 1 d'une part  et IEi l  = l~ril # O, L(~I) = 1 et 
max(El) < min(E2) d 'autre part .  Cependant puisque dans la somme consid~r#e S e t a ( S )  

seront respectivement af fect#es des coe f f i c ien ts  ( - l )  k et ( - l )  k+l les poids de ces 

structures s 'annulent mutuellement. Nous n'avons donc qu'~ #valuer le  poids des 

structures restantes,  c ' es t -~ -d i r e  ce l les  oour lesquel les IEi[  = 1~il # O, L ( T 1 )  = 1 

et max(El) > min(E2) que nous repr~senterons par 

0 >  
~ >  

(m i ) 
0 0 

T 
2 

, . °  

0 0 

T~ 

En appl iquant 



250 

le  m~me proc#d# au fac teur  

seules les st ructures de forme 

0 © 
I 2 

, e t  a ins i  de su i te  . . . .  nous voyons que 

I 
> > -> - - - b  

(%) (m2) (m3) (m L) 

c'est-~-dire celles pour lesquelles IEi! = ['~i I # O, ~('~i ) = let max(El) > min(Ei+l), 
Vi sont e f fec t ivement  compt~es dans la somme. Pu isqu 'e l les  sont toutes des partages 

de E de longueur &(T), chacune sera af fect~e du signe ( - l )  L(T) ( - l )  ~(~) dans ( I / cos )z ,  E 

de sorte que (sec)T, E = ~E(~) .~ 

C o r o l l a i r e .  V T ~ ® / l<I 

S(T) = ~ ( - l )  %('[)-k ~ { i ~ l  
kml ( ' ~ , . .  1 

oO ( I~l I = ITi: 
IT l l  . . . . .  ITk! lmll ~ . . .  l~klL 

Cette formule d~couverte et red#couverte par p lus ieurs au cours des ann#es appara$t 

notamment dans [5 ] .  Le langage que nous u t i l i s o n s  nous permet cependant de la t radu i -  

re en une i d e n t i t #  "ana ly t ique"  simple, ~ savoi r  ~(X,x)  = I / cos (X ,x ) .  Puisque nous 

avons pos# sec(X,x) = I / cos(X ,x )  i l  semblera i t  dor#navant j u s t i f i #  d ' u t i l i s e r  l ' a p p e l -  

l a t i o n  "nombres s~cants" pour t o u s l e s  nombres S(T). 

5. Les op#rateurs d i f f # r e n t i e l s  et int~graux dans (A, N* x N+). Dans l 'espace (A, 

N* x N +) p lus ieurs op~rateurs de type d i f f@ren t ie l  ou in t#gra l  peuvent ~t re d# f i n i s .  

Nous ne nous at tarderons cenendant qu'~ ceux qui nous seront les plus u t i l e s  dans 

les sect ions suivantes Dour Qcrire sous forme d ' i d e n t i t # s  cer ta ines l o i s  auxquel les 

ob~issent les hombres S(T) 

Les d@riv#es par rap_~9_rt ~ la va r iab le  x: Vr m O, Va ~ (A, N* x N +) la  d~riv#e 

r-i~me de a par rapport  ~ la va r iab le  x est  la  su i te  dr(a)  d#.f inie par (dra)T, n = 

aT,n+ r G~om#triquement dr(a)  d o i t  s ' i n t e rp rQ te r  comme #tant  la su i te  dant le  poids 

k i sur le couple ~ est ce lu i  de a sur le couple ~ o~ 
0 0 0 0 
, T T 

E~ R e s t  la  r~union d i s j o i n t e  de E avec un ensemble l in~a i rement  ordonn~ R ayant r 

#l#ments, ces ~l~ments ~.tant tous r~put#s plus grands que ceux de E. Les op~rateurs 

d r sont essent ie l lement  les op~rateurs d i f f Q r e n t i e l s  hab i tue ls .  Cependant i l s  s 'ap- 

p l iquen t  ~ des ~l~ments d'un espace non-commutatif de sorte que cer ta ines des formu- 

les usuel les s'en t rouvent  modif i~es. 
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Pronos i t ion.  Va, a i . . . . .  a k et  c i nve rs ib le  ~ (A, N* x N+). 

1) d ( r i  ÷ r2 ) (a) : d r i  (dr~ ( a ) ) =  dr2 ( d r l  ( a ) )  

2) dr(a i + a2) : d r (a i )  + dr(a ) 

3) d r (a l  ° • • ak) : ( r i , ! . ,  rk) : r ( r i , . ~ . ,  rk)  d r l ( a i ) , ,  ,d rk (ak) ,  Vr ~ 0 

4) d r ( I / c ) [ k i O  ( - l ) k  ~ ( c ) ) ]  .(ri~i']dllc rk), Vr .:>ro ( r l ' 7 " ' r l  ( I / c  " d r i (C) )  " ' "  ( l / c  - 

r k 

y / r .  : a(X,x + y ) ;  on vd- Preuve: Puisque (d r a)~. n : aT,n+ r a lors  ~ (d r a) (X>x) r , 
r i f i e  fac i lement que (a-b) (X,x  + y) = a(x,xr~0+ y)b(X,x  + y) de sorte que d r ( a i . . . a  k) 
et  d r ( I / c  ) sent resoec~ivement les coe f f i c i en ts  de y r / r~  dans a i (X ,x  + y ) . . . a i (X , x :  + y) 
et  I / c (X ,x  + y) = ~ ( - l ) k [  I / c ( X , x ) .  (c(X,x + y ) -  C(X,x)~  k • ( I / c ( X , x ) )  o 

kmo 

C o r o l l a i r e .  l )  d i ( a . b )  : a • d i (b )  + d (a) • b , 2) d i (a  k) = 7 a i d i ( a )  • a j ,  

3) d ~ ( l l c )  = - l l c  • d i ( c )  • l l c .  ( i , ] ) = k - I  

Coro l l a i re ,  dlSeC(X,x) = -sec(X,x)  dtcos(X,x)  sec(X,x) d'oQ la recurrence 
tTi - 1 \ s(~) : - ! 

( ~ i '  2'm3 )=~ ~i I ,  I~21 - 1, IT31 ) S(~ i )  ( -1)~(T2)  S(%)  . 

Les derivees et  in teqra les  oar rapport  a la var iab le  X; De fagon generale toute fonc- 
t ion  par t ie l lement  de f in ie  N* c ~ >  N* se prolonge de fa#on na tu re l l e  en une t rans-  
formation (A, N* x N +) A~ (A, N* ___ ~> x N +) en posant: 

(A~ a)m,n = ~a6(m),n , si d(m) est de f in ie  
[ 0  , sinon 

C'est a ins i  que Vr m l ,  en posant: 
---- ( . r ) (m)  = ~ . ( r )  , VT ( N* 

- -  ( + r ) ( m )  = l ( m  i . . . . .  m~ + r ) ,  s i  m = (m i . . . . .  mL),  ~ m 1 

t Non de f in ie  si m = @ 
- - -  ( - r ) ( ~ )  = ~ ( m ~  . . . . .  m~ - r ) ,  s i  m = ( m  . . . . .  m~), ~ > l 

et m~ > r 
Non d# f in ie  a i l l e u r s  

----  (-~)(m) = [ ( m  i . . . . .  mL_l), si % = (m i . . . . .  mL), L > 1 

~ @ si ~(~) = 1 

~.Non d~ f in ie  a i l l e u r s .  
Nous obtenons quatre fami l les  d 'operateurs que nous d6noterons respectivement par 

A*r ' A+r ' A-r et  A_~ . Ces op~rateurs ob~issent aux l o i s  su ivantes.  
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P rooos i t i on .  Vr > 1 , si { r }  d@note . r ,  +r ,  ou - r ,  a lo rs  V a, b, c i n v e r s i b l e  E 

(A, N* x N +) nous avons 

I )  A{r  } (a + b) = A{r  } (a) + A{r  } (b) 

2) A{r  } (a • b) = a • A { r } (b  ) + A{r  } (a) • b ° 

3) A{r  } ( I / c )  = - ( I / c )  • A{r  } (c) • ( I / c )m 

4) A_~ (a + b) = A_~ (a) + A_~ (b) 

5) A_~ (a - b) = a • A_~ (b) 

6) A_~ ( I /c )  = ( I / c )  = • A_~ (c) 

o3 en g@n#ral a ° d6note la  su i t e  d 6 f i n i e  par (ao)m, n = ~a , n si ~ = o 

[ 0  , s i  m # @ 

Remarqu#. Les p rodu i ts  appara issant  dans ces formules do i ven t  # t re  e f fec tu6s  dans 

l ' o r d r e  ind iqu# puisque la  m u l t i p l i c a t i o n  est  non commutat ive. On peut cependant 

f a i r e  except ion  pour les su i tes  "constantes"  de type a m puisoue Va, b e (A, N* x N +) , 

a • b = b • a 

C o r o l l a i r e .  Vr ~ 1 , si { r }  d~note . r ,  +r ou - r  a l o r s :  

A{r  } sec(X,x)  = -sec(X,x )  A{r  } cos(X,x)  

A_~ sec(X,x)  = (sec(X,x ) )  2 A cos(X,x)  

d 'o3 les r6currences su ivan tes :  

S(m * r)  = ~ ( I~I + r ) S ( m l ) ( - I )  ~(m2) ' 
(~i,m2)= m Imll Im21 + r 

( Iml ) S(~I )  S(~2) (_ I )L (T3)  S(m) = - [ Imll Im I Im31 
(ml,m2,m3)=m ' 2 ' '  
YI~T,T2#T 

Preuve. ha premiere r~currence peut s'obtenir de la premiere identit~ en prenant 

{r} = .r, +r ou -r; ]a seconde s'obtient en ~valuant A sec(X,x) en (m * (m), I~I), 

o3 m # 0 [] 

I I  est  #videmment poss ib le  de combiner les d ivers  op#rateurs  que nous avons d@finis 

pour ana lyser  plus en d@tai ls la  s t ruc tu re  des nombres S(%). Les deux a p p l i c a t i o n s  

su ivantes s e r v i r o n t  ~ l ' i l l u s t r e r  mais aussi ~ f a i r e  v a l o i r  la  p r#c i s ion  du langage. 

( ~  Si l ' o n  veut  comparer les hombres S(%.r) e t  S(~+r) i l  s u f f i t  d ' ~va lue r  

A.r  sec(X,x)  e t  A+r sec (X ,x ) ;  sur la  base de nos ca l cu l s  on o b t i e n t  imm~diatement 

A.r  sec(X,x)  + A+r sec(X,x)  = sec(X,x)  • x r / r~  

d 'o3 l ' ~ g a l i t ~  

S(m*r) + S(~+r) = - ( Iml + r - ) S(m) 
I~1 ; r 

( ~  P ropos i t i on .  d I sec(X,x)  = (A_I sec(X,x)  + X ( I ) )  sec(X,x)  . 
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Preuve. Nous savons d#ja que dlsec(X,x)  = -sec(X,x) d lcos(X,x)  sec(X,x);on v ~ r i f i e  d i -  

rectement que 

d cos(X,x) = A icos(X,x)  - cos(X,x) X ( I )  de sor te que l ' i d e n t i t 6  s 'obt~ent  en 

subst i tuant  cet te  formule dans la pr~c#dente et  en se rappelant  que -sec(X,x) &_icos 

(X,x) = &_lsec(X,x) o 

C o r o l l a i r e .  V L >- l 

S(m~ . . . . .  mL) m >l \m + . . . + m i - l ,  mi+l+. . .+m L 

si m # l 

( _  (Expression pr#c~dente) + S(m 2 . . . . .  m£) , si m = l 

R e m a r k .  I )  I I  est f a c i l e  d I i n t e r p r ~ t e r  g#om#triquement cet te  i den t i tY ;  la valeur  

de d,sec(X,x) sur < - - E ~  est ce l l e  de sec(X,x) sur ~ -E '=E~{ , }  ] 

0 0 0 0 
T T 

o~ * est le  plus grand 61~ment de ' .  Or si ~ est une permutation de type T sur E' 

l '# l#ment  * sera ou bien le premier ~l~ment, et a lors  on aura 

{ ~ =  ( . > . . . )  

~ =  ( 1 )  

et  c sera de type X (1) sec(X,x) ,  ou b ie r  i l  sera s i tu# au sommet d'une mont~e 

{ ~ =  ( . . . < .  . . . .  ) , 

T O T O O T O 

I 2 

dans lequel cas nous aurons une A_lsec(X,x ) sec(X,x) structure. Ceci montre que 

lorsque ]'on a suffisamment apprivois@ ]e langage il est souvent possible d'~crire 

directement l'identit@ recherch6e. Ainsi, obtenir d+2sec(X,x) signifie d~terminer 

o0 peuvent ~tre situ~s les deux plus grands ~]~.ments *~ < "2 de E" dans une permuta- 

tion de type T ; en y r@fl@chissant quelques instants on trouve: dt2sec(X,x) = 

2(A i sec (X , x ) )  2 sec(X,x) + A lsec(X,x)  X ( l )  sec(X,x) + 2 X ( I )  Z1_lsec(X,x) sec(X,x) + 

X ( I ' I )  sec(X,x) + X (2) sec(X[x) + A_2 sec(X,x) sec(X,x) iden t i tO que l ' o n  peut v~r i -  

f i e r  en ca lcu lan t  d1(dlsec(X'x),-- i ~au moyen de notre calcul  d i f f ~ r e n t i e l .  

2) La formule que nous avons obtenue pour dlSeC(X,x) nous procure une r#currence 

non a l tern~e nous permettant de d~cr i re  S(%) en termes des nombres S(m') o~ IT' ]  < 

[TI.  Mais e l l e  e s t e n  f a i t  ~ l ' o r i g i n e  d'une f a m i l l e  complete de r~currences du mE- 

me type que l ' o n  ob t i en t  par sp~c ia l i sa t i on  ou par sommation ~ t ravers une operat ion 

de subs t i t u t i on  dont nous par lerons ~ la  sect ion 7. Ainsi  par exemple on pourra v#- 

r i f i e r  qu'en subs t i tuant  (O,l,O,O . . . .  ) ~ la va r i ab le  X , l ' i d e n t i t #  pr~c~dente prend 

connue a.~. ec(x) = tan(x)  sec(x) et  la  r~currence la forme b ie r  dev ient  
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E n: E2k E2 I o4 les hombres En sont maintenant hombres 

d ' E u l e r .  De m~me en remplaGant X par ( y , y , y  . . . .  ) l ' i d e n t i t @  d e v i e n t  ~/3x A ( x , y )  - 

( A ( x , y )  - l + y) A ( x , y )  , o4 A ( x , y )  =( l  - Y ) / l -  Y ~ x ( l - y )  es t  l a  s@rie g # n # r a t r i c e  

e x p o n e n t i e l l e  des polynQmes eul@riens e t  la  r@currence d e v i e n t  a l o r s  

An+ l (y)  = ( l  + y) An(Y ) + ~ ( n (k ,~)=n k , ~ ) A k ( Y )  AL(Y) 

k, ~#0 

On pourra  v o i r  en [ 6 ]  j u s q u ' a  quel p o i n t  une r#cur rence r e l a t i v e m e n t  s imple  de forme 

semblable  ~ c e l l e  obtenue i c i  peut  engendrer  des f a m i l l e s  impor tan tes  de hombres, p o l y -  

n6mes e t  q -ana logues .  

Les op~ra teurs  duaux. Si nous revenons ma in tenan t  aux d @ f i n i t i o n s  des f o n c t i o n s  par -  

t i e l l e s  * r ,  + r ,  - r  e t  -~ sur N*, i l  es t  c l a i r  que nous pour r i ons  t o u t  aussi  b ien a g i r  

avec r ~ gauche sur les ~l@ments T < N* p l u t 6 t  qu 'a  d r o i t e  e t  o b t e n i r  a i n s i  des op#ra-  

teurs  duaux r ,A  , r+A , _r  A e t  _ A . En f a i t  pour t ou te  f o n c t i o n  p a r t i e l l e m e n t  

d ~ f i n i e  N* 6 > N* nous pouvons d ~ f i n i r  la  f o n c t i o n  duale N* ~ > N* de 6 en po- 

sant  ~ = ~ o ~ o o , oQ N* ~ > N* es t  d@fin ie par :  

o(~)  = ~(m~ . . . .  imp) ,  s i  T : (m I . . . . .  mL), L ~ l 

La t r a n s f o r m a t i o n  (A, N* x N +) A~ > (A, N* x N +) a i n s i  obtenue es t  appel~e dua le  

de A~ e t  d~not~e par 6A . 

Lemme. V N* - 6 -> N* e t  V a E (A, N* x N +) on a ~A(a) = A (&5 (& ( a ) )  

P r o p o s i t i o n .  Vr m l , s i  { r }  d#note r * ,  r+ ou - r ,  a l o r s  Va , b , c i n v e r s i b l e  E 

(A, N* x N +) on a: 

I )  { r }A  (a + b) = { r }&  (a)  + { r } A  (b)  

2) { r )A  (a • b) = { r }A  (a)  - b + a • { r } A  (b)  

3) { r }A  ( I / c )  = - ( I / c )  e • { r }A  (c)  • ( I / c )  

4) _ A (a + b) = _~A (a) + _ A (b) 

5) _ A (a • b) = _ A (a) • b 

6) _ A ( I / c )  = _ A (c)  • ( I / c )  = 

Preuve. N* o > N* ~ t a n t  un an t i - i somorph i sme  i n v o l u t i f ,  i l  en es t  de m#me de 

(A, N* x N ÷) &~ > (A, N* x N +) r e l a t i v e m e n t  ~ la  m u l t i p l i c a t i o n .  I I  s u f f i t  donc 

d ' a p p l i q u e r  l e  lemme aux fo rmules  d#j~ obtenues pour les  op6ra teu rs  A 6 . m 

Ces op~ra teurs  duaux se ron t  u t i l e s  ~ la  sec t i on  8 car  i l s  appa ra i ssen t  n a t u r e l l e m e n t  

l ' i n t ~ r i e u r  de formules qui g ~ n # r a l i s e n t  des i d e n t i t ~ s  t r i g o n o m ~ t r i q u e s  b ien con- 

nues. 
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6. Les s#r ies a(X . Y, x) , a(X + Y, x) et  a(X - Y, x) .  Af in d '# t re  en mesure de 

t radu i re  en iden t i t#s  cer ta ines r#currences simples mais importantes concernant les 

nombres S(T) i l  sera u t i l e  de consid#rer des s#r ies ~ deux var iables non-commutatives 

c ' es t  ~ d i re  de type a(X, Y. x) = ~ a X ~i Y Tz xn/n~ . Les op#rat ions 
Ti~T2~ n "[1~T2 ~n 

d 'add i t i on  et  de mu l t i p l i ca t i on  correspondent ~videmment ~ ce l les  des sui tes (a i ,T2,  n) 

apoartenant a l 'espace (A, N* x N* x N +) et  sont d@finies par 

(a + b)Ti ,T2,  n~ = a i ,T2,  n + bT1,T2,n 
(a • b)T l ,Ta,n = (~; %~) = T,, ( n , ' n 2 )  aT; 'T~ 'n i  bT;'T~ 'n2 

(h i ,n2)  = n 

Xey T X~Y ° xn/n: et  ~ a , n Pour chaque su i te  a ~ (A, N* x N+), les s#r ies ~ a ,n 
T,n T,n 

xn/nL seront comme ~ l ' hab i tude  dOnot~e simplement par a(X,x) et a(Y, x).  Pour toute 

fonct ion p a r t i e l l e  N* 6-->N*, les sui tes A(~,_)(a)  et  A(_,6)(a)  seront respect ive-  

ment d~f in ies  par ( A ( ~ _ ) ( a ) ) i  ' 2 'n = f a6(~l),T2,n , si 6(T I i est d~ f in ie  

L O , sinon 

= ~ f a T i : , 6 ( ~ z ) ,  n , si ~(-~ ) est d~ f in ie  ~(61'62 )(a) eL 
( & ( - , 6 ) ( a ) ) T l , = 2 ,  n ,  2 , et  d~- 

LO sinon 

notera A(6 i ,_)  (, k(_,62)(a ) )= k(_,¢2) ( k(6 ,_ ) (a )~ . ,  Par contre si N* x N* 6 > N* 

V 6 
est une fonct ion par t ie l lement  d~ f in ie  nous u t i l i se rons  la not ion (A,N* x N +) - - > ( A ,  

N* x N* x N +) pour d#signer la t ransformat ion d# f in ie  par 

(26a)Ti,%2, n = l a6 (m i ,%2) ,n  , si 6(T1,~ ) est  d~ f in ie  

L 0 , sinon 
C'est  le cas en p a r t i c u l i e r  pour la concat@~ation N* N* * x , >N*, et  la sui te V.(a) 

alors obtenue s ' ~ c r i t  en s~rie formel le sous la forme V.(a) (X,Y,x) = ~ a 
TI~T2~ n TI*T2~n 

X%IY s2 xn/n~ . Nous u t i l i se rons  cependant une notat ion plus suggestive pour la d~si-  

gner; nous #cr i rons a(X * Y, x) .  

Relativement aux op#rat ions et op#rateurs d#j~ d~ f in i s  cet te  t ransformat ion poss6de 

les propr i~t~s suivantes: 

P r o p o s i t i o n .  Va, b, c i n v e r s i b l e  E (A, N* x N +) 

1) (a + b) (X * Y, x) = a(X . Y, x) + b(X . Y, x) 

2) (a • b) (X * Y, x) = a (X ,  x) b(X * Y, x) + a(X * Y, x) b(Y,  x) 

- a (X ,  x) b(Y,  x) 

<l cl ( x .  Y, x l=    clx,x)+  jclx, t ) c ( x .  Y. xl x)) 
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4) V5 = +r, - r  et -~ 

(A~ a) (X * Y, x) = A(_,~) a(X*Y, x) + A5 a(X,x) 

5) Vr ~ l , ( A . r  a)(X*Y, x) = A(_ , . r )  a(X*Y, x) 

Coro l la i re .  sec(X*Y, x) = sec(X.x) + sec(Y.x) - sec(X,x) cos(X-Y, x) sec(Y,x) 

d'o~ VT~ ~ ~® ( ) )S (~ )  " I T t * T 2 1  , . u  
s(~,T) = ( . ~ )  : ~  I~;i. l~*~;I, l~"I~ s(~;) (- l )~(~*~ 

A_p,plications. 

Q A( . r ,_ )  sec(X.Y, x) + A(_,r+) sec(X*Y, x) = A.r sec(X,x) sec(Y,x) 

d'o~ Vr ~ l ( ~zl+r+!~21 ) 
S(m1*r*~z) ÷ S(~I*(r+~2) = ~11 +r, I~21 S(T1*r) S(T2) 

Ceci est essentiel lement la r~currence que I,lacMahon nomme son th#orOme de mu l t ip l i ca -  

t ion [5]  . 

Q D~finissons A.T(a) = 

alors 

a , s i  T : 

, s i  ~ = (m . . . . .  r :~)  
1 

P_roposition Va, b, c invers ib le  E (A,N* x N +) 

. • + A (a) • (A.T2(b))  1) A..{.(a b) = a A.T(b) (~Z'T2)=TI *TI 

i 

= - ~I (l/c) " ~*TI (C) " (A*[2(]/C)) 2) & .T( I /c )  (T ,%2)=T 

1 

Preuve, Puisque a(X.Y, x) = Z A. a(X,x) yT  A.T(a.b) est donc le coe f f i c ien t  de yT 
T 

dans (a.b) (X.Y, x) . [] 

Les s~ries a(X+Y,x) et a(X-Y,x) sont obtenues de fa~on t o u t - ~ - f a i t  analogue ~ cel le  

u t i l i s~e  pour la s~rie a(X*Y,x).  ~ pa r t i r  des fonct ions N* x N* + >N* et 
N*  x N*  - >N* d~f inies par: 

F z m  m m I ~ ~ ~ T = = J TI + T2 = ) ~  I . . . . .  ~ I '  m2 . . . . .  m~l . si i (ml . . . . .  ink)' ~2 (m~ . . . . .  mR). 
k ~ l . ~ l  

~Non def in ie ,  a i l l eu rs  
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f mz - ~2 = (m: . . . . .  mk-m:,m ~ . . . . .  m#), s i  T: = (m: . . . .  mk)' ~2 = (m~ . . . . .  m~), 

m k > m{ e t  k ~ l ,  L > l 

Non d ~ f i n i e  a i l l e u r s .  

On montre: 

P ropos i t i on .  Va, b, c i n v e r s i b l e  E (A,N* x N +) 

I )  (a + b) (X ± Y, x) = a(X ± Y, x) + b(X ± Y, x) 

2) (a • b) (X ± Y, x) = a(X,x)  b(X ± Y,x) + a(X ± Y, x) b(Y, x) 

,> <x± x l .  (i/¢<x x>)c<× ± x>(i/cI  x>) 

C o r o l l a i r e .  sec(X ± Y, x) = -sec(X,  x) cos(X ± Y, x) sec(Y, x) 

Applicatio_nn. 

P ropos i t i on .  sec(X + Y, x) = sec(X, x) sec(Y, x) - sec(X , Y, x) 
® d'o~ V ~:, ~ # l l::I+ I :  ) 

S(':: + 'c  2) = \ 1 : : I ,  ::2 S(': ) S(~ ) - S ( : * ' :  ) 

Preuve. On v # r i f i e  d i rec tement  que cos(X + Y, x) = cos(X, x) + cos(Y, x) - 

cos(X * Y, x) - 1 . m 

Nous re t rouvons donc ~ nouveau le  th~or6me de m u l t i p l i c a t i o n  de HacI1ahon. La d ~ f i n i -  

t i o n  des op#rateurs  ~, e t  v+ nous aura cependant permis d 'en o b t e n i r  une f o rmu la t i on  

ana l y t i que  ~ la  f o i s  s imple,  prec ise e t  # l~gante .  

7. La s u b s t i t u t i o n  m u l t i v a r i ~ e .  Sur la  base de l ' ~ g a l i t ~  X (m: . . . .  m&) = x(ml)  . . .  

X (m~) les  s~r ies  a(X, x) peuvent @tre consid~r#es comme ~ tan t  des s~r ies ~ une i n f i n i -  

t~ de v a r i a b l e s  ind~pendantes X m, X (1) ,  X (2) . . . .  e t  une oo~ra t i on  de s u b s t i t u t i o n  con- 

s i s t a n t  essen t i e l l emen t  ~ remplacer les  va r i ab les  X (m) par des s#r ies bm(Y) e t  X m par 

Y peut ~ t re  d ~ f i n i e .  De fagon plus prec ise  si  I e s t  un mono~de pour leque l  { ( i : , i 2 ) :  

i : i  2 = i }  es t  f i n i  Vi c I e t  (A, I )  d~note l 'ensemble  des fonc t ions  de I dans l 'anneau 

commutat i f  u n i t a i r e  A muni des op#ra t ions  d ' a d d i t i o n  e t  de m u l t i p l i c a t i o n  

(a + b) i = a i + b i 

= X : a i b i (a • b) i ( i : " 2 ) = i  ~ 2 

a l o r s  les  ~l~ments c # (A, I )  peuvent @tre fo rme l lement  repr~sent~s par 

c(Y) = X c i  y i .  Si a ~ (A, N* x N+), e t  s i  {Cm}m=l,2," est  une s u i t e  d '< l#ments 
i ~ l  "" 

de (A, I )  pour l a q u e l l e  la  sGrie 

n , I~ !  ~ ,m~)Cmt(y). y io  x /n .  + ~ a(mt,  (Y xn/n[  ae,n . .  n n 1 (m . . . .  m R) Cm~ 

est  sommable, i 0 ~ tan t  l ' e l # m e n t  neut re de I ,  a lo rs  on d i r a  q u ' e l l e  a ete obtenue par 

s u b s t i t u t i o n  de ( c : ,  c 2 . . . .  ) a X dans a(X, x) e t  on la  d~notera par a(c I ,  c 2 . . . .  ; x ) .  
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P ropos i s i on .  Va, b ( (A, N* x N+), V{c m} ~ (A, I ) ,  sous les cond i t i ons  de sommabi l i te  

appropr iees ,  nous avons 

l )  (a + b) (c i ,  c 2 . . . .  ; x) : a(c i ,  c 2 . . . .  ; x) + b(c i ,  c 2 . . . .  ; x) 

2) (a • b) (c i ,  c 2 . . . .  ; x) = a(c i ,  c 2 . . . .  ; x) b(c 1, c 2 . . . .  ; x) 

C o r o l l a i r e .  Sous les cond i t i ons  de sommabi l i te  appropr i~es 

sec(c 1, c 2 . . . .  ; x) = I / cos (c  z, c 2 . . . .  ; x ) .  

Cette ope ra t i on  de s u b s t i t u t i o n  est  f o r t  u t i l e  car e l l e  nous permet de sommer les per- 

mutat ions selon d ivers  param6tres. En vo i c i  quelques exemples. 

A E p l i c a t i o n s .  

(%) Sur la  base de nos d e f i n i t i o n s ,  sec(O, 0 . . . . .  O, I ,  O, 0 . . . .  ; x) : 
k n;O 

S(k, k ~ 3 ~ _ _ k )  xnk / (nk ) [  est  la  s~r ie  gene ra t r i ce  des permutat ions de type (k,  k . . . . .  
n 

k) .  Puisque cos(O . . . . .  O, I ,  O~ 0 . . . .  ; x) = ~ ( - I )  k xnk/(nk)~ nous ~c r i rons  
k n~O 

cos(O . . . . .  O, 1, O, 0 . . . .  ; x) = COSk(X) et  sec(O . . . . .  O, 1, O, 0 . . . .  ; x) = 
k k 

seck(x) = 1/COSk(X). En p a r t i c u l i e r  lorsque k = 2 nous re t rouvons les fonc t ions  t r i -  

gonometr iques usue l les  cos(x)  e t  sec(x)  e t ,  par le  f a i t  m~me, le  r e s u l t a t  b ien connu 

que sec(x) est  la  se r ie  gen~ra t r i ce  e x p o n e n t i e l l e  des permutat ions de type (2, 2 . . . .  

2 ) ,  d i t es  a l t e rnees  Commen~ant par une montee. 

(~) Si nous voulons sommer les permutat ions dont la  s p e c i f i c a t i o n  ascendante ne con- 

t i e n t  que des m u l t i p l e s  de k, nous devons c a l c u l e r  sec(O . . . . .  O, I ,  0 . . . . .  O, I ,  O, 
k 2k 

. . . .  O, 1 , 0 . . . .  ; x ) ;  or on ~ t a b l i t  f ac i l emen t  que cos(O . . . . .  O, I ,  0 . . . . .  O, I ,  
3k k 2k 

0 . . . .  ; x ) :  1 -  xk/k"  de s ° r t e  que ~n ( ! ~  0 (n i ~ . . . .  n~)=n S(n lk  . . . . .  n~k))  x n k / ( n k ) '  = 

I / ( I -  x k / k ' . ) e t  ~ ~ S(n ik  . . . .  n~k) =Ik nk k) 
4>_I (n i . . . .  n~)=n ,k . . . .  

(~) Si nous voulons sommer les permutat ions dont la  s p e c i f i c a t i o n  ascendante ne con- 

t i e n t  aucun e n t i e r  ~gal a I ,  on d o i t  c a l c u l e r  sec(O, I ,  I ,  1 . . . .  ; x ) ;  nous obtenons 

( I S ( T ) I )  xn/n" = s e c a ( x ) / (  1 -  t a n l l ) ( x ) )  
n_>0 T 

mi~l 

d cos3(x ) / cos3(x  ) o~ t a n ( 1 ) ( x )  = - ~-~ 
3 

Preuve. cos(O, I ,  I ,  1 . . . .  ; x ) :  ~ / ~  ( - - I )~(T)~ x n / n ' . .  
n I t ,  l~ l=n ] 

\ mi#l 

Or si  T # (3, 3 . . . . .  3) a l o r s  i l  e x i s t e  un i te l  que T = (3 . . . . .  3, m i . . . . .  m~) 

o~ m i = 2 ou m i -> 4. Dans le  premier  cas, si mi+ 1 e x i s t e  on pose ~(T) = (3 . . . . .  
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3 , 2+mi+ I ,  mi+ 2 . . . . .  mL) e t  dans le  second on d # f i n i t  ~(m) = (3 . . . . .  3, 2, m i -2 ,  
i - l  i 

mi+ l . . . . .  m~) , de sorte que dans les deux cas I~(~) - ~(,#(~)) ] = I .  Leurs e f fe ts  

s'annulent donc dans cos ( O , l , l , l  . . . .  ; x) d'ob c o s ( O , l , l , l  . . . .  ;x) = Z ( - l )  n 
n_>O 

d cos (x) . De l~ on obt ien t  l '~ga-  x3n/(3n) '. + ~ ( - l )  n*l x3n+2/(3n+2)'. = cos (x) ~ ~ 
n>~O 

l i t 6  

. . ,m~) r~0 3k0+(3k l+2 )+ . .+ (3k r+2)=n  

m i#1 , !T I=n  ki~0 

S(3 . . . . .  3) S(3 . . . . .  3 ,2)  , , .  S(3 . . . . .  3 ,2)  

k 0 kz k r 

G Pour so~ner les  permuta t ions  dont la  longueur  des "ascens ions"  es t  i n f ~ r i e u r e  

k nous devons ~va lue r  s e c ( l ,  I ,  . . . ,  I ,  0, 0 . . . .  ; x ) .  Or 
k 

c o s ( l ,  1 . . . . .  I ,  0, 0 . . . .  ; x) = ~ xnk / (nk )  ' - ~ x n k + I / ( n k + l ) ~  
k n~0 n~0 

de sor te  Que ~ ~ S(~) xn /n [  = sechk (X ) / l  + tanh~ k - l )  (x)  
n T 

m.<k 
1 

IT l=n 

o~ cOShk(X) = ~ xnk / (nk)~  , sechk(X) = I /cOShk(X) 
n~0 

e t  t a n h ~ k - l ) ( x ) = - d  ( k - l )  cOShk(X)/cOShk(X) 

Preuve. Si % # ( I ,  k - l ,  I ,  k- I  . . . . .  I ,  k - l )  e t  T # ( I ,  k - I  . . . . .  I ,  ( k - l ) ,  I )  a l o r s  

ou b ien -c = ( I ,  k- I  . . . . .  I ,  k - l ,  m i . . . . .  mL) o~ m i # 1 e t  mj < k ou bien T = ( I ,  
k - I  . . . . .  I ,  k - l ,  I ,  m i . . . . .  m~.) oQ o < m i < k - I  e t  mj < k. Dans le  premier  cas on 

pose ~(%) = ( I ,  k - I  . . . . .  I ,  k - l ,  I ,  m i - l ,  mi+ 1 . . . . .  mE) e t  dans le  second @(T) = ( I ,  

k - I  . . . . .  I ,  k - l ,  l+m i ,  mi+ 1 . . . . .  mL). Puisque I~ (~ (T ) )  - ~(T) I  = I l eu r s  e f f e t s  

s ' a n n u l e n t  dans c o s ( l ,  1 . . . . .  I ,  0, 0 . . . .  ; x) . u 
k 

G sec(y ,  y ,  y . . . .  ; x) es t  ~videmment la  s~ r ie  g~n@ratr ice des permuta t ions  c lass~es 

selon la  longueur  de l e u r  s p e c i f i c a t i o n  ascendante.  Nous re t rouvons  a i n s i  un r ~ s u l t a t  

b ien connu ( v o i r  [ I ] ) :  

~ 7, S(T) y~xn/n  '. = ( l - y ) / l - y e  x ( l - y )  = l a  s#.rie g~n~ ra t r i ce  e x p o n e n t i e l l e  
n JL IT t : n  

~(~):~ 
des polyn~mes eu l@r iens.  

Preuve. Puisque ~ ( _ I ) L ( ~ )  = ( n - I  )~L ~- I  ) ( - I  on o b t i e n t  cos (y ,  y . . . .  ; x)  = 
IT l=n 
~(~)=~ 

l - y e X ( l - Y ) / l . - y  . 
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Si nous voulons sommer les permutat ions o selon l e u r  nombre m(~) de mont~es ( i . e .  

l e  hombre d '~ l~ments i t e l s  que o ( i )  < ~ ( i + l ) ) .  Nous devons c a l e u l e r  sec( l  y l  v 2 

y3 . . . .  ; x) .  Nous obtenons: 

S(T) )  m n,  , = ~ ~ ( I ! l =n  y x In .  (y - l ) / y -e  (y - I )x  

m(T)=m 

~ Iml=n ~ ( _ i ) ~ ( ~ ) )  m n , 
( , . • y x In .  = c o s ( y ,  y ,  y ,  Preuve. c o s ( l ,  y l ,  y2,  y3 . . ,  x) = ( 

. . . ;  x ) ) ( I / y ,  Yx ) ,  m ~(T)=n-m 

O Parmi les  t rans fo rmat ions  qui nous permet tent  de passer d 'un contex te  non-commuta- 

t i f  ~ un con tex te  commutat i f  i l  y a c e l l e  qui cons is te  ~ remplacer la  v a r i a b l e  X par 

(x l ,  x 2, x 3 . . . .  ) ob { x i } i = l ,  2 . . . .  est  une su i t e  de v a r i a b l e s  commutatives ind6.oen- 

dantes.  Or si nous d~ f in i ssons  l e  genre d'un type_m comme ~ tan t  g(T) = (ml' eL2' eL3' 

. . .  ) O0 a m =nombre de f o i s  que m apparaTt dans m, nous aurons 

a (eLi) g(~)=eL 

e t  a i ns i  sec(x , x 2 . . . .  ; l )  est  la  s~r ie  g#n~ra t r i ce  des permutat ions c lass#es mar 

genre d'ascendance. Puisque sec(x I ,  x 2, x . . . .  ; l )  = I / c o s ( x  I ,  x 2 . . . .  ; l ) ,  nous ob te-  

nons l ' i d e n t i t ~  su ivan te :  <lt311~ " ' "  ( t B k I ~  < i'°~I1 t 

S(T) = ( -1)  Iml Z ( -1)  k ~ "(13,)) \(Bk) j I1~,11 , l lBkl 
k->0 (Bi ~ . . . . .  Bk)=~ . . . .  

oa teLt= % + % + % + . . . .  II~N = eL i + 2cz 2 + 3c~ 3 + . - .  e t  13)J = B i , B 2, .- 

0 Plous pouvons ~videmment u t i l i s e r  la  s u b s t i t u t i o n  con jo in tement  avec les op~rateurs 

que nous avons d ~ f i n i s  dans (A, N* x N+). A i n s i ,  sommer les  permutat ions dont la  spe- 

c i f i c a t i o n  ascendante commence par t 0, c ' e s t  ~ d i r e  c a l c u l e r  

S(To*T ) revient ~ ~valuer la s~rie sec(X*Y,x) (X, ( I , I , I  . . . .  )) en ( to,n).  Or 
% 

Imo*T1=n 

Proposition. sec(X*( l , l  . . . .  ), x) = sec(X,x) + A, isec(X,x ) / ( l -x )  . 

Preuve. Nous savons que sec(X*Y, x) = sec(X,x) + sec(Y,x) - sec(X,x)cos(X*Y,x)sec(Y,x). 

En substituant ( l , l , l , . . . )  ~ Y de chaque cOt~ de l ' 6ga l i t~  et en v~r i f i an t  que 

cos(Y,x) ( l , l  . . . .  ) = l - x  et cos(X*( l , l  . . . .  ), x) = A,l cos(X,x) + cos(X,x) nous obtenons 

l ' i d e n t i t ~  ci-haut . m 

C o r o l l a i r e .  Z S(mo*Tl = I S  ( ~ o * ( 1 ) ) . n : / ( i T o t + t ) ~  , s i  !T01 < n 

LS(~ o) , si IT l=n 
Imo*ml=n 0 
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8. Quelques i den t i t~s  t r i g  onom~triques. Nous avons vu ~ la sect ion pr~c~dente que 

les fonct ions t r igonom~tr iques usuel les cos(x) et sec(x) s 'ob t iennent  des s~ries 

cos(X, x) e t  sec(X, x) par subs t i t u t i on  de ( 0 , I , 0 , 0  . . . .  ) ~ X. I I  ~ t a i t  donc normal de 

chercher ~ savo i r  si cer ta ines i den t i t~s  t r igonom~tr iques classiques proviennent d ' i -  

dent i t6s  plus g~n~ralement va l ides pour les s~ries cos(X, x) et sec(X, x) .  Dans cet te  

sect ion nous verrons que la r~ponse est a f f i r m a t i v e .  

De facon g~n#rale nous poserons a(X, -x) = Z aT, n ( - l )  n X T xn/n~ et 

a(X, x + y) = Z a X T xnly n2 m,nl,n ~ T,n~+n~ /n~n  ~ . Cette notation se j u s t i f i e  ~videm- 

ment par le f a i t  que les s#ries en question sont celles que l 'on obt ient en substituant 

-x et x + y ~ la variable x dans a(X, x) 

Th~or~me. cos(X, x) cos(X, -x) - ~ A,r  cos(X, x) _r A cos(X, -x) : 1 
rz l  

Preuve. L ' ~ga l i t ~  est  fac i lement  v ~ r i f i ~ e  pour ~ : ~. Si T # o, les s t ructures S 

dont nous devons ca l cu le r  le  poids dans le  terme de gauche de l ' ~ g a l i t ~  ont la  forme 

g~n~rale suivante 

~ , r ~  q m i - r ~ i C ) + ~  0 

pds(S) = ~ .  (cos(X, X ) )T I , r , ]E IJ  ( c o s ( X , - x ) )  (_r)+~2,,E2 , 

oO ~ = +~ s i r  = 0 et - I  s i r  ~ I .  En raison de nos d ~ f i n i t i o n s ,  les st ructures S 

dont le  poids est non nul sont ce l les  pour lesque l les  

0 < r < m i r 0 JE21 ]%~I - r 

Etant donn~ que ( I )T ,  n = 0 lorsque T ¢ ~, l ' ~ g a l i t ~  sera ~ t a b l i e  si nous montrons que 

le  poids t o ta l  de ces st ructures est  O. Pour ce f a i r e  i l  s u f f i t  de v ~ r i f i e r  que l ' op~-  

ra t i on  par l aque l l e  on t ransf~re  le  plus grand ~l~ment * de E~ vers E 2 ou de E 2 vers 

E I selon q u ' i l  se trouve dans E I ou E 2, d ~ f i n i t  une i nvo lu t i on  @ sur l 'ensemble de ces 

st ructures pour l aque l l e  on a pds @(S) = -pds(S) . o 

Co ro l l a i r e .  sec(X, x) sec(X, -x)  + ~ A,r  sec(X, x) - r  A sec(X, -x)  = 1 
r~l 

Preuve. I I  s u f f i t  de m u l t i p l i e r  les termes apparaissant de chaque c~t~ de l ' ~ g a l i t ~  

pr~c~dente, ~ gauche par sec(X, x) et ~ d ro i t e  par sec(X, - x ) ,  et u t i l i s e r  les formu- 

les d~ja obtenues pour A,r  sec(X, x) et  _r A sec(X, x) .  0 
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Pour @tab l i r  la  prochaine i d e n t i t #  nous devons consid@rer les s#r ies  de type 

a(X, x, y) = ~ a X T x nl  
T ,n i ,n2  ~ ' n l , n 2  n I n . 

t N + Nous nous s i tuons donc dans l ' espace  (A, x x N +) oE l ' a d d i t i o n  est  d # f i n i e  t e r -  

mes ~ termes e t  la  m u l t i p l i c a t i o n  par 

(a " b ) r ' n i ' n 2  = (o~i,T~)=~ ( n t ) < n ' , n "  i i n~,n~n2 ) a T i n ; n ' 2  bT2n~n~ 

(n~,n~)=n i 

(n~,n~)=n= 

A nouveau, dans ce con tex te ,  les s#r ies correspondant  respect ivement  aux su i tes  qui 

a%,n l ,n  2 
s a t i s f o n t  = 0 s i n  2 # 0 e t a  , n ~ , n  ~ 0 si  nz # 0 seront  d~not#es simplement 

par a(X, x) e t  a(X, y ) .  

Th#or~me. cos(X, x + y) = cos(X, x) cos(X, y) - ~ A cos(X, x) .A cos(X y) 
r~l  . r  -~ ' " 

Preuve. V<, n l :  n 2 nous avons 

cos(X, x + y) T ' n i ' n 2  si IT[ n 1 + n 2 

L 0 sinon 

D 'au t re  par t  

= (cos(X,  x ) ~ 1 , n  ,0 (COS X, Y)T2,0,n2 (cos(x, cos(x, (! 
1 1 

t ) (_l)~(~) = ( - l ) ~ ' ( ~ i ) ( - l )  L(T~ = s ' i l  e x i s t e  un couple (~ i ,T2)  te l  que <i * T2 = ~ 

et  i%il = n I , [T21 = n 2 
0 , sinon 

, • , h i , n2  = (TI,T2)= T ~  ( c ° s ) T l . r , n  ] (c°S~r+T2,n 2 
e t  Vr > l ( A . r  cos(X x) - r  A cos(X, Y))T 

( - l )  g (T i )+ l  ( - I )  L(T2) = ( - l )  g( 'r)+l s ' i l  e x i s t e  un couple (Ti ,TR) te l  que 

~ i .<2 = < e t  IT i l  + r = n i , IT21 - r = n 2 
0 , s inon 

Par consequent l e  terme de d r o i t e  est  non nul en (T ,n i , n2 )  ~ ITI = n i + n 2, e t  a l o r s  

i ]  e x i s t e  un e t  un seul r m 0 pour leque l  A*r  cos(X, x) _r A cos(X, y) es t  non nu l .  

Puisque sa va leu r  est  a l o r s  #gale 

( - I )  ~T) '  " s i  r = 0 e t  ( - I )  ~ ) + I "  " si r ~ 1 , l ' ~ g a l i t @  est  d~montr~e.m 

Remarque. La premiere ident i t@ peut ~videmment s ' o b t e n i r  de c e l l e - c i  par s u b s t i t u t i o n  

de -x  a y.  

l C o r o l l a i r e .  sec(X, x + y) = see(X, y) T- -  ~: A sec(X, x) 

r~l * r  

- r  A  )sec(X, x) 
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Preuve. sec(X, x + y) = I / cos(X,  x + y) : 
I l sec(X, Y) 

A t ten t i on ,  L 'ordre de m u l t i p l i c a t i o n  ne peut #t re chang# ni dans la formule ni dans 

la preuve. 

Une des qua l i t#s  des i den t i t #s  que nous venons d ' # t a b l i r  r~side dans leur  g@n~rali- 

t@. En e f f e t  puisque leur  formulat ion ne f a i t  appel qu'~ l ' a d d i t i o n  et la m u l t i p l i c a -  

t ion  e l les  demeurent va l ides lorsque nous subst i tuons ~ X toute su i te  (c l ,  c 2 . . . .  ) 

qui rend ses termes sommables. En p a r t i c u l i e r ,  nous avons vu ~ la  sect ion pr#c~dente 

que cos(O, O, O, l ,  O, 0 . . . . .  x) = ~ ( - I )  k xnk/(nk)  '. = COSk(X ) et que seck(x) = 
k k~O 

I/COSk(X) est las@tie g~n@ratrice des permutations de type (k, k . . . . .  k) .  Or la 

fonc t ion  COSk(X ) poss~de essent ie l lement  k- l  d#r iv#es d i f f # ren tes  de sorte,q~4e~ par 

analogie avec les d # f i n i t i o n s  usuel les on peut consid#rer les fonc t ions_  d[r.~_ 
d( r )  dx ( r )  

COSk(X), 0 < r < k et (F)COSk(X)/COSk(X), 0 < r < k, comme etant  respectivement 
dx 

k- l  fonct ions "s inus" et " tangentes".  Si l ' on  d#note ces derni#res par tan~r)(x)" 

nous p()uvons v # r i f i e r  que la s u b s t i t u t i o n  de (0, 0 . . . . .  O, l ,  0 . . . .  ) a X dans les 
k 

i den t i t #s  que nous venons d ' # t a b l i r  mane aux formules suivantes:  

k- l  
seck(x) seck(-X) + ~ tan~ k- r )  (x) tan~ r)  ( -x )  = l 

r=l 

seck(x) seck(Y) 
seck(x + y) = 

k- l  tan~k_r lx)  tan~r ) (y  ) 
I I-- 

Ces i den t i t #s  fu ren t  ~ l ' o r i g i n e  ~ tab l ies  de fa#on purement alg#br ique ~ p a r t i r  de 
eel x e~k x 

la repr#sentat ion complexe COSk(X ) = - + " ' "  + o~ ~i sont les racines de k 

x k + l ,  dans le  but de g#n#ra l iser  ~ la  fonc t ion  seck(×) une preuve combinatoire de la 

formule sec(× + y) = sec ( x ) - sec ( y ) / l  - t an (x ) - tan  y obtenue en 1983 en u t i l i s a n t  les 

permutations a l tern#es comme module des nombres s#cants et  tangents. Alors que cet te  

d#monstration s'av@ra re la t ivement  d i f f i c i l e ,  nous verrons dans les l ignes qui su ivent  

q u ' i l  en est autrement de la formule g#n#rale obtenue pour la s#r ie sec(X, x + y) 

puisqu'une i n t e r p r # t a t i o n  combinatoire simple peut en ~tre donn#e. Nous pourrons par 

la su i te  exp l iquer  cet apparent paradoxe. 

Une i n t e r p r # t a t i o n  combinatoire de la formule de la sec(X, x + y ) .  

Remarque. Cette d#monstration s ' i n s p i r e  des m#thodes de preuve ut i l is@es en th~or ie  

des esp~ces de s t ruc tu res ,  plus pr#cis@ment en th#or ie  des esp~ces l in@aires ( vo i r  

[4]). 
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0bservons d'abord qu'un ~l#ment a c (A, N* x N + x N +) peut se d#cr i re  comme aupara- 

vant dans le  langage ensembliste en posant a ,EI,E2 = aT, IE i I , !E2 1 , E i e t  E 2 @tant 

( ) = am,n1 , l ' i n -  des ensembles l in~a i rement  ordonn~s. Puisque a(X, x + y) m,nl,n2 +n 2 

( ) do i t  #tre d~ f in ie  par a ,Ei~E2 t e rp r~ ta t i on  ensembliste de a(X, x + y) ~ ,Ez ,E  

o~ E i ~ E~ d~note la raunion d i s j o i n t e  de E et E munie de l ' o r d r e  l i n # a i r e  

L < L '  ~ L , L '  E E et L < L' dans E , ou ~>L' ~ E et ~L < L' dans E , ou L ~ E i e t  

9~' ~ E~, c ' es t  ~ d i re  en consid#rant t o u s l e s  #l~ments de E i comme #tant  plus pe t i t s  

que ceux de E2. Dans ce contexte a(X, x + y) peut ~tre consid~r~_e comme #tant  la s~- 

r i e  des a-s t ructures ex i s tan t  sur un ensemble E l in#.airement ordonn~ b ico lo r#  dans le -  

quel les ~l~ments de E , disons les #16ments ver ts ,  sont plus pe t i t s  que ceux de E2, 

disons les rouges. Ainsi  sec(X, x + y) appara?t comme ~tant  la s~r ie g~n#ratr ice des 

permutat ions d'un ensemble b ico lo r6  vert - rouge avec V < R, class~es selon leur  speci- 

f i c a t i o n  ascendante. 

Ceci d i t ,  l ' i d e n t i t #  t r igonom#tr ique pr~c~dente peut a lors  se l i r e  a i n s i :  une 

permutation de sp#c i f i ca t i on  ascendante T sur un ensemble b ico lo r#  V < R e s t  comDos~e 

dans l ' o r d r e  su ivant :  a) d'une permutation sur un ensemble (possiblement v ide) d '~ l~-  

ments rouges ( i . e .  sec(X, y ) ) ,  b) d'une s t ruc ture  de tyne 

[ A.r  1 - r  A ] (~) = ~ # I - - ~  s e c ( X , ~  s e c - ~  M et c) d'une permutation sur un ensemble 

(possiblement v ide) d'~l#ments verts ( i . e .  sec(X, x ) ) .  Or comme I / ( l - a )  = ~ a k , 
km0 

une® -s t ruc tu re  est tout  simplement un produ i t  f i n i  de ~ A.r  sec(X, x) _rASec(X,y) 
r~l 

- s t ruc tu res ,  e t  une A.rSeC(X, x) _rASec(X, y ) - s t ruc tu re  n 'es t  r ien d 'au t re  qu'une per- 

mutat ion b ico lor~e compos~e d'une permutation sur un ensemble non vide d'~l#ments 

ver ts su iv ie  d'une permutation sur un ensemble non vide d'~l~ments rouges; la  presen- 

ce de A.r  et _r A exprime simplement le f a i t  que le changement du ver t  au rouge do i t  

s ' e f f e c t u e r  ~ une distance r m 1 d'un po in t  de s#parat ion de m. L ' i d e n t i t ~  obtenue 

pour la s#r ie  sec(X, x + y) d~c r i t  donc dans notre langage le  th~or~me de (d#)composi- 

t ion  des permutations b icolor~es suivant :  

Th~or#me. Toute permutation d'un ensemble b ico lo r#  l in~a i rement  ordonn# avec V < R 

se compose (dans le sens de la composit ion des spec i f i ca t i ons  ascendantes) de fagon 

unique d'une permutation sur un ensemble (possiblement v ide) d'#l~ments rouges, sui-  

v ie  d'un nombre f i n i  (peut -# t re  0) de permutations ver t - rouge (dans cet o rdre) ,  

su iv ies en dern ier  d'une permutation sur un ensemble (possiblement v ide) d'#l~ments 

ver ts .  

I l l u s t r a t i o n  du th#or~me. Prenons V = { I<2<. .  8} < R = {C )<  (~) < . . .<  O } 

et consid#rons la permutation { = ( C ) , ( ~ ) , ( ~ ) ,  I ,  4, 5, 3, 8 , ( ~ ) , ( ~ ) ,  (~) , 7 , (~) ,  
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(~), ~ )  , O ,  2 , ( ~ ) , ( ~ ) ,  6) .  E l le  est de specification ascendante % = (2, I ,  3, 3, 

2, 5, 3, I )  et  la d~composition de a d~cr i te  par la formule de la sec(X, x + y) est 

la su ivante:  

r=2 r=l r=l 

7 @ @ @  ©, 1 4 

( 3 

o= ( © @ @  

T = ( 2  , I  ) 

sec(×, y) 

3 , 2 ) I ( 5 
I 

V R I I 
I 1 

- ~ & sec(X,x) _r ~ sec(X,y) 
rml , r  

) , ( 3 ) I ( I  ) 

i s e c ( X , x  ) 
I 
I 

Ains i  l ' i d e n t i t ~  donn#e par la formule de la sec(X, x + y) oeut s ' i n t e r p r ~ t e r  fa-  

c i lement dans notre contexte combinatoire,  par simple lec tu re .  Comment exp l iquer  

a lors  que la recherche d'une d#monstration combinatoire des formules obtenues pour 

la fonc t ion  seck(x ) so i t  plus d i f f i c i l e ?  C'est  essent ie l lement  pour deux raisons:  

Premi#rement, en passant, au moyen de la s u b s t i t u t i o n  de (O,l,O,O . . . )  ~ X, du con- 

texte g~n#ral ~ un contexte p a r t i c u l i e r ,  nous avons perdu ]a non-commutat ivi t# i n i -  

t i a l e  et fondamentale de la m u l t i p l i c a t i o n  combinatoire des objets consid~r~s. 

Deuxi6mement{ en passant( des s#r ies A, rSeC(X, x) et  _r£Sec(X, y) aux fonct ions 

tan~k- r ) (x )  et tan~r ) (y )  nous avons en par t i e  perdu la s i 9 n i f i c a t i o n  combinatoire 

de ces s#r ies.  

I I  fau t  donc reconna~tre que les i den t i t #s  que nous avons ~ tab l i es ,  en plus d 'e t re  

g~n~rales, ont la qua l i t ~  d 'e t re  pr~cises,  s i g n i f i c a t i v e s .  C'est  I~ ~ mon av is  un 

des pr#cieux avantages que l ' o n  peut ob ten i r  ~ # tud ie r  les objets  combinatoires dans 

le  contexte et  le  langage qui l eu r  sont propres. 

9. Extensions et a_p_p.lications. I I  est c l a i r  que le contexte combinatoire que nous 

avons u t i l i s ~  peut se r v i r  ~ l ' ~ tude  de p lus ieurs  autres types d 'ob je ts  combinatoires.  

Nous ne par lerons cependant i c i  que de cer ta ines extensions et app l i ca t ions  du probl~-  

me que nous avons abord# dans ce texte et  des techniques que nous avons employees 

pour en f a i r e  l ' ~ tude .  

I )  Nous avons #tudi# les permutations a de {I  < 2 < 3 < < n} sous l ' ang l e  des re la -  

t ions  d 'o rdre  pr#valant  entre les #l#ments a ( i )  et  ~ ( i + l ) ;  mais nous pouvons tou t  aus- 

si bien nous in t~resser  ~ e l l es  sous l ' a n g l e  des re la t i ons  d 'ordre  ex i s t an t  entre les 

~l~ments i et  a ( i ) .  A cet e f f e t ,  i l  est bon de mentionner qu'~ chaque permutation a 

on peut associer  de fagon b i -univoque une permutat ion % t e l l e  que Vi = 1 . . . . .  n , 

. . .  i i+ l  . . . .  ~ ( i )  .. 
( ~ ( i )  < ~ ( i + l ) "  ) =  ( "  T ( ~ ( i ) ) "  ) .  En e f f e t ,  si ~ = (a (1 )  . . . . .  

a ( i  I )  . . . . .  o ( i2 )  . . . . .  a ( i  k) . . . . .  a ( n ) )  oD Vj,  ~ ( i j +  I )  est le  premier ~l~ment a 
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d ro i t e  de a ( i j )  te l  que { ( i j )  > ~ ( i j +  I )  et si • est la permutation dont la d~composi- 

t i on  en cycles d i s j o i n t s  est (<~(I) . . .  c , ( i l - l ) ) ( ~ ( i  I)  . . .  ~ ( i 2 - I ) )  . . .  ( ( / ( i  k) . . .  (~(n)) 

a lors  on a ~ ( i )  < a ( i + l )  ~ a ( i )  < z ( 8 ( i ) ) V i .  A t ravers  cet te  b i j e c t i o n  qui est essen- 

t i e l l emen t  la  t ransformat ion fondamentale de Foata [2 ]  i l  est  doric possib le d ' apD l i -  

quer nos m#thodes et r#su l ta t s  ~ l ' 6 t ude  de ce probl~me. 

2) Cette th~or ie  s '~tend par a i l l e u r s  aux ensembles avec r#p# t i t i ons  que l ' o n  nomme 

aussi tas.  Pour ce f a i r e  i l  s u f f i t  d ' a j us te r  notre d 6 f i n i t i o n  de s p # c i f i c a t i o n  ascen- 

dante en cons#quence et de remplacer la combinatoire des ensembles, c ' es t  ~ d i re  ce l l e  

associ~e a la var iab le  x, par ce l l e  des tas, c ' es t  ~ d i re  ce l l e  des fonct ions sym#- 

t r i  ques. 

3) D#terminer les permutations de { l  < 2 < . . .  < n} dont la sp#c i f i ca t i on  ascendante 

est (m~ . . . . .  m£) rev ien t  ~ d6terminer t o u s l e s  #t iquetages de l 'arborescence l i n # a i r e  

or ient~e suivante 

e -  ~o ~ o  . - .  o - - -  . . . . .  , ° <  - < ~ ] ] _  ~ o  . - .  ~ ~ ? ~ -  ~ . . . .  ~ o  - - .  o - - ~ ,  

m~ m£ 

au moyen des ent ie rs  l ,  2 . . . . .  n de fagon ~ ce que l ' o r d r e  ur~valant  entre les #-t i-  

quettes s o i t  compatible avec l ' o r i e n t a t i o n  des ar#tes.  Or nous pouvons montrer que 

les m#thodes et  rdsu l ta t s  d#cr i t s  dans ce texte se g#n#ra l i sen t  pour l ' e s s e n t i e l  au 

probl~me du calcu l  des ~t iquetages d'une arborescence or ient#e guelconq.ue compatibles 

avec son o r i e n t a t i o n .  H#me les i den t i t #s  t r igonom~tr iques demeurent va l ides  pour ces 

nombres. Ceci fera l ' o b j e t  d'une pub l i ca t i on  subs~quente. 

4) Hentionnons enf in  q u ' i l  est aussi possible d ' u t i l i s e r  cet te  th~or ie  pour ob ten i r  

et f a i r e  l ' # t ude  de nombreux q-analogues. Par exemple, dans le  contexte des s~r ies 

de type 

= X T xn/(n ' . )q on v ~ r i f i e  ais~ment que SeCq(X,x) est la s~r ie g#- aq(X, x) ~ a n 
T,n  

n~ra t r i ce  des permutations class#es selon leur  s p # c i f i c a t i o n  ascendante et leur  hom- 

bre d ' i nve rs i ons .  
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O. Introduction 

The (historical) starting point of the present work is a paper of Ree 
[i0], where an extension of a formula of Baker-Campbell-Hausdorff is 
given. We give it here in a slightly different formulation. 

Let A be an alphabet and Q<<A>> the algebra of noncommutative formal 
power series over Q, equipped with the usual noncommutative product 
("concatenation algebra") The space Q<<A>> possesses another product, 
the shuffle product: the shuffle alqebra is commutative; see [i0], [8] 

for the definition of the shuffle. 

Let ~ be the complete tensor product 

= Q<<A>> ~ Q<<A>> 

where the left factor is the shuffle algebra and the right factor the 
concatenation algebra. For instance, if a,b are in A, then 

(a®b)(b~a) - (ab+ba) ® ba 

Each element of [ is an infinite linear combination of couple of words 
over A 

. ~ u®v v~Q) 
U,v~A u,v (~ul 

where A* denotes the free monoid generated by A- In ~, consider the 

particular element 

S - I , ~®w 
~eA 

(a kind of diagonal). As 

S - i®I + T 

(I is the empty word), as i@I is the neutral element of ~ and as 

lim T n = 0 

n40 
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(in the usual topology of ~), one may define log s by the usual 
formula 

(0.I) log S - ~ (-l)n-i T n 

n~l n 

Note that, because of the special form of S, one has 

(0.2) log S = :~ , u®P u 
u&A 

where Pu is an homogeneous polynomial of degree length(u). 

Theor@m (Ree, see [i0] th. 2.5) 

The polynomials Pu are Lie polynomials, that is, they belong to th@ 

Lie algebra generated by the elements of A. 

One has, for instance 

(0.3) 
I 

Pabc ~ 6 (2abc - acb - bac - bca - cab + 2cba) 

1 1 
- ~ [[a,b],c] - ~ [[a,c],b] 

Remarks 

i. One may recover the Baker-Campbell-Hausdorf formula 
following way. Let A " {a,b} and define a linear mapping f 

in the 

by 
Q<<A>> ~ Q 

l " " ~ ~ if ~ = alb 3 

0 otherwise 

for any word w. Then it is easily verified that this mapping is a 
homomorphism with respect to the shuffle product (or use the fact that 

aib j are Lyndon words, and that the latter form a transcendance basis 
for the shuffle [8] ex. 5.3.6, [9]). 

Now, apply the homomorphism f ® id to (0.2), obtaining that 

log ( ~ alb]" log (eae b) 
i, j>_0 i!jl; = 

a b 
is a Lie element c, hence e e 
formula. 

c 
- e , which is the B. - C. - H. 

2. Ree uses his formula to prove a theorem of Chen [2]: the (non- 
commutative) formal series defined 5y iterated integrals of a given 

path in R IA~ is a Lie element; this formula may also be applied to 
nonlinear system theory [4], [5], to algebraic groups [ii] and to 
combinatorics on words [12]. 

The aim of the present work is to compute explicitly the coefficients 
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of the series (0.2) (section i) . Moreover, we show that this series 
corresponds to the canonical projection ~I of the free associative 

algebra onto the free Lie Algebra; in terms of Hopf algebras, this 
would be written id - exp (~i) . The free associative algebra U is, by 

the theorem of Poincar~-Birkhoff-Witt, the direct sum of its subspaces 

U q, q > 0, where U q is the linear span of the q-th powers of Lie 
elements. We show that the corresponding projections ~ satisfy ~ - 

q g 

~q in the algebra structure of End (U) deduced from the Hopf algebra 
1 ' 

structure of U. This may be interpreted by the fact that certain 
polynomials P of (0.2), viewed as elements of the algebra of the u 

symmetric group, are idempotents (section 2). Finally, we study the 

action of the symmetric group S on the spaces U q. This leads to 
n 

representations of S whose orders are the Stirling numbers, and whose 
n 

corresponding idempotents are given by the series (0.2). 

I. Coefficients 

We want to compute explicitly the polynomials P of formula (0.2). u 

(0.i), we have 

By 

(I.I) :E u @ P = :[ (-l)k-l( Y w®w) k 

* u k >- 1 k + ueA WeA 
+ 

where A = A * \ I  ( t h e  s e m i g r o u p  o f  n o n e m p t y  w o r d s ) .  

By definition of the product in ~, 

+ + 
~A U I, . . .,Uk6A 

(UlO...ou k) ® (Ul...u k) 

where o denotes the shuffle product. Denote by (P,v) the coefficient 
of the word v in the polynomial P. Then we obtain 

(_l) k-1 

(1.3) Pu = kZl~ k u 1,...~ ,UkeA + 
(UlO...OUk,U)Ul...u k 

We shall compute explicitly the coefficients of P in the case where u u 

is multilinear (i.e. no letter occurs more than once in u). In this 

case, we may write u - al...a n, where the ai's are distinct letters. 

Theorem 1.1. Let u - al...a n be a multilinear word. Then 

da-I -I 
= X (-i) (n 

(1.4) Pu oeS do do) a°(1)'''a°(n) 
n 

where d 
- -  o 

of a )  

is the number of ascending runs of ~ (~ i+ number of descents 

We prove first a lemma. 
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Lemma 1.2: Let al'''''an be distinct letters. Then 

(1.5) I + 
u I, • . . ,UkeA 

(Ul°'''°Uk' al'''an) Ul'''Uk 

( n-do 
Z k-do ) ao(1)...ao(n) 

oe S 
n 

Proof Denote by Qk the polynomial on the left-hand side. Let w 

ao(1)...ao(n). Then the coefficient (Qk,W) of w in Qk is 

(1.6) (Ok,W) - Z + (Ul°'''°Uk' al'''an) 
Ul,...,UkeA 

W=Ul-.-u k 

Let us say that a word is growing if it may be written as ail" . .ai , 

with i 1 <...< i 6 . 

Then, by definition of the shuffle, the coefficient (UlO...ou k, 

al...a n) vanishes, unless each u i is growing, in which case this 

coefficient is i. Hence, the value of (1.6) is the number of 
factorizations of ~ in k growing nonempty words. Let 

(1.7) w = Vl...v d 

where each v is growing and where d is the number of ascending runs 
1 

of 0 .  

v I v 2 v 3 v d 

A factorization of w into growing words is necessarily a 
subfactorization of (1-7). Thus we have to factorize each v in s 

1 1 

's are such that ~s - k. If Pi " length nonempty words, where the s] i 

P-I 
(v), then there are ( i ) factorizations of v in s nonempty words. 

1 s.-i I 1 
1 

Thus 

Pl-1 Pd-1 
(Qk,W) - ~ (Sl_l) --- (Sd_l) Sl+---+Sd=k 

NOW, note that 

. P-l)xS-i 
(I + x) p-I ~ (s-i 

i~ s~ p 

hence 
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P.-I 

l~i~d i l~si~ p 

Pi-i si-i 
(s _i ) x 

1 

) • 

6 
=X x ( E 

6 Sl+...+Sd-d=~ 

But it is also equal to 

PI-I Pd-i 

(Sl_l)'''(Sd_ I) 

(l+x) 
pl +. . .+Pd-d (l+x) n-d = ~ (njd)x~ 

which shows that 

Sl+...+s d = t+d 

Pl-i Pd-i n-d) ) - ( 
(Sl_l)''" (Sd_ 1 

This shows that 

n-d 
(Ok,W) - (k_d) 

as desired. O 

We still need another lemma 

Lemma 1.3 The following relatio n holds 

((-i) k-I n-d (-i) d-I n -i 

k ( k - d )  ~ d ( d )  
k Z l  

Proof Denote by a(n,d) the left-hand side. We prove the lemma by 
induction on n-d. If n-d = 0, it is obvious. Let n-d Z i. Using the 
usual relation for binomial coefficients, we obtain 

a ( n , d )  = a ( n - l , d )  + a ( n , d + l )  

This is equal, by induction, to 

(-i) d-I I) -I (-i) d n -i 
d (n~ + d+l (d+l) 

(-i) d-I d! (n-l-d)! (-I) d 
+ 

d (n-l)! d+l 
(d+l) ! (n-d-l)! 

nI 

(-1) 
d-I 

(d-l) : n-d-l)! 
n! 

(n - d) 

d-i -i 
(-i) 

d (~) 

as desired. 

Now, the theorem follows, uslng (1.3) and the two lemmas. 
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Remark If u=al...a n is any word, not necessarily multilinear, then 

formula (1.4) still holds (but the words ao(1)...a0(n) are not all 

distinct). This is a consequence of (I.i) (or see lemma 2.4). For 

instance, one obtains Paba from Pabc by replacing c by a in (0.3): 

1 
Paba = 6 (2 aba - dab - bad - bad- dab + 2 aba) 

1 
= -- (4 aba - 2 aab- 2 bad) 

6 

1 
=- (2 aba - dab - bad) 

3 

1 
= ~ [[a,b], a] 

2. The qanonical projection 

Consider an alphabet A - {a I , .... an}. Then each multilinear word of 

length n may be viewed as a permutation, element of S . For instance, 
n 

if A z {al,a2,a3}. the word ala2a 3 will represent 1 (the identity 

permutation), and a3a2a I will be the transposition (13). 

Consequently, a polynomial which is a linear combination of such words 
may be viewed as an element of the group algebra Q{Sn}. For instance, 

the polynomial Pabc of (0-3) will be 

(2 - (23) - (12) - (123) - (132) + 2 (13)) 
6 

A direct calculation shows that this element of Q[S3] is idempotent! 

We shall now explain this fact. 

Let Q<A> be the algebra of noncommutative polynomials (it is a 
subalgebra of the concatenation algebra Q<<A>>). Let ~<A> denote the 
Lie algebra generated, in Q<A>, by the letters (m elements of A); an 
element in ~ <A> is called a Lie polynomial. It is known that Z<A> is 
the free Lie algebra generated by A, with O<A> as an enveloping 

algebra (see [8]). Let U q denote the subspace of Q<A> generated by 

the polynomials Pq, where p ranges over ~<A>. Then, by the theorem of 

Poincar~-Birkhoff-Witt 

(2.1) Q<A> = • U q 
qZ0 

see [3], 2.4.6. 

The direct sum decomposition 
projections 

(2.2) ~ : Q<A> ~ Q<A> 
q 

(2.1) defines a family of linear 
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defined by ~ I u q = id, ~ 1 uq' = 0 if q" # g. Note that U 1 = i<A>. 
q q 

The projection ~I is called the canonical prQj@ction of Q<A> onto 

~<A>. 

Theorem 2.1 The canonical projection ~I: Q<A> ~ i<A> is also defined 

by the condition 

(u) = P 
1 u 

for any word u (where P is defined by (0.2)). In particular, if u - 

- -  o 

al...a n is a multilinear word and if Pu is considered as an element of 

QiSn], then Pu is idempotent in O[Sn ]" 

We need some lemmas. The first one is well-known. 

Lemma 2.2 Define the concatenation homomorphism 

C k : Q<A> ~ Q<A> ®k 

b_x 

Ok(a) ~ a®l®...®l + l®a®...®I +...+l®...®l®a 

for any letter a. Then, for any w one has 

(2.3) Ok(W) = ~ , (UlO...OUk,W) Ul~...~u k 
Ul,...,UkeA 

Furthermore if P is a Lie polynomial, then 

Ck(P) = P~l~-..~l + I®P~...®I +...+I®...®I®P 

Proof The first relation is a simple consequence of the definition of 
the shuffle product. For the second, it is enough to note that it is 
true when P is a letter, and then check that if it is true for P, Q, 
then also for their Lie bracket [P,Q] = pQ - Qp. D 

Lemma 2.3 Let fl,...,fk,g be linear endomorphisms Q<A> ~ Q<A> such 

t b@t tb9 followinq equality holds in the alqebra ~ (see section 0) : 

u ( 7 u®f (u)) - X w~g(w) 
l-<i-<k ueA* 1 weA* 

Then, for any polynomial P 

g(P) - PkO(fl~...®fk)o Ck(P) 

®k 
where Pk : Q<A> ~ Q<A> is the concatenation product: 

Pk(Ul®...®Uk) - ul...u k 

Proof By definition of the product in T, one has 
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w~g(w) = ~ (UlO...OUk)®(fl(Ul)...fk(Uk)) 
we A* Ul,...,u k 

This shows that 

g(w) = Ul,.~.,uk(UlO...OUk,W)fl(Ul)...fk(u k) 

NOW, by (2.3), we obtain 

PkO(fl®...~f k) OCk(W) 

= Pk ( ~ (UlO...OUk,W) fl(Ul)®...®fk(Uk ) ) 

Ul,...,u k 

= ~ (UlO...OUk,W) fl(Ul)-.-fk(u k) 

Ul,...,u k 

which proves the lemma, because A is a basis of Q<A>. D 

Remark The product (f,g) ~ f*g in End (Q<A>) defined by 

(f*g)(p) = P2o(f~g)o c2(P) 

is a classical one in the context of bialgebras, see {7] p. 5. It is 
associative, and 

fl* = Pk °( " "®fk )O Ck "''*fk fl ®" 

Lemma 2.4 Let I be the endomorphism of Q<A> defined by I(w) - w if w 
1 and I(1) = 0. Let ~ be the endomorphism 4efined bY 

= pk o I~ko c k 

Let f be an alqebra hom0m0rphism Q<A> ~ Q<A> such that f(a) is a Lie 
polynomial for any letter a. Then 

~ o f = f o ~  

Proof If w = al...a n (aieA), then 

Ck(W) - ~ (a ®...®i +...+ l@...®a ) 
l~i~n 1 1 

Moreover, c k o f(w) = c k ( ~ f(ai)) 
l~i~n 

= E Ck(f(a)) 
iSi~n i 

Because each f(a i) is a Lie polynomial, this is equal, by lemma 2.2, 

to 

(f(a i ) ®...®i +...+ l®...®f(ai)) 
iSiSn 

This shows that we have 
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c k o f = f®k o c k 

Now, because any Lie polynomial has zero constant term, we have 

I o f = f o I 

Moreover, as f is an algebra homomorphism, we have 

®k 
Pk o f - f o Pk 

Taking these relations together, we obtain 

~k 

a o f = Pk o I o c k o f 

i ®k  Pk o o f®k o c k 

= Pk o (I o f)®k o c k 

= I) ®k 
Pk o (f o o c k 

®k 
= Pk o f o I ®k o c k 

o Pk o I ®k o c k ~ f o f 

what was to be shown. 0 

Proof of theorem 2.1 

Let ~ be the endomorphism of Q<A> defined by 

( u )  = P u 

for any word u. We have to show that m = ~i" For this, it is enough 

to show that for any Lie polynomial P, one has ~(P) ~ P and ~(Pq) = 0 

if q ~ i. 
Let I : Q<A> ~ Q<A> the endomorphism defined by I(1) = 0 and I(w) z w 

if w is a nonempty word. Then, by (i.i), 

k-i 
u ® P = ~ (-i) (~ w ® I(w)) k 

u k 
k~ 1 w 

By lemma 2.3, 

i ~k (~ w ® I(w)) k = ~ w ~(Pk o o Ck(W)) 
w w 

This shows that 
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(2.4) 7t(u) = ~ (-l)k-I o I ®k 
k Pk o Ck(U) 

k~l 

As ~ is linear, this relation holds also for any polynomial P instead 
of u. 

By lemma 2.4, we thus obtain that 

o f - f o 

for any algebra endomorphism f of Q<A> such that f(a) is a Lie 

polynomial for each letter a. Now let P be any Lie polynomial and f 

an algebra endomorphism of Q<A> such that f(a) - P for some fixed 

letter a. Then ~(Pq) = ~ o f(a q) = f o ~(aq). This shows that it is 

enough to prove the above assertions for a. For this, let g be the 

algebra endomorphism of Q<A> such that g(a) = a and g(b) = 0 for the 

other 

letters. Then 

~(a) - R o g(a) 

which shows that we just have to consider the one-letter case. But 

a n ® a n - exp (a ® a) 

n&N 

in g, because the n-th shuffle power of a is n! a n . Hence 

log (~ a n ® a n ) - a ® a 

n 

which shows that 

as desired. 

(a q ) - 
q,l 

Now, let a ,...,a be distinct letters and 
1 n 

R(al...a ) - ~ ~ a 0 • n o (I) "'ao~n~" " 
oeS 

n 

For o e Sn, let fo be the algebra endomorphism of Q<A> defined by 

fO (ai) " ao(i) 

As R is a projection, we have 

(~o ao(1)'''aa(n) " R (al'''an) 
oeS 

n 

= ~ o ~ (al...a n) 

~[ a o ~ (ao(1)..-aa(n)) a 
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- ~ am R o fm (a I" "'a n ) (] 

- ~ a O f~ o R (al...a n) 

by lemma 2.5. 

Hence 

o ~ aa ac(1)'''ao(n) ~ o ~ a° fo (It az a~(1)...ar (n)) 

7 acar acT(1)'''aor(n) 
G,T 

which shows that 

o o T 
O O ,T 

is idempotent in O[Sn]. 0 

Remark We have used, in the course of the proof, the fact that in the 

one-letter case, one has in ~: Z a n ® a n - exp (a ® a). Note that 

n&N 
when A ] z 2, it is not true in ~ that 

w ® w = exp ( ~ a ® a) 
ae A 

This Is only true in the one-letter case. 

Corollary 1.6 The canonical proj@ction ~i : Q<A> ~ ~<A> is given, for 

any Lie polynomials Pl .... Pn' b__y 

d o -I 

~l(Pl... P ) = ~ (-i) (n)-i Po "''Po 
n oeS do d o (i) (n) 

n 

do-i -i 
E (-I) n 

OeS d 0 n (do) [Po(1)'''Po(n) ] 
n 

where [Ql...Qn ] denotes the bracketing (from left to right) 

[...[0102 ] ...... On]. 

The last formula has already been proved by Solomon [14]; he starts 
directly from the P. - B. - W theorem, and does not use the logarithm 
as here. 

Proof The first formula is a consequence of theorem i.i, theorem 2.1 
and lemma 2.5. For the second, apply the formula of Dynkin - Specht - 
Wever, see e.g. [I0] th. 2.3. 
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3. The other projections 

We have shown that the canonical projection ~I: Q<A> ~ ~<A> is 

determined by the logarithm of ~ w ~ w ; in fact in terms of the 
we A* 

product of End (Q<A>) introduced in the remark after lemma 2.3, one 
has ~I = log (id), where id is the identity of Q<A> (this seems to be 

a formal analogue of the exponential function in a Lie group). What 
about the other projections? 

Theorem 3.1 The projection 
q 

by the formu!a 

: Q<A> ~ Q<A> is completely specified 

(3.1) ! (log ( ~ w ® w)) g = ~ u® ~ (u) 
q! q 

we A+ ueA* 

which holds!n the algebra 7. Moreover, with A = {al,...,an}, one has 

(3.2) (al...an) s ~ (~ s(k,g) 
g oeS k k! 

n 

n - d o 

(k do)) ao(1)'''ao(n) 

where s(k,g) is the Stirling number of first kind~ Viewed as elements 

of Q[Sn], the n elements ~ (al...a ), l~q~n, are orthogonal 
..... q n 
i dempotents of sum 1 (for q = 0 or q > n, ~ (al...a ) = 0). 

q n 

Formula 3.1 was already proved by Hain [6], in the context of graded 
Hopf algebras. 

Recall that the Stifling numbers are defined by 

x(x-l)(x-2)... (x-k+l) = ~ s(k,q) x q, see [13]. 
q 

Unfortunately, I could not completely identify the coefficient of 

ao(1)...ao(n) in (3.2). One obtains for each n, an n by n table of 

coefficients, depending on q and d o . I give the table for n = 6, and 

a description of the known parts of the table. 

I 2 

1 -i 
1 ~ 30 

137 -13 
2 

360 360 

5 1 
3 

16 48 

17 5 
4 

144 144 

1 1 
5 

48 80 

6 

3 4 5 6 

1 
60 

1 
180 

-i 
48 

-i 
144 

1 
240 

1 
720 

-i 
60 

1 
180 

1 
48 

-i 
144 

-i 
240 

1 
720 

1 
30 

-13 
360 

-i 
48 

5 
144 

-i 
80 

1 
~26 

-i 
6 

137 
360 

-5 
16 

17 
144 

-i 
48 

1 
720 
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First row: inverses of the binomial coefficients of order n - 1 
+ 1 

multiplied by -- 
n 

First and last column: Stifling numbers s(n,q) multiplied by 
+ 1 

n! 

1 
Last row: -- 

n! 

Sum of the first column: 1 

Sum of the other columns: 0 

Proof of theorem 3.1 

Let the left-member of (3.1) be equal to ~ u ® a(u), for some linear 
endomorphism ~ of Q<A>. We want to show that ~ = ~ • By lemma 2.3, 

q 
we have 

. __! 1 ~l~q a q! pq o o Cq 

From this, the first assertion will easily follow. Let P be a Lie 

polynomial. Then c (Pq) - c (P)q - (P~l~...®l÷...+ I®...@I®P) g by 
q q 

lemma 2.2: it is the sum of q! P®...@P and of terms Pl@...® Pg where 

at least one Pi is equal to i. Hence, as ~i(I) = 0, we Obtain that 

®q o c q! by ~i (Pq) = p @'''@ p' the definition of ~I Thus a '~Pq, 
g 

= Pq. Now, let r ~ q. Then Cq(P r) is a sum of terms Pl ®'''® Pq 

where at least one Pi is equal to p3 for some j # 1 = as ~I (p3) 0, m 

we obtain that 

a (pr) = 0. Thus a - ~ , by definition of ~ • 
q q 

It is well-known [13] that 

1 
q--[. (log (l+x)) q = ~k s(k,q)k, xk 

Thus we have by (3.1) 

u ® ~ (u) = ~ s(k,q) (~ w ® w) k 

q k k~ we A* 

Hence, by (1.2), we obtain 

q k k! + 
Ul,--.,Uk£A 

(UlO...OUk,U)Ul...u k 

Now, this and lemma 1.2 imply formula (3.2). 

It is obvious, from the definition of ~ • that ~q(al...a n) - 0 if q B 
q 

0 or q > n. Evidently id = :[ ~ which shows that 
q 

q 
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~q(al...an) z al--.a n , 
l~q~n 

and hence the last assertion follows. The fact that ~ (al...a ) is 
q n 

idempotent is a consequence, as in the proof of theorem 2.1, of the 
fact that ~ is a projection. The fact that these idempotents are 

q 

orthogonal is similarly proved by using the relations 

O ~r , = 0 
q q 

if q ~ q'. O 

4. Repr@~@ntations of the symmetric qroup~ 

We have obtained n orthogonal idempotents of sum 1 of Q[Sn], which are 

~q(al...an), l~g~n. We compute now the degrees of the associated 

representations of the symmetric group. A surprising fact is that 

Stifling numbers step in again. 

Note that if A = {al...an}, then Q[Sn] acts naturally on Q<A> by O.a i 

= ao(i), extended in an algebra endomorphism of Q<A>. In particular, 

let E be the subspace of Q<A> generated by the words a0(1)...ao(n), o 

e S . This is of course stable under the action of S , and the 
n n 

associated representation is the left regular representation of S . 
n 

Moreover, let V q = U q N E, where U q = ~ (Q<A>), see section 2. Now, 
q 

it is well-known, by multilinearization, that U q is generated by the 
polynomials 

(PI ..... P ) = ~ Pa(1) q " " "Pc (g) 
o e s 

q 

where Pl,...,Pq are Lie polynomials. This shows that one has 

E = • v q 
q 

and that each V q is stable under the action of S . 
n 

that V q = 0 if g = 0 or g > n. Hence 

It is easy to show 

E = • V q 
IS q-< n 

or equivalently 

Q[Sn] - @ O[s n} ~q(al-.-a n) 
l~qSn 

if ~q(al...an), defined by (3.2), is viewed as an element of Q[Sn]. 

Note that we have also, by lemma 2.4 
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( a . p )  . a . ~  ( p )  
q q 

for any polynomial P (which implies in fact all the previous 
assertions). Now, we have the perhaps classical result. 

Theorem 4.1 The dimension of V q i ss Is(n,q)l - 

Proof. We show that each permutation o in s defines an element [o] 
n 

of a basis of V q, where q is the number of cycles of G. As it is 
well-known ([13[ p. 71) that the number of permutations in S n with q 

cycles is Is(n,q) I , the result will follow. 

First, we associate to o a multilinear word: decompose o in cycles 

o = (il,i 2 .... ,iu)(Jl, .... jv)(k I ..... kw)... 

with i I = inf {il ..... iu} > Jl ~ inf {Jl .... "Jr } > k I = inf 

[kl,...,kw} etc... 

Then associate to o the word 

= . . . . . . . .  a k ..- w allal2alu a31 "'ajv akl w 

This is clearly a bijection. Moreover, the factorization of w 

- ...a )(a .... a )(a ...a k )... w (all lu 31 3v kl w 

is just the decomposition of w into Lyndon words, see [8]. Denote by 
[u] the Lie polynomial which corresponds to a Lyndon word in the 
Lyndon basis of ~<A> (ibid.). If w - Ul...u is the decomposition of 

q 
w into Lyndon words, then let 

[ o ]  [w]  - I [ u o ( 1 ) [ . . . [ U o ( g  ) ]  
o e s 

q 

Let B be a subset of A. Let M B be the set of multilinear words which 

have exactly B as set of letters. Let E B be the space generated by M B 

q 1 
and V B = U q ~ E B. Then the space V B = ~ <A> ~ E B admits as a basis 

the set of 

[u], u e MB, u Lyndon, see [8]. 

Now, let ISqSn. 
polynomials 

By homogeneity, the space V q is generated by the 

(Pl,..-,P ) g 

1 
where P. e VB. for some partition A - U B.. This shows, 

i < i 
i l-iSq 

multilinearity, that V q is generated by the polynomials 

by 
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([u I ] ..... [uq]) 

where u i e MB is a Lyndon word. But there are Is(n,q) [ polynomials 
1 

of this type (by the above bijection); thus n! ~ ~ dim (V) S 
q 

q q 

Is(n,q)l = n!. This shows that these polynomials form a basis of V q, 

whose dimension is consequently !s(n,q) ! . 0 

Example A = {a,b,c} 

[abc] = [a,[b,c] ] } V 1 

[acb] = [ [a,c],b] 

[bac] = b[a,c] + [a,c]b 

[bca] = [b,c]a + a[b,c] 

[cab] = c[a,b] + [a,b]c 

V 2 

[cba] ~ cba + cab + bca + bac + acb +abc } V 3 

([x,y] denotes xy - y x). 

5. Conclusion 

In the course of computing the coefficients of the series of Ree, we 
were lead to discover several striking facts. First, that the 
elements of the algebra of the symmetric group which appear, as 
noncommutative polynomials, are idempotents: this is a priori not 
obvious, due to the fact that they are defined by concatenation and 
shuffle of words, and not in term of the product of the symmetric 
group. 

To explain this idempotence, we have shown that Ree's series may be 
interpreted as the canonical projection of the free associative 
algebra onto the free Lie algebra (any enveloping algebra would 
however work). 

More precisely, in terms of the product of the endomorphism algebra 
defined by the Hopf algebra structure of Q<A>, this projection is the 
logarithm of the identity; or, the identity is the exponential of the 
projection, which seems to be a kind of analogue of the exponential in 
a Lie group. 

Another surprising fact is that Stirling numbers intervene separately 
twice: once, in the coefficients of the idempotents and secondly as 
dimensions of the associated representations. 

What should be done now is the exact identification of the 
coefficients in formula (3.2). Moreover, more information should be 
given about the representations of the symmetric group which were 
introduced here. 

Let me give some more comments As pointed out above, it is 
surprising that concatenation and shuffle of words have something to 



283 

dO with the composition of permutations. I give here two other 
illustrations of this. By the formula of Dynkin - Specht - Waver, one 
has for each homogeneous Lie polynomial P of degree n 

[ P ]  = n P 

where the endomorphism p ~ [p] is defined for any word al...a n (a i = 

A) by 

[al...an] - [...[al,a2],a3],...,an] 
(bracketing from left to right). Interpreting |al...a n] as an element 

e of Q[Sn], this implies that this element satisfies 

2 
e 1 n e 

i.e. e/n is idempotent (this may be proved as i n  theorem 2.1). 

ExamPle 

[[al,a2],a3] = ala2a 3 - a2ala 3 - a3ala 2 + a3a2a 1 

= i - (12) - (132) + (13) 

It is easily shown, moreover that the element [al...an] of O[Sn] may 

be factorized as 

[el...a n] - (i - (12)(23)...(n-l,n)) ...... (i - (12)(23)) (i - (12)) 

This gives a further connection between Lie brackets and composition 
of permutations. 
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Added in proof: 

The representation of the symmetric group on V 1 is obtained by A. 
Joyal in a different way: it corresponds to the logarithm in the 
theory of species. Moreover, the methods of generating series of 
species (more precisely: the "s~ries indicatrices", see [A. Joyal, une 
th~orie combinatoire des s~ries formelles, Advances in Maths. 42 
(1981) 1-82]) allow him to give formulas for the computation of the 
multiplicities of the irreducible components of this representation. 
These where computed up to n - 12 by Nantel Bergeron at UQAM- It 
seems that, except for the trivial and alternating representations and 

a few exceptions, each irreducible representation appears in V 1 
(personal communication). 
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A BAKER'S DOZEN OF CONJECTURES CONCERNING PLANE PARTITIONS 

Richard P. Stanley ~ 
Department of Mathematics 
Massachusetts Institute of Technology 
Cambridge, ~ 02139 

~lany remarkable conjectures have been made recently concerning the 

exolicit enumeration of certain classes of tableaux. Most of these are 

due to or arise from the work of W. ~ills, D. Robbins, and H. Rumsey. 

Here we will survey the most prominent of these conjectures (omitting 

some rather technical refinements). We will for the most part not dis- 

cuss the background of these conjectures and their connections with 

symmetric functions and representation theory. We will also for the 

most part ignore a host of known results which are very similar to many 

of the conjectures and which make the conjectures considerably more 

tantalizing. The reader should consult the references cited below for 

further information. 

We begin with the necessary definitions. A ~la3e - partition ~ is 

an array ~ = (~ij)i,j~l of nonnegative integers ~ij with finite sum 

171 ~Z ~ij ~ which is weakly decreasing in rows and columns [I0]. The 

nonzero ~ij are called the part ss of ~ , and normally when writing exam- 

ples only the parts are displayed. Such ~r~inology as "number of rows 

of ~" refers only to the parts of ~ Thus, for example, 

443211 
43311 
321 
22 
1 

is a plane partition ~ with l~I = 38, and with 17 parts, 5 rows, and 6 

columns° We now list some special classes of plane partitions. 

column-strict: the parts strictly decrease in each column. 

row-strict: the parts strictly decrease in each row. 

symmetric: ~ij = ~j1 for all i,j. 

cyclically symmetric: the i-th row of ~, regarded as an ordinary 

partition, is conjugate (in the sense of [4, p. 21]) to the i-th column, 

for all i . 

totallK s~'mmetric: symmetric and cyclically symmetric. 

(r,s~t)-self-complementary: ~ has ~ r rows, ~ s columns, largest 

part ~ t, and ~ij + ~r-i+l,s-j+l = t for all 1 ~ i ~ r, 1 ~ j ~ s. 

*Partially supported by NSF Grant # 8104855-MCS 
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Example. Consider the three plane partitions 

4431 4432 44321 
3321 4331 4222 
321 332 321 
2 21 

The first is cyclically but not totally symmetric, while the second is 

totally symmetric. Moreover, the third is (3,5,4) self-complementary. 

A Gelfand pattern (see [3]) is a triangular array 

all a12"'" aln 

a22 ":'a2n 

~nn 
of nonnegative integers ai~ - which weakly increase in rows and such that 

ai_l,j_l~aij~ai_l, j for all 2 ~ i ~ j ~ n. A Gelfand pattern is 

strict if the rows stricly increase. A strict Gelfand pattern with 

first row 1,2,...,n is called a monotone triangle of length n 

An n~n alternating sign matrix is an nxn matrix whose entries are 

0, ±! , whose row and column sums are all equal to 1 , and such that 

the nonzero entries of every row and column alternate in sign. An ele- 

ment aij of a strict Gelfand pattern T is special if 2<i < j ~ n and 

ai_l,j_ 1 < aij < ai_l, j Let s(T) denote the number of special ele- 

ments of T . There is a simple bijection [6] between monotone triangles 

T of length n and alternating sign matrices A of length n , for which 

s(T) is the number of -l's in A . There is also a simple bijection 

< I <'''< 1 1 (e.g., [2]) between Gelfand patterns with first row I n _ n-I - - 

and column-strict plane partitions of shape I = (~i,12, .... In) (i.e., 

I. parts in row i) and largest part < n 

~xample. The seven monotone triangles T of length 3 are gzven by 

123 123 123 123 123 123 123 
12 12 13 13 ]3 23 23 
1 2 1 2 3 2 3 

All of them satisfy s(T) = 0 except the fourth, for which s(T) = i. 

A shifted plane partition is defined analogously to plane ~artjtion, 

except that the array (vii) is defined only for 1 ~ i j j. Such ter- 

minology as "column-strict" and "number of rows" is carried over in an 

obvious way to shifted plane partitions. For example, 

554331 
4322 
Ii 
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is a column-strict shifted olane partition with 3 rows and 6 columns. 

Let n be an integer. A column-strict shifted plane partition 

(CSSPP) is of class ~ if the first entry of each row exceeds the row 

length by precisely' 2~ There is a simple bijection [8] between 

CSSPP's of class 1 with ~ n columns and descendin~ plane partitions 

(as defined by G. Andrews [i]) with lar[est psrt < n+] . There is 

also a simple bijection between CSSPP's of class 0 with < n columns 

and cyclically symmetric plane partitions with largest part < n (see 

[8]). A part ~ij of a CSSPP of class ~ is special if ~ < ~ij ~ j-i+~ , 

and we write s(T) for the number of special parts of T . 

Example. The seven CSSPP's of class 1 with < 2 columns are given 
by - 

¢ 3 41 42 43 44 44 
3 

All of these satisfy s(T) = 0 except the fifth, for which s(T) = 1 . 

We now are ready to list the conjectures (as of November, 1985), 

together with some related theorems. 

Theorem (equivalent to [i, Thm. 7]). The number of CSSPP's of 

class 1 and j n-i columns is equal to 

n-i (3i+i)! 

:=  ~ (n+l) ' An i=O " 

Conjecture 1 [6]. The number of n ×n alternating sign matrices is 

equal to A 
n 

Conjecture 2 [7, Conj. i][ii, Case i0]. The number of totally 

symmetric (2n,2n,2n)-self-complementary plane partitions is equal to 

A 
n 

Note. One can give a bijection [7] between totally symmetric 

2n,2n)-self-complementary plane partitions and shifted plane 

partitions ~ = (~ij) of shape (n-l,n-2,...,l) such that 

n-I < ~.. < n for all parts 7.. of ~ . 
- 1J  - 1 j  

2n, 

Note. It is not known whether the number of n×n alternating s.gn 

matrices is equal to the number of totally symmetric (2n,2n,2n)-self- 

complementary plane partitions. 

Conjecture3 [6, Conj. 2]. The number of monotone triangles of 

length n with bottom entry a = r (equivalently, the number of nxn 
nn 

alternatinp sign matrices (~ij) with ~nr = i) is eeual to 



288 

-i 

Note. One easily deduces Conjecture 1 from Conjecture 3 . 

Conjecture 4 [6, Conjs. 4 and 5]. Define An(X) = E x s(T) , 
T 

where T ranges over all monotone triangles of length n . Define 

B2n+l(X) = Z x stT)~ ~, where T ranges over all strict Gelfand patterns 
T 

with first row 1,3,5,...,2n-i. Then there exist polynomials B2n(X) for 

which 

=IBn(X)Bn+l(X) , n odd 

An(X) ~2 Bn(X)Bn+l(X) , n even . 

Note. For a conjectured explicit value of B2n+l(1), see the note 

following Conjecture 9. 

N ot~. Conjecture 1 is equivalent to the assertion An(1) = A • (~)  n 

It is sot difficult to show [6, Cor. o n  ~ ,  358] that An(2 ) = 2 . In fact, 

much more can be said concerning the weight 2 s(T) of a strict Gelfand 

pattern T , and there are strong connections with the theory of symme- 

tric functions. For instance, if ai(T) denotes the i-th row sum of T , 

then it can be shown that 

g 2 s ( T ) x T I ( T ) - a 2 ( T ) x ~ 2 ( T ) - a 3 ( T )  - ' - x  an(T) 
T n 

= s x ( x  1 . . . . .  x n ) .  .ft. _) 1 ! 1 ( ] ! n ( x j I + x ] , 

where T ranges over all strict Gelfand patterns with first row 

(Xn,Xn_l+l,...,Xl+n-l) , and where sx denotes the Schur function (as 

defined, e.g., in [4] or [i0]) corresponding to the partition 

= (Xl  . . . . .  Xn ) 

_Conjecture 5 [6, Conj. 6]. An(S ) = 3t(n)IIn, where 

t (n) = I 
ra(m-l) , n = 2m 

m 2 , n = 2m+l 

amd where H is determined by the recurrence 
n 
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3n 
H2n+l ( n ) H2n 4 (3n) 

, n 
H 0 = 1 - - 

' H2n (2n)  H 2 n _ l  3 ( 2 n )  
n n 

C D n ~ e c t u r e  6 [8 ,  C o n j .  i n  S e c t .  4 ] .  D e f i n e  Z n ( X , ~ )  = Z x s ( T )  
T 

w h e r e  T r a n g e s  o v e r  a l l  CSSPP o f  c l a s s  ~ and  rows  o f  l e n g t h  i n . 

Z n ( 2 , ~ )  i s  d e t e r m i n e d  by t h e  r e c u r r e n c e  Z 1 ( 2 , ~ )  : 2 

Z2tn(2,u) = ~ _ _ .  2 m m~ ~+2m+2i-1 
Z 2m- 1 ~z,~) i=l m+ i 

Then 

Z2m+l(2,~) 2m+l m ~+2m+2i-I 

Z2m (2'~) i=l m+i 

Note. A strengthening of Conjecture 1 is given by Zn(X,l) = An(X) , 

where An(X) is defined in Conjecture 4 (see [8, Sect. 4]). 

Conjecture 7. (see [II, Case 4]). The number of totally symmetric 

plane partitions with largest part ! n is equal to 

i ~ + k - 1  
T = 
n l!i!j<k<n i+j+k-Z 

Note. It is not hard to show that the number of totally symmetric 

plane partitions with largest part ~ n is also equal to 

a) the number of row-strict shifted plane partitions with 

largest Dart < n , 

b) the number of order ideals of the poset L(3,n) of 

Ferrers diagrams fitting in a 3xn rectangle, ordered by inclusion, 

c) the sum of the minors of all orders (including the 

void minor equal to i) of the matrix whose (i,j)-entry is (~) for 

OJi, j<n-l. 

Note. All quantities arising in connection with Conjecture 7 have 

natural q-analogues. The q-analogue of T n is 

H ~!+j +k-I 

Tn(q) = l!i~j<k<n l-q 1+j+k-2 

The q-analogue of the numbe~ of totally symmetric ~lane nartitions with 

largest ~art _< n is the polynomial N~(B;q) defined in [ii], where 

B = B(n,n,n) and G = S 3 The q-analogue of (a) is just Zq I~I 

summed over all ~ satisfying (a). The q-analogue of (b) is Zq I~I , ~ 

summed over all order ideals I of L(3,n) Finally, the q-analogue of 
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i+1+ (J:l] i" 
(c) corresponds to the matrix with (i,j)-entry q i1 - /J/  

to be equal, and are conjectured to equal Tn(q) 

Conjecture 8 (D. Robbins, et al.; see []I, Case 9])• The number of 

cyclically symmetric (2n,2n,2n)-se]f-comn]ementary nlane nartitions is 

equal to A 2 . 
n 

Note. It is not known whether the number of cyclically symmetric 

(2n,2n,2n)-self-complementary plane ~artitions is the square of the 

number which are also symmetric (Conjecture 2). Perhaps there is a bi- 

jection which shows the equivalence of Conjectures 2 and 8 without 

proving either one. 

are known 

• of nxn alternating ~ecture 9 (implicit in [8]) The number F n 

sign matrices which are invariant under a reflection about a vertical 

axis is given by the recurrence 

.6n-2. 
F2n+l [ 2n ] 

F I i, F2n 0 l 2n~-~-n-l) 
= = ' F2n-I 2 

Note. It is easy to see that F2n+l B2n+l(1) as defined in 

Conjecture 4. Moreover, the number of strict Gelfand ~atterns (aij) 

with first row 1,3 .... 2n-I which are "flip-symmetric", in the sense 

that aij + ai,n+~_ j = 2n for all 1 ~ i ~ j ~ n , is equal to P2n+l' as 

defined in Conjecture 12. 

Conjecture I0 [7, Conj. 5]• The number of nxn alternating sign 

matrices which are invariant under a 180 o rotation is equal to the 

quantity H n of Conjecture 5. 

Note. It is not known whether Conjectures 5 and I0 are equivalent, 

i.e., whether 3-t(n)An(3) is equal to the number of nxn alternating 

sign matrices invariant under a 1800 rotation• 

Conjecture ii (D. Robbins; see [9, Sect. 3.5]). The number Qn of 

n×n alternating sign matrices which are invariant under a 90 ° rotation 

is given by the recurrence 

Q4n+3 _ (3nn+l) Z 

Q1 = 1 Q4n+2 = 0 
' ' Q4n+l (2n) ~n 
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Q4n÷3 

291 

3n-i 
2 2 (  n ) 3 (3n+2) Q4n 

n 

2-- ' Q4n-i (2nO) (in+l] 

Conjecture 12 (W.H. Mills; see [9, Sect. 4.2]). The number P 
n 

of nxn alternating sign matrices which are invariant under reflections 

in both a horizontal axis and a vertical axis is given by the recurrence 

P1 = 1 'P2n = 0 , 

6n-3 
<3n- 1) (2n_l) P4n+_____~ : (3n+l) 6n, (2n J , P4n+l _ 

P4n+l (4n+l) 4n2n P4n-I (4n-l) 2n-i 

Conjecture 13 (D. Robbins; see [9, Sect. 3.7]). The number X 
n 

of n×n alternating sign matrices which are invariant under reflections 

in both diagonals satisfies X l = 1 , 

(3n) 
X2n+l n 
~ 

X2n_l (2n-l) 
n 

Note. There are no conjectures at oresent for the cardinalities of 

two additional symmetry classes of n×n alternating sign matrices, viz., 

those that are symmetric matrices (i.e., invariant under a reflection 

in the msin diagonal), and those that are invariant under the full sym- 

. and K res- metry groun of the square. Ca]] these cardinalities S n n ' 

pectively. Moreover, no conjecture is known for X2n as defined by Con- 

jecture 13. 

Note. There are a total of ten symmetry classes of plane partitions 

with ~ r rows, ~ s columns, and largest part ~ t [Ii]. Seven of these 

classes have been successfully counted, while the remaining three cor- 

respond to Conjectures 2, 7, and 8. 

Note. In [9] many of the above conjectures related to symmetry 

classes of alternating sign matrices sre strengthened by considering 
a " various weights on the altern t~ng sign matrices und~r consideration. 

There also appear some surprising connections between different symmetry 

classes (which follow from the conjectures themselves, but which 

perhaps can be proved independently). For instance, it fol- 

lows from Conjecture 5 above that H2n = Zn(I,0)A n (a special case of 
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[9, Conj. 3.3.1]), and from Conjectures 1,5, and Ii above that 

Q4n = A~H2n' Q4n+l = A~H2n+I' Q4n-I = A~H2n-I (a special case of [9, 

Conj. 3.5.1]). 

We conclude with a table listing some of the values of the functions 

discussed above. Many of these values are taken from [9]. An entry 

marked * denotes a number of eight digits or more whose value we omit. 

n 1 2 3 4 5 6 7 8 

An 1 Z 7 42 429 7436 218348 * 

H 1 2 3 I0 25 140 588 5544 n 
T 2 5 16 66 352 2431 21760 252586 n 
Zn(1,O ) 2 5 20 132 1452 26741 826540 * 

F2n_l 1 1 3 26 646 45885 9304650 * 

Qn 1 0 1 2 3 0 12 40 

P2n-I 1 1 1 2 6 33 286 4420 

X 1 2 3 8 15 52 126 568 n 

S n 1 2 5 16 67 368 2630 24376 

K2n_ 1 1 1 1 2 4 13 46 248 

Moreover: Q9 = i00, QIO = 0, QII = 1225, QI2 = 6860, 

x 9 = 1782, Xl0 = 10436, Xll = 42471, x12 = 323144, x13 = 1706562, 

x14 = 16866856 

KI7 = 1516 

BI(X) = B2(x) = B3(x) = I, B4(x ) = 6+x, Bs(x ) = 2+x, 

B6(x) = 60+70x+12x2+x 3, B7(x) = 6+13x+6x2+x 3, B8(x ) = 840+ 

3080x + 3038x 2 + 1224x 3 + 195x 4 + 20x 5 + x 6, B9(x) = 24 + 136x + 234x 2 

176x 3 + 63x 4 + 12x 5 + x 6 

Zi(2,~ ) = 2, Z2(2,~ ) = 2(~+3), Z3(2,~ ) = 4(~+3) 2, Z4(2,~ ) = 

~(v+3) 2(~+5) (V+7), ZS(2,U ) = ~(~+3) 2(~+5)2(V+7)2 
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Combinatorics of Jacobi confiqurations I : 
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Abstract: 

The first combinatorial model for the Jacobi polynomials 
has been introduced by Foata/Leroux (Proc.AMS 87(1983)). 
Here a second model - complete oriented matchings - is 
presented and the equivalence of both models is proved 
combinatorially. The new model allows rather simple 
derivations for a number of explicit expressions for 
generating polynomials for either kind of configurations 
- this fact is illustrated in special cases related to 
the Segenbauer polynomials. 

0 Introduction 

The investigation of identities for special functions from a combina- 

torial point of view has attracted quite a number of authors in recent 

years. The reader is referred to A.Garsia's "statement of policy" in 

[GR] and to the survey article by D.Foata [F2]. Two particularly nice 

examples of combinatorial approaches to identities in classical analy- 

sis are 

- the derivation of Mehler's formula for the Hermite polynomials, 

based on the "superposition" of involutions, by Foata IF1]; 

- the derivation of Jacobi's generating function for the Jacobi 

polynomials using an endofunction-model, by Foata and Leroux [FL]. 

The present article is related to both of these examples. Indeed, what 

is presented here is a new combinatorial model for Jacobi polynomials 

- complete oriented matchings - equivalent to the Foata-Leroux model in 

a nontrivial way, (the proof of equivalence is the major result of this 

article), and based on fixed point free involutions and the idea of 

superposition (=joint action) of involutions. This model has the advan- 

tage of being easier to handle in some situations, in particular when 

one considers special cases related to the Gegenbauer polynomials, and 
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of being very close to the methods used in [ST] for the generalized 

Hermite polynomials. The first of these aspects will be illustrated in 

the second half of this article. 

The notion of "Jacobi configuration" in the title of this article re- 

fers to combinatorial configurations related to Jacobi polynomials: 

the endofunctions of Foata-Leroux, the complete oriented matchings in- 

troduced here, and possibly others. More methods and results about 

Jacobi configurations will be presented in subsequent articles (e.g. 

material related to generating functions, recurrence relations etc). 

For a combinatorial treatment of the "basic" properties of the Jacobi 

polynomials the reader is referred to [LS], where a slight extension 

of the Foata-Leroux model is used. 

Due to the lack of space the present article definitely suffers from a 

lack of illustrative examples. The reader should consult [FL] for gra- 

phical illustrations of Jacobi endofunctions, and he should try to vi- 

sualize the proofs given here by drawing his own examples of complete 

oriented matchings. 

1 Definitions and notation - Statement of the main result 

Let S denote a finite set. The set JAC(S) of 3acobi endofunctions on S 

is the set of all pairs ((A,B),f) where (A,B) is an ordered bipartition 

of S(i.e. AOB=S) and f:S >S is an endofunction such that its restric- 

tions flA:A .... >S and flB:B >S are both injective. JAC(A,B) will 

denote the set of all Jacobi endofunctions using the bipartition (A,B). 

We will denote by cyqlf ) (cyc(fIA) resp., 9~_LB~resp.) the number of 

cycles of f ((flA) resp., (fiB) resp.) , i.e. the number of type-m 

(type-a resp., type-b resp.) connected components in the terminology of 

[FL]. An element x £ S is said to be regular (slngular resp.) with 

respect to ((A,B),f) (or simply: w.r.t, f) if If-l{f(x)}I=2 (=i resp.). 

The number of regular points of f is 2"(ISI-If(S) I) = 2~def(f), where 

def(f) denotes the defect of f. The function f is reduced if it has no 

singular points - in this case ISl must be even. The notation JACred(S) 

and JACred(A,B) refers to reduced Jacobi endofunctions. 

For any finite set S let #S denote a copy of S. This can be used to 

form the set <S> := S u#S . The sign # will also be used to denote 

the obvious involution acting on <S>. By a complete matchincLon <S> we 

mean any fixed point free involution s of <S>; CM<S> will denote the 

set of all complete matchings on <S> . For any s ~CM<S> we will write 

its transpositions as (unordered) pairs {x,y), where x#y and s(x)=¥. 
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A transposition {x,y} is said to be positive (negative resp., mixed 

resp.) if both (none resp., exactly one resp.) of x and y belongs to S; 

pt(s) (nt(s~ resp., _mr s/s/ resp.) denotes the number of positive (nega- 

tive resp., mixed resp.) transpositions of s. Note that 

pt(s) = nt(s) and pt(s)+nt(s)+mt(s) = IS1 

s is reduced if it has no mixed transpositions. The joint action on S 

of a complete matching s E CM<S> and # induces a set of connected com- 

ponents ("s-#-cycles", see [FI] for an interesting application of this 

fact), the cardinality of which is denoted by cycle. 

Let now a,b be two distinct symbols ("colours"). The set COM<S> of 

9_qm~lete oriented matchin~s - consists of all pairs (s,c) where 

scCM<S> , c - <S> ~ {~,b) , 

which satisfy the usual compatibility condition: 

s(x) = y ~- c(x) ~ c(y) 

For any bipartition (A,B) of S we let COM<A,B> denote the set of those 

(s,c) ~ COM<S> such that A = c-l({a})ns, B = c-l((b3)nS. The notation 

COMred<S> and COMred<A,B> will be used for reduced complete oriented 

matchings. 

Apart from Jacobi endofunctions and complete oriented matchings the 

following classes of configurations will be used in the sequel: 

BIJ(A,B) : the set of bijective mappings from A onto B , where it is 

understood that A,B are disjoint ,finite sets of equal cardinality; 

LAG2(A,B) : the set of two-colored Laguerre configurations, i.e. the 

set of constructs (((AI,A2),B),f) , where (AI,A 2) is an ordered 

bipartition of A, A and B are disjoint finite sets, and f is an in- 

jective mapping from A into AuB. 

(Thus ((A,B),f) is a Laguerre configuration in the sense of [FS] - 

see that article for a justification of the terminology). 

We are now ready to state the main result of this article. 

Theorem: For any pair (A,B) of disjoint, finite sets 

there is a bijection 

F : JAC(A,B) > COM<A,B> : f I ) (sf,cf) 

which satisfies 

cyc(f) = cyc(sf) and def(f) = pt(sf) 

In particular, JACred(A,B) is mapped onto COMred<A,B>. 

As will be evident from the proof given below, connectivity is pre- 

served by F in the following sense: x,y~ AvB are in the same compo- 

nent w.r.t, f (i.e. there exist m,n>=O s.th. fm(x ) = fn(y) ) if and 

only if they are in the same sf-#-cycle (i.e. there exists r>=O s.th. 

(sfo#)r(x)=y or (sfo#)r(x)=#(y) ). 
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illustration: Let S = {1,2 ..... 7}; an element s~CM<S>, given by its 

set of transpositions {{i,4},{2,#2},{3,#4},{#i,#3},{5,#7},{6,#5},{7,#6}} 

may be visualized by 

1 2 3 4 5 6 7 

I h I I I 
#I~ #2 #4 #7 

where the dashed lines indicate the action of the involution #. 

One observes : cyc(s) = 3, pt(s) = nt(s) = I, mr(s) = 5 . 

Let now c:<S> ) {a_~b_} be given by 
-i -i 

c ({a3) = {1,2,3,6,#3,#6,#7} , c ({b~) = {4,5,7,#i,#2,#4,#5} 

Then c is compatible with s above, as is clear from the visual 

presentation: 

, ) , , 
I I I 

# 1 ~  #2 ~ # 3  "~#4 #7 

I n d e e d ,  ( s , c )  b e l o n g s  t o  COM<A,B>, w h e r e  A = { 1 , 2 , 3 , 6 }  a n d  B = { 4 , 5 , 7 }  

2 Proof of the theorem 

The proof given in this section uses the idea of recursive descent, 

thus the bijection F, as announced in the statement of the theorem, 

is not given explicitely. It is possible to give an explicit descrip- 

tion of F, but here we have decided to present the recursive method 

for two reasons: 

- it is considerably more elegant; 

- it introduces in a very natural way the important concept of 'order' 

(see the comment at the end of this section). 

Our recursive proof is based on the following four facts: 

(I) For any finite set S: 

JAC(S) ~ ~ I JACred(D) x LAG2(E,D) ; DuE=S, IDI even I 

(II) For any finite set S of even cardinality: 

JACred(S) ~ ~ I JAC(A) x BIJ(A,B) ; AoB=S, ]AI=IBI 1 

(III) For any finite set S : 

COM<S> ~ ~ I COMred <D> x LAG2(E,D) ; DuE=S, IDI even 1 
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(IV) For any finite set S of even cardinality : 

COMred <s> = @I COM<A> x BIJ(A ,B~  ; A~B=s,  IAl=i~ 1 

Here "..=.." is to be read as: "there is a bijection between .. and ..", 

the ~indicates a disjoint union. In the following the proofs of these 

facts will be indicated, i.e. the decomposition of objects appearing 

on the l.h.s, of (I)-(IV) into pairs appearing on the r.h.s, is given. 

The reader may verify that these decompositions are in fact reversible. 

Proof of (I) : For any ((A,B),f)E JAC(S) let Df (El resp.) denote the 

set of regular (singular resp.) points of f. For x ~Df let g(x):=fm(x), 

where m is the least i>=] such that fi(x) 6 Dr. For x~Ef let h(x):=f(x). 

One checks that 

((AnDf,BoDf),g) ~ JACred(Df) and (((AnEf,BnEf)Df),h) E LAG2(Ef,Df). 

Proof of (II) : For any ((A,B),f) £ JACred(S) let Af:={xEA;f(x) £ A) and 

Bf:={x ~A;f(x) ~ B}, i.e. Af=Anf-l(A) and Bf=Anf-l(B). For x~A define 

g(x):= the unique ¥& A s.th. f(f(x))=f(y) 

h(x): = the unique y£ B s.th. f(x)=f(y) 

One checks that ((Af,Bf),g) e JAC(A) and hE BIJ(A,B). 

Proof of (III) : For any (s,c)£ COM<S> let D s (E s resp.) denote the 

elements of S belonging to positive (mixed resp.) transpositions of s. 

We then define (t,d) ~ COMred<Ds > as follows: 

for x~D : t(x) :=s(x) and d(x):=c(x) ; 
s 

for x~#D : let x :=(#os)m(x), where m is the least i>=O such that 
s s 

i 
(#os) (x) belongs to a negative transposition of s; we now put 

t(x):=the unique yC #D s s.th. (Xs,Ys) is a negative transposition 

of s, d(x) :=C(Xs) 

On the other hand, an element of LAG2(Es,Ds) is given by 

((A~Es,BnEs),Ds,h), where h(x):=#os(x) for x~ E s 

Proof of (IV) : For any (s,c) e COMred<S> let Ac:=c-l((aJ)nS and 

Bc:=c-l( > is then specified by the {bJ)nS. An element (t,d)e COM<A c 

following requirement: transpositions of t are those pairs {x,y) where 

x,y~ A c and {#x,#y) is an s-transposition, 

X£Ac,# y~ A c and {#x,#s(y)) is an s-transposition, 

#X~Ac,#y~ A c and {#s(x),#s(y)} is an s-transposition . 

An element h £BIJ(Ac,Bc) is given by h(x) :=s(x) (X~Ac). 
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The proof of the theorem uses facts (I)-(IV) inductively. Let 

:= ~ I JAC(S) ; S a finite set I ' JAC 

and define JACre d, COM, and COMre d similarly. From the proofs 

of (I) and (III) we have "reduction" mappings 

R : JAC > JACre d : ((A,B),f) ~ > ((AnDf,BnEf),g) , 

R : COM > COMre d : (s,c) I ~ (t,d) 

and from the proofs of (II) and (IV) we have "contraction" mappings 

C : JACre d > 3AC : ((A,B),f) ~ > ((Af,Bf),g) , 

C : COMte d > COM : (s,c) } > (t,d) 

Repeated application of reduction-contraction pairs will make any 

configuration disappear eventually, since each contraction reduces 

the "size" by one half. This leads to the concept of "order" for 

both Jacobi endofunctions and complete oriented matchings: 

The sets JAC (k) (JAC~ resp.) of Jacobi endofunctions (reduced 

Jacobi-endofunctions resp.) of order k are defined inductively by: 

JAc(O) := {~} where ~ denotes the empty function ; 
r e a  

JAC (0) := R-I(JAC~) which iS the set of all ((A,B),f) 

with f a permutation of AuB ; 

JAc(k~ := C-I(JAC (k-l) for k>O ; 
rea 

JAC (k) := R-I(JAC~ , for k>O . 

Similar definitions apply for (reduced) complete oriented matchings: 

COM~ := {~} , where ~ denotes the empty matching ; 

COM (0) := R-I(coM~) , which is the set of all (s,c) s.th. 

s has mixed transpositions only ; 

COM (k) C-I(coM(k-I)) red := , for k>0 ; 

-1 (k) 
COM (k) := R (COMred) , for k>O . 

Note that there is a local correspondence between JAC (0) and COM (0) , " 

where "local" means that this correspondence exists between JAc(OI(s)" " 

and CoM(O)(s)" for any finite set S : 

((A,B),f) I > (s,c) , where the transpositions of s are given by 

the pairs {x,#f(x)) for x£S; c is determined by 
-i c ({aJ)nS = A, c-l({bJ)nS = B, and c(x) + c(s(x)) for x~S. 
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This local correspondence can be lifted to a local correspondence 

between (reduced) configurations of order k, for any k>O, using (I)-(IV) 

inductively: 

JAC(k (S)rea JACCk-I)(A) x B 3CA, ) ; A B=S, IAI=IBI 1 

~) CoM(k-I) (A) x BIJ(A,B) ; AuB=S, IAI=IBI 1 

w CoM(k[ 
= < S >  

tea 

JAc(k) (S) ~ ~) JAc(k~(D)rea x LAG2(E,D) ; DvE=S, IDI even I 

@I c°M(k[IDI x  AG21E,D) , D E=S IDI even 1 
tee 

CoM(k)<s> 

This concludes the proof of the theorem. 

Comment: The notion of 'order' introduced here for both Jacobi endo- 

functions and complete oriented matchings is closely related to the 

concept of 'register number' (of a binary tree) in computer science. 

See Francon's recent article [FR] for an expos6 and further references. 

For the Jacobl endofunctions this observation is not too surprising if 

one looks at the visualization via 'Catalan trees' in [FL]. This 

interesting aspect will be pursued in more detail in a subsequent ar- 

ticle. The reader is referred to M.Vauchaussade's thesis ([VA]) for 

an in depth treatment of 'order' phenomena in trees, paths, microbio- 

logical structures etc. 

3 Generating polynomials associated to complete (oriented) matchings 

R(~,~)(X,y)) In this section two families (Q ~'~)(x,Y))n>=0 and ( n n>=0 

of generating polynomials related to complete (oriented) matchings - 

hence to Jacobi endofunctions via the theorem - are introduced; their 

relation to the familiar Gegenbauer polynomials will be studied in the 

next section. In this article we do not aim at a complete treatment of 

analytic properties (generating functions, recurrence relations, 

differential formulas etc.) of these polynomials - this will be done 

elsewhere. The main purposes of this section are 

- to demonstrate that the combinatorial model of (oriented) complete 

matchings leads to analytical results in a simple and elegant way; 

- to provide the necessary information for the two applications given 

in the next section. 



301 

For a positive integer n let [n]:={l,2 ..... n}; we will write <n> in- 

stead of <[n]>. Let ~,~ be variables. Each s e CM<n> will be weighted by 

w(s) := ~cyc(s).~pt(s) 

For n>=l, we define the generating polynomial 

Q~'~)(x) := Z I w(s)*xmt(s) " s~CM<n> 1 

As an illustration, the se CM<7> shown at the end of sec.l will contri- 

bute ~3"~i*x5 tO the polynomial Q~'~Ix). 

It will be convenient to consider also the homogeneous polynomials 

Q~'~)(X.Y) := (X-y)n*Q~ '~)((X+Y)/(X-Y)) 
Each (s,c)E COM<n> will be given the weight 

z(s,c) := w(s)*xIAcI*Y IBcl , 

where A =c-l({a})n[n] , B =c-1((b})n[~], as in the proof of the theorem. 
c c 

We then define for n>=1: 

R(~'~)(X'Y) := ~ I Z(S,C) ; (S,C)E COM<n> I n 

Again, as an illustration, the (s,c) ~COM<7> shown at the end of sec.l 

will contribute ~3*~l*x4*y3 to the polynomial R~'E) (X,Y) 

Proposition: The polynomials Q~'~)(X,Y) and R(~'~)(X'Y)n are 

"inverse" to each other via the substitution 

I/2 
u(X,Y) := (X+Y)/2 + (XY) 

i/2 v(X,Y) := (X,Y)/2 - (XY) 

i.e. one has 

R(~'~)(X'Y)n = Q~'~)(u(X,Y),v(X,Y)) , 

Proof: It suffices to prove the first one of the two foregoing 

identities since the (u,v)-substitution is involutive: 

u(u(X,Y),v(X,Y))=X , v(u(X,Y),v(X,Y))=Y • 

Substituting into Qn we get 

= Z ) w(s)*[u(X'Y)+v(X'Y)]mt(s)* [u(x'Y)-v(X'y)]n-mt(s) 

= Z I w(s)*[X+y]mt(s)* [2xY]pt(s)* 2nt(s); seCOM<n> I 

; scCM<n> I 
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But extending s eCM<n> to (s,c)£ COM<n> can be done in 2 n ways, 

"orienting" each of the n transpositions independently.The contribution 

to z coming from each 

mixed transposition is (X+Y)*w(s) , 

positive transposition is 2XY*w(s) 

negative transposition is 2*w(s) , 

so that the last summation can be written as 

El zCs,c) ; (s,c~ec0M<n> I ' 
which proves the proposition. 

The polynomials R(~'~)(X,Y) can be written in a rather explicit form 
n 

due to the following result. 

Proposition: For any pair of disjoint,finite sets A,B with IAl=a, IBl=b 

F [-a - b  ] Z I wlsl : ~s,clec0M<A,B> I : I~l~+b* ~ i[i~+i)/2 ;~_ 

where (~)n denotes the rising factorial ~*~+l*...*~+n-i , and 2FI 

denotes the familiar hypergeometric series, which terminates in 

the case under consideration. 

Proof: For convenience, let A={I,2 ..... a} and B={a+l,a+2 .... a+b}. An 

arbitrary element (s,c)~ COM<A,B> can be constructed by the following 

stepwlse procedure: 

I) choose some k (s.th. O<=k<=min(a,b)) and k-subsets A'~ A, B'~ B ; 

2) choose a bijection r between A' and B' (representing exactly the 

positive transpositions of the s under construction) ; 

3) extend r to a complete matching s of <a+b> without adding any 

positive transpositions ; 

4) introduce an orientation for each of the k negative transpositions 

of s . 
a b 2 k We have (~)(k) choices for step i), k! choices for step 2), and 

choices for step 4). The crucial part is step 3), for which the 

reader is urged to verify for himself the following 

Lemma: Choose any set of k transpositions in In], where O<=k<=[n/2J. 

Summing ~cyc(s) over the set of all those s COM<n> which have 

exactly these k positive transpositions gives 

(~+2k) n-2k* (~/2) k* 2k 

(Note that for k=O we are back to the familiar counting of permutations 

classified by their number of cycles). 
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Modulo this lemma the proof of our proposition is now complete: 

Z ) w(s) ; (s,c) £ COM<A,B> I = 

b ,2k.2 k 
= Z ~k*(~) (k)*(~+2k)a+b_2k*(~/2) k = 

k 

= ~ (-a)k*(-b)k*(~)a+b , gk 

k k!*((~+l)/2)k 

[-k -(n-k);~] .xkyn-k Corollary; a) R(X'~)(X,Y) = (~)n E (~) 2FI +1)/2 n 
k 

(~)n ~ l+k 2~+l+n-k)k xn-kYk bl R   ICx'Y)n I + l/ ln In_kC 
k 

Part a) is obvious from the previous proposition and the definition of 

Rn; part b) follows from a) by the well known evaluation of 2FI for 

unit argument, see e.g.[RA],$32. It is not necessary, however, to make 

use of this classical fact. One may prove b) directly from the combina- 

torial model; the rest of this section is devoted to a sketch of such a 

proof. 

Note that part b) of the corollary is equivalent to 

) ~cyc(s) (~21 + a)b*(~ + b)a 
; ( s , c l e C O M < A , B >  I = C~)a+b* {~/)a+b 

for disjoint, finite sets A,B with jAl=a, IBl=b. Let us write l(a,b) 

(r(a,b) resp.) for the l.h.s. (r.h.s resp.) of this identity; both are 

polynomials in the variable ~. This is not obvious for r(a,b), but it 

is easily veryfied that r(a,b) can be written as 

r ( a , b )  : I l l ~ + i  ; i e I ( a , b )  I , 

where I(a,b) contains all the even numbers i such that 0<=i<a+b and all 

the odd numbers j such that 2~min(a,b)<j<a+b or 2*max(a,b)<j<2*(a+b). 

This presentation leads to: 

r(a+b,0) = (~)a+b 

(~+2a+l)*r(a+l,b-l) = (~+2b-l)*r(a,b) 

which can be shown to be equivalent to the recursion 

r(a,0) = (~)a , r(O,b} = (~)b 

r(a,b) = a*r(a-l,b) + (~+2a+b-l)*r(a,b-l) 
Thus it suffices to verify the same recursion for the polynomials 

l(a,b). The boundary conditions l(a,O)=(~) a and l(0,b)=(~) b are satis- 

fied since in this case we are simply counting cycles of permutations 

(cf. the argument in sec.2). For the recursion identity we will employ 

a mapping 

COM<A,B> > COM<A,B'> u gfOM<A\{x},B'u{x}> : (s,c) I >(s' ,c') 

where, for convenience, we may assume that 

A={I,2 ..... a}, B={a+l,a+2 ..... a+b}, B'=Bk{a+b} with a>O and b>0. 
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Several cases have to be considered: 

i) if s(a+b) = #(a+b), then (s',c') is nothing but the restriction of 

(s,c) to <AuB'>; 

2) if s(a+b) # #(a+b), let s(a+b)=i and s(#(a+b))=j. Then {i,j} will be 

a transposition of s' and the other a+b-2 transpositions of s' are 

those of s which are contained in <AuB'>. c' will coincide with c on 

the set <AuB'>\{J} and c'(j):=b. 

The following subcases occur: 

i) c(#(a+b))=a ; 

2) c(#(a+b))=b and j £ #(AuB') ; 

3) c(#(a+b))=b and j £ A . 

Note that (s',c') belongs to COM<A,B'> in cases i, 2.1, 2.2, and to 

COM<A\{j},B'u{j}> in case 2.3, where j varies over A. Note further 

that cyc(s')=cyc(s) in case 2, whereas cyc(s')=cyc(s)-I in case I, 

and finally, that the following multiplicities occur: 1 in cases 1 

and 2.3, a+b-I in case 2.1, and a in case 2.2. Putting all this 

together gives 

l(a,b) = ~*l(a,b-l) + (a+b-l)*l(a,b-l) + a*l(a,b-l) + a*l(a-l,b) 

= a*l(a-l,b) + (~+2a+b-l)*l(a,b-l) , 

as desired. 

4 Two applications: 

Gegenbauer polynomials and an identity of Tricomi's 

In,this section we will show how the polynomials Q~'~)(X,Y) ~ and 

R(~'~)(X,Y) introduced in the previous section are related to Jacobi 
n 

polynomials, and more specifically to Gegenbauer polynomials. Using the 

homogeneous version of the Jacobi polynomials as introduced in [FL] : 

~M'~)(X,Y) :i+j:nX (n *(l+~+J)i*(l+~+i) 3 i  ) • *xiYj , 

which are related to the Jacobi polynomials P(~'~)(x) in their 
n 

standard notation (cf. e.g. [ER], IRA], [SM]) simply by 

2~ (~'~)((X+Y)/(X-Y)) ~ ' ~ ) ( X , Y )  = n ! * ( X - y ) n * P  n , 

n t e 

we find from part b) of the corollary that 

(~) . ~ ( ( ~ - ~ ) / 2 , ( ~ - ~ ) / 2 ) ( x , y  ) R(~,I) (X,y) = n 
n ((~+I)/2) n n 
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Thus we may write 

R(~ 'I) (X,Y) =~/2(X,Y)  n 
where ~(X,Y) denotes the homogeneous Gegenbauer polynomials: 

~(X,y) = n!-(X-y)n.c~((X+Y)/(X-Y)) 

Here C~(x) refers to the standard notation for Gegenbauer polynomials 

see e.g. the references cited above. 

Refering now back to our theorem in sec.l and the work of Foata/Leroux 

in [FL], we can state: 

Corollary_.- The homogeneous Gegenbauer polynomials ~/2(X,Y) are 

related to Jacobi endofunctions JAC in two different ways: 

E ) ~ cYc(f)*XIAIYIBI ; ((A,B),f)e JAC[n] I = 

= R(~,1)(x,y) =~f/2(x,y) = 
n --n 
E ) ('~ 1)cyc{flA)+cyc(fIB) *xIAIyIBI = -- ; ( (A,B),f)e JAC[n]).I 

Thus two essentially different valuations on the "species" (in the 

sense of [JO]) of Jacobi endofunctions - one of them counting all 

cycles, the other one counting only type-a and type-b cycles - lead 

to the same generating polynomial. 

As to the polynomials Q!~'~)(X,Y), we will now use their nonhomogeneous 

version Q~'~)(x),- as introducedU at the beginning of section 3. The 

combinatorial definition given there leads to the 

Lemma: The polynomials Q~'~)(x) are determined by the recurrence 

Q(~,ff) n+l (x) = [(2n+~)*x + (~-x2) (d/dx)] Q~'~)(x)  

Proof(Sketch): We consider the mapping CM<n+l> ------> CM<n>:sl .... >s' 

underlying the mapping (s,c)~ >(s',c') in the proof of part b) of 

the corollary (end of section 3). We have no colors a,b here, but we 

have to take care of the number of positive (counted via ~ ) and mixed 

(counted via x) transpositions. Note that 

pt(s')=pt(s) and mt(s')=mt(s)-l, unless i ~ [n] and j~ #[n]. 

In this latter case we have 

pt(s')=pt(s)-i and mt(s')=mt(s)+l. 

This is exactly what the correcting term (~-x2)(d/dx) takes into 

account, the derivative introducing mt(s') as a factor (= number of 

possibilities for selecting a mixed transposition in s'~CM<n> when 

going backwards to some preimage s~CM<n+l>). 
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Corollary_.- The polynomials Q~'~)(x) are given by the Rodriguez type 

d n -(~/2) f o r m u l a :  Q~t'$)(x) = (S-x2)n+(~/2)*(~-~) (~-x 2) 

This follows from the lemma by a simple induction. 

We are now ready to re-read the inverse relations from the first propo- 

sition in sec.3; replacing X by (x+l)/2 and Y by (x-l)/2 we find: 

Coroilary7 The polynomials Q~'~)(x) are related to the Gegenbauer 

polynomials C~(x) via 
Q~ '~ ) (x )  : n!*(x2-6)n/2*C~/2(x/(x2-~) 1/2) n 

For the proof we make use of 

- which follows from the definition of these polynomials - and 

R(~' I ) (x)  = n!*C~/2(x). n n 

This last result goes back to Hermite([HE]) in the case ~=~=I, and to 

Tricomi([TR]) in the case ~=I, see also [ER],,vol. II,sec.lO.9,p.178, 

and [SM],sec.8.l,p.409. A different combinatorial approach to Tricomi's 

identity has been presented by Dumont ([DU]). 
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ABOUT THE INEQUALITIES OF ERD~S AND MOSER 
ON THE LARGEST TRANSITIVE SUUTOURNAIIENT OF A TOURNAMENT* 

C laudet te  Tabib 
Col l6ge Edouard - I l on tpe t i t  

945 Chemin Chambly, Longueu i l ,  
Quebec, Canada, J4H 3116 

I .  INTRODUCTION 

By ~ i n g  ~ e  p r o p e ~ e s  of homogeneous t o ~n a m e n ~ ,  the upper bound (for the 

values n <- 78) and the l o w ~  bound in  the est imate of Erd~s and Mos~, on the l a rges t  

t ~ a ~ i t i v e  subto~nament  of a tournament, are improved. Two homogeneous tournament~ 

of order 27 are shown to be non isomorphic. In fact ,  one of them does not contain 

any ~ a n s i t i v e  subtournament of order 6, where~ ~ e  o~ter does. The linh~ ~.~at 

e ~ t  between homogen~y  and ~ a ~ i t i v e  subtournamen~5 lead ~ to f ind such a sub- 

tournament T7 of o r d ~  7 in  ~wo homogeneo~ t o ~ a m e n t s  of order 31. Several  other 

TT's are found to e ~ s t  in  a l l  t o~nameJ~  of order 29, obtained from e i ther  one or 

the o t h ~  of the ~ o  tour~mment~ of order 31, by delet ing any pair of d i s t i n c t  

ver t i ces .  Further, e~istence of, not only one, b~t at  l e a s t  three non isomorphic 

tournament~ of order 31 w h i ~  contain no Ts i s  shown. These t o u r n a m e ~  are a ~ o  

homogeneo~. 

A tournament T (V(T) ,  A(T)) is  a d i r ec ted  f i n i t e  graph w i t h o u t  loops,  in 

which each pa i r  o f  d i s t i n c t  v e r t i c e s  x and y is j o i ned  by e x a c t l y  one o f  the arcs 

(x ,  y )  or  ( y ,  x ) .  A homogeneo~ to~nament is  a tournament w i th  a t  l e a s t  one cyc le  

such t h a t  every  arc l i e s  on the same number o f  3 -cyc les .  Recal l  t h a t  the o rder  o f  

a homogeneous tournament is  congruent  to  - l  modulo 4 [ 4 ] .  Let  T be a r o t a t i o n a l  

tournament o f  o rder  2n + I .  Label i t s  v e r t i c e s  u o, u I . . . . .  U2n in  such a way t ha t  

(u i ,  u j )  ~ A(T) ~ (u i+1 ,  u j + l )  ~ A(T),  

f o r  every  p a i r  o f  i nd ices  i ,  j ;  suppose t ha t  

Up = Uq ~ p  m q (mod 2n + l ) .  

The c]~oy~aeyteJucstwZc X(T) = (x I ,  x 2 . . . . .  Xn) o f  T is  de f ined as f o l l o w s :  

l ,  i f  (u o, u i )  ~ A(T) ,  
x i = 

O, i f  (u i ,  uo) ~ A(T),  

f o r  every  i = l ,  2 . . . . .  n. See Moon [ 5 ]  or  Reid and Beineke [ 6 ]  f o r  any undef ined 

terms. 

* Research supported by a FCAR Grant (ACSAIR). 



309 

DEFINITION I .  Le t  v = v(n)  be the  l a r g e s t  i n t e g e r  such t h a t  every  tournament  

T n o f  o r d e r  n con ta ins  a t r a n s i t i v e  subtournament T v o f  o r d e r  v. 

As every  tournament T n, n m 4, con ta ins  a t  l e a s t  one t r a n s i t i v e  subtournament 

T 3, but  no t  every  tournament T n is  i t s e l f  t r a n s i t i v e ,  the f o l l o w i n g  ques t ion  a r i s e s :  

What i s  the va lue  o f  v ( n ) ,  f o r  each n > I? 

Erd~s and Moser [ I ]  (see a l so  [ 9 ] )  gave the  f o l l o w i n g  bounds f o r  v ( n ) :  

[ l o g 2 n ]  + 1 ~ v(n)  ~ [2 log2n ]  + I .  

2. IHPROVEMENT OF THE ESTIHATE OF ERD~S AND HOSER 

Denote by ~(T) the number o f  the 3 -cyc les  in  a tournament T. 

[3 ,  Theorem 2 ] ,  i t  f o l l o w s  t h a t  

= ~k(2k - l ) ( 4 k  - I ) ,  T(H) 

i f  H i s  a homogeneous tournament  o f  o r d e r  4k - I .  

From 

THEOREM I.  L e t  H be a homogeneo~  t o u r n a m e n t  o f  o r d ~  4k - 1 and T be a 

t ~ a n s ~ u e  s u b t o u r n a m e n t  o f  It o f  o r d e r  v ,  v > I .  Then 

I 
( I )  k >- ~ ( w  ÷ 2 ) ( w  + I ) ,  i f  v = 2w + I ,  

and 

(2) k >- l ( ~ w  + l ) ( w  + I ) ,  i f  v = 2w, 

PROOF. Consider  a t r a n s i t i v e  subtournament T o f  o rde r  v o f  a homogeneous 

tournament  H o f  o r d e r  4k - I .  As 

T(H) - ~(H\T) = v(Zk - l ) k  - ( ~ ) k  

= ½vk(4k - v - I ) ,  

then,  by the above remark,  we o b t a i n  t h a t  

T(H\T) = ~k(2k - 1) (4k  - l )  - t v k ( 4 k  - v - 1) 

= ~k(16k 2 - 12k + 2 - 12kv + 3v 2 + 3v) .  

Denote by m = 4k - v - 1 the o rde r  o f  H\T; thus 

m = 2(2k - w - 1) -= 0 (rood 2) , i f  v = 2w + I ,  
and 

m = 2(2k - w - I )  + 1 _= 1 (rood 2 ) ,  i f  v = 2w. 
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I t  f o l l o w s  by [ 5 ,  p. 9 ]  t h a t  

] - l ~ [ ( 4 k  - 2w - 2) 3 - 4 ( 4 k  - 2w - 2 ) ] ,  i f  v = 2w + 1,  

~- ( m ~m I < 

|~I:<4k 2w ~)~ ( 4 k - 2 w - 1 ) j ,  i f  v 2w. 

T h e r e f o r e  

~ ( 8 k  3 - 12k2w + 6kw = ÷ 12kw - 12k 2 + 4k - w 3 - 3w = - 2w) ,  i f  v = 2w + l 

~ ( H \ T )  _< 
I 
| ~ 1 6 k 3 -  24k2w + l=kw2 + 12~w- i=~2+ 2 ~ - ~ w ~ -  3w2-w l ,  i f  v =  ~w. 

But  as ,  f r om wha t  has been o b t a i n e d  a b o v e ,  

~ ( 8 k  ~ - 12k2w + 6kw = , 9kw - ] 2 k  = + 4 k ) ,  i f  v = 2w + l ,  

~(m\m) Z 

l ~ # 1 6 k ' -  2 4 k = w ,  12kw2 + 6kw - 12k2 + 2 k ) ,  i f  v 2w, 

t hen  

9kw ~ 12kw - w 3 - 3w 2 - 2w, i f  v = 2w + l ,  

6kw 12kw 2w 3 - 3w 2 - w, i f  v 2w. 

I t  f o l l o w s  t h a t  

k I _ ~ ( w  + 2 ) ( w  + I ) ,  i f  v = 2w + I ,  

k -.> ~ 2 w  + 1 ) (w  + I ) ,  i f  v = 2w. rq 

PROOF. C o n s i d e r  a homogeneous  t o u r n a m e n t  H o f  o r d e r  n = 4k - l .  I f  T i s  a 

t r a n s i t i v e  s u b t o u r n a m e n t  o f  H o f  o r d e r  v ,  t h e n  

k >  

L ~ ( v  + I )  + 1 , i f  v i s  e v e n ,  

by Theorem I .  T h e r e f o r e  

k > ]~(2 v + 2 ) ( v  + l ) .  

I t  f o l l o w s  t h a t  

3n + 3 -> v 2 ÷ 3v + 2, 

wh i ch  i m p l i e s ,  by D e f i n i t i o n  l ,  t h a t  
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o rder  5. But ,  v(n) m 4 f o r  n m 8, by the i n e q u a l i t i e s  o f  Erd~s and 

Moser, then 

v(8)  . . . . .  v(13) = 4. 

For a l l  these values o f  n, the lower  bound [ l o g 2 n ]  + 1 o f  v(n)  i s  thus 

a t t a i n e d .  ErdSs and ~,1oser [2 ]  con jec tu red  t h a t  

v(n)  = [ l o g 2 n ]  + 1 

f o r  a l l  n > I .  

THEOREtl 3. Every tournament of order 14 c o n t a i ~  ~ l e a s t  one t r a ~ i t i v e  

subtou~nament of order 5. 

Because l i m i t a t i o n  on space precludes the p resen ta t i on  o f  the p roo f  o f  t h i s  

theorem in  t h i s  paper ,  the i n t e r e s t e d  reader  may f i nd  i t  in [ I 0 ,  Chapter 5 ] .  The 

method used in  the p roo f  is s imple ,  new and e n t i r e l y  d i f f e r e n t  from t h a t  employed 

by Reid and Parker [ 8 ] .  

COROLLARY 4. v(n) z 5, f o r  n > 14. 

Thus, the con jec tu re  of  ErdSs and Moser is f a l s e  f o r  n = 14. The nex t  r e s u l t  

a l l ows  us to ob ta i n  a best  es t ima te  f o r  the lower  bound o f  v (n ) .  

COROLLARY 5. v(n} >- l o g  2 + 5,  n >- 14. 

PROOF. Let  T be a tournament o f  o rder  7 × 2 k, k ~ I .  There c e r t a i n l y  e x i s t  

a v e r t e x  u and a subtournament S in T, o f  o rder  7 × 2 k - l ,  each ve r t ex  o f  which is  

dominated by u. By i n d u c t i o n ,  i f  we suppose t h a t  S con ta ins  a t r a n s i t i v e  subtourna-  

ment w i t h  a t  l e a s t  k • 3 v e r t i c e s ,  then these v e r t i c e s  t oge the r  w i th  u generate a 

t r a n s i t i v e  subtournament w i th  a t  l e a s t  k + 4 v e r t i c e s .  I t  f o l l ows  t ha t  T con ta ins  

a t  l e a s t  one t r a n s i t i v e  subtournament o f  o rde r  k + 4. Q 

C o r o l l a r y  5 imp l ies  t h a t  v(n)  ~ k + 4 f o r  n = 7 × 2 k, k m I .  As 

[ l og2n ]  + I = k ÷ 3, then v(n)  m [ l o g 2 n ]  + I .  Consequent ly ,  the con jec tu re  o f  Erd~s 

and Moser i s  f a l s e ,  no t  on ly  f o r  n = 14, but f o r  an i n f i n i t e  number o f  va lues o f  n. 

3. THE HOfIOGENEOUS TOURNAtIENTS OF ORDER 27 

DEFINITION 2. Let  N = N(m) be the sma l l es t  i n t e g e r  such t h a t  every  t ou rna -  

ment T N o f  o rde r  N conta ins  a t r a n s i t i v e  subtournament T m o f  o rder  m. 
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Ac tua l l y ,  N(3) = 4 ,  N(4) = 8 and N(5) = 14. By Corol lary  5, we have for  

n = 28, in p a r t i c u l a r ,  tha t  every tournament of order 28 contains at  l eas t  one T 6. 

We w i l l  obtain that  N(6) = 28. 

THEOREM 6. The fo l lowing  matr ix  M i i s  t h e  dominance matr ix  of a homogeneo~ 

tournament of  order 27 which c o n t a i ~  no t r a ~ t i v e  sub tourname~  of  order 6. 

IIOOlIIO00UO00OllIIOIOIOI 

OOlO00111101100011100OllO 
I011100001100000010101111 

0000010101100010101111100 
IUI0100010000111101001010 

1010010100111011110001001 

llOlO010DlOllOllO01101000 

0111100110101001100110000 

Ji01010010001000111101011 

OllOllO001011100010011000 

u001101100010110110100001 

IUUIOIOlIIO01101000000!OI 

O l l l O O l l O 0 1 0 0 1 0 1 0 1 1 0 0 1 1 0 0  

~Iii000001010011100010111 

1 1 1 0 1 1 1 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 1 1 0  
1 1 0 0 0 0 1 1 1 0 1 1 0 0 0 0 0 0 0 0 1 1 0 1 1  
1 1 1 0 0 0 0 1 1 1 0 0 0 1 1 0 0 1 1 1 1 0 0 0 1  
0 1 0 0 0 1 0 0 1 0 1 1 0 1 1 1 0 1 0 1 0 0 1 1 0  
0 0 1 1 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 0 1 0 0 1 1  
0100101011101110100001181 
i001100010111010011010100 
ii0111010!ii0100101000010 

i 0 0 0 0 0 1 0 0 1 1 0 1 1 0 1 1 1 0 1 1 0 0 1 0  
0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 1 0 1 0 0 1 1 0 1 0  
0 0 1 0 1 1 1 0 1 1 1 1 0 0 0 1 0 0 1 1 0 0 0 0 1  
1 0 1 1 0 1 1 0 1 0 0 1 0 1 0 0 1 0 0 1 1 1 1 0 0  
0 0 0 0 1 0 0 1 0 0 0 1 1 1 0 1 0 0 1 1 1 1 1 1 1  

4 

5 

6 
7 
B 

q 

0) 
I] 

13 

14 

15 

10 

12 

1,9 

19 

21 

%2 

23 
2q 

25 

25 

22 

1 7 3 4 5 G 7 E4 9 10ttJ2L314 blGJ21811~lI22232q212~2/ 
0111]II|111111000000000000 

OOUOO]I~0110111110IUO0)IlOl 

OIUUQUI~UIIOIIOIIOIOSOlI]O 

0 1 1 0 0 0 0 1 0 0 1 1 0 1 1 0 1 1 0 1 0 0 0 1 1 1  
0 1 1 1 0 0 1 e 0 1 0 0 1 1 0 0 1 0 1 1 0 1 0 0 0 1 1  
0"11100001001i101011010001 

U I U I I ] I I U O 0 1 0 0 1 1 1 0 ] O I J O l O 0 0  

01{01110000100111010110100 
U 0 1 1 0 1 1 1 0 0 0 0 1 0 0 1 1 1 0 1 0 1 1 0 1 0  

( ) i j 0 1 1 1 1 1 1 1 0 8 0 0 1 0 0 1 1 1 0 ] 0 1 1 0 1  

~ I D O } I I I I I I O O O O U O 0 1 1 1 0 1 0 1 1 0  
g I I [ O O I I U I ] I O O O I O 0 0 1 ] I O I O I I  

UO!)lO0(lOll!OO01{}OOJ]lOl01 

I) I}~010011011)010100011101 I 

II~1010[i0111010011]01100100 

1001010001110100111011001 

]I00101000111000011101100 

I')10010100011100001110110 

] ] 0 1 0 L l l O I g O O l l l O f 1 0 0 ] l ] 0 1 1  

II]OJO~I~O]OUOI0100OOIIIOI 

] I J 1 0 ] { I I I I 0 1 0 0 0 0 0 1 0 0 0 0 1 1 1  I 

IOI]III~OOIOIO0100100UOIII 1 

)!I0111.I001010110010000111 

IIIU01]IC1100101011001000011 

111) 001110100101011001000 Ii 

iI!I~001110100111011001000 1 

~IUIOOUIIIOIO0111011001000 

M~ M 2 

A computer has been used to analyse a l l  the p o s s i b i l i t i e s  and no T 6 has been 

found in th is  tournament. 

COROLLARY 7. v ( 1 4 )  = . . .  = v ( 2 7 )  = 5 .  

Denote by H (1)  the tournament defined above. Let H (2)  be the homogeneous 
27  2 7  

tournament of  order 27 whose dominance matr ix is M 2 [10 ,  p. 194], 

THEOREM 8. There e ~ t ~  a homogeneous tournament of order 27 which contains  

a t  l e a s t  one t ~ a m ~ v e  s u b t o ~ n a m e n t o f  order 6. 

PROOF. Consider the subtournament of the homogeneous tournament H (2)  induced 
- 2 7  

by the se t  

{ U l s m  US~ Ug~ 03~ U13~ U l G }  

of ver t ices  of (z)  This subtournament of H (2) He7 ' 27 is t r a n s i t i v e  of order 6. 
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COROLLARY 9. There e ~ t ~  a paU~ of non L~omorphic homogeneous to~namen.~ 

of o r d ~  27. 

PROOF. The tournaments HS]7 ) and H ~  ) are obv ious ly  non isomorphic.  D 

REMARK. The ex is tence of  a homogeneous tournament of  order  pn, where p is 

an odd prime number and n a p o s i t i v e  i n t ege r ,  is wel l  known. In f a c t ,  there always 

ex i s t s  a unique f i e l d  w i th  pn elements (Ga#oUs Fie~d), because any two f i n i t e  f i e l d s  

w i th  the same number of  elements are isomorphic.  This f i e l d  is  a quo t i en t  f i e l d  of  

Zp[X],  where every element can be expressed as a polynomial o f  degree k, k < n - l ,  

w i th  c o e f f i c i e n t s  in Zp and x is a roo t  of  an i r r e d u c i b l e  polynomial o f  degree n 

over Zp. We determine the d i r ec t i ons  in the tournament in the f o l l ow ing  way: fo r  

d i s t i n c t  ve r t i ces  gi and g j ,  ( g i '  g j )  is an arc i f  and only i f  (g j  - g i ) ( x )  is a 

quadratic r ~ i d u e  modulo the i r r e d u c i b l e  polynomial P(x) ;  t ha t  i s ,  i f f  

L f (x )J  2 ~ [ ( g j  - g i ) ( x )J (mod P(x))  

has so lu t i ons .  This tournament, o f  order  pn, is homogeneous. The tournament of  

order  33 obtained in th i s  way contains also no T~ ( there is a note,  to t h i s  e f f e c t ,  

presented by one o f  the authors of  [ 8 ] ) .  

4. HOMOGENEITY AND TRANSITIVE SUBTOURNAMENTS 

REMARK. The unique [2 ]  tournament of  order  7, which contains no T 4, is homo- 

geneous. Reid and Parker [8 ]  have shown also the uniqueness of  the tournament o f  

order  13 which contains no Ts; t h i s  tournament is  near ly  homogeneous (the d e f i n i t i o n  

and a c h a r a c t e r i z a t i o n  of  such tournaments are given in I l l ] ) .  In sect ion 3, we 

have found t h a t  i t  is  a homogeneous tournament of  order  27 which contains no T~. 

This remark leads us thus to consider  the homogeneous tournaments of  order  31. 

By Coro l l a ry  5 and [5 ,  p. 16] ,  we have: 

6 ~< v(28) _< . . .  _< v(31) <~ 7. 

Let  RH31 be the r o t a t i o n a l  homogeneous tournament of  order  31 whose charac- 

t e r i s t i c  equals 

( I ,  l ,  O, l ,  l ,  O, l ,  l ,  l ,  1, O, O, O, 1, 0) .  

THEOREM lO. The homogeneous towtname~ RH31 co~tcuLk~ a t~ans i t i ve  subtour- 

nament of order 7. 
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PROOF. The set o f  ver t i ces  

S l = { U 2 4 ,  U I ,  U2s ,  U s , U29~ U2~ U26}  

induces a subtournament o f  Ext [Ext(HT)]  which is t r a n s i t i v e .  

and 

REMARK. Ext [Ext  (H7)] contains add i t i ona l  TT's. In fac t ,  the sets 

S 2 = { U 2 8 ,  U 8, U20,  U 1 • U21,  U 2 , U22}  

S 3 = {U24~ U6~ U30,  U4~ U28~ U3~ U27}  

induce two other t r a n s i t i v e  subtournaments of  Ext [Ext  (HT)]. 

As u s, u24, u25, u26 and u29 do not belong to S 2 and u~ and U 2 are not 

elements of  S 3, i t  fo l lows immediately from the las t  remark that :  

THEOREM 12. Every to~name~t of order 30, obtained from ~ t h e r  RH3~ or 

E~t[Ext IHT)] by deleting any vertex,  con t~ i~  a t r a ~ i t i v e  subto~nament of order 7. 

THEOREM 13. Every tourname~t of order 29, obtained from e ~ L e r  RH31 or 

E~t[E~ (HT) ] by delet ing any p a ~  of d i s t i n c t  u e ~ c ~ ,  contains a t r a ~ v e  sub- 

tournament of order 7. 

PROOF. By Theorem I0 (or I I ) ,  the homogeneous tournament RH31 (or 

Ext [Ext  (H7)]) contains a T7. The tournament obtained from RH31 (or Ext [Ext  (HT)]) ,  

by de le t ing  any pa i r  o f  d i s t i n c t  ver t i ces  (x,  y ) ,  contains also such a T7, provided 

that  x and y do not belong to a set of ver t i ces  which induce a T7 in RH3~ (or 

Ext [Ext  (H7)]) .  This is ac tua l l y  the case fo r  RH31, because th is  tournament is 

r o t a t i o n a l .  

In Ext[Ext (H7)] ,  the sets of  ver t ices Sz, S 2, S 3 (def ined above) and 

54 = {U20 , U 2 ,  U30 ,  U I o ,  U22,  U 3, U 2 3 } ,  

S 5 = {u20  , U 1 , u 2 9 ,  u 9 , u21 ,  u 2 , u 2 2 }  

and 

S 6 = {U31 , U 8 , u 2 3 ,  U 4 , U19 ,  U 1 , U18}  

induce t r a n s i t i v e  subtournaments of  order 7 in Ext [Ext  (H7)]. Let (u i ,  uj) be any 

pa i r  of  d i s t i n c t  ver t i ces  o f  Ext [Ext (H7)].  As u i and uj do not belong to one of  the 

sets S 1, $2 . . . . .  S~, then the tournament o f  order 29, obtained by de le t ing  the 

ver t i ces  u i and uj ,  contains a T7. Q 
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From these l a s t  r e s u l t s  we conclude t h a t  not  on ly  both the homogeneous 

tournaments RH3z and E x t [ E x t  (HT)] or  o rde r  31, but a lso  a l l  the tournaments o f  

o rder  29, which are ob ta ined from e i t h e r  one or  the o the r  o f  these tournaments by 

d e l e t i n g  any p a i r  o f  d i s t i n c t  v e r t i c e s ,  con ta in  a T 7. This may be useful  f o r  f u t u re  

work in  o rder  to  determine the exac t  va lue o f  v(n)  f o r  n ~ 28. 

As v(31)  ~ 7, t he re  e x i s t s  a t  l e a s t  one tournament o f  o rde r  31 which conta ins  

no T 8. In the nex t  s e c t i o n ,  we w i l l  see t h a t  such a tournament is  a lso  homogeneous. 

Moreover,  we w i l l  f i n d  t h a t  the re  e x i s t ,  not  on ly  one, but  a t  l e a s t  th ree  non isomor-  

phic homogeneous tournaments o f  o rder  31 which con ta in  no T 8. 

5. EXISTENCE OF A TRIPLE OF NON ISOMORPHIC TOURNAMENTS OF ORDER 31 WHICH CONTAIN 

NO T 8 

Let  T = (V(T) ,  A(T)) be a tournament.  Denote by P(u) the subtournament 

o f  T induced by {v c V(T):  (u,  v) c A(T) ) ,  and by Q(u) the subtournament o f  T 

induced by {w ~ V(T):  (w, u) c A(T) } .  The number o f  v e r t i c e s  in P(u) n P(v) is  

denoted by F(u,  v ) ,  whereas T(u, v) denotes the number o f  3 -cyc les  which con ta in  

the arc (u,  v ) .  

Recal l  the f o l l o w i n g  p r o p e r t i e s  o f  a homogeneous tournament T or  o rder  

4k - I ,  k ~ I ,  [7 and 4 ] :  

The order  o f  P(u) equals 2k - I ,  f o r  every  ve r t ex  u o f  T, ( I )  

F(u, v) = k - I ,  f o r  every  p a i r  o f  d i s t i n c t  v e r t i c e s  u and v o f  T, (2) 

• (u,  v) = k, f o r  every  a rc (u ,  v) o f  T. (3) 

THEOREM 14. No homogeneo~ tournament of  order 31 c o ~  a t ~ a ~ v e  

subtournament of  order 8. 

PROOF. Suppose t h a t  t he re  e x i s t s  a homogeneous tournament H o f  o rde r  31 

which con ta ins  a t r a n s i t i v e  subtournament T o f  o rde r  8. Let u 0, u z . . . . .  u 7 be 

the v e r t i c e s  o f  T, such t h a t  IV[P(u i )  n T]  I = i ,  f o r  every  i = O, 1 . . . . .  7. Then 

uo, ul . . . . .  us are v e r t i c e s  o f  P(u~) n P(uT). But £(u6, uT) = 7 imp l ies  the 

ex i s tence  o f  e x a c t l y  one ve r t ex  o f  P(u6) n P(u7) which does not  belong to 

{u0 . . . . .  us} .  Denote t h i s  v e r t e x  by v. 

Let  M = P(uT) n Q(u6), R = Q(uT) n Q(u 6) and S : Q(u 7) n P(u6).  

( 2 ) ,  we have 

By ( I )  and 

IV(M)  I = IV (R)  I = I V ( S ) ]  - 1 -- 7 .  ( 4 )  
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As ~(u~,  uo) = 8, by ( 3 ) ,  then 

IV[p(uo) ~ Q ( u ~ ) ] l  iVEP(uo) n (M u R) ] !  = 8. 

Thus 

IVEP(uo) ~ M] I + !v[m(uo) n R] I - 8. (5) 

As the o rde r  o f  P(uo) equals 15, then 

]vmP(uo) f~ Q ( u T ) ] l  = 15 - r ( u o ,  uT) 8 

and, consequen t l y ,  

IVEP(uo) n R] i  + IVEP(uo)~  S] - 8. (6) 

Equat ions (5) and (6) imp ly  t h a t  

IVEP(uo) n M] I = IvEm(uo) n s ]  (7) 

But u l ,  u2 . . . . .  u~ are v e r t i c e s  o f  Q(uo) {~ P(uT) ;  then 

6, i f  (u o, v) c A(H) ,  
[ v [ P ( U o )  o M]] = (8 )  

7, i f  (v ,  u0) < A(H).  

Cons ider  the arc (u 6, us) .  By ( 3 ) ,  we have 

IvEm(us) ~ q ( u ~ ) ] !  = i v E P ( u s ) , ~  M]I , ! v E P ( u ~ ) ~  m]! = 8.  

As the o rde r  o f  P(u s) equals 15 and ?(u s , uT) : 7, then 

]VEP(u~)  n m]l * [ v r P ( u ~ )  n S ] l  = 8.  

From the l a s t  two equa t i ons ,  we ob ta i n  

IV[P(us)  n M]i = IVEP(us) n S ] I .  (9) 

We w i l l  show now t h a t  (v ,  us) ~ A(H).  I f  t h i s  were not  t r u e ,  then 

u o, u l ,  u 2, u 3, u~ and v would be v e r t i c e s  o f  P(us) n P(uT).  As F(u s, uT) = 7, i t  

would f o l l o w  t h a t  IV[P(us) n M] I = I and, by ( 9 ) ,  t h a t  IV[P(us) n S] I = I .  

Equat ion (4) would imp ly  t h a t  

IV[Q(us) n M]I = I V [ Q ( u s ) n  S ] I -  I = 6. 

But ,  

I v [ p ( U o )  n M]I  = I V [ P ( U o )  n s:Jl ~ 6 ,  

by (7) and (8 ) .  The re fo re ,  

lVEP(u0) n Q(us) n M]I ~ 5 

and 

TVEP(uo) n q(us)  n S] I  ~ 5, 
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which would imply tha t  T(us, uo) ~ lO. As the l a t t e r  statement is in con t rad ic t i on  

wi th (3) ,  i t  fo l lows that  (v, u s ) c A(H). 

As r (us,  uT) = 7, then [V[P(us) n M]I = 2. 

!VEQ(us) n M]I = IVCQ(u~) n S]l- I - 5. 

Consequently, 

[v[m(uo) n Q(us) n M]I ~ 4~ i f  (uo, v) c A(H), 

IV[P(uo) n Q(us) n [I]] = 5, i f  (v, uo) E A(H), 

and 

From (4) and (9), we obta in 

4,  i f  (u o, v) ~ A (H ) ,  

IVEP(u0) n q(u 5) n S] I ~ 5, i f  (v,  uo) < A(H). 

As ~(u s, uo) = 8, by (3) ,  then (u o, v) ~ A(H). But (v, us) is also an arc o f  H. 

Therefore,  v is a ver tex o f  P(uo) n Q(us). I t  fo l lows tha t  

T(u 5, u o) ~ 4 + 4 + l ,  

which is in con t rad ic t ion  wi th (3) .  Thus, the i n i t i a l  assumption is fa lse .  As a 

consequence, every homogeneous tournament H of  order 3] contains no t r a n s i t i v e  

subtournament of  order 8. This completes the proof  of  the theorem. 

COROLLARY 15. T h e e  e ~ t  a t  l e ~ t  ~ t r e e  non ~omorp~Lc homogeneo~ t o u r n a -  

ments o f  t h e  same order, 31 wf~Lch c o ~ t a i n  no t ~ a ~ i ~ L v e  sub to~u t~mer~  of  o r d ~  8. 

PROOF. Denote by H~ and H 2 the two non isomorphic homogeneous tournaments 

of  order 15 [ ] 3 ,  Theorem 2.9] .  Let H~ ) = Ext (Hi) and H~ ) = Ext (H2) be the homo- 

geneous extensions o f  H i and H2, respec t i ve l y .  The tournaments H~I ) "  and H(2)-31 are 

not isomorphic, by [ ] 4 ] .  From [13, Section 4] ,  i t  fo l lows tha t  the ro ta t i ona l  homo- 
(3) geneous tournament H3i = RH3i, a l ready def ined,  is ne i the r  isomorphic to HII ) nor 

. (2) The above theorem impl ies that  the non isomorphic tournaments to M3i . 

H~i) (2) .(3) i ' H3i and H3i 

contain no t r a n s i t i v e  subtournament of  order 8. 
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HEAPS OF P I E C E S :  I : 
B A S I C  D E F I N I T I O N S  AND C a ~ I N A T O R I A L  LEI~tAS 

G 6 r a r d  X a v i e r  VlENNOT 
U n i v e r s i t 6  de B o r d e a u x  I 

U . E . R .  de M a t h ~ m a t i q u e s  e t  d '  I n f o r m a t i q u e  
T a l e n c e  C e d e x  F r a n c e  

A b s t r a c t .  We i n t r o d u c e  t h e  c o m b i n a t o r i a l  n o t i o n  o f  heaps  o f  p i e c e s ,  
w h i c h  g i v e s  a g e o m e t r i c  i n t e r p r e t a t i o n  o f  t h e  C a r t i e r - F o a t a ' s  c o m m u t a -  
t i o n  m o n o i d .  T h i s  t h e o r y  u n i f i e s  and s i m p l i f i e s  many o t h e r  w o r k s  in  
C o m b i n a t o r i c s  : b i j e c t i v e  p r o o f s  in m a t r i x  a l g e b r a  (MacMahon M a s t e r  
t h e o r e m ,  i n v e r s i o n  m a t r i x  f o r m u l a ,  J a c o b i  i d e n t i t y ,  C a y l e y - H a m i l t o n  
t h e o r e m ) ,  c o m b i n a t o r i a l  t h e o r y  f o r  g e n e r a l  ( f o r m a l )  o r t h o g o n a l  
p o l y n o m i a l s ,  r e c i p r o c a l  o f  R o g e r s - R a m a n u j a n  i d e n t i t i e s ,  g r a p h  t h e o r y  
( m a t c h i n g  and c h r o m a t i c  p o l y n o m i a l s ) .  Heaps  may b r i n g  new l i g h t  on 

c l a s s i c a l  s u b j e c t s  as p o s e t  t h e o r y .  They  a r e  r e l a t e d  to  o t h e r  f i e l d s  as 
T h e o r e t i c a l  C o m p u t e r  S c i e n c e  ( p a r a l l e l i s m )  and S t a t i s t i c a l  P h y s i c s  
( d i r e c t e d  a n i m a l s  p r o b l e m ,  l a t t i c e  gas  mode l  w i t h  h a r d - c o r e  
i n t e r a c t i o n s ) .  C o m p l e t e  p r o o f s  and d e f i n i t i o n s  a r e  g i v e n  in s e c t i o n s  2,  
3 , 4 , 5 .  O t h e r  s e c t i o n s  g i v e  a summary  o f  p o s s i b l e  a p p l i c a t i o n s  o f  h e a p s .  

1.  I n t r o d u c t i o n  

F o l l o w i n g  some wo rk  o f  F o a t a  [ 2 4 ]  on c o m b i n a t o r i a l  p r o p e r t i e s  
o f  r e a r r a n g e m e n t s  o f  s e q u e n c e s ,  C a r t i e r  and F o a t a  [ 9 ]  i n t r o d u c e d  in 
1969 t h e  m o n o i d s  g e n e r a t e d  by an a l p h a b e t  A w i t h  r e l a t i o n s  ab = b e ,  f o r  
a l l  p a i r s  o f  l e t t e r s  a , b  o f  A such  t h a t  ( a , b )  E C, w h e r e  C i s  a f i x e d  
s u b s e t  o f  A x A. The b a s i c  p r o p e r t i e s  o f  t h e s e  m o n o i d s ~  e s p e c i a l l y  t h e  
s o - c a l l e d  f l o w  mono id  and r e a r r a n g e m e n t  m o n o i d ,  a p p e a r  n o w a d a y s  t o  be a 
c l a s s i c a l  mode l  in  c o m b i n a t o r i c s  (see f o r  e x a m p l e  t h e  c o r r e s p o n d i n g  
c h a p t e r s  o f  t h e  b o o k s  o f  L a l l e m e n t  [ 3 9 ]  o r  L o t h a i r e  [ 4 0 ] ) .  T h e s e  
m o n o i d s  a r e  s o m e t i m e s  c a l l e d  f r e e  p a r t i a l l y  a b e t i a n  m o n o i d s .  For  s h o r t ,  
we p r o p o s e  t o  c a l l  them c o m m u t a t i o n  m o n o i d s .  

T h i s  model  has been  used  t o  p r o v e  c o m b i n a t o r i a l l y  ( i . e .  w i t h  
b i j e c t i o n s )  some c l a s s i c a l  f o r m u l a e  o f  m a t r i x  a l g e b r a  : t h e  c e l e b r a t e d  
MacMahon M a s t e r  t h e o r e m  in  C a r t i e r - F o a t a  [ 9 ] ,  t h e  i n v e r s i o n  m a t r i x  
f o r m u l a  in  F o a t a  [ 2 6 ]  and t h e  J a c o b i  i d e n t i t y  in F o a t a  [ 2 7 ] .  More  
r e c e n t l y ,  G e s s e l  [ 3 0 ]  has  shown how to  d e d u c e ,  f r o m  t h e  c o m m u t a t i o n  
m o n o i d  m o d e l ,  S t a n l e y ' s  r e l a t i o n  b e t w e e n  c h r o m a t i c  p o l y n o m i a l s  and 
a c y c l i c  o r i e n t a t i o n s  o f  g r a p h s .  V e r y  r e c e n t l y ,  a new a c t i v e  a r e a  o f  
r e s e a r c h  has g r o w n  up in T h e o r e t i c a l  C o m p u t e r  S c i e n c e ,  u s i n g  c o m m u t a -  
t i o n  m o n o i d s  as an a l g e b r a i c  and c o m b i n a t o r i a l  mode l  f o r  p a r a l l e l i s m  
p r o b l e m s  and c o n c u r r e n c y  a c c e s s  t o  d a t a  b a s e s ,  see  §10 b e l o w .  
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In  t h i s  p a p e r  we i n t r o d u c e  a n o t h e r  mode l  : t h e  n o t i o n  o f  heaps  
o f  p i e c e s .  T h i s  m o d e l  w i l i  a p p e a r  t o  be e q u i v a l e n t  t o  t h e  c o m m u t a t i o n  
m o n o i d  m o d e l .  A t  t h e  b e g i n n i n g ,  t h e  r e a d e r  may h a v e  c e r t a i n  d o u b t s  
a b o u t  t h e  i n t e r e s t  o f  p r e s e n t i n g  t h i s  new v e r s i o n  o f  t h e  c o m m u t a t i o n  
m o n o i d  w i t h  h e a p s  o f  p i e c e s .  T h e s e  d o u b t s  w i l l  p r o b a b l y  be r e i n f o r c e d  

a f t e r  r e a d i n g  t h e  a b s t r a c t  d e f i n i t i o n s  2 . 1 , 2 . 4 ,  2 . 5  and 2 . 7  b e l o w  w h e r e  
t h e  h e a p s  mode l  seems  more  c o m p l i c a t e d  t h a n  t h e  c o m m u t a t i o n  m o n o i d .  

Once  t h e  r e a d e r  has  o v e r p a s s e d  t h e s e  a b s t r a c t  p r e t i m i n a r i e s ,  
h e a p s  g i v e  a p o w e r f u l  " g e o m e t r i c "  v i s u a l i z a t i o n  o f  t h e  c o m m u t a t i o n  
m o n o i d s .  Many  b a s i c  temmas and  b i j e c t i o n s  become  r e a l l y  s i m p l e .  The 
h e a p s  m o d e l  a p p e a r s  t o  be  r e l a t e d  t o  o t h e r  d o m a i n s ,  as  f o r  e x a m p l e  
S t a t i s t i c a l  P h y s i c s ,  a l t h o u g h  t h e  r e l a t i o n s h i p  w i t h  c o m m u t a t i o n  m o n o i d s  
was n o t  o b v i o u s .  U s i n g  t h e  h e a p s  m o d e l ,  we h a v e  s o l v e d  c o m b i n a t o r i a l l y  
some o p e n  q u e s t i o n s  a b o u t  t h e  d i r e c t e d  a n i m a l s  mode l  i n t r o d u c e d  by  

p h y s i c i s t s  i n  1982 ( s e e  a s u r v e y  in  V i e n n o t  [ 4 7 ] ) .  

Now we g i v e  w i t h  an e x a m p l e  an i n t u i t i v e  i n t r o d u c t i o n  t o  t h e  
n o t i o n  o f  h e a p s .  S u p p o s e  we h a v e  an 8 x 8 c h e s s b o a r d  and  some d i m e r s .  
Each  d i m e r  i s  a p i e c e  o f  wood  w h i c h  can  c o v e r  two  c o n s e c u t i v e  c e l l s  o f  
t h e  c h e s s b o a r d .  S u p p o s e  we p u t  t h e  d i m e r s ~  o n e  by  o n e ,  on t h e  
c h e s s b o a r d .  Each  t i m e ,  o n e  c h o o s e  a " g e o g r a p h i c a l  p o s i t i o n "  f o r  t h e  
n e x t  d i m e r  ( i . e .  two c o n s e c u t i v e  c e l l s  o f  t h e  c h e s s b o a r d ) .  Then  t h e  
d i m e r  i s  p u t  v e r t i c a l l y  a b o v e  t h i s  p o s i t i o n  and  l o w e r e d  u n t i l  i t  
t o u c h e s  t h e  c h e s s b o a r d ,  c o v e r i n g  t h e  two c e l l s  o f  t h e  c h o s e n  g e o g r a -  
p h i c a l  • p o s i t i o n ,  o r  u n t  I i t  t o u c h e s  one  ( o r  two )  o t h e r  d i m e r s  
p r e v i o u s l y  p l a c e d _  P l a c i n g  t h e  new d i m e r  u n d e r  o t h e r  d i m e r s  i s  n o t  
a l l o w e d .  In  o t h e r  w o r d s j  i t  mus t  be p o s s i b l e  t o  r e m o v e  t h e  d i m e r s  o n e  
by  one~ w h i t h o u t  m o v i n g  t h e  o t h e r  d i m e r s ~  a s  i n  t h e  game c a l l e d  
" M i k a d o " .  What i s  s e e n  on t h e  c h e s s b o a r d  i s  t h e  v i s u a l i z a t i o n  o f  t h e  
m a t h e m a t i c a l  n o t  on  o f  heaps  o f  d i m e r s ,  ( s e e  F i g .  1 ) .  

F i g . 1 .  Heap o f  d i m e r s  
( o r  e q u i v a l e n c e  c l a s s  o f  a 

c o m m u t a t i o n  m o n o i d )  

When we c o n s i d e r  s u c h  
h e a p s  o f  d i m e r s ,  we t h u s  f o r g e t  
some i n f o r m a t i o n s  a b o u t  t h e  e x a c t  
o r d e r  o f  p l a c e m e n t s  o f  t h e  
d i m e r s .  F o r  e x a m p l e ,  b e t w e e n  t h e  
two d i m e r s  ~ and  ~ o f  f i g u r e  1, 
one  c a n n o t  t e l l  w h i c h  o n e  was 
p l a c e d  f i r s t .  N e v e r t h e l e s s ,  
l o o k i n g  t h i s  same f i g u r e ~  o n e  c a n  
s a y  t h a t  t h e  d i m e r  m was p u t  
b e f o r e  t h e  d i m e r  B- In  o t h e r  
w o r d s ,  we d e f i n e  t h e  r e l a t i o n  ~ B  
i f f  i t  i s  i m p o s s i b l e  t o  r e m o v e  
t h e  d i m e r  ~ f r o m  t h e  h e a p  
w h i t h o u t  r e m o v i n g  t h e  d i m e r  B- 
The r e l a t i o n  ~ i s  a p a r t i a l  o r d e r  
r e l a t i o n .  A h e a p  w i l l  be a p o s e r  

( p a r t i a l { y  o r d e r  s e t )  s a t i s f y i n g  c e r t a i n  a x i o m s  r e l a t i n g  t h e  o r d e r  
r e l a t i o n  ~ , c a l l e d  " t o  be above ' * ,  and  a n o t h e r  r e l a t i o n  c a l l e d  
c o n c u r r e n c y  r e l a t i o n .  H e r e  t h i s  r e l a t i o n  i s  d e f i n e d  on t h e  s e t  o f  
" g e o g r a p h i c a l  p o s i t i o n s "  f o r  d i m e r s  ( t h e r e  a r e  2 x S x T = 1 1 2  s u c h  
p o s i t i o n s ) . T w o  p o s i t i o n s  a r e  c o n c u r r e n t  i f f  t h e y  h a v e  one  ( o r  two )  
c e l l s  in  common.  
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I f  we t a k e  as a l p h a b e t  t h e  s e t  A o f  t h e  112 p o s s i b l e  
" g e o g r a p h i c a l  p o s i t i o n s "  f o r  d i m e r s  on t h e  c h e s s b o a r d ,  a wo rd  w o f  
l e t t e r s  in  A is  an e n c o d i n g  o f  t h e  p l a c e m e n t s  o f  t h e  d i m e r s  o f  t h e  heap 
( r e m e m b e r i n g  t h e  o r d e r  o f  p l a c e m e n t s ) .  F o r g e t t i n g  t h i s  e x a c t  o r d e r  
c o r r e s p o n d s  t o  c o n s i d e r  t h e  word  w up t o  t h e  c o m m u t a t i o n s  ab = ba , 
w h e r e  t h e  g e o g r a p h i c a l  p o s i t i o n s  a and b a r e  d i s j o i n t  ( i . e .  n o t  i n  
c o n c u r r e n c e ) .  The heap  o f  d i m e r s  i s  e x a c t l y  t h e  g e o m e t r i c  v i s u a l i z a t i o n  
o f  t h e  e q u i v a l e n c e  c l a s s  o f  t h e  w o r d  w in  t h e  c o r r e s p o n d i n g  c o m m u t a t i o n  
m o n o i d .  

T h i s  p a p e r  i s  t h e  f i r s t  o f  a s e r i e s  d e v o t e d  to  t h e  t h e o r y  o f  
h e a p s  and i t s  v a r i o u s  a p p l i c a t i o n s .  I t  c o n t a i n s  two  p a r t s .  In s e c t i o n s  
2~3~4~5  we g i v e  t h e  b a s i c  d e f i n i t i o n s  and  lemmas o f  t h e  t h e o r y j  w i t h  
c o m p l e t e  p r o o f s .  S e c t i o n s  6 , 7 ~ 8 j 9 , I 0  p r e s e n t  a summary  o f  t h e  o t h e r  
p a p e r s  [ 1 5 ] , [ 1 7 ] , [ 5 0 ] , [ 5 1 ]  and r e l a t e d  w o r k s .  

Heaps  a r e  d e f i n e d  in §2,  t o g e t h e r  w i t h  t h e  heap monoid H ( P , ~ )  
r e l a t e d  t o  a s e t  o f  b a s i c  p i e c e s  P e q u i p p e d  w i t h  a c o n c u r r e n c y  
r e l a t i o n .  

tn §3 ,  we show t h e  e q u i v a l e n c e  b e t w e e n  t h e  heap  mono ds and t h e  
commutat ion monoids. 

In §4,  we show t h a t  e v e r y  heap m o n o i d  can be r e a l  zed  w i t h  a 
c o n c u r r e n c y  r e l a t i o n  a n a l o g o u s  to  t h e  one d e s c r i b e d  a b o v e  w i t h  d i m e r s .  
B a s i c  p i e c e s  a r e  s u b s e t s  o f  a s e t ,  each  o f  t h e s e  s u b s e t s  b e i n g  e q u i p p e d  
w i t h  a c e r t a i n  c o m b i n a t o r i a l  s t r u c t u r e .  We a l s o  show t h a t  e v e r y  p o s e r  
can  be " r e a l i z e d "  as  a heap o f  p i e c e s .  T h i s  s e c t i o n  i s  j u s t  a 
p r e l i m i n a r y  s t e p  o f  a p r o m i s i n g  a r e a  o f  r e s e a r c h  : s t u d y i n g  posers 
t h e o r y  w i t h  t h e  h e a p s  p o i n t  o f  v i e w ,  in  p a r t i c u l a r  r e a l i z a t i o n s  o f  
f a m i l y  o f  p o s e t s  as a f a m i l y  o f  h e a p s  H ( P , ~ )  . 

B a s i c  lemmas a b o u t  heaps g e n e r a t i n g  f u n c t i o n s  a r e  g ~ v e n  in  §5:  
i n v e r s i o n  lemma ( i n  f a c t  t h e  e q u i v a l e n t  o f  t h e  N 6 b i u s  f u n c t i o n  o f  t h e  
c o m m u t a t i o n  m o n o i d ,  d e f i n e d  by C a r t i e r ,  F o a t a  [ 9 ] ) ,  h e a p s  w i t h  g i v e n  
m a x i m a l  p i e c e s  and t h e  l o g a r i t h m i c  p r o p e r t y  " l o g ( h e a p ) = p y r a m i d  ' ' .  A 
pyramid i s  a heap h a v i n g  o n l y  one m a x i m a l  p i e c e  (as in  f i g u r e  1 ) .  

A f t e r  t h e  work  o f  C a r t i e r ,  F o a t a  [ 9 ]  and F o a t a  [ 2 6 ] , [ 2 7 ]  g i v i n g  
c o m b i n a t o r i a l  p r o o f  o f  c l a s s i c a i  m a t r i x  a l g e b r a  t h e o r e m s ~  and a l s o  
w o r k s  o f  J a c k s o n  [ 3 6 ] ,  S t r a u b i n g  [ 4 6 ]  and s i m p l i f i c a t i o n s  o f  Z e i l b e r g e r  
[ 5 1 ] ,  we p r e s e n t  in  D u l u c q ,  V i e n n o t  [ 1 8 ]  an u l t i m a t e  s t e p ,  u n i f y i n g  a l l  
t h e s e  b i j e c t i o n s  as s i m p l e  c o n s e q u e n c e s  o f  a few b a s i c  p r o p e r t i e s  o f  
h e a p s .  A summary  i s  g i v e n  in  §6.  

A f t e r  F l a j o l e t  [ 2 2 ] ,  t h e  a u t h o r  has p r o p o s e d  in  [ 4 7 ]  ( s u r v e y  in  
[ 4 8 ] )  a c o m b i n a t o r i a l  t h e o r y  o f  f o r m a l  o r t h o g o n a l  p o l y n o m i a l s  w i t h  
w e i g h t e d  p a t h s .  Some p a r t  o f  t h i s  t h e o r y  can  be s i m p l i f i e d  and 
r e i n t e r p r e t e d  w i t h  heaps  o f  p i e c e s .  T h i s  i s  s u m m a r i z e d  in  §7.  C l o s e l y  
r e l a t e d  i s  a p r o p e r t y  o f  A n d r e w s  [ 2 ]  a b o u t  t h e  " r e c i p r o c a l "  o f  t h e  
f amous  R o g e r s - R a m a n u j a n  i d e n t i t i e s .  A n d r e w ' s  i n t e r p r e t a t i o n  can a l s o  be 
d e d u c e d  f r o m  h e a p s  b a s i c  p r o p e r t i e s .  
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In §8 we g i v e  some r e l a t i o n s  b e t w e e n  h e a p s  and  g r a p h  t h e o r y  : 
c h r o m a t i c  p o l y n o m i a l s  and  a c y c l  i c  o r i e n t a t i o n s  o f  g r a p h s  f r o m  G e s s e l  
[ 3 0 ]  and  a summary  o f  D e s a i n t e - C a t h e r i n e ,  V i e n n o t  [ 1 5 ]  r e l a t i n g  h e a p s  
and  m a t c h i n g  p o l y n o m i a l s  o f  g r a p h s .  G o d s i l ' s  t r e e - l i k e  p a t h s  [ 3 1 3  f i t  
v e r y  w e l l  w i t h  t h e  h e a p s  m o d e l .  

In  §9 we p r e s e n t  a b r i e f  summary  o f  V i e n n o t  [ 5 0 ] , [ 5 1 ]  g i v i n g  
two  a p p l i c a t i o n s  o f  h e a p s  t h e o r y  i n  s t a t i s t i c a l  p h y s i c s  ; t h e  
c o m b i n a t o r i a l  s o l u t i o n  o f  t h e  d i r e c t e d  an ima l  p r o b l e m  and  a c o m b i n a -  
t o r i a l  i n t e r p r e t a t i o n  o f  t h e  d e n s i t y  o f  a g a s  w i t h  h a r d - c o r e  
i n t e r a c t i o n s .  

tn  § 1 0 ,  we g i v e  a f l a v o r  o f  t h e  c o n n e c t i o n s  w i t h  p a r a l l e l i s m  
p r o b l e m s  in  T h e o r e t i c a l  Compute r  S c i e n c e .  

2.  B a s i c  t e r m i n o l o g y  f o r  heaps 

L e t  P be a s e t  e q u i p p e d  w i t h  a s y m m e t r i c  and  a r e f l e x i v e  b i n a r y  
r e l a t i o n  ~ ( i . e .  a~b ~ b~a and  a~a f o r  e v e r y  a~b E P ) .  The e l e m e n t s  o f  
P a r e  c a l l e d  b a s i c  p i e c e s .  The r e l a t i o n  ~ i s  c a l l e d  t h e  c o n c u r r e n c y  
r e l a t i o n .  

D e f i n i t i o n  2 . 1 ,  A l a b e l e d  heap w i t h  p i e c e s  i n  P i s  a t r i p l e  ( E ~ , E )  
w h e r e  ( E : ( )  i s  a f i n i t e  p o s e r  ( i . e . ,  p a r t i a l l y  o r d e r e d  s e t )  w i t h  o r d e r  
r e l a t i o n  d e n o t e d  by  ~ and  e i s  a map e : E ~ P s a t i s f y i n g  t h e  two 
f o l l o w i n g  c o n d i t i o n s  

( i )  f o r  e v e r y  0c,BEE s u c h  t h a t  ~ (00 ~' F. ( ~ ) ,  t h e n  o~ and  I~ a r e  
c o m p a r a b l e  ( i . e  ~;1~ o r  ~ o ~ ) .  

( i  i )  f o r  e v e r y  (x,13EE s u c h  t h a t  Ix<l~ and  I~ c o v e r s  Ix ( i . e .  I x ~ , l ~  =) ~=lx 
o r  ~=1~) t h e n  F. (Ix) ~ E (1~) . 

The  e l e m e n t s  o f  E w i l l  be c a l l e d  p i e c e s .  When ~ B j  we w i l l  s a y  
t h a t  t h e  p i e c e  ~ i s  above t h e  p i e c e  ~. 

R e m a r k  t h a t  P i s  n o t  n e c e s s a r  l y  f n i t e  b u t  i t  i s  i m p o r t a n t  t o  
s e t  down t h a t  a l l  t h e  h e a p s  we c o n s i d e r  i n  t h i s  t h e o r y  a r e  f i n i t e .  

Example  2 . 2 .  L e t  B = [ 0 , 8 ]  x [ 0 , 8 ] .  A c e l l  ( o r  e l e m e n t a r y  s q u a r e )  i s  
t h e  s e t  o f  p o i n t s  ( x , y )  o f  B s u c h  t h a t  i < x < i + l ,  j < y < j + l  f o r  c e r t a i n  i ,  

j o f  [ 0 , 7 ] .  The  s e t  P o f  b a s i c  p i e c e s  i s  t h e  s e t  o f  s u b s e t s  o f  B f o r m e d  
by  t h e  u n i o n  o f  two  c e l l s  j o i n e d  by  an e d g e .  The c o n c u r r e n c y  r e l a t i o n  
i s  d e f i n e d  by  a~b  i f f  anb  ~ ~ .  A h e a p  E w i t h  p i e c e s  i n  P was v i s u a l i z e d  
on F i g . 1 .  

H e r e  t h e  map ~ i s  t h e  p r o j e c t i o n  a s s o c i a t i n g  t o  e a c h  d i m e r  o f  
t h e  h e a p  i t s  " g e o g r a p h i c a l  p o s i t i o n " ,  i . e .  an e l e m e n t  o f  P ( s e e  t h e  
h e u r i s t i c  i n t r o d u c t i o n  in  § 1 ) .  



E x a l m l e  2 . 3 .  L e t  P = 2 be 
r e l a t i o n  ~ i s  d e f  ned by : 

1; 4~ 5: 
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t h e  s e t  o f  i n t e g e r s  . The c o n c u r r e n c y  
i f f  I j - i l ~ l  f o r  i , j ~ P .  The p o s e t  E 

i s  d e f i n e d  on F i g . 2  by  
i t s  Hasse d iag ram,  
( i . e .  an edge  g o e s  
u p w a r d  f r o m  ~ t o  B i f f  

c o v e r s  ~ ) .  The map 6 
i s  d e f i n e d  on F i g . 2  b y :  
f o r  ~ E  l y i n g  on t h e  
v e r t i c a l  l i n e  x : i ,  t h e n  
~ ( ~ ) = i .  

The r e a d e r  w i l l  v e r i f y  
t h a t  t h e  a x i o m s  ( i )  and 

) 
× ( i i )  a r e  s a t i s f i e d .  

F i g . 2 .  A heap o f  p i e c e s .  

Equiva len t  d e f i n i t i o n s  fo r  heaps 

a) C o n d i t i o n s  ( i )  and ( i i )  can  be r e p l a c e d  by  ( i )  and ( i i ' )  w h e r e  ( i i ' )  
i s  t h e  f o l l o w i n g  c o n d i t i o n  

( i i ' )  
f o r  e v e r y  ~ ,BEE w i t h  ~ B ~  t h e r e  ex  s t s  a s e q u e n c e  ~ = ~ 1 ~ - - .  
~ k = B  o f  p i e c e s  o f  E such  t h a t  6 ( ~ t )  ~ 6 ( ~ i + t )  f o r  e v e r y  i ,  
l ~ i < k .  

b) A s e c o n d  f o r m u l a t i o n  i s  ( 
c o n d i t i o n  

and ( i " )  w h e r e  ( i  i " )  i s  t h e  f o l l o w i n g  

(i i")  
t h e  o r d e r  r e t a t  on ~ s t h e  t r a n s i t i v e  c l o s u r e  o f  t h e  
r e l a t i o n  ~ '  d e f i n e d  by : f o r  ~ , B E E j  • ~ ' B  i f f  ~ B  and 6 ( ~ )  

(6) .  

c) A t h i r d  f o r m u l a t i o n  i s  t h e  f o l l o w i n g .  L e t  ~: E ~ P be a map o f  t h e  
s e t  E in P. L e t  G ( E , E , ~ )  be t h e  g r a p h  w h i c h  v e r t i c e s  a r e  t h e  e l e m e n t s  
o f  E and w i t h  an e d g e  b e t w e e n  ¢ and B i f f  ~ ( ; )  ~ ~ ( ~ ) .  Then d e f i n i n g  an 
o r d e r  r e l a t i o n  < on E s u c h  t h a t  ( E , ~ , s )  s a t i s f i e s  c o n d i t i o n s  ( i )  and 
( i i ) ,  i s  n o t h i n g  b u t  d e f i n i n g  an a c y c l i c  o r i e n t a t i o n  o f  t h e  g r a p h  

G ( E , 6 , ~ )  ( i . e .  an o r i e n t a t i o n  o f  each  edge  such  t h a t  t h e  g r a p h  d o e s  n o t  
c o n t a i n  c y c l e s ) .  

Subheap, L e t  ( E , ~ , E )  be a heap  and F a s u b s e t  o f  E. L e t  6 '  be t h e  
r e s t r i c t i o n  o f  s t o  F. L e t  ~ be t h e  r e l a t i o n  d e f i n e d  on F by  ~ ~ B i f f  
• ~B and s ( ¢ )  f s ( B ) .  L e t  4 '  be t h e  t r a n s i t i v e  c l o s u r e  o f  ~ .  Then  
( F , ~ '  , s ' )  i s  c a l l e d  a subheap. 

D e f i n i t i o n  2 . 4 .  L e t  ( E , ~ , 6 )  and ( E ' j ~ ' , e ' )  be two h e a p s  o f  p i e c e s  in  P 
w i t h  t h e  same c o n c u r r e n c y  r e l a t i o n  ~ .  We s a y  t h a t  t h e y  a r e  i s omorph i c  
i f f  t h e r e  e x i s t s  a b i j e c t i o n  ¢ : E  ~ E' w h i c h  i s  a p o s e t  i s o m o r p h i s m  
( i . e .  ¢ ~  in  E i f f  ~ ( ~ ) ~ ' ¢ ( B )  in  E ' )  ~ and such  t h a t  e = e ' o ~ .  
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D e f i n i t i o n  2 . 5 .  A heap o f  p i e c e s  ( i n  F r e n c h  : empi lement  de p ieces )  i n  
P w i t h  c o n c u r r e n c y  r e l a t i o n  ~ i s  a l a b e l e d  h e a p  ( d e f i n i t i o n  2 . I )  

d e f i n e d  up t o  a h e a p  i s o m o r p h i s m  ( o r  e q u i v a l e n c e  c l a s s ~  f o r  
i s o m o r p h i s m ~  o f  l a b e l e d  h e a p s ) .  

In t h e  f o l l o w i p g ,  a h e a p  w i l l  be d e n o t e d  by  one  o f  i t s  
r e p r e s e n t a t i v e  ( E , ~ , ~ )  c.r E f o r  s h o r t .  We w i l l  s o m e t i m e s  use  t h e  
n o t a t i o n  E = ( E ~ e ) ,  We w i l l  a g a i n  s a y  t h a t  t h e  e l e m e n t s  o f  E a r e  
p i e c e s ,  and  c a l l  t h e  o r d e r  r e l a t i o n  ~ as  " t o  be a b o v e " .  The s e t  o f  a l l  
f i n i t e  h e a p s  w i t h  p i e c e s  in  P and  c o n c u r r e n c y  r e l a t i o n  ~ i s  d e n o t e d  by 
H ( P , ~ ) .  

Lemma 2 . 6 .  Any a u t o m o r ~ P ~ s m  ~ 2 f  a l a b e l e d  heap  ( E , ~ , ~ )  ! s  t r i v i a !  
( i . e .  i s  t h e  i d e n t i t ~ . m ~ p _ o f  E) . 

P r o o f ,  F o r  a n y  b a s i c  p i e c e  aEP,  e - Z ( a )  i s  a f i n i t e  c h a i n  o f  E ( f r o m  ( i )  
and  t h e  r e f l e x i v i t y  o f  ~) . The r e l a t i o n  ~ : £ o ~  i m p l i e s  t h a t  ~ p r e s e r v e s  
t h i s  c h a i n .  As i t  i s  a p o s e r  a u t o m o r p h i s m ,  we d e d u c e  t h a t  ~ i s  t h e  

d e n t i t y  map.  

L e t  an be t h e  n u m b e r  o f  h e a p S o f  H ( P , ~ )  h a v i n g  n p i e c e s .  F rom 
emma 2 . 6 ,  we d e d u c e  t h a t  t h e  n u m b e r  b n o f  l a b e l e d  h e a p s ,  w i t h  s e t  o f  
a b e l s  a n y  s e t  o f  n e l e m e n t s  as  f o r  e x a m p l e  E = { 1 , 2 , . . . ~ n } ,  i s  

b n = n ! a  n. When e n u m e r a t i n g  h e a p s  ( r e s p .  l a b e l e d  h e a p s )  we w i l !  use  t h e  
o r d i n a r y  ( r e s p .  e x p o n e n t i a l )  g e n e r a t i n g  f u n c t i o n  £ a n t  n ( r e s p .  ~ b n 
t n / n ! ) ,  n~O n>O 

tn f a c t ~  l a b e l e d  h e a p s  a r e  an e x a m p l e  o f  J o y a l ' s  spec ies  [ 3 8 ] .  
H e a p s  a r e  t h e  c o r r e s p o n d i n g  t ype of  spec ies .  

I ~ f i n i t i o n  2 . 7 .  L e t  E and  F be two h e a p s  o f  H ( P , ~ ) .  t h e  p roduc t  H:E®F 
( o r  s u p e , ' p o s i t i o n  o f  F o v e r  E) i s  t h e  h e a p  H d e f i n e d  by t h e  f o l l o w i n g  : 
i f  E = ( E , ( , s )  , F : ( F ~ g , e ' )  , H = ( H , ~ , e " ) ,  t h e n  

E F H 

( i )  H :E+F ( d i s j o i n t  u n i o n  o f  E and F) 

( i  i )  ~ "  i s  t h e  u n i q u e  map 6 " : H ~ P  w h i c h  r e s t r i c t i o n  t o  E ( r e s p .  F) 
i s  ~ ( r e s p .  ~ ) .  

i )  t h e  o r d e r  r e l a t i o n  ~ i s  t h e  t r a n s i t i v e  
H 

f o l l o w i n g  r e l a t i o n  ~ f o r  ~ , B  E H, • ~ B i f f  

~ , ~  E E and  ~ 
E 

o r  - ~ , B  E F and  ~ B  
F 

o r  - ~ E E , ~ E F  and  ~ ( ~ ) ~  ~ '  ( B ) -  

c l o s u r e  o f  t h e  

Remark  t h a t  E and  F a r e  s u b h e a p s  o f  E®F. 

Such  a d e f i n i t i o n  i s  c o m p a t i b l e  w i t h  i s o m o r p h i s m s  and  t h u s  i s  
w e l l  d e f i n e d  on t h e  s e t  H ( P ~ )  o f  h e a p s .  

T h i s  p r o d u c t  o f  h e a p s  i s  a s s o c i a t i v e  and  H ( P , ~ )  i s  a monoid j  
c a l l e d  t h e  heap monoid,  w h i c h  n e u t r a l  e l e m e n t  i s  t h e  empty heap d e n o t e d  
by  ~ . 
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An e l e m e n t  ~ o f  P wi I I be i d e n t i f i e d  w i t h  a h e a p  r e d u c e d  t o  a 
s i n g l e  p i e c e .  The h e a p  E®~ i s  s a i d  t o  be o b t a i n e d  by  a d d i n g  ( o r  
p u t t i n g )  t h e  ( b a s i c )  p i e c e  ~ above t h e  h e a p  E. Any h e a p  E i s  a p r o d u c t  
( i n  g e n e r a l  in  s e v e r a l  d i f f e r e n t  ways )  o f  i t s  ( b a s i c )  p i e c e s .  Remark  
t h a t  f o r  a n y  two b a s i c  p i e c e s .  

(1)  ~ , B E P ,  ~®B=B®~ i f f  ~ ¢ a ( i . e .  ~ and  B a r e  n o t  in  c o n c u r r e n c y ) .  

The p r o d u c t  o f  h e a p s  i s  a l e f t  and  r i g h t  s i m p l i f i a b l e  p r o d u c t ,  
t h a t  i s  : E e F = E e F '  ~ F=F ~ and E®F=E '®F ~ E=E ~ . I f  E e l = F ,  f o r  ~EP and  
E , F E H ( P , ~ )  j we w i l l  s a y  t h a t  E s o b t a i n e d  by  d e l e t i n g  t h e  p i e c e  ~ f r o m  
t h e  t o p  o f  t h e  h e a p  F. 

D e f i n i t i o n  2 . 8 .  A t r i v i a l  h e a p  s a h e a p  s u c h  t h a t  t h e  o r d e r  r e l a t i o n  
i s  t r i v i a l ,  t h a t  i s  no p i e c e s  a r e  a b o v e  a n o t h e r .  

We w i l l  d e n o t e  by T ( P , ~ )  t h e  s e t  o f  t r i v i a l  h e a p s  o f  H ( P j ~ ) .  I f  
t h e  c o n c u r r e n c y  r e l a t i o n  ~ i s  ~ e m p t ~  e v e r y  h e a p  i s  t r i v i a l  and  t h e  h e a p  
m o n o i d  H ( P , ~ )  i s  i s o m o r p h i c  t o  t h e  f r e e  c o m m u t a t i v e  m o n o i d  g e n e r a t e d  by  

P. 

Lemma 2 . 9 .  Any ~ E E H ( P , ~ )  can  be w r i t t e n  i n  a u n i q u e  w a y a s  a 
& r o d u c t  o f  t r i v i a l  h e a p s  E : T I ® o . . ® T p  A g M t i s f y i n 9  t h e  c o n d i t i o n  : 

(2)  f o r  a n y  l ~ j < p ,  a n y  p i e c e s  o f  T j +  i i s  a b o v e  a ~ i e c e  o f  T j  

I t  s u f f i c e s  t o  t a k e  T t as  t h e  s u b h e a p  f o r m e d  by  t h e  m i n i m u m  
e l e m e n t s  o f  E. T h e n  o n e  can  w r i t e  E = T I®E I .  R e p e a t i n g  r e c u r s i v e l y  t h i s  

f a c t o r i z a t i o n ,  we g e t  t h e  u n i q u e  f a c t o r i z a t i o n  s a t i s f y i n g  ( 2 ) .  

T h i s  f a c t o r i z a t i o n  can  be c h a r a c t e r i z e d  in  a n o t h e r  way .  I t  s 
t h e  u n i q u e  f a c t o r i z a t i o n  i n t o  a p r o d u c t  o f  t r i v i a l  h e a p s ,  e a c h  f a c t o r  
h a v i n g  max imum c a r d i n a l i t y .  

3. The C a r t i e r - F o a t a  commutat ion monoid 

L e t  A be a s e t  and  A ~ be t h e  f r e e  mono id  g e n e r a t e d  by A, t h a t  
i s  t h e  s e t  o f  w o r d s  u = a l a 2 . . . a p  w i t h  t e t t e r s  a i in  t h e  s e t  A ( c a l l e d  
a l p h a b e t ) ,  t o g e t h e r  w i t h  t h e  m u l t i p l i c a t i v e  l aw  c o n c a t e n a t i o n  o f  two 
w o r d s  : u = a l . . a  p and  v z ~ l . . ~ q ,  u v z a t . . a p b l . . b q .  The empty  word  {s 
d e n o t e d  by  e .  

L e t  C be a s y m m e t r i c  and a n t i r e f l e x i v e  r e l a t i o n  on A ( i . e .  aCa 

f o r  e v e r y  a E A ) .  

D e f i n i t i o n  3 . 1 .  
f r e e  m o n o i d  by  
r e l a t i o n s  : 

The  c o m m u t a t i o n  mono id  C o ( A , C )  i s  t h e  q u o t i e n t  o f  t h e  
t h e  c o n g r u e n c e  E c g e n e r a t e d  by  t h e  ( c o m m u t a t i o n )  

(3) f o r  e v e r y  a j b  E A w i t h  a C b,  t h e n  ab a c ba .  

The w o r d s  u and  v a r e  e q u i v a l e n t  i f f  one  c a n  t r a n s f o r m  u i n t o  v 

by  a s e q u e n c e  o f  t r a n s p o s i t i o n s  o f  two  c o n s e c u t i v e  l e t t e r s  a and  b s u c h  
t h a t  a C b .  The m o n o i d s  C o ( A , C )  ~ i n t r o d u c e d  by  C a r t i e r  and  F o a t a  [ 9 ] ,  

a r e  a l s o  c a l l e d  f r e e  p a r t i a l l y  a b e l i a n  m o n o i d s .  
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We s u p p o s e  t h a t  t h e  a l p h a b e t  A i s  t h e  s e t  P o f  b a s i c  p i e c e s  
e q u i p p e d  w i t h  t h e  c o n c u r r e n c y  r e l a t i o n  ~ .  L e t  C = ~ be t h e  c o m p l e m e n t a -  
r y  r e l a t i o n  ( i . e .  a C b i f f  a ~ b ) .  We a r e  g o i n g  t o  show t h a t  t h e  h e a p  
m o n o i d  H ( P , ~ )  i s  a c o m m u t a t i o n  m o n o i d  i s o m o r p h i c  t o  C o ( P , C ) .  

We d e f i n e  t h e  map ~ : P~ ~ H ( P , ~ )  by  t h e  r e l a t i o n  

(4) f o r  w : ~ l ~ 2 . . . ~ n E P  x ~ (w )  = ~1®~2®.  ® ~ n E H ( P , ~ )  j . . • 

In  o t h e r  w o r d s  ~ i s  t h e  u n i q u e  m o r p h i s m  ( o f  m o n o i d s )  s u c h  t h a t  
f o r  ~EP, ~ ( ~ )  i s  t h e  h e a p  i d e n t i f i e d  w i t h  t h e  b a s i c  p i e c e  ~ 

L e t  ( E , ( )  be a p o s e t  h a v i n g  n e l e m e n t s .  A n a t u r a l  l a b e l i n g  o f  
t h e  p o s e t  ( E , ( )  i s  a b i j e c t i o n  f : E 4 [ n ] = { 1 , 2 , . . . , n }  s u c h  t h a t  

(5)  f o r  e v e r y  (x,B E E, ~<1~ =~ f( ix) ({(B)- 

A n o t h e r  e q u i v a l e n t  d e f i n i t i o n  i s  t h e  s o - c a l l e d  / / n e a r  e x t e n s i o n  
o f  a p o s e t .  

Lemma 3 . 2 .  L e t  ( E , ~ , e . )  be a h e a p  o f  H ( P , ~ ) .  F o r  u = ; 1 - - - ~ n  E t p - l ( E ) ,  
l e t  X ( u )  = f be t h e  l a b e l i n g  f : E - , [ n ]  d e f i n e d  by e ( f - l ( i ) )  = (x i .  The  map 
)~ i s  a b i  j e c t i o n  b e t w e e n  t h e  s e t  o f  w o r d s  l p - l ( E )  and  t h e  s e t  .@(E) 
o f  n a t u r a l  l a b e l  in,qs o f  E. 

P r o o f .  a) F rom t h e  d e f i n i t i o n  2 . 7  o f  t h e  p r o d u c t  o f  h e a p s ,  t h e  h e a p  E : 
~ t ® ~ 2 ® . . . ® ~ n  i s  o b t a i n e d  by  a d d i n g  v e r t i c e s  s l , s 2 , . . . S n  t o  t h e  e m p t y  
h e a p ,  w i t h  t h e  map 6 d e f i n e d  by  ~ ( s i )  = e i ,  and  t h e  o r d e r  r e l a t i o n  
d e f i n e d  by  

(6) ( i s  t h e  t r a n s i t i v e  c l o s u r e  o f  t h e  r e l a t i o n  M d e f i n e d  by  s i  M s j  
i f f  i ( j  and  ~ i  ~ ~ j -  

T h u s  t h e  map f : X ( ~ ] . . ~ n )  d e f i n e d  by f ( s i )  : i i s  a n a t u r a l  l a b e l i n g  o f  
E. 

b) C o n v e r s e l y ,  l e t  f :  E -~ I n ]  be a n a t u r a l  l a b e l  i n g  o f  E. L e t  
t l = f - l ( i )  E E ( l ( ; i ~ n )  and  B i = ~ . ( t i ) .  L e t  F be t h e  h e a p  F : I P ( B I . . . I ~ n ) .  We 
c a n  i d e n t i f y  t h e  v e r t i c e s  o f  t h e  two h e a p s  E and  F. We show t h a t  t h e s e  
h e a p s  a r e  i s o m o r p h i c .  I f  s ~ t ,  t h e n  f r o m  h e a p  a x i o m  ( i i ' ) ,  t h e r e  

E 

e x i s t s  a s e q u e n c e  t i  = s ~ . . .  ~ t  i = t o f  v e r t i c e s  o f  E s u c h  t h a t  f o r  
1 E E k 

t~' t i  . As t h e  map t i , i  i s  a n a t u r a l  l a b e l  i n g  o f  E, t h e n  j , l ( j < k ,  tll j+1 

i l ( . . . ( i  k .  F rom t h e  d e f i n i t i o n  o f  t h e  p r o d u c t  I~1®S2® . . .  ®an ~ we 
d e d u c e  t i  ( t i and  t h u s  s ( t .  The h e a p s  E and  F a r e  i s o m o r p h i c  and  

j F j + l  F 

I ~ 1 ® . . . ® B n  E W } ' I ( E ) .  

C o m b i n i n g  a) and b) t h e  map X i s  a s u r j e c t i o n  f r o m  ~ ' i ( E )  o n t o  
.@(E). As i t  i s  o b v i o u s l y  an  i n j e c t i o n ,  t h e  lemma i s  p r o v e d .  

r3 
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L e ~  3 , 3 .  For  e v e r y  heap  E £ H ( P , ~ ) ,  t h e  s e t  of__.wprds ~ - I ( E )  i s  an 
e q u . i v a l e n c e  c l a s s  f o r  t h e  c o m m u t a t i o n  r e l a t i o n  ~c .  

P r O O f .  a) I f  ~ and ~ a r e  two b a s i c  p i e c e s  n o t  in  c o n c u r r e n c y ,  t h e  two 
h e a p s  ~®~ and  ~®~ a r e  t r i v i a l  ( d e f i n i t i o n  2 . 8 . )  Thus  ~®~=8®~. 
F o r  u , v  ~ P ~  we d e d u c e  t h a t  u ~c v i m p l i e s  ~ ( u )  = ~ ( v ) .  

b) C o n v e r s e l y  l e t  U : ~ l . - . ~ n  and v : B I . . . B n  be two w o r d s  such  
t h a t  l ( ~ l . . . ~ n ) = ~ ( B 1 . . . ~ n )  i s  t h e  heap E. As in t h e  p r o o f  a) o f  lemma 
3 . 2 ,  l e t  s i ~ . . - , s n  be t h e  v e r t i c e s  o f  E = ( E , ~ , 6 )  w i t h  e ( s i ) = ~  i .  From 
( 6 ) ,  t h e  v e r t e x  s i o f  E i s  m i n i m a l  ( f o r  4) i f f  no p i e c e s  ~ j ,  l ( j < i  a r e  
in c o n c u r r e n c y  w i t h  ~ i~  t h a t  i s  ~ i  commutes  w i t h  a l l  t h e  l e t t e r s  
l o c a t e d  a t  i t s  l e f t  in  t h e  wo rd  u : ~ l . . ~ n -  We can  w r i t e  u ~c u l u l  
w h e r e  u l  i s  t h e  wo rd  c o n t a i n i n g  a l l  t h e  l e t t e r s  ( c o m m u t i n g  two by  two)  
o f  u c o r r e s p o n d i n g  t o  m i n i m a l  e l e m e n t s  o f  E. 

S i m i l a r l y ,  we can  w r i t e  v ac  v~v~  , w h e r e  v t  i s  t h e  w o r d  
c o n t a i n i n g  a l l  t h e  l e t t e r s  ( c o m m u t i n g  two by  two)  o f  v c o r r e s p o n d i n g  t o  
m i n i m a l  e l e m e n t s  o f  E. 

Thus  u t  Ec v t  and ~ ( u l ) = ~ ( V l )  is  t h e  s u b h e a p  E1 o b t a i n e d  f r o m  E 
by d e l e t i n g  a l l  i t s  m i n i m a l  e l e m e n t s  (see lemma 2 . 9 ) .  

By a r e c u r r e n c e  on t h e  common l e n g t h  o f  t h e  w o r d s  u and v ,  we 
d e d u c e  t h a t  u and v a r e  e q u i v a l e n t  m o d u l o  m c 

D 
C o m b i n i n g  temmas 3 . 2  and 3 . 3 ,  we d e d u c e  

P t o p o s i t l o n  3 . 4 .  L e t  H ( P , ~ )  be  a heap m o n o i d  w i t h  p i e c e s  in  P and 
c o n c u r r e n c y  r e l a t i o n  ~ .  L e t  C be t h e  c o m p l e m e n t a r y  r e l a t i o n  o f  ~ .  
The m o r p h  sm £ f  m o n o i d  ~: pX ~ H ( P , ~ )  d e f i n e d  by  (4) i n d u c e s  an 
i s o m o r p h i s m  ~ b e t w e e n  t h e  m o n o i d  H ( P , ~ )  and t h e  c o m m u t a t i o n  m o n o i d  
C o ( P , C ) .  

t may be u s e f u l  t o  r e s t a t e  t h e  d e f i n i t i o n  o f  t h i s  s o m o r p h i s m  
~ : C o ( P , C )  ~ H ( P , ~ ) ,  t o g e t h e r  w i t h  i t s  ma in  p r o p e r t i e s  c o m i n g  f r o m  t h e  
p r o o f  o f  temmas 3 . 2  and 3 . 3 .  

a) L e t  u be an e l e m e n t  o f  C o ( P , C ) . C h o o s e  any  r e p r e s e n t a t i v e  
u = ~ 1 ¢ 2 . . . ~  n o f  t h i s  c l a s s  o f  w o r d s .  Then t h e  heap  ~ ( u ) = ~ l ® ~ ® . . . ® ~  n i s  
i n d e p e n d e n t  o f  t h e  c h o i c e  o f  uEu and w i l t  be d e n o t e d  by 6 ( u ) .  

b) C o n v e r s e l y ,  i f  E : ( E , ~ , a )  i s  a heap o f  H ( P , ~ ' ) ,  t a k i n g  any  
n a t u r a l  l a b e l  i ng  f :  E -* [ n ]  o f  t h e  p o s e t  ( E ~ )  j we d e f i n e  a word  
u = u l . . . u n  w i t h  u i = ~ . ( f - l ( i ) ) . L e t  u be t h e  e q u i v a l e n c e  c l a s s  o f  u f o r  ~C. 
Then  t h e  map E -, u i s  t h e  r e v e r s e  b i j e c t i o n  o f  t h e  b i j e c t i o n  
~ :Co  (P,C)  -, H (P,~') . 

c) L e t  5 be a c o m m u t a t i v e  c l a s s  o f  C o ( P , C )  and u : ¢ l . . . ~ n  be one 
o f  i t s  r e p r e s e n t a n t s .  We d e f i n e  a p o s e t  ( [ n ] , ~ )  in  t h e  f o l l o w i n g  way .  
The v e r t i c e s  a r e  t h e  i n t e g e r s  1 , 2 , . . , n .  The o r d e r  r e l a t i o n  ~ i s  d e f i n e d  
by  t h e  f o l l o w i n g  r e l a t i o n  

(7) i ( j  i f f  t h e r e  e x i s t s  a s e q u e n c e  l ~ i ; : i < . . . < i k : j ( n  such  t h a t  t h e  
l e t t e r s  ~ i  and ~ i  do n o t  commute  ( f o r  l ( j < k ) .  

j j + l  
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D e f i n i n g  t h e  map ~,: i n ]  -* P by 6 ( i ) : e ~ i ~  we h a v e  now a l a b e l e d  
h e a p  E ( u )  : ( [ n ] , ~ , F , ]  w h i c h  i s  a r e p r e s e n t a n t  o f  t h e  h e a p  ~ ( u ) .  T h i s  
l a b e l i n g  f o f  t h e  v e r t i c e s  o f  ~ ( u )  by  t h e  i n t e g e r s  1 , 2 , . . . , n  i s  a 
n a t u r a l  l a b e l i n g .  The  m~p u -~ f i s  a b i j e c t i o n  b e t w e e n  t h e  w o r d s  o f  t h e  
e q u i v a l e n c e  c l a s s  u and  t h e  n a t u r a l  l a b e l  i n g s  ( o r  l i n e a r  e x t e n s i o n s )  o f  
t h e  p o s e t  u n d e r l y i n g  t h e  h e a p  ~ ( F j ) .  

R e m a r k  t h a t  t h e  o r d e r  r e l a t i o n  d e f i n e d  by  (7)  i s  t h e  t r a n s i t i v e  
c l o s u r e  o f  t h e  r e l a t i o n  d e f i n e d  by  C o r i  and  M 6 t i v i e r  f r o m  t h e  d i r e c t e d  
g r a p h  d e n o t e d  by  £ ( u )  i n  [ 1 2 ] .  A l s o ,  t o  g i v e  t h e  l a b e l e d  h e a p  E ( u )  = 
( [ n ] , ~ , 6 )  i s  e q u i v a l e n t  t o  g i v e  t h e  s o - c a l l e d  "dependency g raph"  o f  t h e  
w o r d  u i n t r o d u c e d  by  P e r r i n  i n  [ 4 3 ] .  

I f  we r e s t a t e  lemma 2 . 9  in  t e r m s  o f  c o m m u t a t i o n  m o n o i d s ,  
we g e t  t h e  c l a s s i c a l  p r o p e r t y  ( s e e  C a r t i e r ,  F o a t a  [ 9 ] )  : 

C o r o l l a r y  3 . 5 .  L e t  u be a w o r d  o f  pX and  C o ( P , C )  be a c o m m u t a t i o n  
m o n o i d .  T h e n  u can  be w r i t t e n  in  a u n i q u e  w&Z u : ~ l . . u p  w h e r e  e a c h  u j  
i s  a b l o c k  o f  l e t t e r s  c o m m u t i n q  two by  twO,  and  f o r  e a c h  p a i r  o_~_f 
c o n s e c u t i v e  b l o c k s  U j U j + t J  any  e t t e r  o f  Uj+  t d o e s  n o t  commute  w i t h  a t  

l e a s t  a l e t t e r  o f  u j .  

T h i s  u n i q u e  f a c t o r i z a t  On i s  c a l l e d  t h e  normal form o f  u in  
[ 4 3 ]  and  V - f a c t o r i z a t i o n  in  C a r t i e r - F o a t a  [ 9 ] .  tn  f a c t  t h i s  c o r o l l a r y  
a l s o  comes f r o m  p a r t  b) o f  t h e  p r o o f  o f  lemma 3 . 3 .  

4.  G r a p h s ,  Heaps and Posers  

L e t  P and  B be two  s e t s  and  l e t  ~ : P ~  ~ ( B )  be a map f r o m  P i n t o  
t h e  s e t  o f  non  e m p t y  s u b s e t s  o f  B. We d e f i n e  t h e  c o n c u r r e n c y  r e  a t i o n  
by  t h e  r e l a t i o n .  

(8)  f o r  a , b  E P , a ~ b i f f  ~ ( a )  n ~ ( b )  t ~' . 

In  t h i s  f u n d a m e n t a l  e x a m p l e  o f  h e a p s ,  t h e  h e a p  m o n o i a  H ( P , ~ )  
w i l l  a l s o  be d e n o t e d  by  H ( P , ~ , B ) .  The s e t  B i s  c a l l e d  t h e  bas is .  The 
s u b s e t  ~ ( a )  i s  c a l l e d  t h e  suppor t  o f  t h e  b a s c  p i e c e  a E P. 

L e t  E = ( E , ~ , 6 )  be a h e a p  o f  H ( P , #  B) and  ¢ E E be a p i e c e  o f  
E. The  s u b s e t  #o£  (~) w i l l  a l s o  be c a l l e d  t h e  suppor t  o f  t h e  p i e c e  ¢. We 
s a y  t h a t  two  p i e c e s  ~ , B  E E ( r e s p .  b a s i c  p e c e s  a~b E P) a r e  d i s j o i n t  
i f  t h e i r  s u p p o r t  a r e  d i s j o i n t .  In  t h e  c o n t r a r y ~  t h a t  i s  6 ( ~ )  ~ 6 (B) 
( r e s p .  a ~ b) t h e y  a r e  s a i d  t o  be i n t e r s e c t i n g .  Two h e a p s  E and  F a r e  

s a i d  t o  be i n t e r s e c t i n g  f f  one  p i e c e  o f  E i n t e r s e c t s  one  p i e c e  o f  F. 

E x a m p l e  4 , 1 .  L e t  B = 2 a n d  P be t h e  s e t  o f  dimers ,  t h a t  i s  t h e  s e t  o f  
s u b s e t s  o f  t h e  f o r m  { i ,  + 1 } ,  iEZ . We d e f i n e  ~ as  t h e  r e s t r i c t i o n  t o  P 
o f  t h e  i d e n t i t y  map o f  ~ ( B ) . T h e  h e a p  d i s p l a y e d  on F i g . 3  i s "  i s o m o r p h i c "  
t o  t h e  h e a p  o f  F i g . 2 .  ( h e r e  t h e  t e r m  " i s o m o r p h i c "  w o u l d  be an e x t e n s i o n  
o f  d e f i n i t i o n  2 . 4  t o  t h e  c a s e  o f  two  h e a p s  w i t h  d i f f e r e n t  s e t  o f  b a s i c  
p i e c e s ~  s e e  b e l o w  j u s t  b e f o r e  r e m a r k  4 . 4 } .  
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F i g . 3 .  A heap  o f  d i m e r s  on 2. 

© 

E x a m p l e  4 . 2 .  L e t  B : [ 0 , 8 ]  x [ 0 , 8 ]  and P as in  e x a m p l e  2 . 2 .  L e t  ~ be 
t h e  r e s t r i c t i o n  t o  P o f  t h e  i d e n t i t y  map o f  ~ ( B ) .  Heaps  o f  H ( P , ~ , B )  
we re  c o n s i d e r e d  in  e x a m p l e  2 . 2  and a r e  v i s u a l i z e d  on F g . 1  o f  t h e  
i n t r o d u c t i o n .  

In f a c t ,  any  heap  m o n o i d  H ( P , ~ )  can  be d e n t i f i e d  w th  a heap  
m o n o i d  H ( Q , ~ , B ) .  Fo r  t h a t ,  we need  t h e  f o l l o w i n g  d e f i n i t i o n .  

D e f i n i t i o n  4 . 3 .  L e t  ~ be a c o n c u r r e n c y  r e t a t  on ( i . e .  s y m m e t r i c  and 
r e f l e x i v e )  on t h e  s e t  P. The c o n c u r r e n c y  g r a p h  i s  t h e  g r a p h  G(~)  w i t h  
v e r t i c e s  in  P and w i t h  e d g e s  { a , b }  E A i f f  a ~ b and a ~ b .  

L e t  B = PuA. For  each  a E P, we d e f i n e  t h e  s u b s e t  # ( a )  o f  B by  

(9) # ( a )  = { a }  u { { a , b } E A } .  

The map 
p (a) n~ (b) ~ 
• (B) .  

Any heap  ( E , ~ , e )  ~ H ( P , ~ )  
i s  " i s o m o r p h i c "  t o  a heap (E' ,~ '~#) o f  
H ( Q , ~ , B ) ~  i . e .  t h e r e  e x i s t s  a p o s e t  
i s o m o r p h i s m  ~ :E  ~ E' and a b i j e c t i o n  

~:  P ~ Q " p r e s e r v i n g "  t h e  c o n c u r r e n c y  
r e l a t i o n s  o f  P and Q, s u c h  t h a t  t h e  
f o l l o w i n g  d i a g r a m  i s  c o m m u t a t i v e  

i s  a b i j e c t i o n  b e t w e e n  P and ,u (P)=Q.  Now a ~' b i f f  
L e t  If be t h e  r e s t r i c t i o n  t o  Q o f  t h e  i d e n t i t y  map o f  

E 
E ) P 

E' -~ Q 7 (B) 
7T 

R e m a r k  4 . 4 .  The c o n s t r u c t i o n  o f  t h e  map p d e f i n e d  by (9) i s  r e l a t e d  t o  
t h e  s o - c a l l e d  l i n e  g r a p h  (o r  m e d i a n  g r a p h )  o f  t h e  c o n c u r r e n c y  g r a p h  
e (~ ) .  

I f  t h e  g r a p h  G(~)  i s  r e p r e s e n t e d  by p o i n t s  o f  ~e j o i n e d  by 
s e g m e n t s ,  t h e n  one can r e p r e s e n t  p ( a )  as t h e  s e t  o f  p o i n t s  f o r m e d  by 
t h e  v e r t e x  a and t h e  m i d d l e  o f  t h e  e d g e s  c o n t a i n i n g  t h i s  v e r t e x  a.  The 
p i e c e s  l o o k  l i k e  s t a r f i s h e s  ( see  F i g . 4 ) .  
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The  m o n o i d  H ( Q , ~ , B )  c o n s t r u c t e d  a b o v e  f r o m  P and  ~ w i l l  be 

c a l l e d  a S t a F f  sh m o n o i d .  

P r e p o s i t i o n  4 . 5 .  E v e r y  h e a p  m o n o i d  i s  i s o m o r p h i c  t o  a s t a r f i s h  m o n o i d .  

Concurrency g r a p h  

F i g . 4 .  A h e a p  o f  s t a r f i s h e s .  

P r o p o s i t i o n  4 . 6 .  Every.p___Aset ( E , ~ )  £ a n  be r e p r e s e n t e d  a s  t h e  u n d e r l y  
p o s e t  o f  a h e a p  ( E , ~ , 6 ) .  

ng 

F o r  t h e  p r o o f  o f  t h i s  p r o p o s i t i o n ,  we n e e d  t h e  f o l l o w  ng 
d e f i n i t i o n s .  

L e t  ( E , ~ )  be a p o s e t  and  9 : ( C i )  iE I be a f a m i l y  o f  c h a i n s .  We 
s a y  t h a t  ~ s t r o n g l y  c o v e r s  E i f f ,  f o r  e v e r y  p a i r  ~ , B  o f  e l e m e n t s  o f  E 
s u c h  t h a t  ~ c o v e r s  ~ ( i . e .  ~ and  B a r e  c o n n e c t e d  by  an e d g e  in  t h e  
H a s s e  d i a g r a m  o f  E) ~ t h e n  t h e r e  e x i s t s  a c h a i n  C i o f  ~ c o n t a i n i n g  b o t h  

and  B . 

L e t  ~ -- ( C i )  iE ! be  s u c h  a f a m i l y  ( a l w a y s  e x i s t s ) .  We t a k e  as  
b a s i s  t h e  s e t  B - - [ . T h e  b a s i c  p i e c e s  a r e  t h e  s u b s e t s  o f  ][ and  ~ i s  t h e  
i d e n t i t y  o f  P = P ( [ ) .  We d e f i n e  t h e  map ~. : E ---e p by  F . ( ~ ) = {  E I , e E C t } .  
The  c o n c u r r e n c y  r e l a t i o n  ~' i s  d e f i n e d  by  ( 8 ) .  

The t r i p l e  ( E , ~ , 6 )  s a t i s f i e s  c o n d i t i o n  ( i )  o f  d e f i n  t i o n 2 j  o f  
l a b e l e d  h e a p  : i f  ~ , B E E ,  £ ( ~ ) ~  6 ( B )  i m p l i e s  t h a t  ~ and  B be o n g s  t o  a 
same c h a i n  C i o f  ~ .  C o n d i t i o n  ( i i )  o f  d e f i n i t i o n 2 ~  f o l l o w s  f r o m  t h e  
s t r o n g l y  c o v e r i n g  p r o p e r t y .  B 

I t  w o u l d  be i n t e r e s t i n g  t o  r e p r e s e n t  some known  f a m i l i e s  o f  
p o s e t s  as  f a m i l i e s  o f  h e a p s  H ( P , ~ , 8 ) _  Is  i t  p o s s i b l e  t o  g i v e  a p o s e t  
c h a r a c t e r i z a t i o n  o f  t h e  p o s e t s  u n d e r l y i n g  h e a p s  o f  a g i v e n  h e a p s  m o n o i d  
Many  q u e s t i o n s  a r i s e  a b o u t  r e p r e s e n t a t i o n s  o f  p o s e t s  w i t h  h e a p s .  H e r e  
we w i l l  m a i n l y  be i n t e r e s t e d  in  h e a p s  as  a t o o l  f o r  c o m b i n a t o r i a l  

e n u m e r a t i o n  and  c o m b i n a t o r i a l  i n t e r p r e t a t i o n  o f  c l a s s i c a l  r e s u l t s  o r  
i d e n t i t i e s .  N e v e r t h e l e s s  we w i l t  m e n t i o n  t h e  1 o l l o w i n g  p r o p e r t y .  

L e t  E : ( E , ~ , ~ , )  be a h e a p  o f  H ( P , T f , B ) .  F o r  xEB,  t h e  f i b e r  o f  E 
o v e r  x i s  t h e  s e t  d e f i n e d  by 

(10 )  Fx (E) : { Ix E E, x E 1TOF.(IX)} 
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Such  f i b e r s  a r e  cha  ns .  The f a m i l y  { F x  ( E ) } x e  B s t r o n g l y  c o v e r s  
t h e  p o s e t  ( E , ~ ) .  

The  m i n i m u m  c a r d i n a l i t y  o f  t h e  b a s i s  s e t  B s u c h  t h a t  t h e  p o s e t  
( E , ~ )  i s  r e a l i z e d  as  a h e a p  o f  H ( P , ~ , B )  i s  t h e  m i n i m u m  n u m b e r  o f  c h a i n s  

s t r o n g l y  c o v e r i n g  E. T h i s  n u m b e r  i s  n o t  t e s s  t h a t  t h e  m i n i m u m  n u m b e r  o f  
c h a i n s  c o v e r i n g  E. T h i s  l a s t  n u m b e r  i s  m o r e  c l a s s  c a l  i n  p o s e t  t h e o r y  
a n d ,  f r o m  D i i w o r t h ' s  t h e o r e m  i s  known  t o  be e q u a l  t o  t h e  max imum 
c a r d i n a i i t y  o f  a n t i c h a i n s  o f  E ( s e t  o f  e l e m e n t s  two  by  two  

n c o m p a r a b l e ) .  

The r e a d e r  may a s k  t h e  i n t e r e s t  o f  i n t r o d u c i n g  t h e  map P ---) ~ ( B )  
n s t e a d  o f  s i m p l y  i n t r o d u c  ng t h e  b a s i c  p i e c e s  as  s u b s e t s  o f  B. We w i l l  

n e e d  b a s i c  p i e c e s  w h e r e  a comb n a t o r  a l  s t r u c t u r e  i s  d e f i n e d  on t h e i r  
s u p p o r t .  An i m p o r t a n t  e x a m p l e  w i l l  be h e a p s  o f  c y c l e s .  H e r e  P i s  t h e  
s e t  o f  a l l  c y c l e s  o f  B ( i n  t h e  s e n s e  o f  c y c l e  o f  p e r m u t a t i o n  : t h a t  i s  
a c i r c u l a r  p e r m u t a t i o n  on a s u b s e t  o f  B ) .  The map ~ a s s o c i a t e s  t o  a 

c e s .  An e x a m p l e  i s  d i s p l a y e d  on F i g . 5 .  
s d e f  ned  by  t h e  f i b e r s  ( c o r r e s p o n d i n g  

c y c l e  i t s  u n d e r l y i n g  s e t  o f  v e r t  

The  o r d e r  ~ b e t w e e n  t h e  c y c l e s  
t o  t h e  v e r t i c a l  l i n e s ) .  

I 2 3 5 6 

F i g . 5 .  A h e a p  o f  c y c l e s  on ~. 

5. Heap Generat ing f u n c t i o n s  

L e t  H ( P , ~ )  be a h e a p  m o n o i d  w i t h  b a s i c  p i e c e s  in  P and  
c o n c u r r e n c y  r e l a t i o n  ~ .  L e t  ~ [ [ X ] ]  be t h e  a l g e b r a  o f  f o r m a l  p o w e r  
s e r i e s  w i t h  v a r i a b l e s  i n  a s e t  X ( n o t  n e c e s s a r i l y  f i n i t e )  and  w i t h  
c o e f f i c i e n t s  in  t h e  c o m m u t a t i v e  r i n g  ~ .  We d e f i n e  a v a l u a t i o n  ( o r  
w e i g h t  f u n c t i o n )  as  a map v : P ---) ~ [ [ X ] ]  w h i c h  a s s o c i a t e s  t o  e v e r y  
b a s i c  p i e c e  ~EP a p o w e r  s e r i e s v ( ~ )  h a v i n g  no c o n s t a n t  t e r m .  T h i s  l a s t  
c o n d i t i o n  i s  n e c e s s a r y  f o r  t h e  s u m m a b i l  i t y  o f  h e a p s  g e n e r a t i n g  
f u n c t i o n s ,  In  g e n e r a l ,  m o s t  e x a m p l e s  o f  t h e  t h e o r y  w i l t  be s u c h  t h a t  
v ( ~ )  i s  a m o n o m i a t  i n  v a r i a b l e s  f r o m  X. 

The  v a l u a t i o n  ( o r  w e i g h t )  v ( E )  o r  a h e a p  E = ( E , ~ , G )  i s  t h e  
p r o d u c t  o f  t h e  v a l u a t i o n s  o f  i t s  p i e c e s  v ( E )  = ~ v ( 6 ( ~ ) ) .  

tn  a l l  t h i s  w o r k ~  we s u p p o s e  t h a t  t h e  v a l u a t i o n  v s a t i s f i e s  t h e  

f o l l o w i n g  c o n d i t i o n  
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(11) 
f o r  e v e r y  monomia l  J~ n the v a r i a b l e s  X, t h e r e  e x i s t s  a f i n i t e  
number o f  heaps E of  H(P,~)  such t h a t  the  c o e f f i c i e n t  o f  J~ in 
the  s e r i e s v ( E )  is  ~ O. 

T h i s  c o n d i t i o n ,  wh ich  s s a t i s f i e d  when the  s e t  P o f  b a s i c  
p i e c e s  is  f i n i t e ,  i m p l i e s  the  summabi l i t y  o f  the heaps g e n e r a t i n g  
f u n c t i o n  ~ v ( E ) .  

P r o p o s i t i o n  5 . 1 .  ( I n v e r s i o n  lemma) L e t  H(P ,~ )  be A heap mono d w i t h  a 
v a l u a t i o n  v s a t i s f y i n f i  ( 11 ) .  The g e n e r a t i n g  f u n c t i o n  o f  the  w e i g h t e d  
b~aPS o f  H ( P ~ )  i s  g i v e n  ~£ 

(12) v (E) = IFI 
EEH (P,~') ( -1)  v (F) 

FET (P, 'i~) 

where T(P,~ ' )  d e n o t e s  the  s e t  o f  t r i v i a l  heap__#_ ( d e f i n i t i o n  2 . 8 ) .  

(13) 

The i d e n t i t y  (12) is  e q u i v a l e n t  to the  i d e n t i t y  

> IF1 
( -1)  v(E v (F)  = 1 , 

(E,F) 

where the  summat ion  is  o v e r  a l l  pa rs  (E,F) of  HT--H(P,~') x T ( P , ~ ' ) .  

Le t  M(E,F) be the  s e t  of  p i e c e s  fo rmed by the  p i e c e s  o f  F and 
the  max ima l  p i e c e s  o f  E w h i c h  a r e  no t  in c o n c u r r e n c e  w i t h  p i e c e s  o f  F. 
L e t  L be a n o n - e m p t y  t r i v i a 1  heap.  In t he  summat ion  ( 1 3 ) ,  we s e l e c t  
o n l y  p a i r s  (E,F) such t h a t  M(E,F)  = L. We can w r i t e  L=LI®L 2 w i t h  
E=EI®L1 and F=L2(see  F i g . 6 ) .  Thus,  we have the  i d e n t i t y  

( -1)  v (L )  v (E1)  , 

(E,F)EHT E1 L t , L 2 E T ( P , ~ ' )  
M (E~ F) =L L=L 1eL2 

where the  f i r s t  summat ion  of  the  r i g h t  h a n d - s i d e  is  ove r  heaps 
E1EH(P,~  ) such t h a t  a l l  t h e i r  max ima l  p i e c e s  a re  in c o n c u r r e n c e  w i t h  a t  
l e a s t  a p i e c e  of  L. The second  summat ion  o f  the  r i g h t - h a n d  s i d e  i s  O. 

Thus ,  the  o n l y  n o n - v a n i s h i n g  te rm in (13) is  the p a i r  c o r r e s -  
p o n d i n g  to  M(E,F)  = ~ , t h a t  is  E--~ F--~. I t s  w e i g h t  is  1. 

Q 
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Remark 5 . 2 .  I f  the  r e a d e r  p r e f e r s  a p r o o f  w i t h  b i j e c t i o n s ,  i t  wou ld  be 
p o s s i b l e  to  d e f i n e  a s i g n - r e v e r s i n g  i n v o l u t i o n  on the  s e t  HT. The idea  
is  s i m p l y  to  " t r a n s f e r "  a p i e c e  ~ o f  F on the  top  of  E, or  v i c e - v e r s a  
(see F i g . 6 ) .  We t o t a l l y  o r d e r  the  s e t  P o f  b a s i c  p i e c e s .  For a p a i r  
(E ,F )EHT,  (E,F) ;Z (~ ,~ ) ,w 'e  t a k e  the  s m a l l e s t  p i e c e  o~ o f  M ( E , F ) .  I f  ~ is  

a p i e c e  o f  E, t hen  E:E~elx and we d e f i n e  ~ / ( E , F ) : ( E I , 0 1 ® F ) .  i f  m i s  a 
p i e c e  o f  F, then  F : FI®~ (:re®F1) and we d e f i n e  ~ ( E , F ) : ( E e ~ , F 1 ) .  The 
map ~ ( E , F )  --e (E' , F ' )  i s  an i n v o l u t i o n  such t h a t  

( - t )  F v (E)  v (F )  : - ( - t )  F" v ( E ' ) v ( F ' ) .  

The c o n c u r r e n c y  r e l a t i o n  ~ i s  t h e  i n t e r s e c t i o n  r e t a t ~ o n  

F i g . 6 .  P r o o f  o f  p r o p o s i t i o n  5 . 1 .  

In te rm of  c o m m u t a t i o n  m o n o i d ,  r e l a t i o n  (12) is  n o t h i n g  bu t  
e x p r e s s i n g  the  M S b i u s  f u n c t i o n  of  t h a t  mono id  (see t heo rem 2 . 4  o f  
C a r t i e r ,  F o a t a  [ 9 ] ) .  M6b ius  i n v e r s i o n  o f  p o s e t s  is  a c l a s s i c a l  c h a p t e r  
o f  C o m b i n a t o r i c s  wh ich  has been p o p u l a r i z e d  by Rota [ 4 2 ] .  C o n t e n t ,  
Lemay, L e r o u x  [ 1 1 ]  p r e s e n t  a s y n t h e s i s  o f  Rota and C a r t i e r - F o a t a ' s  
MSbius i n v e r s i o n .  We g i v e  the  f o l l o w i n g  e x t e n s i o n ~  wh ich  g e n e r a l i z e s  a 
p r o p o s i t i o n  o f  D e s a i n t e - C a t h e r i n e  [ 1 4 ] ,  [ 1 5 ] .  

P r o p o s i t i o n  5 . 3 .  Le t  H(P,~') be a heap mono id  w i t h  a v a l u a t i o n  v s a t i s -  
f y i n g  (11 ) .  Le t  M be a s e t  o f  b a s i c  p i e c e s  o f  P. The g e n e r a t i n g  
f u n c t i o n  o f  w e i g h t e d  heaps o f  H(P,~') such t h a t  the  max ima l  p i e c e s  a re  
i__Dn M i_ss R i v e n  b_Y_. 

(14) , w i t h  

D = 

N 
(E) : - V 

D 

EEH (P ,~') 
M a x i m a l  p i e c e s  M 

IFI 
( -1)  v (F )  and 

IDt \ 
N : 2 ( -1)  v ( F ) .  

FET (P\M j~)  FET (P ~ ' )  
where T(P,~ ' )  d e n o t e s  the  s e t  o f  t r i v i a l  heap_& ( d e f i n i t i o n  2 . 8 ) .  
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I t  w o u l d  be p o s s i b l e  t o  d e f i n e  a s i g n - r e v e r s i n g  i n v o l u t i o n  as  
in  r e m a r k  5 . 2  t r a n s f e r i n g  a p i e c e  ~ f r o m  E t o  F,  by  t a k i n g  M ( E , F )  as  
t h e  s e t  o f  m i n i m a l  p i e c e s  o f  E, n o t  in  c o n c u r r e n c e  w i t h  a n y  p i e c e s  o f  
F,  t o g e t h e r  w i t h  t h e  s e t  o f  p i e c e s  o f  F w h i c h  a r e  i n  M o r  i n  
c o n c u r r e n c e  w i t h  a t  l e a s t  one  p i e c e  o f  E. The p a i r s  c o r r e s p o n d i n g  t o  
N ( E , F )  = ~ a r e  t h e  p a i r s  i n v o l v e d  in  t h e  s u m m a t i o n  f o r  N. 

A s i m p l e r  p r o o f j  as  s u g g e s t e d  by  A . J o y a t ,  i s  t o  a p p l y  
p r o p o s i t i o n  5 . 1  and  t h e  f o l l o w i n g  lemma. 

L e l l ~ a  5 . 4 .  L e t  N c P and  E E H ( P , ~ ) .  Then  t h e  h e a E  E h a s  a u n i q u e  
f a c t o r i z a t i o n  E = EI®E 2 w h e r e  E1 i s  a h e a p  w i t h  m a x i m a l  P i e c e s  in  N and 

E 2 i s  a h e a p  w i t h  p i e c e s  n o t  in  N. 

The p o w e r  s e r i e  D a p p e a r i n g  as  t h e  d e n o m i n a t o r  o f  g e n e r a t i n g  
f u n c t i o n  (12)  and (14)  p l a y s  an i m p o r t a n t  r o l e  in  h e a p s  t h e o r y .  We w i l l  
c a l l  t h i s  p o w e r  s e r i e  t h e  e x c l u s i o n  power s e r i e  f o r  t h e  p i e c e s  P and  
c o n c u r r e n c y  r e l a t i o n  ~ (and  t h e  v a l u a t i o n  v ) ,  o r  f o r  s h o r t  t h e  
e x c l u s i o n  s e r i e  o f  t h e  h e a p  m o n o i d .  We w i l l  d e n o t e  i t  by D o r  D ( P , ~ )  o r  
D ( P , ~ , v ) .  I f  P i s  f i n i t e ,  D i s  a p o l y n o m i a l ,  t h e  e x c l u s i o n  p o l y n o m i a l .  

l~Xi l l lnple 5 . 5 .  L e t  A = ( a i j )  be  an n x n  m a t r i x .  L e t  B -- I n ] ,  P be t h e  s e t  
o f  c y c l e s  on B and  ~ : P ~ ~ ( B )  t h e  map a s s o c i a t i n g  t o  a c y c l e  i t s  
u n d e r l y i n g  s e t .  The  c o n c u r r e n c y  r e l a t i o n  i s  d e f i n e d  by  (8)  . The  
v a l u a t i o n  o f  t h e  c y c l e  ~ = ( X l . . . x m )  i s  t h e  p r o d u c t  ),ma x x . . a x  x ax  x 

1 2 m-I m m 1 

The  l e t t e r s  X and  a i j  can  be c o n s i d e r e d  as  f o r m a l  v a r i a b l e s  i n  X. T h e n  
i t  i s  a l m o s t  t h e  d e f i n i t i o n  o f  t h e  d e t e r m i n a n t  t o  s a y  t h a t  D ( P , ~ ' )  ~- 
d e t  ( I - ) . A )  . 

T h u s  t h e  c h a r a c t e r i s t i c  p o l y n o m i a l  o f  t h e  m a t r i x  A c a n  be 
c o n s i d e r e d  as  t h e  r e c i p r o c a l  o f  an e x c l u s i o n  p o l y n o m i a l .  

S x a n ~ l e  5 . 6 .  L e t  B = ~ be t h e  b a s i s  and  P be t h e  s e t  o f  m o n o m e r s  { i } ,  
i~O and  d i m e r s  { i , i + l } , i  ~ 0 ,  w i t h  c o n c u r r e n c y  r e l a t i o n  t h e  i n t e r s e c t i o n  
r e l a t i o n  as  in  §4 .  

L e t  { b k } k  ~ 0 and  { X k } k ~ l  be two s e q u e n c e s  o f  t h e  r i n g  ~ .  The 

monomer  { i } ,  i ~ 0 i s  w e i g h t e d  b i x .  The d i m e r  { i - l j i } ~  i ~ 1, i s  
w e i g h t e d  Xi  x 2 .  

I f  we r e s t r i c t  t h e  b a s i s  t o  be Bn = [ O , n - 1 ] ~  w i t h  p i e c e s  i n  Bn,  
l e t  P n ( x )  be  t h e  c o r r e s p o n d i n g  e x c l u s i o n  p o l y n o m i a l .  T h e s e  p o l y n o m i a l s  
s a t i s f y  t h e  t h r e e - t e r m s  l i n e a r  r e c u r r e n c e  r e l a t i o n  

(15 )  P n + t ( x )  = ( x - b n )  P n ( x )  - :Xn P n - l ( X ) ,  w i t h  P e ( x ) : l ,  P l ( X ) : X - b o .  

F r o m  F a v a r d ' s  t h e o r e m  t h e  s e q u e n c e  { P n ( x ) } n ~ O  i s  a s e q u e n c e  o f  
f o r m a l  o r t h o g o n a l  p o l y n o m i a l s  and  c o n v e r s e l y , a n y  e r t h o g o n a l  p o l y n o m i a  s 
a r e  o b t a i n e d  t h i s  way .  ( s e e  f o r  e x a m p l e  C h i h a r a  [ 1 0 ] ,  V i e n n e t  [ 4 7 ] ) .  

E x a m p l e  5 . 7 ,  L e t  G = (V ,A )  be a g r a p h  w i t h  v e r t i c e s  i n  V and  e d g e s  in  
A. L e t  P = A w i t h  c o n c u r r e n c y  r e l a t i o n  ~ be t h e  i n t e r s e c t i o n  r e l a t i o n .  
The w e i g h t  o f  an e d g e  i s  x 2 T h e n  t h e  m a t c h i n g  p o l y n o m i a l  o f  t h e  g r a p h  
G ( s e e  f o r  e x a m p l e  [ 2 0 ] ~ [ 3 2 ] , [ 3 5 ] )  i s  t h e  r e c i p r o c a l  o f  t h e  
c o r r e s p o n d i n g  e x c l u s i o n  p o l y n o m i a l .  
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E x a m p l e  5 . 8 .  L e t  G = (V jA )  be a g r a p h  w i t h  v e r t i c e s  in  V and e d g e s  in  
A. The s e t  o f  b a s i c  p i e c e s  i s  p z v  w i t h  c o n c u r r e n c y  r e l a t i o n  ~ d e f i n e d  
by : a ~ a and a ~ b i f f  { a , b }  E A ( i . e .  G i s  t h e  c o n c u r r e n c y  g r a p h  o f  
~ ) .  Each  v e r t e x  i s  w e i g h t e d  x .  We p r o p o s e  t o  c a l I  t h e  c o r r e s p o n d i n g  
e x c l u s i o n  p o l y n o m i a l  t h e  i n d e p e n d e n c y  p o l y n o m i a l  o f  t h e  g r a p h  G. I t  i s  
l e s s  c l a s s i c a l  t h a n  t h e  m a t c h i n g  p o l y n o m i a l ~  b u t  i t  a p p e a r s  in some 
s t a t i s t i c a l  m e c h a n i c s  m o d e l s  (see  b e l o w  § 9 , b ) .  In f a c t ,  up to  a c h a n g e  
o f  v a r i a b l e ,  t h e  m a t c h i n g  p o l y n o m i a l  o f  t h e  g r a p h  G i s  t h e  i n d e p e n d e n c y  
po y n o m i a l  o f  i t s  s o - c a l l e d  l i n e  g r a p h  . 

We i n t e r p r e t  b e l o w  t h e  l o g a r i t h m  o f  t h e  g e n e r a t i n g  f u n c t i o n  o f  
we g h t e d  h e a p s .  We s u p p o s e  t h a t  t h e  r i n g  ~ i s  t h e  f i e l d  ~ o f  r a t i o n a l  
n u m b e r s .  We need  t h e  f o l l o w i n g  d e f i n i t i o n .  

D e f i n i t i o n  5 . 9 .  A p y r a m i d  i s  a heap  h a v i n g  a u n i q u e  m a x i m a l  p i e c e .  

ProPos i t ion  ~ . 1 0 .  L e t  H ( P , ~ )  be a heap  m o n o i d  w i t h  a v a l u a t i o n  v 
s a t i s f y i n . q  ( t l )  . Then  

(16) l o g  v ( E )  = 
IF I  

E£H (P ,Y~) • F 

w h e r e  t h e  s e c o n d  s u m m a t i o n  i s  o v e r .  a l l  p y r a m i d s  o f  H ( P , ~ ) .  

C o n d i t i o n  (11) i m p l i e s  t h e  s u m m a b i l i t y  o f  b o t h  s i d e s  o f  
d e n t i t y  (16)  o 

H e r e  we work  w i t h  e x p o n e n t i a l  g e n e r a t i n g  f u n c t i o n ~  t h a t  i s  
a b e l e d  h e a p s  : 

v (E) = n ! 
n! 

EeH (P ,~ )  n~O I E l = n  

T h i s  g e n e r a t i n g  f u n c t i o n  i s  t h e  e x p o n e n t i a l  g e n e r a t i n g  f u n c t i o n  
f o r  l a b e l e d  (by  1 , 2 , . . . , n )  w e i g h t e d  h e a p s .  We d e c o m p o s e  such  h e a p s  E 
i n t o  p y r a m i d s  in  t h e  f o l l o w i n g  way . 

We s e l e c t  t h e  p i e c e  ~1 o f  E w i t h  m i n i m a l  l a b e l  ( i . e .  1 ) .  L e t  E 1 
be t h e  s u b h e a p  f o r m e d  by a l l  t h e  p i e c e s  b e l o w  ~1 ( o r d e r  i d e a l ) .  E1 i s  a 
p y r a m i d  and  in  f a c t  E can  be f a c t o r i z e d  E = E l e E ] .  A n o t h e r  way t o  d e f i n e  
Ez i s  t o  s a y  t h a t  t h e r e  e x i s t s  a u n i q u e  f a c t o r i z a t i o n  E = E I ® E ]  such  t h a t  
E 1 i s  a p y r a m i d  w i t h  m a x i m a l  p i e c e  ~1.  We s e l e c t  t h e  p i e c e  ~2 o f  Et  
w i t h  m i n i m a l  l a b e l  and g e t  a f a c t o r i z a t i o n  E=Et®E~®E2 . R e c u r s i v e l y  we 
h a v e  a f a c t o r i z a t i o n  o f  t h e  heap  E i n t o  a p r o d u c t  o f  l a b e l e d  p y r a m i d s  
w i t h  t h e  p r o p e r t y  

(17) t h e  p i e c e  w i t h  m i n i m a l  l a b e l  i s  t h e  max ima  p i e c e  o f  t h e  p y r a m i d .  

C o n v e r s e l y ,  f r o m  t h e  s e t  { E I , . . . , E  k }  o f  s u c h  p y r a m i d s ~  one can  
r e c o n s t r u c t  E by t a k i n g  t h e i r  p r o d u c t  in  t h e  n c r e a s i n g  o r d e r  o f  t h e  
l a b e l  o f  t h e i r  m a x i m a l  e l e m e n t .  
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In  t h e  c o n t e x t  o f  s p e c i e s  o f  J o y a l  [ 3 8 ] ,  o r  o f  F o a t a ' s  "compose 
p a r t i t i o n n e l ' "  [ 2 5 ] ,  a h e a p  i s  an " a s s e m b l y "  o f  l a b e l e d  p y r a m i d s  
s a t i s f y i n g  ( 1 7 ) ,  T h e i r  e x p o n e n t i e l  g e n e r a t i n g  f u n c t i o n  i s  t h e  r i g h t -  
hand  s i d e  o f  ( 1 6 ) .  The p r o p o s i t i o n  comes  f r o m  s t a n d a r d  r e s u l t  on 

a s s e m b l y  o f  s p e c i e s  o r  on " c o m p o s 6  p a r t i t i o n n e l " .  [] 

S / 0  ~ ~ ~  

h e a p  a s s e m b l y  o f  p y r a m i d s  

F i g . 7 .  l o g ( h e a p )  z p y r a m i d .  

In t h e  n e x t  s e c t i o n s ~  we g i v e  a summary  o f  t h e  p o s s i b l e  
a p p l i c a t i o n s  o f  h e a p s  t h e o r y  t o  e n u m e r a t i v e  and  i n t e r p r e t a t i v e  
c o m b i n a t o r i c s .  T h i s  w i l l  be d o n e  in  d e t a i l s  i n  t h e  p a p e r s  
[ 1 5 ] , [ 1 8 ] , [ 5 0 ] , [ 5 1 1 .  

6.  Flow monoid and c o m b i n a t o r i a l  p roo fs  in l i n e a r  a l g e b r a  
( s u m m a r y  o f  [ 1 8 ] )  

We u s e  t h e  n o t a t i o n s  o f  §4 .  The b a s i s  i s  B. The s e t  o f  b a s i c  
p i e c e s  i s  P :- B x B. The p r o j e c t i o n  ~ : p ---e P ( B )  i s  d e f i n e d  by  

(18) f o r  a n y  ( s , t )  ~ P = B x B , 1 f ( s , t )  = s .  

D e f i n i t i o n  G . 1 .  The  f l o w  mono id  i s  t h e  h e a p  m o n o i d  F ( B ) = H ( P , ~ , B )  
d e f i n e d  by  ( 1 8 ) .  

T h i s  c o r r e s p o n d s  t o  t h e  f l o w  m o n o i d  i n t r o d u c e d  by  C a r t i e r ,  

F o a t a  [ 9 ]  : t h e  e d g e s  ( s , t )  and  ( s '  , t ' )  commute  i f f  s ~ s '  . 

The  h e a p s  o f  H ( P , ~ , B )  a r e  c a l l e d  f l o w s .  Such  a f l o w  E i s  
d e f i n e d  by i t s  f i b e r s .  The  f i b e r  F s ( E )  o v e r  s ~ B i s  i s o m o r p h i c  t o  a 
w o r d  o f  B~ w i t h  Bs = { s }  x B . In  f a c t  t h e r e  i s  no o r d e r  r e l a t i o n  
b e t w e e n  two  e l e m e n t s  o f  d i s t i n c t  f i b e r s  and  t h e  f l o w  m o n o i d  i s  
i s o m o r p h i c  t o  a d i r e c t  p r o d u c t  o f  f r e e  m o n o i d s  H ( P , ~ B ) ~  ~ B~ ( s e e  
F i g . 8 ) .  seB 

D e f i n i t i o n  6 . 2 .  A r e a r r a n g e m e n t  i s  a f l o w  E - - ( E ) ~ , £ )  o f  H ( P , ~ , 8 )  s u c h  
t h a t  f o r  e v e r y  s E B~ t h e  f i b e r  Fs (E) d e f i n e d  by ( I 0 )  s a t i s f i e s  

(19 )  I F s ( E )  I = I { ~ e E ,  £ ( e )  : ( t , s ) } l  
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In o t h e r  w o r d s  t h e  number  o f  e d g e s  ( t ~ s )  o f  E c o m i n g  in  s s 
t h e  same as t h e  number  o f  e d g e s  ( s , t )  s t a r t  ng f r o m  s.  

The r e a r r a n g e m e n t s  f o r m  a s u b m o n o i d  R(B)  o f  t h e  f l o w  mono d 
F (B). 

0 @ 

F i g . 8 .  A f l o w .  

The two f o l l o w i n g  p r o p o s i t i o n s  a r e  t y p i c a l  e x a m p l e s  o f  
b i j e c t i o n s  t r a n s f o r m i n g  a heap i n t o  a n o t h e r  heap  o f  b i g g e r  p i e c e s  
o b t a i n e d  by " g l u i n g "  t h e  sma I p i e c e s  (or  c o n v e r s e l y  " b r e a k i n g "  p i e c e s  
i n t o  s m a l l e r  p i e c e s ) .  

A p a t h  ~ o f  B i s  any  s e q u e n c e  e : ( s O , S l , . . . , s  a) o f  p o i n t s  o f  B. 
We c o n s i d e r  t h e  heap mono d SPCy(B)  : H ( Q , ~ , B )  w h i c h  p i e c e s  Q a r e  
c y c l e s  (Oy) on B o r  s e l f - a v o i d i n g  p a t h s  (SP) on B ( i . e .  no two v e r t i c e s  
a p p e a r  t w i c e  in  e)  and  t h e  p r o j e c t i o n  ~ i s  t h e  map a s s o c i a t i n g  t o  a 
p i e c e  i t s  u n d e r l y i n g  s e t  o f  v e r t i c e s  o f  B. A p a t h  e can  be i d e n t i f i e d  
w i t h  t h e  f l o w  ( s O , S l ) ® ( s t , s 2 ) ®  . . .  ® ( s a - l , s n )  , ( p r o d u c t  o f  h e a p s ) .  

A c y c l e  ~ : ( s l  . . . .  , s~ )  (see  t h e  d e f i n i t i o n  a t  t h e  end o f  §4 
and  a l s o  see  e x a m p l e  5 . 5 )  can  be i d e n t i f i e d  w i t h  t h e  r e a r r a n g e m e n t  
( s l , s 2 ) ® . . . ® ( s n _ l , s n ) ® ( s n , s l )  . The s u b m o n o i d  Cy (B )  o f  SPCy(B)  i s  f o r m e d  
by heaps  o f  c y c l e s .  

Propos i t ion  6 . 3 ,  L e t  u , v  E B. T h e r e  e x i s t s  a b i i e c t i o n  b e t w e e n  p a t h s  
o._~f B g o i n g  f r o m  u t o  v and p y r a m i d s  E o f  SPCy(B)  s u c h  t h a t  a l l  # . j e c e s  
a r e  c y c ! e s  o_f_f B, e x c e p t  t h e  m a x i m a l  p i e c e ,  w h i c h  i s  a s e l f - a v o i d i n g  
p a t h  ~ g o i n g  f r o m  u t o  v .  T h i s  b i  j e c t i o n  i s  such  t h a t  t h e  number  o f  
e d g e s  ( s , t )  i__An ~ (o_Er e l e m e n t a r y  A t  e p s )  in  t h e  same as t h e  number  o f  
e d g e s  ( s ~ t )  c o n t a i n e d  in t h e  c y c l e s  and t h e  p a t h s  ~ o f  t h e  p y r a m i d  E. 

T h i s  b i j e c t i o n  i s  p a r t i c u l a r l y '  u s e f u l  f o r  t h e  e n u m e r a t i o n  o f  
c e r t a i n  f a m i l i e s  o f  h e a p s  (see  b e l o w  t h e  d i r e c t e d  a n i m a l  p r o b l e m ) .  

Propos i t ion  6 . 4 .  T h e r e  e x i s t s  an  i s o m o r p h i s m  o f  m o n o i d s  ~ : C y ( B ) - - e R ( B )  
b e t w e e n  t h e  heap m o n o i d  o f  c y c l e s  and t h e  heap  m o n o i d  o f  r e a r r a n -  
g e m e n t s .  M o r e o v e r ,  f o r  any  s , t E B ,  ~ # r e s e r v e s  t h e  number  o f  e d g e s  ( s i t )  
in  each  h e a p .  
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Each  b i j e c t i o n  o f  p r o p o s i t i o n s  6 . 3  and 6 . 4  i s  o b t a i n e d  by 
" b r e a k i n g "  t h e  heap  o f  c y c l e s  (and s e l f - a v o i d i n g  p a t h )  i n t o  i t s  
e e m e n t a r y  c o m p o n e n t s  : t h e  e d g e s  ( s , t )  c o n s i d e r e d  as e l e m e n t s  o f  t h e  
f ow m o n o i d .  

C o m b i n i n g  t h e  a b o v e  p r o p o s i t i o n s  w i t h  t h e  p r o p o s i t i o n s  o f  §5 
g y e s  c o m b i n a t o r i a l  p r o o f s  o f  c l a s s i c a l  i d e n t i t i e s  in l i n e a r  a l g e b r a  
(see  [ 9 ] , [ 2 6 ] , [ 2 7 ] , [ 3 6 ] , [ 4 6 ] , [ 5 2 ] ) .  

L e t  A = ( a i j )  be an n x n m a t r i x  and X = . ,¥ = . =AX. 

Xn Yn 
P a t h s  and c y c l e s  a r e  w e i g h t e d  as in e x a m p l e  5 . 5  by  

v ( e )  = v ( s o j s t )  . . .  v ( s n - l , S n )  and v ( i  j )  = a i j .  

~1 ~ n  
C o r o l l a r y  6 . 5 .  (MacMahon M a s t e r  t h e o r e m ) .  The c o e f f i c  e n t  o f  x 1 . . .  x n 
in  t h e  f o r m a l  s e r i e  1 / d e t ( I - A X )  i s  t h e  same as t h e  c o e f f i c i e n t  o_f_f 

X l  . . .  x in t h e  p o l y n o m i a l  Y l  - - - Y n  

T h i s  i s  a c o m b i n a t i o n  o f  p r o p o s i t i o n  5 . 1 ,  e x a m p l e  5 . 5  and 
p r o p o s i t i o n  6 . 4 .  

C o r o l l a r y  6 . 6 .  ( i n v e r s i o n  m a t r i x  f o r m u l a )  The t e r m  ( i , j )  o f  t h e  i n v e r s e  
m a t r i x  ( I - A )  -1 i__ss N l j / d e t  ( I - A )  w h e r e  N l j  i s  t h e  t e r m  ( j , i )  o f  t h e  
a d i o i n t  m a t r i x  ( c o f a c t o r ) .  

T h i s  i s  a comb n a t i o n  o f  p r o p o s i t i o n  5 .3~  e x a m p l e  5 . 5  ( t o g e t h e r  
w i t h  a c o m p a n i o n  f o r m u  a f o r  t h e  c o f a c t o r )  and p r o p o s i t i o n  6 . 3 .  

C o r o l l a r y  6 . 7 .  

(20) 

( J a c o b  i d e n t i t y )  
1 

- e x p ( T r  ( l o g ( I - A ) - 1 ) )  . 
d e t  ( I - A )  

T h i s  i d e n t i t y  comes f r o m  a c o m b i n a t i o n  o f  p r o p o s i t i o n  5 . 1 ,  
e x a m p l e  5 . 5  and p r o p o s i t i o n  5 . 3  ( i n  a s l i g h t l y  more  g e n e r a l  v e r s i o n ) .  

A l s o ,  C a y l e y - H a m i  I t o n  t h e o r e m  can  be o b t a i n e d  by u s i n g  a 
s l i g h t l y  more  g e n e r a l  f o r m  o f  t h e  i d e n t  t y  (14) o f  p r o p o s i t i o n  5 . 3 .  

7. Orthogonal polynomials  

Any s e q u e n c e  { P n ( x ) } n > ~ o  o f  ( f o r m a l )  o r t h o g o n a l  p o l y n o m i a l s  
a p p e a r s  as  t h e  s e q u e n c e  o f  r e c i p r o c a l  o f  t h e  e x c l u s i o n  p o l y n o m i a l s  o f  
w e i g h t e d  monomers  and d i m e r s  on t h e  s e g m e n t  ( 0 , n - l ]  (see e x a m p l e  5 . 6 ) .  

A c o m b i n a t o r i a l  t h e o r y  o f  c l a s s i c a l  p r o p e r t i e s  v a l i d  f o r  any  
s e q u e n c e s  o f  o r t h o g o n a l  p o l y n o m i a l s  has been  made by V i e n n o t  [ 4 7 ] ,  
f o l l o w i n g  work  o f  F l a j o l e t  [ 2 2 ] .  T h i s  c o m b i n a t o r i a l  t h e o r y  i s  w r i t t e n  
in  t e r m s  o f  c e r t a i n  w e i g h t e d  p a t h s  ( c a l l e d  Dyck and M o f z k i n  p a t h s ) .  
Some o f  t h e  b i j e c t i v e  p r o o f s  can be s i m p l i f i e d  by  u s i n g  h e a p s  t e r m i n o -  
l o g y .  The Dyck ( r e s p .  M o t z k i n )  p a t h s  a r e  t r a n s f o r m e d  (by  p r o p o s i t i o n  
6 . 3 )  i n t o  p y r a m i d s  o f  d i m e r s  ( r e s p .  monomers  and d i m e r s )  on B = ~. 
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The ma in  p r o p e r t y  i s  t h e  f o l l o w i n g .  L e t  P n ( x )  be t h e  s e q u e n c e  
o f  p o l y n o m i a l s  d e f i n e d  by t h e  r e c u r r e n c e  (15) and H ( P , ~ , B )  be t h e  heap 
m o n o i d  o f  monomers  and d i m e r s  on B = M, w e i g h t e d  by t h e  s e q u e n c e s  
{ b k } k ~  0 and { X k } k ~ 1  o f  e l e m e n t s  o f  t h e  r i n g  ~ as in  e x a m p l e  5 . 6 .  

L e t  ~n be t h e  s e q u e n c e  d e f  ned by 

(21) #n = ~ v ( F ) ,  
E 

w h e r e  t h e  s u m m a t i o n  is  o v e r  a l l  w e i g h t e d  p y r a m i d s  o f  m monomers  and d 
d i m e r s  such  t h a t  n = m+2d and such  t h a t  t h e  m a x i m a l  p i e c e  c o n t a i n s  t h e  
v a l u e  0 ( i . e .  t h i s  m a x i m a l  p i e c e  is  e i t h e r  { 0 }  o r  { 0 ~ 1 } )  ~ see  F i g ° 9 . )  

L e t  f be t h e  u n i q u e  I n e a r  f u n c t i o n a l  f : ~ [ x ]  --e ~ such  t h a t  
f (x~) = ~n ( n ~ 0 ) . S u p p o s e  t h a t  Xk~0 ( k ~ l )  and t h a t  ~ has no z e r o  d i v i s o r &  

P r o p o s i t i o n  7 . 1  - The p o l y n o m i a l s  P n ( x )  d e f i n e d  by_ t h e  t h r e e - t e r m s  
l i n e a r  r e c u r r e n c e  .(!5) a r e  o r t h o g o n a t  w i t h  r e s p e c t  t o  t h e  s e q u e n c e  o f  
moments  ~n d e f i n e ~ d  by ~ 1 )  , t h a t  i s  : 
(22) f ( P k P l )  : 0 f k F I and f ( P ~ )  f O, f o r  e v e r y  k , I ) O .  

The p r o o f  f o l l o w s  f r o m  t h e  same g e n e r a l  z a t i o n  o f  i d e n t i t y  ( t 4 )  
o f  p r o p o s i t i o n  5 . 3  m e n t i o n e d  a t  t h e  end o f  §6 a b o u t  a b j e c t i v e  p r o o f  
o f  C a y l e y - H a m i l t o n  t h e o r e m .  

i _ -X6 

O r t h o g o n e l  p o l y n o m i a l  P n ( x )  

0 ~ ' ©  i 
0 " ©  

0 0 00, O ~' © 
• i 0~, 

o © o - 0  
®~o C), © C),, ~ '©  

o " 0  0 o o 

i i ©~o 
2 4 5 

@ ................................ @ ..................... 
- b  e 

!Momen t  ~n w i t h  n :m+2d  

F i g . 9 .  O r t h o g o n a l  p o l y n o m i a l s  and moments  i n t e r p r e t a t e d  as 
e x c l u s i o n  p o l y n o m i a l s  and p y r a m i d s  o f  m o n o m e r s - d i m e r s .  

Nany  o t h e r  p r o p e r t i e s  o f  g e n e r a l  ( i . e .  f o r m a l )  o r t h o g o n a l  
p o l y n o m i a l s  can be d e d u c e d  f r om  heaps  b a s i c  lemmas,  tn p a r t i c u l a r  t h e  
J a c o b i  c o n t i n u e d  f r a c t i o n  e x p a n s i o n  ( c o r r e s p o n d i n g  to  F l a j o i e t ' s  
t h e o r e m  a b o u t  w e i g h t e d  N o t z k i n  p a t h s )  h e r e  becomes a s i m p l e  c o n s e q u e n c e  
o f  a d e c o m p o s i t i o n  lemma a b o u t  t h e  p y r a m i d s  i n t e r p r e t a t i n g  ~n i n t o  
o t h e r  p y r a m i d s .  T h i s  d e c o m p o s i t i o n  i s  t h e  a n a l o g s  f o r  o r d i n a r y  
g e n e r a t i n g  f u n c t i o n s ,  o f  t h e  d e c o m p o s i t i o n  g i v e n  in th~--pq--oof o f  
p r o p o s i t i o n  5 . 1 0  w i t h  e x p o n e n t i a l  g e n e r a t i n g  f u n c t i o n s .  
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C o r o l a i l a r y  7 . 2 .  W i th  the  above n o t a t i o n  (21) , 

(23) 
1 ~____ Pn tn : 

1 - b e t  - Xl t2 
n)O 

1 - b t t  - X2t 2 

1 - b k t  - X~.+l t  2 

The c o n v e r g e n t s  o f  the c o n t i n u e d  f r a c t i o n  (23) a re  n o t h i n g  bu t  
the  g e n e r a t i n g  f u n c t i o n s  of  the  p y r a m i d s  i n t e r p r e t a t i n g  JJn and bounded 
on the  segment  [ O , n ] .  Thus,  a p p l y i n g  p r o p o s i t i o n  5 . 3 ,  t h e s e  c o n v e r g e n t s  
a re  

(24) ~P~ n ( t )  / Pn+ l  ( t )  , 

~x 
where P n + l ( t )  s the  r e c i p r o c a l  t n + l p n + l  (1 t)  o f  P n + l ( t )  and £ P n ( t )  is  
t he  e x c l u s i o n  p o l y n o m i a l  f o r  heaps o f  mor~omers and d i m e r s  on [O~n]  no t  
c o n t a i n i n g  the  v a l u e  O~ t h a t  is  the  n th o r t h o g o n a l  p o l y n o m i a  c o r r e s -  
p o n d i n g  to  the  " s h i f t e d "  v a l u a t i o n s  bk = bk+ 1 , Xk = :Xk+l. 

I f  we t a k e  bk=O and Xk = _qk ,  then  we g e t  the  e x c l u s  on power 
s e r i e  D(P ,~ ' ) .  We a re  in the  case o f  an i n f i n i t e  s e t  of  p i e c e s  and (11) 
is  s a t i s f i e d .  T a k i n g  the  b a s i s  B : Itl , the  e x c l u s i o n  power s e r i e  D(q) 
is  the  l e f t  h a n d - s i d e  of  the  famous ( f i r s t )  R o g e r s - R a m a n u j a n  i d e n t i t y  
(see f o r  e x a m p l e  Andrews I :1] )  : 

(25) 

2 

1 + 
( l - q )  ( 1 - q 2 ) . . .  (1 -q  n) n)O 

n~l 

( t _q  5n+1) l _ q  5n+4) 

The l e f t  hand s i d e  o f  the  second  R o g e r s - R a m a n u j a n  d e n t i t y  

2 
qn +n 1 

(26) 1 + ~ = (TT , 
( l - q )  ( 1 - q 2 ) . . .  (1 -q  n) n~O (1 -q  5n÷2) (1 -q  5n÷3) 

n~l 

can be i n t e r p r e t a t e d  as the  e x c l u s i o n  power s e r i e  N(q) f o r  w e i g h t e d  
t r i v i a l  heaps of  d i m e r s  ( w i t h  v a l u a t i o n  Xk = _qk) no t  c o n t a i n i n g  O. 
P r o p o s i t i o n  5.1 and 5 .3  g i v e s  i n t e r p r e t a t i o n s  o f  the  g e n e r a t i n g  
f u n c t i o n s  1 /D (q )  and N ( q ) / D ( q )  . r e s p e c t i v e l y  in te rms  of  heaps and 
moments p y r a m i d s .  We can e a s i l y  deduce  A n d r e w s ' s  i n t e r p r e t a t i o n s  [ 2 ]  
w i t h  q u a s i - p a r t i t i o n s .  
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8 .  Heaps and a l g e b r a i c  graph t h e o r y  

a) M a t c h i n g  p o l y n o m i a l s  of  graphs (summary of [ 1 5 ] )  

L e t  G be a g r a p h .  The m a t c h i n g  p o l y n o m i a l  o f  G i s  t h e  
r e c i p r o c a l  o f  t h e  e x c l u s i o n  p o l y n o m i a l  D ( G ; x )  d e f i n e d  in  e x a m p l e  5 . 7  : 
p i e c e s  a r e  d i m e r s  on G ( i . e .  e d g e s )  w e i g h t e d  by x 2. S e v e r a l  w o r k  has  

b e e n  d o n e  on t h e s e  p o l y n o m i a l s ,  in  r e l a t i o n  w i t h  p h y s i c s  and  c h e m i s t r y ,  
s e e  f o r  e x a m p l e  [ 2 0 ] , [ 3 1 ] , [ 3 2 ] , [ 3 5 ] .  

P r o p o s i t i o n  5 . 1  and  5 . 3  g i v e  c o m b i n a t o r i a l  i n t e r p r e t a t i o n  o f  
t h e  c o e f f i c i e n t s  o f  t h e  p o w e r  s e r i e s  1 / D ( G ; x )  and  D ( G \ M ; x ) / D ( G ; x )  w h e r e  
G\M d e n o t e s  t h e  g r a p h  o b t a i n e d  by  d e l e t i n g  f r o m  G t h e  s e t  o f  e d g e s  N 
( r e s p .  s e t  o f  v e r t i c e s  M) . 

I f  M i s  t h e  s e t  o f  e d g e s  c o n t a i n i n g  a v e r t e x  s ,  t h e n  
D ( G \ M ; x ) / D ( G ; x )  i s  t h e  g e n e r a t i n g  f u n c t i o n  f o r  t h e  s o - c a l l e d  t r e e - l i k e  
p a t h s  i n t r o d u c e d  by  G o d s i  I [ 3 1 ]  in  o r d e r  t o  g i v e  a n i c e  p r o o f  o f  t h e  
f a c t  t h a t  t h e  r o o t s  o f  m a t c h i n g  p o l y n o m i a l s  a r e  r e a l  n u m b e r s  (He i  Imann ,  
L i e b  [ 3 5 ] ) .  In D e s a i n t e - C a t h e r i n e ,  V i e n n o t  [ 1 5 ]  we d e d u c e  b i j e c t i v e l y  

G o d s i  I ' s  r e s u l t  and  g i v e  some g e n e r a l i z a t i o n s _  

R e m a r k  t h a t  t r e e - l i k e  p a t h s  c o r r e s p o n d  e x a c t l y  ( v i a  t h e  
b i j e c t i o n  o f  p r o p o s i t  on 6 . 3 )  t o  p y r a m i d s  w i t h  t h e  r e s t r i c t i o n  t h a t  a l l  

t h e  c y c l e s  h a v e  l e n g t h  2 . S u c h  c y c l e s  can  be i d e n t i f i e d  w i t h  d i m e r s  o f  G 

b) C h r o m a t i c  p o l y n o m i a l s  and a c y c l i c  o r i e n t a t i o n s  of  graphs 
( f r o m  G e s s e l  [ 3 0 ] )  

L e t  G be a f i n i t e  g r a p h  w i t h  n v e r t i c e s ,  ~ ( G ; x )  be t h e  
c h r o m a t i c  p o l y n o m i a l  o f  G and  ~ (G)  be t h e  n u m b e r  o f  a c y c l i c  o r i e n t a -  
t i o n s  o f  G. In  [ 4 5 ]  S t a n l e y  has  p r o v e d  t h e  f o l l o w i n g  i d e n t  t y .  

(27)  ~ ( G ; - 1 )  = ( - 1 )  n re(G) . 

G e s s e l  [ 3 0 ]  has  g i v e n  a n i c e  p r o o f  o f  t h i s  i d e n t  
c o m m u t a t i o n  m o n o i d .  H e r e  we j u s t  s k e t c h  t h e  i d e a  
t r a n s l a t e d  in  t e r m s  o f  h e a p s .  

t y ,  u s i n g  t h e  
f h s p r o o f ,  

L e t  G : (S ,A )  w i t h  s e t  o f  v e r t i c e s  S ( r e s p .  e d g e s  A ) .  L e t  ~ be 

t h e  c o n c u r r e n c y  r e l a t i o n  s u c h  t h a t  G i s  i t s  c o n c u r r e n c y  g r a p h  ( s e e  § 4 ) .  
L e t  E be a h e a p  o f  H ( S , ~ ) .  F o r  k ) 1, we d e n o t e  by  8 k ( E )  t h e  numbe r  o f  
f a c t o r i z a t i o n s  o f  E in  t h e  f o r m  E : T I ®  . . . ® T  k w h e r e  e a c h  T i  i s  a 
n o n - e m p t y  t r i v i a l  h e a p  ( r e m a r k  t h a t  c o n d i t i o n  (2) o f  lemma 2 . 9  i s  n o t  
n e c e s s a r i l y  s a t i s f i e d ) .  L e t  v be a v a l u a t i o n  on t h e  heap  m o n o i d  H ( S , ~ )  
as  i n  §5 .  A h e a p  E i s  c a l l e d  l i n e a r  ( r e s p .  c o v e r i n g )  i f f  e a c h  b a s i c  
p i e c e  a p p e a r s  a t  m o s t  ( r e s p .  a t  l e a s t )  o n c e  in  E. A l i n e a r  and  c o v e r i n g  
h e a p  E i s  a p r o d u c t  ( i n  H ( S , ~ ) )  o f  a l l  t h e  b a s i c  p i e c e s  S. L e t  L C ( S , ~ )  
be t h e  s e t  o f  s u c h  h e a p s .  We h a v e  t h e  r e l a t i o n  

(28)  ~ ( G ; x )  :- - -  B k ( E )  x ( x - 1  

k~ 
k;lO LC (S, ~') 

. . .  ( x - k + 1 )  , 
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w h i c h  l e a d s  us t o  i n t r o d u c e  t h e  c o m p l e t e  c h r o m a t i c  power a e r i e  o f  t h e  
g r a p h  G. 

(29) £ ( G ; x )  = - -  ~ ( E ) v ( E )  x ( x - 1 )  . . .  ( x - k + 1 ) .  
k!  

k)O E E H ( S , + )  

We have  

E ~ k~O F 

w h e r e  t h e  f i r s t  s u m m a t i o n  i s  o v e r  a l l  h e a p s  E E H ( S ~ )  and t h e  s e c o n d  i s  
r e s t r i c t e d  t o  n o n - e m p t y  t r i v i a l  h e a p s .  From r e l a t i o n  (12) o f  
p r o p o s i t i o n  5 . 1 ,  we d e d u c e  (a b i j e c t i v e  p r o o f  w o u l d  a l s o  be p o s s i b l e )  

( 3 1 )  £ ( G ; - 1 )  = ( -1 )  n 2 v ( E )  

EEH (S,& ~) 

The r e s t r i c t i o n  t o  l i n e a r  and c o v e r i n g  h e a p s  g i v e s  ( 2 7 ) .  

9.  Heaps and S t a t i s t i c a l  P h y s i c s  

a)  The d i r e c t e d  a n i m a l  p r o b l e m  (summary  o f  V i e n n o t  [ 5 0 ] )  
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i ! i i i i / ] ~ \ !  i i 
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\ \ /  

F i g . l O +  A d i r e c t e d  a n i m a l ,  
one  s o u r c e  p o i n t ,  

s q u a r e  l a t t i c e .  

in  1982 ,  p h y s i c i s t s  h a v e  i n t r o d u c e d  
and s t u d i e d  t h e  f o l l o w i n g  p r o b l e m .  
A d i r e c t e d  a n i m a l  i s  a s e t  A o f  
p o i n t s  o f  M x ~ such  t h a t  (OjO) E A 
and any  p o i n t  ( x , y )  o f  A can  be 
r o a c h e d  by  a p a t h  g o i n g  f r o m  (0~0)  
t o  ( x , y ) , .  w i t h  v e r t i c e s  in  A, and 
u s i n g  e l e m e n t a r y  s t e p s  N o r t h  o r  
E a s t .  The p o i n t  (0~0) i s  c a l l e d  t h e  
s o u r c e  p o i n t  and N o r t h - E a s t  i s  
c a l l e d  p r i v i l i g i e d  d i r e c t i o n .  The 
s i z e  o f  t h e  a n i m a l  A i s  d e s c r i b e d  
by i t s  w i d t h  and l e n g t h  ( i . e .  s i z e  
o f  t h e  s m a l l e s t  r e c t a n g l e  
c o n t a i n i n g  A w i t h  e d g e s  p a r a l l e l  o r  
p e r p e n d i c u l a r  t o  t h e  p r i v i l i g i e d  
d i r e c t i o n ) .  L e t  an be t h e  number  o f  
d i r e c t e d  a n i m a l s  w i t h  n p o i n t s .  
C o n s i d e r i n g  t h e s e  a n i m a l s  e q u i d i s -  
t r i b u t e d ,  l e t  &n ( resp+  Ln) be t h e  
a v e r a g e  w i d t h  ( r a s p .  l e n g t h ) .  
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P h y s i c i s t s  e x p e c t  t h e  f o l l o w i n g  a s y m p t o t i c  b e h a v i o u r  

(32) an "~ ~1 n n ' S ,  ~n ~, n~ j  Ln "~ n ~/. 

The c o n s t a n t s  8 ,  ~ and ~/ a r e  c a l l e d  c r i t i c a l  exponents .  Such 
n u m b e r s  a r e  o f  p a r t i c u l a r  i m p o r t a n c e  in t h e  m o d e l s  f o r  phase 
t r a n s i t i o n s  and c r i t i c a l  phenomena. 

A s u r p r i s i n g  f a c t  i s  t h a t  v e r y  s i m p l e  e x a c t  f o r m u l a e  e x i s t  f o r  
a n and ~n f r om  w h i c h  one g e t  i m m e d i a t e l y  ~=3 ,  8= #&= 1 / 2 .  A f t e r  many 
o t h e r  w o r k s  ( f o r  a s u r v e y  see [ 4 9 ] )  ~ p h y s i c s  s o l u t i o n s  a r e  g i v e n  by 
Dhar  [ 1 6 ] ,  [ 1 7 ]  and H a k i m ,  N a d a l  [ 3 4 ]  f o l l o w i n g  N a d a l ,  D e r r i d a ,  
V a n n i m e n u s  [ 4 1 ]  . 

A c o m p l e t e  c o m b i n a t o r i a l  s o l u t i o n  ( f o r  an and  &n) can  be g i v e n  
by u s i n g  h e a p s  b a s i c  p r o p e r t i e s  and a b i j e c t i o n  b e t w e e n  d i r e c t e d  
a n i m a l s  ( w i t h  one s o u r c e  p o i n t )  and c e r t a i n  p y r a m i d s  o f  d i m e r s  on 2. 
T h i s  i s  done  in [ 5 0 ] ,  w h e r e  some c o n j e c t u r e s  o f  Dhar  [ 1 6 ]  a r e  p r o v e d .  A 
s u r v e y  o f  t h e  d i r e c t e d  a n i m a l  m o d e l ,  w i t h  b o t h  p h y s i c s  and 
c o m b i n a t o r i a l  s o l u t  o n s ,  and  r e l a t i o n s h i p  w i t h  o t h e r  p r o b l e m s  and  
m o d e l s ,  i s  g i v e n  n V i e n n o t  [ 4 9 ]  The c a s e  o f  d i r e c t e d  a n i m a l s  on a 
t r i a n g u l a r  l a t t i c e  i s  e a s i e r .  A " b r u t e  f o r c e "  b i j e c t i o n  b e t w e e n  
d i r e c t e d  a n i m a l s  and c e r t a i n  p a t h s  has been  g i v e n  by  G o u y o u - B e a u c h a m p s ~  
V i e n n o t  [ 3 3 ]  Th s b i j e c t  on i s  t h e  same as t h e  one o b t a i n e d  u s i n g  
h e a p s .  

t 
I 

- ............. -----,---,..-.,-+-----b 
" °  

F i g . 1 1 .  D i r e c t e d  a n i m a l s  
on a b o u n d e d  s t r i p  

In t h e  p h y s i c s  s o l u t i o n ,  N a d a l ,  
D e r r i d a ,  V a n n i m e n u s  [ 4 1 ] ,  H a k i m j  
Nada l  [ 3 4 ]  c o n s i d e r  d i r e c t e d  a n i m a l s  
on a bounded s t r i p  : s e v e r a l  s o u r c e  
p o i n t s  a r e  now p o s s i b l e  (see  F i g .  
11 ) .  The b o r d e r s  may be i d e n t i f i e d  
( c i r c u l a r  s t r i p ) .  U s i n g  t r a n s i t i o n  

m a t r i c e s  a c t i n g  on a s p a c e  o f  s p i n s ,  
t h e y  g i v e  a f o r m u l a  f o r  t h e  number  
o f  s u c h  a n i m a l s  w i t h  g i v e n  s o u r c e  
p o i n t s .  T h i s  f o r m u l a  i s  e a s i l y  
o b t a i n e d  f r o m  t h e  g e n e r a t i n g  
f u n c t i o n  o f  such  a n i m a l s ,  w h i c h  i s  a 
r a t i o n a l  s e r i e  N ( t ) / D ( t ) .  The 
p o l y n o m i a l s  N ( t )  and D ( t )  can  be 
d e d u c e d  f r o m  §7 and p r o p o s i t i o n  5 . 3 ,  
u s i n g  T c h e b y c h e f f  p o l y n o m i a l s  f i r s t  
k i n d  ( c i r c u l a r  s t r i p )  and s e c o n d  
k i n d  ( b o u n d e d  s t r i p ) .  

The p r o b l e m  o f  t h e  ex  s t e n c e  and d e t e r m i n a t i o n  o f  t h e  e x p o n e n t  
i s  s t i l t  o p e n .  I t  i s  c o n j e c t u r e d  [ 4 1 ]  t o  be 9 / 1 1 .  
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b) C o m b i n a t o r i a l  i n t e r p r e t a t i o n  o f  the  d e n s i t y  o f  a gas w i t h  
h a r d - c o r e  i n t e r a c t i o n s  (summary o f  V i e n n o t  [ 5 1 ] )  

Here  we use p r o p o s i t i o n s  5.1 and 5 . 1 0  in the  case o f  the  
i n d e p e n d e n c y  p o l y n o m i a l s  o f  e x a m p l e  5 . 8 .  The heaps model  p u t  some l i g h t  
on the  s o - c a l l e d  " thermodynamic l i m i t "  of  t he  i n d e p e n d e n c y  p o l y n o m i a l s .  
We o b t a i n  a c o m b i n a t o r i a l  i n t e r p r e t a t i o n  o f  t he  p a r t i t i o n  f u n c t i o n  Z ( t )  
(on an i n f i n  te  l a t t i c e )  and o f  t he  d e n s i t y  

(33) # ( t ) :  t d / d t  l og  Z ( t ) .  

In f a c t  
(34) - # ( - t )  : ~ an t n ,  

a}O 

where  the  an a r e  p o s i t i v e  i n t e g e r s  e n u m e r a t i n g  c e r t a i n  p y r a m i d s .  

U s i n g  s t a t i s t i c a l  m e c h a n i c s  t e c h n i q u e s ,  B a x t e r  has r e c e n t l y  
s o l v e d  [ 6 ]  t he  famous hard hexagon m o d e l .  T h i s  model  has a phase  
t r a n s i t i o n  f o r  t he  " a c t i v i t y "  t e = ( l t + 5 V S ) / 2 .  For 0 < t < t e ~  t h e  p a r t i t i o n  
f o n c t i o n  Z ( t )  is  g i v e n  by the  f o l l o w i n g  s y s t e m  of  e q u a t i o n s  

L e t  R1 (q) ( r e s p .  R i l ( q ) )  be the  l e f t  h a n d - s i d e  o f  the  f i r s t  
( r e s p .  second )  R o g e r s - R a m a n u j a n  i d e n t i t y  (25) ( r e s p .  ( 2 6 ) ) .  The 

p a r t i t i o n  f o n c t i o n  Z ( t )  i s  o b t a i n e d  by e l i m i n a t i n g  q b e t w e e n  the  two 
f o l  l o w i n g  e q u a t i o n s  

t : IRe]  ( q ) ]  5 
(3s)  - q  J ' 

{ T T ( l _ q 6 n + 2 )  (1_q6n+3)  2 ( l _ q 6 n + 4 )  ( t _ q S + l )  2 (1_qSn+4) 2 ( l _qSn)  2 

H (36) Z 
n~0 ( 1 _ q 6 n + l )  (1_q6n+5)  ( l _ q 6 n )  2 (1_qSn+2) 3 (1_qSn+3)3  

F i g . t 2 .  A p y r a m i d  of  hexagons  
i n t e r p r e t a t i n g  the  d e n s i t y  o f  the  

gas in t h e  ha rd  hexagon  m o d e l .  

From heaps b a s i c  lemmas~ we 
deduce  t h a t  the  c o e f f i c i e n t  an 
d e f i n e d  by e q u a t i o n s  ( 3 3 ) ,  
( 3 4 ) ,  ( 3 5 ) a n d  (36) i s  t he  number 

o f  p y r a m i d s  o f  hexagons  on a 
t r i a n g u l a r  l a t t i c e s  f o rmed  w i t h  
n h e x a g o n s j  as shown on F i g . 1 2 .  
I t  wou ld  be o f  g r e a t  i n t e r e s t  
to  p r o v e  d i r e c t l y  t he  e q u a t i o n s  
e n u m e r a t i n g  such p y r a m i d s  o f  
h e x a g o n s ,  w i t h o u t  u s i n g  
B a x t e r ' s  s o l u t i o n  (wh i ch  has 
n o t h i n g  to  do w i t h  heaps o f  
p i e c e s ) .  A l s o  the  c o m b i n a t o r i c s  
o f  heaps p r o v e s  the  e q u i v a l e n c e  
b e t w e e n  d i r e c t e d  a n i m a t s  
p r o b l e m s  and h a r d - c o r e  gas 
m o d e l ,  as shown r e c e n t l y  by 
Dhar [ 1 7 ]  u s i n g  p h y s i c s  
a r g u m e n t s .  
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10.  Heaps and p a r a l l e l i s m  in  Computer S c i e n c e  

F i n a l l y ,  c o m m u t a t i o n  m o n o i d s  h a v e  r e c e n t l y  a p p e a r e d  in  
T h e o r e t i c a l  C o m p u t e r  S c i e n c e  as  a mode l  f o r  p a r a l l e l i s m  and  c o n c u r r e n t  
access  t o  d a t a b a s e s .  T h i s  i s  an a c t i v e  and  p r o m i s i n g  a r e a  o f  r e s e a r c h  
and  a m e e t i n g  on t h i s  s u b j e c t  t o o k  p l a c e  in  P a r i s ,  M a r c h  1 9 8 5 ,  and  

a n o t h e r  i s  ~ l a n n e d  in  1 9 8 6 .  

A d a t a b a s e  i s  a s e t  o f  o b j e c t s  c a l l e d  e n t i t i e s .  A t r a n s a c t i o n  
i s  a n y  s e q u e n c e  o f  a t o m i c  a c t i o n s  o p e r a t i n g  on t h e  e n t i t i e s .  S e v e r a l  
t r a n s a c t i o n s  can  a c c e s s  c o n c u r r e n t l y  t o  t h e  same d a t a b a s e .  An a c t i o n  i s  
i d e n t i f i e d  w i t h  a l e t t e r  and  a t r a n s a c t i o n  w i t h  a w o r d .  C o m m u t a t i o n s  
a r e  d e f i n e d  on t h e s e  l e t t e r s ,  d e s c r i b i n g  t h e  p o s s i b l e  c o n c u r r e n c y  
a c c e s s  t o  t h e  d a t a b a s e .  The  m o d e l  can  be d e v e l o p p e d  f r o m  an a l g e b r a i c  
p o i n t  o f  v i e w  ( r a t i o n a l  and  r e c o g n i z a b l e  l a n g u a g e s  in  t h i s  m o n o i d , . . . )  
in  a n a l o g y  w i t h  t h e  f r e e  mono id  c a s e  ( s e e  f o r  e x a m p l e  
[ 7 ] ~ [ 1 2 ] , [ 1 3 ] , [ 1 9 ] , [ 2 3 ] , [ 4 2 ] ) .  A n o t h e r  d i r e c t i o n  i n t r o d u c e d  by  F r a n ~ o n  
[ 2 8 ] , [ 2 9 ]  and  A r q u e s  e t  a 1 . [ 4 ] , [ 5 ]  i s  c o m b i n a t o r i a l .  T h i s  d i r e c t i o n ,  
f o l l o w i n g  some i d e a s  o f  P a p a d i m i t r i o u  ( [ 4 2 ]  and  r e l a t e d  p a p e r s )  a l l o w s  
t h e  c o m p a r i s o n  o f  t h e  p e r f o r m a n c e s  o f  c o n c u r r e n c y  c o n t r o l  a l g o r i t h m s  
w i t h  t h e  c o m p u t a t i o n  o f  t h e  c o s t  o f  s e r i a l i z a t i o n  o f  an e x e c u t i o n  o r  
w i t h  t h e  d e t e r m i n a t i o n  o f  F r a n £ o n ' s  p a r a l l e l i s m  r a t i o ,  f r e q u e n c y  o f  

d e a d l o c k e d  e x e c u t i o n s , e t c . . .  T h e s e  p r o b l e m s  c a n  be r e d u c e d  t o  t h e  
a s y m p t o t i c  e n u m e r a t i o n  o f  c e r t a i n  s e t s  o f  c o m m u t a t i o n  c l a s s e s ,  o r  

e n u m e r a t i o n  o f  w o r d s  in  t h e s e  c l a s s e s .  

The  h e a p  m o n o i d  mode l  may b r i n g  o t h e r  i d e a s  a b o u t  t h e s e  
q u e s t i o n s .  F i r s t  o f  a l l ~  r e p l a c i n g  t h e  a l p h a b e t  ( w h i c h  l e t t e r s  a r e  a 
c o d i n g  o f  t h e  a t o m i c  a c t i o n s )  by  a s e t  o f  b a s i c  p i e c e s  P, e q u i p p e d  w i t h  
a b a s i s  B a n d  a p r o j e c t i o n  map ~ :  P ~ ~ ( B )  c a n  be c l o s e r  t o  c o n c u r r e n c y  
c o n s i d e r a t i o n s .  F o r  e x a m p l e  one  c a n  c o n s i d e r  t h e  b a s i s  B t o  be t h e  s e t  
o f  e n t i t i e s .  An a t o m i c  a c t i o n ,  s y m b o l i z e d  by  t h e  b a s i c  p i e c e  ~EP~ w i l l  
o p e r a t e s  on t h e  s u b s e t  ~ ( ~ ) c B  o f  e n t i t i e s .  T h i s  a t o m i c  a o t i o n ~  e x a c t l y  
as  t h e  b a s i c  p i e c e ,  i s  a c e r t a i n  " s t r u c t u r e "  on t h e  s u p p o r t  ~ ( ~ ) .  The 
c o n c u r r e n c y  r e l a t i o n  o f  §4 w i l l  c o r r e s p o n d s  t o  a t o m i c  a c t i o n s  h a v i n g  
a c c e s s  t o  common e n t i t i e s .  U n d e r  t h i s  m o d e l ,  two  a c t i o n s  w i l l  commute  

f f  t h e y  o p e r a t e  on d i s j o i n t  s u b s e t s  o f  e n t i t i e s .  

A n o t h e r  i d e a  i s  t o  u s e  h e a p s  o f  p i e c e s  a s  a new d a t a  s t r u c t u r e  

n C o m p u t e r  S c i e n c e .  T h i s  s t r u c t u r e  a p p e a r s  as  a g e n e r a l i z a t i o n  o f  t h e  
b i n a r y  f r e e  s t r u c t u r e  ( w h i c h  i s  a p o s e r  and  t h u s  c a n  be " r e a l i z e d "  a s  a 
h e a p )  and  t h e  s t r u c t u r e  f o r m e d  by  s e v e r a l  i n d e p e n d a n t  s t a c k s .  One can  
i m p l e m e n t  t h e  h e a p  d a t a  s t r u c t u r e  by i t s  f i b e r s ,  o r  by d e f i n i n g  l i n k s  
b e t w e e n  a p i e c e  ~ and t h e  p i e c e s  B w h i c h  a r e  c o v e r e d  by ~. T h i s  d a t a  
s t r u c t u r e  w o u l d  be o f  p a r t i c u l a r  a d v a n t a g e  in  p a r a l l e l  a l g o r i t h m s .  

In  c o n c l u s i o n ,  o n e  o f  t h e  i n t e r e s t  o f  t h e  h e a p s  f o r m u l a t i o n  i s  
t o  r e i a t e  some p r o b l e m s  c o m i n g  f r o m  c o m p l e t e l y  d i f f e r e n t  f i e l d s ~  as  f o r  
e x a m p l e  t h e  d e t e r m i n a t i o n  o f  t h e  c r i t i c a l  e x p o n e n t s  o f  t h e  d i r e c t e d  
a n i m a l s  p r o b l e m  in  S t a t i s t i c a l  P h y s i c s  and  t h e  c o m p u t a t i o n  o f  F r a n £ o n ' s  
r a t i o  o f  p a r a l l e l i s m .  B o t h  a r e  e q u i v a l e n t  t o  a s y m p t o t i c  e n u m e r a t i o n  o f  
c e r t a i n s  h e a p s .  Some p r o b l e m s  a r e  e q u i v a l e n t  t o  e n u m e r a t e  t h e  numbe r  o f  
w o r d s  in  a c o m m u t a t i o n  c l a s s  (as  f o r  e x a m p l e  " a g g r e g a t s "  p r o b l e m s  in  

S t a t i s t i c a l  P h y s i c s ) .  F rom §3 ,  t h i s  i s  e q u i v a l e n t  t o  e n u m e r a t e  l i n e a r  
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e x t e n s i o n s  o f  a g i v e n  p o s e t .  T h i s  p r o b l e m  is  w e l l - k n o w n  in  p o s e t  
t h e o r y  and e x p l i c i t  f o r m u l a e  e x i s t  o n l y  in  c e r t a i n  p a r t i c u l a r  c a s e s  
( s t a n d a r d  Young t a b l e a u x ,  s t a n d a r d  s h i f t e d  Young t a b l e a u x ,  t r e e s , . . . ) .  

Of c o u r s e j  t h e  d i f f i c u l t y  o f  t h e  p r o b l e m  r e m a i n s  t h e  same in b o t h  
p o i n t s  o f  v i e w ,  b u t  t h e  s p a t i a l  i n t u i t i o n ,  t h e  p o w e r f u l  b a s i c  heaps  
lemmas and t h e  c o n n e c t i o n s  made b e t w e e n  d i f f e r e n t  d o m a i n s  may be u s e f u l .  
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Introduction 

In [3], Joyal introduces the category of species together with several operations such 
as +,-, x, o and ' .  In [4], he states the substitution rule for virtual species. In this 

paper, we develop a method for proving the correctness of this rule; we also further 

study and extend some aspects of the theory of virtual species. In particular, we wil l  

(1) Show that the ring of virtual species (resp d-species)is a unique factorization 

domain (UFD). 

(2) Give a relation between x and o. 

(3) Extend all the identities involving +,-, ×, o,', 0 and 1 to the setting of virtual 

species and, more generally, E-species. 

(4) Give some E-species which are analogues of the logarithm and trigonometric 

functions. 
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Chapter I-Background 

§ I.I.  Algebra 

In this paper, "ring" always means commutative ring with I. 

Definition ] . ! .1 .  ( I f ,  0, 1, +,-) is a h a i f - r i n g  i f f  (E, +) and (E, .) are commutative 

monoids and the two "distr ibut ive" laws: ( t )  (a+b)c = ac + bc ; (2) Oc = 0 hold in E. 

If K is a half-ring and (~l,-) is a monoid with the property that for each m e ~, 

there are only finitely many pairs (m~,m 2) such that m = m~m~, then the set of all 

functions f: M --, I(, denoted E[[~I]], gets a half-ring structure with pointwise 

addition and multiplication by convolution: 

(f-g)(m) = ~. m=ml.m2 f(mO g(m2) 

Obviously, I([[~l]] is a ring iff E is a ring. The map ~I --~ Y([[~[]] sending each m 

to its characteristic function is an embedding of monoids if E = O, and it is customary 

to identify M with its image, and to write ~_~[f(m) m instead of f, when this 

is convenient. 

Let K, H be two groups of permutations of the finite sets F, E respectively. The 

wreath product KIH is defined to be the group of permutations t of the set F x E 

which are of the form t(f,e) = (oc(e)(f), h(e)) where oc is a function: E--~ K and h ~ H. 

Thus t is determined by an element of H and a function o~. So tK HI " tKIIEI-tHI, ,f 

G is a group of permutations of a set D, then (KxH)'tG = K~,(HxG). 

Example I . l . 2 .  2~ x 2o v = D 4 where D 4 is the dihedral group of order 8. 

Definition ].I.3. ([13]) Let HcE1~xE2~x'xEr~ and KicFi~ for l~i~r. 

The wreath product (KI,K2,...,Kr)IH is defined to be the group of permutations 

t of the set F I x E I + F 2 x E 2 + ... + Fr x Er, which are of the form: For 1 ~ i ~ r, t(fi,ei) 

= (~i(el)(fi), h(el)) where ~o i is a function Ei-, Ki and h ~ H Thus t is determined by 

an element of H and functions ~ where I ~ i ~ r. 

So 

= IK I IE'I IK21B,I... iKrllErl IH[. 

Given a finite set E, a partition 11 of E is a family E i of non-empty subsets of E 

such that E iFIEj =~ if i# j and UEi =E. Two partitions are equal iff they have the 

same elements. Let P[E] denote the set of all partitions of E. Let ~: E_ denote the 

disjoint union of EI,E2~...,Ed where E = (E~,E~...,Ed) ~ B d • We write ]~ E_ = El+ E2+ ... + Ed. 
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§ 1.2. Commutative algebra. 

Definit ion L2.1. ([13]). Let ~ bearing. The length of any element r in ~, 2(r ) ,  

is defined by: (a) ~ ( 0 ) = ® ;  (b) ~ ( r ) = O  if r i s a u n i t ;  (c) otherwise, ~ ( r ) =  

sup{ k l r  = x 1. x z .-- xk wi th xi non-zero and non-unit }. 

De f i n i t i on  1.2.2. ([13]). Let ~ and S be two rings. A ring homomorphism f: ~ - ~  S 

is called local  if f i r )  unit in S implies r unit in $~ and is called u n i t - s u r j e c t i v e  if 

s unit in 5 implies 3 r e St wi th f ( r )=  s. 

Let (Rn)nelt be a sequence of UFD's and (OCn)nElN be a sequence of local, unit- 

surjecive ring homomorphisms where OCn: Stn+ t -'~ Stn, and let < St, (~n)n~ > be the 
inverse l imi t  of <(Stn)nEl~l, (OCn)nEll > where ~Pn is the canonical homomorphism from St 

to Stn. In fact ~n iS a local unl t-sur ject lve ring homomorphlsm. We often wr i te r n 
instead of ?n(r) for all r ~ ~. 

Proposition 1.2.3. The inverse l imi t  St of a sequence RR n of UFD's and local, unit- 

surjectlve homomorphisms is an UFD. 

Proof. Every non-zero and non-unit element r in IR can be factored into a finite 

product of irreducible elements since 2(r) ~ 2 (r n) vn. If r E St and ~(r) = I then 

IImn_,~It(r n) = I. It can be proved that every Irreductlble element in ~ is a prime. 50 

I~ is an UFI). 

Proposition 1.2.4. Let (~I, - ) be a free commutative monoid and St be an UFD then 

B [ • ]  and St[[l~I]] are UFD's. 

Chapter I I  : The concepts of species and K-species 

§ I1.1. Group Sets 

If X is a f ini te set, a permutation of X is a bi jective map g: X --~ X. Under the 
operation or composition, the set of all permutations of X forms a group X ~. We have 

Ix~ I = Ixl !, where we use l I to denote cardinality. If G is a subgroup of X~, then we 
shall say that the pair (G,X) is a group-set .  A subset Y of X is called a 
6-1nvarlant subset i f  g(Y) c Y for any g ~ G. Let (G,X) be a group-set, U be a f in i te 

set containing X, and Y be a G-lnvarlant subset of X. For any g ~ G, the extension 
of g to U, gU, is defined by: gU(u) = g(u) if u ~ X; gU(u) = u otherwise. The 

restr ict ion of g to Y, gy, is defined by: gy(y! = g(y) if y ~ Y. We denote G U= 

{gUlg ~ G} and Gy = {gYIg ~ G}. 
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Under the operation of composition, G u and Gy form groups and (G U, U), (Gy,Y) are 
group-sets. Since Y is a G-invariant subset of X, then X - Y is a G-invariant subset 
of X and (Gx_y, X-Y) is a group-set. 

Definition I i ! . 1  ([13]). Let (G,X) and (H,Y) be two group-sets. (H,Y) is called a 
reducing group-set of (G,X) i f  i t  satisfies the following conditions: 

(a) Y is a G-invariant subset of X; (b) H = Gy; (c) HXcG. 

Definition [][.!.2 ([13]). Let (H,Y) and (K,Z) be twogroup-sets, then 

(a) Forany h~H and k~K,  let h*k~(Y+Z)y  be defined by: (h*k)(u)  =h(u) i f  u~Y; 
(h*k)(u) = k(u) i f  u ~ Z. 

(b) Let H * K denote the subgroup {h * kJh ~ H, k ~ K} of (Y + Z)~. 
(c) The group-set (H * K, Y + Z) is called external  product of the two group-sets (H,Y) 

and (K,Z) and is denoted: (H * K, Y + Z) = (H,Y) * (K,Z). 

From definition 1.2, we find the group H*K is the direct product of H Y+Z and K Y+Z. 

It is easy to check that the external product, *, satisfies the associative law. 

Lemma H.I.3. If (Gy,Y) is a reducing group-set of (G,X), then 

(a) (Gx_y, X-Y) is a reducing group-set of (G,X); (b) (G,X) = (Gy,Y) * (Gx_ Y, X-Y). 

Lemma I [ ! . 4 .  Let (Gy,Y), (Gz,Z) be two reducing group-sets of (G,X), then so is 
(Gynz,Ynz). 

Lemma I I . I .5 .  If (H,Y) is a reducing group-set of (G,X) and (K,Z) is a reducing 
group-set of (H,Y), then (K,Z) is reducing group-set of (G,X). 

Definition H.l .6.  ([13]) A group-set (G,X) is called an atomic group-set if X # 
and (G,X) has no non-empty proper reducing group-set. 

Proposition I I .  !.7. Every group-set (G,X) can be decomposed uniquely into an external 
product of atomic group-sets. 

Let (G,X) and (H,Y) be two group-sets. We write (G,X)~ (H,Y) if there exists a 

bijection f: Y--~ X such that f-IGf = H. It is easy to prove that ~ is an equivalence 

relation. Let 9 be the set of equivalence classes of group - sets. We have: 

Proposition I I .  !.8. (9. " ) is a free monoid 
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§ 11.2. Spec ies  

Let Sets be the category of (small) sets and maps and B be the category of f inite 
sets and bijections. 

Def in i t ion  II.2.1 ([3]). A species is a functor S: B -~ Set_% and a morphism T 

from species S to species T is a natural transformation from functor S to functor T. 

If there is an isomorphism T from species S to species T, then we write S = T. 
(and use the notation S = T when we work "up to an isomorphism"). In what follows, the 

symbol S witl be used sometimes to represent a species, and some other times to 
represent it's isomorphism class. The usage at a particular point in the text should be 

clear from the context. For any E ~ B and any species 5 we write 5[E] for the image 
of E under 5. Every element in SiE] is called an S-  structure on E. 

The reader is referred to [3] (or [5]) for the definitions of the sum S * T, product 

S' T, c.artesian product S × T, deriyative S', and substitution S o T (if T[~] = ~), of 

two species S and T. They are summarized as follows: 

Def in i t ion  I[.2.2 ([3]). For any E E B, 

(a) (S*T)[E] = 5[E]+T[E] (b) (5.T)[E] = ~E :E1 ,  E2 S[E1]xT[E~] 

(c) (S x T)[E] : S[E] x T[E] (d) S'[E] : 5{E + I] 

(d) (S o T){E] = ~.~P[E] S[T{] x ]-~C~ T[C] 

where P[E] is the set of all partitions of E 

A species S is called a subspecies of the species U if S[E]cU[E] for all f inite 
sets E and the inclusion is a natural transformation. It is obvious that if S is a 
subspecies of U then there exists a unique species T such that U = 5 + T. 

Example I]_2.3. The zero species, 0, is defined by: 0tEl = ~ for any finite set E. 0 
is the unit element for addition. 

Example  I]_2.4. 1 = B(~ , - ) ,  so the species 1 satisfies l tEl : ~ for any non-empty 
finite set E and 1[~] = {*}; i.e. there is a unique 1-structure on the empty set. 1 is the 
unit element for multipliction. 

Example  11.2.5. X = B({*} , - ) ,  so X[E]= {*}  if IEI : I- X [ E ] : ~  if IEI = I. 
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Example 1].2.6. For ne ~,  write n = {1 ,2  ..... n}.Wehave X n=B(n, - )  = X X ' X .  

More generally, let H c noV; then we use Xn/H to denote the species B(n,-)/H, i.e. 

Xn/H[E] = the set of all "left cosets" of H in B(n, E) where B(n, E) is the set of 
all bijections from n to E (B(n, E) is not a group). In fact Xn/H [n] = the set of all 
left cosets of H in no v. 

Example 1].2.7. The exponential species e x = B( - ,  {*}) is defined by: eX[E] = {*} for 
any finite set E, i.e. there is a unique eX-structure on any finite set. We have: 

eX = Z n ~ o  xn/n~ 

Aspecies U is called a molecule if U,'0, and U =S+T implies either S =0 or 
T = O. Every species is a (possibly infinite) sum of its molecular subspecies. The 
molecules are of the type: 

Xn/H where H is a subgroup of n~ 

It is easy to prove that Xn/H = Xm/K iff n = m and H, K are conjugate in n~ . Let 

denote the set of isomorphism classes of all molecular species and ~1,* denote the 
set of isomorphism classes of all non-constant molecular species. 

Proposition I I .2.8 ([13]). Let n, m e ~ ,  H c n o  ~ and K e m p ,  then: 

( I )  Xn/H • Xm/K = xn+m/(H*K) where " * "  is the external product. 

(2) Xn/H x Xm/K = I ~.L ILl IAL1 Xn/L if n = m; where A L = {g~no v I gHg - lnK= L}. 

[ 0 otherwise, 

(3) XntH o XmtK = xmn/(KxH) where "~-" is the wreath product. 

(4) (Xn/H) ' = ~..e,On. H xn/(H A (n-{e})~) where On, H denotes a complete set of 
representatives for the orbits of H in n. 

By propositions If. 1.8 and II.2.8, we have 

Proposition II.2.g. (T&,.) is a free commutative monoid. 

Def in i t ion II.2.10. ([13]). A species S is called f i n i t a r y  if S[E] is finite for all 
E ~ B. A flnitary species S is called s t r i c t l y  f i n i t e  if =tn > 0 such that S[E] = 

foral]  E~B with IEI > n 

The set of all f inltary species (resp str ict ly finite species) forms a half-ring which 
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is isomorphic to IN[['lll,]] (resp IN['lll,]). The universal  r ing V (resp 5V)con ta in i ng  th is  

is cal led the ring or  v i r t u a l  s p e c i e s  (or Z - s p e c i e s ) .  Every element in V can be 

represented as S - T where S and T are two  species. The r ing V (resp 5V)  is 

isomorphic to Z[['llt,]] (resp 7.['111,]). From proposi t ions I t 2 .4  and I£2.9, we have 

Theorem I [ 2 . 1  1. These two r ings Z[[~l~]] and 7.['111,] are UFD's. 

There are many identities involving *,-, x, o, ', 0 and I ([3],[5],[13]). Let S, T and U 

be species, then 

( i )  (S + T) o U = (S o U) + (T o U), 

( i i i )  ( S o T )  o U = S o ( T o U ) ;  

(v) (5"  T)' = S "  T + 5 '  T'; 

(v i i )  (5 o T)' : (5' o T)- T' 

( i i )  (5 . T ) o U = ( S o U ) - ( T o U ) ;  

( iv) (S * T)' = S' + T'; 
(v i)  (5 x T)' : S '  X T'; 

... etc. 

One objective is to extend all these identities to the setting of K-species. This is done 

in chapter three. 

§ II.3. d-species. 

D e f i n i t i o n  ILL3. I ([3]). Let d be an integer > O. A d - s p e c i e s  is a func tor  

S: Bd--~#et_~ and a m o r p h i s m  -~ f rom d-species S to d-species T is a natural  

t ransformat ion -c from functor  S to functor  T. 

Let 5, T be d-specles and TI, T 2, .... T d be r-species ( where d, r E IN ). The sum 

S * T, product S T, cartesian product S x T, partial derivatives (aSlaXi), 1~i<d, and 

substitution S o ( TI, Tm .... T d ) are defined as follows : 

D e f i n i t i o n  l t 3 . 2  ([3]). For any E = (E1,E~...,E d) e B d and A = (A,...,A~ E g r, def ine 

(a) (S * T)[E_] : S[E_] * T[E_] 

where E : D*E means E i : DI*F i 

(c) (S x T)[E_] = S[E~ x TIE_] 

where e i = (F1,Fm...,F d) w i t h  

(b) (S- T) [E_] : ~,, L= D+F S[D_] x T~ ]  

for I ~ i ~ d, 

(d) (aS/aXt)IE_] = SIE_ + e~] 

E l = { *  } and F j = ~  if  i , , j ,  l ~ i , j ~ d ,  

(d) S o (T t ..... Td)IA~ : ?. ~P[AJ Z f:~ ~ d S[( f -  I( I ),...,f- l (d)]  x]-'[ OE~ Tf(c)ICIqAI ..... CiqAr ] 

where P[~] denotes the set of al l  par t i t i ons  of A1 + ' + A d . 
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Example :[]-3.3. X i = Bd(ei,-) where e_ i = ( F~,F2,...,F d) w i th  F i = { * }  and Fj = ~ i f  i ~ j. 
For E_= (E1,E~,...,E d) ~B d, Xi[E_]={* } i f  Ei=e_i; Xi[E_]=~ otherwise. 

Example ]:L3.4. X~ nt .  X nz-.- Xd nd= Bd(_r~ -)  where B = (n~,n~ ..... rid). and B d (ll, E) is 

the set of all (f~,fa...,fd) where al l  fi are bi ject ions from n i to E i. Note that Bd(n.E) 
is empty unless IEil = n i for all i. More generally, let H c nl• xn2~ x...x nd~ ' 
then (x ln t -xnz ' - -Xdnd/H) [E_]  is the set of al l  " le f t  cosets" of H in Bd(~E_); we 
often use Xl nl- X nz--- Xdnd/H to denote the d-species Bd(~-) /H.  

As in the single variable case, every d-species is uniquely a (possibly in f in i te )  sum of 
i ts  molecular d-subspecies. The molecular d-species are of the type: 

x l n l xznz ' "Xdnd /H  where H c n l ~  xn2~ x-..Xnd~. 

Let ITI, d be the set of al l  isomorphism classes of molecular d-species. 

D e f i n i t i o n  I L3 .5  ([13]). Let ni,m i E ~  for l~idd, H C n ~ x . . - x n  dog,Kern l~x-- .xmd~.  

For any h = ( h  1 ..... h d)EH, k=(k~  ..... k d )CK ( h  i and k i are the res t r ic t ion of h ,k  to 
n i, m i respective!y for ldid d) and u = (u~,u~ ...,u d) ~ (n~+m 1) x ... x (rid.rod) ' we define: 

( h * d k )  (u) = (gt(u~), g~(u~) ..... gd(ud)) where gi(ui) = hi(u i) If u i E Ni; gi(ui) = ki(u i) If 
u i E m  i f o r l ~ i ~ d ,  and H * d K = { h * d k l h ~ H a n d  kEK}. 

From the above de f in i t ion ,  we have 

( Xl nl --- X~ nd IH )- ( Xl ml -.- Xd md /K) = XI nPrnl --. X t  d+ md/ (H ~d K). 

Lemma I:[.3.6. (Irl,d, • ) iS a free commutative monoid. 

Theorem I]_3.7. The r ing of v i r tua l  f in i ta ry  species 7-[[Ill,rill and the r ing of v i r tua l  
s t r i c t l y  f in i te  species Z [ ~ ]  are UFD's. 

P r o p o s i t i o n  I L3 .8  ([13]). Let n i, mi~ ~], K i c mi~ for t~i~d, H c n ~  x... x n ~ ,  
and K c m ~  x . . .Xmd~ , then 

( X~ n~ ..- x~nd/H) o ( xlrn~/K~, ... ,x~rnd/Kd) = ( X~ n~m~ + "'+ ndmd /(K~ .... , Kd)~.H ) 

(x,nt...Xdnd/N) x (x,m'..,.Xdmd/K) = ~LILtIAd'LI'(X'n~'" 'X~n~/L) i f  mi=n i for 1~ i ~ d; 

0 i f  m i ~ n  i for somei. 

where A d , L = { g ~ n , ~ x n ~  x . . . x n d ~  I g H g - l n K = L } .  
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Just as in the case of one variable, there are many ident i t ies involving the operations 
+,.,  x o and ' in d-species ([3]). We can also extend those ident i t ies of d-var iable 
species to the sett ing of d-variable E-species. 

§ I£~ K-species. 

Let E be a half-r ing. We can extend the operations +, -, x and ' to the set 

E[[~JTL]} = { ~ T ~  aTT I aT e K }  
as fol lows: 

(a) ( ~ T e ~  aTT) + ( ~ T E ~  bT [ )  = ~. .T(~ (a [+bT)T  
(b) (~T~Trt, aTT) " (~$E111, b$ S) = ~T,S~% (aT" bs ) (T .S )  
(c) (~T~I~  aTT) × ( Z S ~  b5 S) = ~T,5~Trl, (aT  bs ) (T×S)  
(d) (ZT~% aTT)'  = ~ T ~  a TT'. 

Of course, the terms must be col lected on the r ight  sides of (b), (c), (d). It is possible to 
do so because: given a molecular species M, there are only f in i te ly  many pairs of 
molecular species (S,T) such that I"1 = 5 • T, f in i te ly  many pairs of molecular species 
(U,V) such that M is a subspecies of U x V, and f in i te ly  many molecular species W 
such that M is a subspecies of V/'. 

Let o be the unique hal f - r ing homomorphism: ~ --~ E; then (~ induces a ha l f - r ing 
homomorphism (~: ~[[I1~]]-~ E[[°JI1,]]. The homomorphism preserves +, ", x and '. We 
hope to extend the concept of subst i tut ion,  o, to E[[IT1,]] in such a way that o 
preserves o and all the ident i t ies involving + , . ,  ×, o, ' continue to hold. 

Unfortunately It cannot succeed for al l  hal f-r ings. For example: 

(1) Let E = F 2, then (X2/2~)o(X+X) = (X2/2~)o(0) = O, but (X2/2~)o(X+X) = (X2/2~) + 

X 2 + (X2/2~) = X 2. This is a contradiction. 

(2) Let E = :~[i]. Let (X2/2~)o(iX) = aX 2 + b(X2/2~) since deg ((X2/2~)o (iX)) = 2. 
(Here we are assuming a b i t  more about the extended subst i tut ion,  namely that degrees 
mul t ip ly  under subst i tu t ion of K-species of the form scalar t imes molecule.) More 
detai led computations show that (a,b) = ( i , ( - 1 - i ) / 2 )  or (1,(-1+1)/2). This is a 
contradict ion since b ~ Z[i ] .  

For examples.above, we want (~) = ( - 1 - i ) / 2  ~ E i f  i ~ [ .  This suggests that some 
special hal f - r ings,  "binomial hal f - r ings",  w l l l  sat is fy  our desire. 
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De f i n i t i on  IL4.1 ([13]). A half-r ing K is called a b inomia l  h a l f - r i n g  if  

(a) there exists a ~)-algebra L containing K, and 
(b) for every a ~ ]C and i ~ IN, (~) = a(a - 1 )(a - 2) -- (a - i + 1)/i! ¢ K 

For example IN, 7, ~ ~, £, Q[i] and IN * {~ (~ 2 = 0) are all binomial 

half-rings, but Fp,  p prime, and 7[ i ]  are not binomial half-rings. 

De f i n i t i on  IL4.2 ([131l Let ]C be a binomial half-ring. A K - spec ies is an 
element S of K[[ITL]], i.e. a formal linear combination of the molecular species with 
coefficients in K. 

The concepts of species (resp. virtual species) and IN-species (resp. Z-species) 
coincide. 

Chapter I IZ:  The ca lcu lus  of 1E-species 

§ ] I I  I. Extens ion of s u b s t i t u t i o n  to K-spec ies .  

In this section, K is a given binomial hal f - r ing Vle wi l l  define the operation o for 
]E-species and prove that the identit ies in chapter ZZ involving o continue to hold. 

P ropos i t i on  ] I ] L I . i .  Let T1 and T2 be two species, then eT1 + T2 = eT1 • eta. 

No ta t ion  IX]. 1.2. a) Let L be a Q-algebra, a ~ L and rl, r~ ..., r n ~ IN. We wr i te  

( r4.ra,  a . . r n )  = 8 ( a - 1 ) , , . ( a - Z r +  I )  I rl! r 2 ! " ' r n !  

where Z r  m e a n s  r 1 + r 2 + .-. ÷ r n. 

b) Let (pj)j~j be a famlly of formal variables. We denote by IN[(~J)] 
the sub half-r ing of ~(Pj)jc-O] generated by the polynomials (PJ), j E J, i E ~I. 

Remark ZZ]_i.3. If f ( (P j ) jed)  ~ IN[ (Pi j ) } and (aj)jE d is an arbitrary family of 

elements of the blnomlal half-Mng ]{, then f ( ( a j ) j ~ )  E K. 
We also have 

B 
( r,.r,.:...rn ) = ( r,.r,.Z~ ~n )( Zr ) ~ IN [ i f ) ]  

Corollary I I ] .  1.4. For all n ¢ IN, 
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enX = (eX)n = ~k~O ~-,r1+2~++.,+krk = k ( r,,rz,n..,rk ) (Xl I Y )r~ .(X212 Y )r~ ... (Xk lky) r  k 

= ZHE~ gM (n) M 

where all r i are non-negative integers and all gM(p) E ~I[(~)]. 

P r o p o s l t l o n I I [ l . 5 .  S x e  nX = So(nX) for al l  n ~ ,  

Proof. It is easy to show that for any E ~ B, 

(S o (nX))[E] = S[E] x n E 

In particular for S = e X, this gives enX[E] = n E. Substituting this back into the above 

equality gives 
(S o (nX))[E] -- S[E] x enX[E]. 

Natural i ty in E is easi ly ver i f ied, so the proof is completed. El 

Lemma II]- 1.6. (~./~In, d aAA)' (~AEIll, d bkA) = ~. A~lll, d CA A, where c A = ~A+ As = A a^ibk ~ 
Is a finite sum. 

Lemma 11].1.7. (~.~E111,d a^A) x ( ~ , A ~ d  b^A) =:~. AE1ll,d cAA, where CA=~.AI~2 nA~1~iaA+bA2 
is a f in i te  sum, w i th  nA~i~2~ l i  defined by A I x A 2 = ~. A~Ill, d nA~+~2 A. 

P r o p o s i t i o n  I [ ] . l . &  Let S be a species and ne~], then S(nX) = Z M~Irl, fM ( n ~  for 

some fM(p) e ~][(~)]. 

Now, we can extend proposit ion 1111.8 to E - species: 

D e f i n i t i o n  11]. I .9.  Let E be a binomiai hal f - r ing,  a ~ E and S be a E-species. 

Then S(aX) = ~ M~111, fM (a) M w i th  fM(p) defined in proposit ion 1111.8. 

Tabies 4 and 5 give S(-X) and S(nX) for molecular species of small degree. 

Lemma I l l .  I .  I O. xn,.-.xnd/H o (xm+IK1,...,XmdlKd) = xmlnl  + m2n2+'"+mdndl((Ki,K2,'",Kd)IH) 

where n i ,m  i ~ ] ,  K icmiY for 1 ~ i ~ d ,  and H c n I Y  x n 2 ~  x - . - xnd~ .  

C o r o l l a r y  11]- I. I I .  Let T~, T2, ..., T d be d-species, then e T' +Tz +...+Td= eTi. eTZ ... eTd. 

Lemma 11]- 1.12. e x . (n+Xl+-+-+ndXd) = ~--A(lll,d fA(n+ ..... %)  A 
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where fA(p~,...,pd ) ~ IN[(?)}I~ i ~  
Lemma l i t  I . !  3. For any n~,n~...,n d E ~l and d-species 5, we have: 

So (niX 1, n~z,...,ndX d) = S × (e x o (nIXi+...+ ndXd)). 

Lemma I I I _ l . 14 .  Let M~,...,MdE qJ]l, * , then (~--ACT~d a^A)o(Ml ..... M d) = ~ B ~ C B B  
where c B = ~ (a^ I A ~ d ,  Ao(M~,M a .... M d) =B ) ,  a f in i te  sum. 

Lemma I H . I . 1 5 .  Let T be species, Aj~FLWfor 1 < j ~; d. Then we have To(nlAl+...+ndAd) 

=~B~,Jl fB(n~,n~,...,nd) B, where fB(P~,P2,---,Pd) ~ ~I[(~J)]l<j<d for al l  B ~ In,. 

Remark III_l.16. Let S be a species and S o (~--~E~I, nA A) = ~, BET& fB((nA)AEIII,) B 
where fB depends only on S and on the nA's with degA £ deg B So we have: 

Proposition IIL I. 1 7. Let T be a species, then 

T o ( ~ AE~II,* nA A) = ~, BEll1, fB((nA)A~'III,) B where fB((PA)AE~) e ~I[(~A)]AEIrl. 

Definition IILI.18 ([13]). Let ]( be a binomial half-ring and S, T be two 

](-species with T = Z A~lll,* nAA for nAE •. The substitution of T in S, SoT, is 

defined by 

B~li~ fB ((nA)A~lll,) B with fB((PA)AEIII) given in proposition H1 1.17, 

If S is a ](-species, then S = ~ ,nEH~.H  anH Xn/H where anH E ](  and H ranges 
over representat ives for the conjugacy classes of subgroups of noV. S n denotes the n- th  

term or the outer sum. (If  S is an actual species, then Sn[E] = 5[E] If IEI = n; Sn[E] = 

if IEI "n.) 

Theorem III.l.19. Let S, T and U be X-species with T O = U o = O, then 

(SoT)oU=So(ToU) 

Proof. Let S = ~A~III, SAA, T = ~,BEIII, tBB and U = ~C~III, UcC. We have 

(S o T) o U = ~ME111, fM ((s^,tB,UC)A,B,C E ~)M, S o (T o U) = ~.M~I& gM ((sA, tB,UC)A,B,C ~ ~)M 

where fM((PA,qB,rC)A,B,CEIlrt,), gM((PA, qB,rC)A,B,CE 91, ) ~ ~I[(~A),(jqB),(~ C)] A.B,CG~I,. 

By associativity of substitution for actual species, fM and gM agree when natural 

number are substituted for PA, qB and r c, and hence they agree when arbitrary 

elements of ](  are substituted. 
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Similar arguments prove all the identites involving +, ., ×, o, ', 0 and I. 

Substitution for several-variable K-species is defined in the analogous way and 
identit ies from actual species can be l i f ted to these by arguments simi lar to the one 

variable case. 

§ I I[2. The K-species SIN, C05. and LG. 

The trigonometric functions, cos x and sin x have properties such as (sin x)' = cos x, 

(cos x)' = - sin x and sin2x + cos2x = 1. Here we t ry  to find some special E-species 

which have simi lar properties. 

In fact, we can't find any Z-species (=virtual species) which have the properties 

above. Suppose S and C are two Z-species wi th So = O, C o = I such that S'= C, 
£ '=-S and S . S + C . £ = I .  

Let S=a~(+azX2*a]X2t2~ +--- and C = I *b lX*b2X2+b3X2 /2~  +'--. Wehave: 

(i) a l+(2a2+a 3)x+.. .  = 1 +b I X + - . ,  sinceS' =C; 
( i i )  b l+(2bz+b 3)X+... = - (a~X+-- - ) ,  sinceC' =-S; 

( i i i )  1 +2b~X+(a~+b~+2b~)X 2+2b3x2/2~ + . . . .  1, since S . S + C . C  = I. 

Comparing the coefficients of each molecular species on both sides, we have: 

a I = i, b I = 0, and a 2 + b 2 + 2b~ = 1 + 2b z = 0. This is a contradiction since b 2 ~ 7..- 

D e f i n i t i o n  III.2.1. Let K be a binomial ring containing Q, then 

COSX = l / 2 ( e l X + e  - l x )  and S IN× - -  - i / 2 (e lX+e - lX ) .  

Of course, in this definition, e iX and e -iX are both computed by substituting i for n 

in corollary Iili.4. Let the ring homomorphism a: ~i] --) ~i] be defined by: 

a+biF-)a-bi. The induced homomorphism 6: Q[i][[~ll~]]--~ ~{i][[~l,]] fixes species SIN 

and species C05. So SIN, COS ~ Q[[~FI,]]. 

Proposition I112.2. Let S be a Z-species with S 0 = 0. If e X o S =I then S = 0. 

Proof. I = e×oS = Zn ~ 0~-71+2rz *''*nrn = n ((X rl Iri~ )°(S1))'((xr2/r~ )o(S2 ))"'((xrnlrn~ )°(Sn)) 

where r i 2 0 for all i. Comparing terms of degree n on both sides gives: 

0 = Zr1+2r~..,.+nr n = n ((X rl Ir,~ )o(Si))-((xr21rz~ )o(S2 ))'"((xrnlrnY )°(Sn)) 

The n-th equation has highest term S n (from r I = . .. = rn_ i = 0, r n = I) and all lower 
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terms involve only S1, S 2 ..... Sn_ 1. The system of equations can be solved recursively. 
We have Sn= 0 for n ~ 1. i.e. S = 0. [] 

C o r o l l a r y  I I IL2.3. Let S, T be two 7.-species such that S O = T O = 0 and eXoS = eXoT 
then S = T. 

Definition I I [ 2 . 4 .  The species LG = Zk~0  Sk is recursively defined by 

and 
S o = O, S I = -X 

Zr1*2~+'"÷nr n = n ((X rl/r1~ )o(51)) ((XrZ/r2~)o($2 )). ((xrn/rn~)O(Sn)) = O, n;~2.  

Proposition III.2.5. e x o LG X = I - X, 

Let V i = { T E z [ [ ~ L ] ]  I T o :  i} then T H e  T (=e X o T )  g ivesagrouphomomorphism 

exp: (V0, + ) --, (V 1, - ). From the proposit ions t I I l . l ,  I t i 2 2  and I I I2 .5,  we know that 
exp is a group isomorphism and that i ts  inverse log is given by: T ~ L6(1 - T) (log 
is not a species). 

P r o p o s i t i o n I I I L 2 . 6 .  L G ( I - S - T )  = L G ( I - S )  + LG(1 - T )  forany S, T E V  I. 

N O T A T I O N  FOR T A B L E S  

no v = The group of al l  permutations on n; A n = The group of all even permutations on n; 
Cn= The cycl ic  subgroup of nov generated by (12...n); Dn= The dihedral group of order 2n; 
A-B = The direct product of group A and group B; K 4 = { id,( t2)(34),(13)(24),(14)(23)};  
H = {id, ( 12)(34)}; L = {id,( 123),( 132),( 12)(45),( I3)(45),(23)(45)} = A 5 I1 Stabi l izer  {4,5}; 

T = The normalizer of C 5 = The aff ine group {ax + b f a,b ~ F5, a ,~ 0} = {id, (12345), 
(I 3524), (14253), (15432), (2354), (25)(34), (2453), (1534), (13)(45), (1435), (1452), 
(15)(24), (1254), (1523), (12)(35), (1325), (1243), (14)(23), ( 1342)}. 

The cartesian product between molecular species of degree ~ 3 

XxX=X 

X 2 x X 2 =2 X 2 X 2 x X2/2~ = X 2 X2/2~ xX2/2~ = X2/2~ 

X 3x X 3=6X 3 X 3xx3/2ov =3X 3 X 3x X3/A3=2X 3 X 3xx3 /3~  =X 3 

X3/2~ x X3t2~ = X3/2~ + X 3 X3/2~ x XSIA3 = X $ X3/2~ x X313~ = X3/2~ 

X3/A 3 x X3/A3 = 2 X3/A3 X3/A3 x X3/3~ = X3/A3 X3/3~ x X3/3~ = X3/3~ 

Table I 
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The derivative of molecular species of degree ~ 5 

Molecular Derivative Molecular Derivative 

1 0 X 5 5X 4 

X 1 Xb/H X4/H + 2)( 4 

X 2 2X X5/2~ 3X4/2 v 4. X 4 

X2/2 v X XS/A3 2X4/A3 + X 4 

X 3 3X 2 X5/C4 X4/C4 + X 4 

X3/2 v X2/2~ + X 2 xB/K 4 X4/K4 + X 4 

XS/A 3 X 2 XS/2~.2Vo X4/2 v.2 v + 2X4/2~ 

X3/3o v X2/2~ X5/C5 X 4 

X 4 4 X 3 XS/L X4/A3 + X4/H 

X4/H 2X 3 xS/A 3 2 v X4/A3 + X4/2~ 

X4/2~ 2XS12v~ + X 5 X5/3~ 2X4/3y + X4/2~ 

X4/A3 XS/A 3 + X 3 XS/D4 X4/D4 + X4/2~ 

X4/0 4 X 3 XS/D 5 X4/H 

X4/K4 X 3 X5/2~ .3~ X4/2~-2Vo + X4/3~ 

X4/2o v .2~ 2X3/2~ XS/A4 X4/A4 + X4/A3 

X4/3y X313y + X3/2 v X5/'[ X4/C4 

X4/D4 X3/2o v X5t4~ X4/3~ + X4/4~ 

X4/A4 X3/A3 X5/A5 X4/A4 

X4/4~ X3/3~ xS/5~ X4/4 v 

Table 3 
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The subs t i tu t ion  of -X in molecular  species of degree ~ 5 

1 o(-X) = 1 Xo(-X) = -X 

X2o(-X) = X 2 X2/2o% (-X) = X 2 - X2/2o v 

X3o(-X) = -X 3 

X3 /Aso( -X  ) = -X31A 3 

x3 /2~o (-X)  = x3 /2~  - x 3 

x3/3o% ( - x )  = 2x3/2~ - x 3 - X3/3~ 

X%(-X) = X 4 

X4/2~o (-X)  = X 4 ~ X4/2~ 

X4/C4 o(-X) = X4/H - X4/04 

X4/2~ -2~o ( -X)  = X4/2~ -2~ + X "~ - 2X4/2~ 

X4/Ho(-X) = X4/H 

X4/A3o(-X ) = X4/A 5 

X4/K4o(-X) = $X4/H - X 4 _ X4/K4 

X4/3~o (-.X) = X4/3~ + X 4 - 2X4/2~ 

X4/D4o(_X) 4 v v + _ + _ = X / 2 °  2 0  X4 /H-  X4/2vo X4/D4 X4/A4o(-X) = 2 X 4 / A  3 X4/H X 4 - X4/A4 

X4/4~o (-X)  = X4 /2~ .2~  + 2X4/3~ + X 4 - 3X4/2~ - X4/4~ 

XSo(-X) = _X s 

XS/2Zo (-X)  = XS/2Z - X s 

X5/C4o(-X) = X5/C 4 - XS/H 

X5/2~ ,2~o (-X)  = 2X5/2~ - X 5 - X5/2~ ,2Z 

XS/Lo(-X) = XS/L + X 5 _ 2XS/H - XS/A 5 

X5/3~o (-X)  = 2X5/2~ - X 5 - X5/3~ 

XS/Dso(-X) =-XS/D5 

XSIHo(-X) = -XS/H 

XS/A3o(-X ) = -XS/A3 

XS/K4o(-X ) = XS/K4 + X 5 _ 3XS/H 

XS/Cso(-X) = -X5/C 5 

XS/As,2~o (-X)  = X5/2~ . A S - XS/A 5 

XS/D4o(-X) = X5/2~ +XS/D4-XS/2~ 2 ~  -XS/H 

XS/To(-X) = 2X5/C4 - XS/T - XS/H 

X5/2~ .3~o (-X)  = 3X5/2~ + xS /z~  -3y - xS/3?  - X s - 2xS/2~ .2~ 

XS/A4o(-x) = x 5 + XS/A 4 - 2 X 5 / A  3 - XS/H 

X5/4~o ( -X)  = 3X5/2~ + X5/4~ - 2X5/3~ - X 5 - X5 /2~ .2~  

XS/Aso(-X ) = 2X 5 + 2XS/A 4 + 2XS/L - 3 X 5 / A  5 - 3XS/H - XS/A 5 

X5/5~o ( -X)  = 2XS /2~ -3~  + 2X5/4~ + 4X5/2~ - 3XS/3~ - X5/5~ - X 5 - 3X5/2~ 

Table 4 
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The subst i tut ion of nX in molecular species of degree { 4 

1 o(nX) = 

Xo(nX) = 

X2o(nX) = 

X2/2~o (nX) = 

X3o(nX) = 

X3/2~o (r~X) = 

X3/A3o(nX) = 

x3/3  vo (nX) = 

X4o(nX) = 

X41Ho(nX) = 

X412yo (rlX) = 

X41A3o(nX) = 

X4/C4 o(nX) = 

X4/K4o(nX) = 

X4/2+ v -2~o (nX) = 

X4/3Zo (nX) = 

X4/D4o(nX) = 

X41A4o(nX) = 

X4/4V+o (nX) = 

I 

('~)x 

( (~ )+2(~ ) )X  2 = (q)2X2 

(,~) X 2 + (~) X2/2~ 

( (~)+6( .~)+6(73))X 3 = (~)3X3 

((~) + 2(~))X3/2 v + (2(~) + 3(?3)) X 3 

('~) X3/A3 + (2(~) + 2(73)) X 3 

2(~) Xs/zZ ÷ (?3) X s + ('~) X3/3~ 

((q) + i4(~) +36(?3) +24(%))X 4 = ('~)4x4 

(('~) + 2(~)) X4/H., (6(~,) + 18(?3) + 12(%))X 4 

(4(~) + 15(73) + lZ(~)) X4+ (('~) + 6(~) + 6(?3))X4/2~ 

(4(~) + 12(73) ,',. 8(%)) X4+ ((q) + 2(~)) X4/A3 

(~) X4/H + (q) X4/04 + (3(,~) + 9(73) + 6(%)) X 4 

3 (.~) X4/H + (2(~)  + 9(%) 4. 6(%)) X 4 4. ('~) X4/K 4 

(('~) + 2(,~)) X4 /Zy-2~  -,- ((~) -,- 6(?3) + 6(%)) X 4 + (4(~)  -,- 6(?3)) X4/2~ 

((q) 4- 2(~)) X4/5o v + (3(?3) 4- 4(%)) X 4 4- (4(~) 4- 6(?3)) X4/2~ 

(.~)X4/2~ 2Z  + (~)X4/H + (2(~) + 3(73))X4/2o v + (q)X4/D4 + (5(?3) + 3(%))X 4 

2 (.~) X4 /A  3 4- (~) X4/U + (5(?3) 4. 2(%)) X 4 + (q) X4/A4 

n 4 V V (2)  x / Z o - Z o  + 2 ( ~ ) x 4 / s y  4. (%)x 4 + 3(?3)x4,,::Y + ('~) x4 /4~  

Table 5 
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Toward a Combinatorial Proof of the 

Jacobian Conjecture? 

Doron Zeilberger 

Department of Mathematics, Drexel University, Philadelphia, PA 19104 

Dominique Foata taught us how to do algebra and special functions com- 

binatorially. Now Andr~ Joyal and his diciples teach us how to do calculus 

combinatorially. The first part of this paper will describe a new approach to 

combinatorial calculus which was highly inspired by the Quebec philosophy and 

that correspond essentially to Joyal's linear species. However there is a 

slight conceptual twist in that in my approach the coefficents are i~eter- 

minates while in the Quebec approach they count things. 

Intuitively a function is just a line of dots. Informally, introduce 

the infinite set 
n dots 

and put on the following weight: 

weight(e, ..... ) = f x n 
n 

n dots 

where [fn] and x are cormnuting indeterminates. Then the generic "function" 

(really formal power series) f = ~ f x n is the weight of ~ : 
n= 0 n 

f = weight (~) . 

We will soon consider rows of dots with some dots circled. The weight of 

a row of dots with n dots, k 

fn xn'k The derived set ~' 

with exactly one dot circled: 

of which are circled~ is defined to be 

of ~ is the set of all possible lines of dots 

T 
= ( ®; ® • , • ® ; ®  .. , • ® ° .. ®;... ] 

then it is readily seen that 

f' = weight(2') . 
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Similarly, 

exactly k 

for any fixed k , let ~ (k) be the set of all lines of dots with 

Dkf CK)) 
dots circled, then ~T = weight(~ . 

Product of two functions: Let ~ be the same as 

n x n and let weight gn x rather than fn 

n 1 

I 1 ×~ = , nl ~ 0 , n2 ~ 0 

n 2 

only endowed with the 

with the weight 

n I 

n 2 

n I +n 2 
= f i  g x n n 2 

clearly fg = weight( ~ ×~ ) . 

Now the fun begins, t (fg)' = weight × , but × is the 

set of two rows of dots with one dot circled. Since that dot may be either 

on the top row × or on the bottom row × ~' we have 

! 

Taking weights gives the good old product rule 

(fg)' = f'g + fg' 

Similarly, we can prove Leibnitz's rule 

D n n (Dkf) (Dn-kg) 

~.' (fg) = ~ k' (n-k) : 
k=O 

n dots circled k in top n-k in bottom 

C ompositlon: f(g) is the weight enumerator of creatures of the form 
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(i) n I n 
m 

DD .... [] 

m 

nl+... +n m 
whose weight is fmgnlgn2...gnm x 

Chain Rule: If(g)]' = f'(g)g' 

Proof: The act of differentiating is a decision: What dot to circle? This 

decision can be broken up into two decisions: 

i. In what column to circle? i.e.~ to choose a [-] , the weight of all 

these is f'(g) ° 

ii. In the chosen column, where to put the circle? i.e.~ g' 

Thus [f(g)]' = f'(g) • g' . 

Exercise: Prove Faa'di Bruno's formula 

k kl+...+k n= k kl .... kn" 

k I + 2k2+...+nk n = n 

I n. 

k n 

Hint: For every way of circling n dots in (I) let there be k. columns 
l 

with i dots (i = l,...,n) then there are k = kl+... +k n columns that have 

at least one circled dot in them. 

The Joni formula will be crucial for our approach to the Jacobian con- 

jecture. Let's first state and prove it for n = I , in which case it is just 

one of the versions of Lagrange inversion. 

Theorem (Lagrange): Let U(x) be any formal power series and let 

be a formal power series of the form F(x) = x + f2 x2 + then • o o 

F (x) 
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U(x) = ~ ~ (U(F)F'(X-F) p) . 
pEN 

Proof: By linearity it is enough to prove, for every m ~ that 

Put F = x-H 

every m 

D p x TM = ~ ~., (FmF'(x-F) p) . 
p ~ N 

where H = -f2 x2 -f3 x3 -... then we have to prove~ for 

D p (1) x m = ~ ~. ((x-H)mHP(x-H) ' )  . 
p E N  

Dp 
p~ corresponds to circling p dots. The right hand side enumerates creatures 

of the following kind. 

Left Section 

• ( 9  

® 
i 

m 

• ® 

• (D 

• ® 

(x-H) TM 

m rows some with one 
dot and some with 
more than one dot. 

She contribution to 
the weight from a row 
of more than one dot 
is the negative of what 
it is in the middle 
section. 

Middle Section 

0 

® • 

H p 

p rows of dots 
(p ~ O) all with at 

least two dots. 

Right Section 

~or@.[]. 

(x-H) ' 

one row either with one 
dot or with more than 
one dot. But one dot is 
circled by a special 
circle and possibly 
other circles. 

ALTOGETHER YOU HAVE p(p ~ 0) DOTS CIRCLED. 

I.E., ~ OF ROWS IN MIDDLE SECTION = ~ OF DOTS CIRCLED. 

We need a sign reversing involution whose sole survivor is a creature whose 
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m 
weight is x . 

Here it is: 

Look at the left section from top to bottom. Every row is either 

i. a circled dot, 

ii. a row of at least two dots, 

iii. an uncircled dot. 

Look for the first row that is not of kind iii. 

Case I: It is of kind i , i.e.~ it is a circled dot (whose weight is 

just i) 

DELETE THAT CIRCLED DOT AND MOVE TO THAT PLACE THE TOP ROW OF 

THE MIDDLE SECTION. 

(This reduces both the 4# of circles and the 4# of rows in the 

middle section by i ~ i.e., p <--p-i . The weight is preserved 

except for a factor of -I .) 

Case II: It is of kind ii , i.e., it is a row with more than one dot. 

TRANSFER THAT ROW TO THE TOP OF THE MIDDLE SECTION AND IN THE 

VACANCY OBTAINED FROM THAT REMOVAL PUT A CIRCLED DOT. 

(Here p <-- p+l , weight <-- - weight.) 

This is an involution whenever it can be applied. Case I and Case II 

are inverses of each other. 

Examples : 

Case I 

® 

• • 

• ® 

. 

® • 

• @ 

[] 



Case II 

• ® 

® ® 

o 
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®. [q< ® 

® 

• @ 

• • 

• ® 

[o • [] 

DO RIGHT NOW 

® 

• ® [q < 

Who are the survivors of this involution? 

Those in which all the left section is of kind 

rows : 

m 

• ® 

® . ® 

The total weight of these guys is 

or , [] , 

iii~ i.e., uncircled 

DP xm( ~H p x m ~ ~., (HP(I-H')) = E 

P P 

DP f~_~ + 1 [~ Dp p ~p + 1 
_ x m ~ HP+I~ 

telescoping 

m m 
~x "l=x 

Note: This last algebraic step can also be made purely combinatorial. 

The general Joni Formula ([2], [I]) is 

(J) U(X) = ~ DP 
p E NnP -~'(U(F)j(F)HP) 
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Here p~ = Pl .... Pn 

X = (Xl,...,Xn) U is a f.p.s, in n variables. F = (FI~.,.,F n) We assume 

that F i has the form F i = Xi-H i , H i has terms of degree ~ 2 , 

j(F) = det(DiF j) = det(%j-DiHj) . The proof of n = 1 can be extended 

to this and will appear in [5]. 

COMBINATORIAL ADVANCED CALCULUS 

For the sake of simplicity, n = 2 . 

4 = [xx... x yy... y ; m> 0 n >_ 0} 

m n 

... x YY ... Y)" = fmnxynm weight (xx 

m n 

fmn ~ x, y are cou~auting indetermlnates. DIF is the weight enumerator of ~ (I~0) . 

with one x circled. Similarly D2F is the weight of ~ (0~I) 

Pl P2 
D I D 2 

, -- F is the weight enumerator of elements of ~ with Pl x's circled 
Pl " P2 ~ 

and P2 y's circled. 

® ® . . .  ® . . . ® ®  r 
t 

Pl circles P2 circles 

Composition: 

s I 

r I 

F(GI, G2) is the weight enumerator of creatures of the form 

Y Y 

S 
m 1 

! 

s 1 
! 

S 
m 2 

X X 

r 
m I 

x x 

X,,,~.°..° X 

m I 

! 

r I 

x x 

r 
m2 

x x 

Y ~.,~,,,.o.o Y 
%--- ~ 

m 2 
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The weight of this is 

_(I) xrl Sl (i) 
fmlm 2 Brls I Y "'" gr s 

m I m I 

r 

m I 
X 

~(2) ri s' 1 0(2) 
• ~rls, I x y "'" 6r' s' 

m 2 m 2 

r ! 

m 2 
X 

Exercise: PROVE THE CHAIN RULE 

DIF(GI, G2) = 5GISF 5GI~x + 5F ~G2 
-- 5G 2 5x 

S 

m I 
Y 

S ! 

m 2 
Y 

5F 5GI ~F 5G2 
D2F(GI, G2) = 5G 1 5~- + ~G 2 5Y 

The JaaobianConjectuKe 

Posed by Keller in 1941. 

Bass-Connel-Wrlght[l]). 

(Several false proofs narrated with glee in 

Let FI(XI,...,Xn),...,Fn(XI,...,Xn) be polynomials such that 

J(F) = det(DiFj) ~ I 

then the"inverse transformation" (GI,...,G ~ (that exists 

because the Jacobian is not zero at the origin) are actually 

polynomials. 

"One of the outstanding open problems in combinatorics " 

The Jonl formula (J) with U(X) = Gi(X) gives 

D p 
(2) G i (X) = ~ (xiHP) -F i' .. X 

p ~Nn~ ., , H= (x I " ' n 

and wlth U(X) -- i 

Zeilberger 

- Fn) 



For the sake of s impl ic i ty  take n =  2 (The Jacobian Conjecture i s  even open 

f o r  n = 2  .) and we have 

Write 

m n 
g p ' n )  = coeff. of x y i n  G~ 

The Jacobian Conjecture w i l l  be proved i f  we can show t h a t  for  m+n >> 0 , 

Let & (m,n) be the  s e t  of creatures of the form, fo r  some p1 and P~ 

and a l together  pl x ' s  a re  c i r c l ed  and p2 y ' s  a re  c i r c l ed  and a l l  rows have 

a t  l e a s t  length 2. 

That is, 

# of rows a t  l e f t  = # of x's c i r c l ed  , 
# of rows a t  r igh t  = % of y ' s  c i rc led.  

Furthermore, l e t  the number of uncircled x ' s  be m and the number of 

(1) uncircled y's be n and the weight of a row with r x's  and s y's be \ 
1s 

on the l e f t  and h(2) on the r ight .  Finally,  the weight of such a 
r. s 
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creature is the product of the weights of all the individual rows. It is 

readily seen that, by (3), 

DI D2 Pl P2 

i -- ~ Pl : P2 : HI H2 

m n 
so the coefficient of x y in the r.h.s, is the weight of ~(m,n) . 

for m+n > 0 , 

weight (~{(m,n)) = 0 . 

Now from (2) it follows that 

P2 D~ I-1 D 2 
G I (x, y) = x + 

' P2 : 
Pl, P2 (PI'I) • 

Pl P2 (,,) 

Thus 

m n 
_(m,n) the coefficient of x y in G I is the and it is readily seen that ~I 

weight of the set ~(m,n) that has exactly the same form as ~(m,n) only 

with an ever so slightly different condition: 

# of rows at left = # of x's circled + 1 . 

. ~  (m, n) 

that it is so easy to show that weight(~{(m,n)) ----0 

the weight of ~(m,n) is zero• 

But there is hope'. 

You can find lots and lots (in fact too many) subsets of 

are"isomorphic" to some ~(r,s) with r_ m , s <_ m 

subsets whose weight is zero~ e.g., 

h 

and 9~ (m,n) are very similar sets and it is very frustrating 

but so hard to show that 

(m, n) that 

and thus lots of 

xx®y ®y 
x y @ x y y , 

an element of ~(4,5) equals~ in weight, to 

where A is the element x x @ Y I @ 

~(2,2) . For sufficiently large m+n 

[xy ®Ix yx] 
y that belongs to 

it can be shown that every 

• A 



element of 

of subsets of ~(m,n) 
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~(m,n) belongs to some "zero set". Thus there is a huge family 

and weight(A) = 0 . 

s.t, 

(m, n) = U A 

AE~ 

Unfortunately this is not a disjoint union so we cannot conclude that 

weight(~ (re, n)) = 0 . 

My hope is that one day somebody (maybe you~) will find a subfamily ~' 

such that it is still true that 

~(m,n) = A~E~ , A 

but ~ '  i s  c losed  under  i n t e r s e c t i o n ,  then i t  would fo l low from i n c l u s i o n  

exclusion that 

weight(~(m,n)) = E weight(A) - ~ weight(A n B) +... = 0 

D 

I. 

2. 

3. 

4. 

5. 
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5£ANCE DE PROBLEME5 

Ashok K. Agarwal ,  Pennsylvania State University, University Park, PA 16802. 

5ee Agarwars paper In thls volume. The problems given at the problem session 
correspond to the cases k = -2 (now solved) and k = I (st i l l  open) in that paper. 

0000000 

Richard Askey, University of Wisconsin, Madison, WI 53706, U.5.A 

A. Selberg (1944) proved that 

J~-,. I~ []-rl,i<j,n (ti- tj)2] z ]-[,,i,n ti x-I(I - ti)Y-ldti 

r(x + ( j -  1 )z) r(y + ( j -  1 )z) r ( jz  + 1 ) 
=IT 

l~j~n r(x + y + (n+j-2)z) r (z+ 1 ) 

This is equivalent to finding the constant term in 

TT1~i~n ( 1-ti)a( 1-t i- 1)a( l_ti2)b ( 1 -t i-2)b 

"TTI ~i<j~n ( t - t i t  j )c ( t - t  i- ! tj - 1 )c ( l - t i t  i - 1 )c ( 1 - t  i- 1 tj )c 

There are many conjectured identit ies related to Selberg's integral. Three are as 
follows: 

Prove that the constant terms in the following expressions are as given. 

C.T. (I-x)e ( I -x-  1)e ( l -y)8 ( I - y -  I)e (1-xy)8 ( I -x-  ly- 1) e 

• ( l_xy- I)b ( l_x-  ly)b (l_x2y)b ( l_x -2y- I )b  (l_xy2)b (I_X- ly-2)b 

(3a ,' 3b)! (3b)! (2a)! (2b)l 
(2a +3b)! (a + 2b)! (a+b)! a! b! b! 

C.T. (x; q)a (qx- I; q)e (Y; q)a (qY- I q)a (xy; q)a (qx- ly- I; q)a 
• (x- ly;  q3)b(q3xy- 1; q3)b(x2y; q3)b ( q3 x-2y- I ; q3)b(Xy2; q3)b ( q3 x- ly-2; q3)b 

(q; q)38+3b(q; q)3b(q; q)2a(q3 ; q] )a+3b(q3 ; q3 )2b(q] ; q3 )a 
= 

(q; q)2e+3b(q; q)e+3b(q; q)~ (q3 ; q3 )a+2b(q3 ; q3 )e+b(q~ ; q3 )£ 
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C.T, (x; q)e (qx- 1 ; q)a (Y; q)8 (qY- 1 ; q)8 (xy; q)8 (qx- i y -  1 ; q)8 

- (x -  ly;  q)b (qxy-  1 ; q)b (x2y; q)b (qx-2y - 1 ; q)b (xY 2; q)b (qx-  1 y-2;  q)h 

(q; q)3a+3b (q; q)3b (q; q)za (q; q)Zb 

(q; q)2a+3b (q; q)a+Zb (q; q)a+b (q; q)a (q; q)~ 

Here (a; q)n = (1 - a) ( I  - aq) ... (1 - aq n- 1). 

"I will pay 255 U.S. for the first proof of any one of these". For further conjectures 

of this type see the following two texts. 

References 
[I] I. G. Macdonald, Some Conjectures for Root Systems. SIAM d. Math. Anal., vol. 13, no. 

6, i 982, pp. 988-1007. 

[2] W. G. Morris, If, Constant Term Identities for finite Affine Root Systems 

Conjectures and Theorems, Ph.D. Thesis, U. of Wisconsin-Madison, Jan. 1982. 

0000000 

Omer Egecioglu, U. of Cal i forn ia,  Santa-Barbara CA 93106, U.S.A. 

A theorem of Specht circa 1940 states the following: Let R be a real-closed field 

(for all practical purposes R = C). Denote by * conjugate transpose. Consider the words 

in x, x* with homorphisms into Ill, n (n x n matrices) defined by 

SOA x = A, SOB x = B, ~OAX* = A*, ~OBX* = B* 

and extend. Suppose t r  (~A~o) = t r  (~B~o) for  a l l  words co in x and x*. Then A and B are 
un i ta ry  equivalent.  Th is  needs a combinator ia l  proof at least  for  the case * = transpose 
and un i ta ry  = orthogonal. 

Reference Kaplansky, L/near Algebra and Geometry. Chelsea, N.Y. 1974. (p.71) 

0000000 

6. Kreweras, I ns t i t u t  de s ta t i s t i que  de l 'Univers i t~ de Paris, Un. Paris Vl, F -75005 
Paris France. 

Toute permutat ion "altern(~e down-up" co = x I x 2 x 3 x~ ... x n possEde une " forme 

d~pli~e" ~ *  = x 2x~ xe .... Xs x3x l  = Yl Y~ .... Yn (Y~ = x2, y~ = x~, ..., Yn-I = x~, Yn = xl). 
~* peut presenter des "d~croissances" (si Yi > Yi+I ) et des "anticipations" (si i < jet 
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Yi = y j * l ) .  Par exemple, si ~ = 5371624, alors ~ *  = 3124675 possede 2 d~croissances 
(3~I  et 7x~5) et 2 anticipations (3 avant 2 et 6 avant 5). 5oit fn (P,q) = nombre de 
permutations altern~es down-up ~ de {1, 2, ..., n} tel les que ~ *  presente p 
d~croissances et q anticipations. 

Con_lecture: fn (P, q) = fn (q, P) 

"Pour I'instant, je sais seulement calculer (peniblement) fn(I,q) eL fn(q,1) et 
montrer qu'ils ont tous deux pour expression ~.h (h-q-I){t ~-2h÷tq+l ) " 

0 0 0 0 0 0 0  

Gilbert  Label le,  UniversitE du Quebec a Montreal, Montreal (QuE.) Canada, H3C 3P8. 

I. Let U be a f in i te set and let p: U ~ U be a permutation of U of type Pl, Pz, P], ... 
(where Pk is the number of cycles of length k in 13). It is known (see [ I ] )  that the number 
of rooted trees on U which are invariant under I3 is given by the formula 

Pl p1-1 ]-[kz2 {( f ix  (pL))l~ _ kp k ( f ix (pk)) p~-I} 

i f  J31 ~ I and by 0 if J31 = O. Here f ix (J3 k) denotes the number of fixed points of the k th 

iterate of p. The problem is to find a direct combinatorial proof of the formula. 
Hint: The same problem for endofunctions corresponds to the formula 

I~11~1 ( f i x  (13 2 ))P2 ( f iX (1~ 3 )) i~3 "'" 

Reference: [I ] G. Labelle, Some new computational methods in the theory of species, 

this volume. 

Editors' note: Doron Zeilberger proposed a nice proof of the formula using the matrix 
tree theorem. The problem to find a direct "bijective" proof of the formula is s t i l l  open. 

2. Let F = F(X) be a (vir tual) species. A. Joyal [ I ]  has shown that the vir tual species 
G=G(X) given by the formula 

G = E 1F - E2F'+ E3F"- E~F'"+... 

(where E n denotes the species of all n-points discrete graphs)Is an integral of F in the 

sense that 

G'(X) = F(X) and G[~]  = 
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The problem is to find an analogous formula for multisorted species. More 

specifically, given k (virtual) k-sorted species F i = F i (](t ..... Xk), 1=1 ..... k, wi th 
aFi/ax j = ~)Fj/az I, 1~i, j~k, find, in a canonical manner, a virtual k-sorted species 

G = G(X 1, ..., X k) such that 

~G/aZ i = Fi (Zl ..... Xk), i=l ..... k, G[~ ..... ~] = ~. 

References 
Eli A. Joyal. Calcul integral combinatoire et homologie desgroupes sym#triques C. R. 

Math. Rep. Acad. Sci. Canada, vol. VII, no. 6, dec. 1905. 

[2} G. Labelle, On Combinatorial Differential Equations. J. Math. Anal. and Appl. (to 

appear). 

Edi tors '  notes: This problem has been solved by Yeong Nan Yeh (to appear in the 
"Annales des Sciences MaLhematiques du Quebec"). 

0 0 < > 0 0 0 0  

Simon Plouf fe ,  Universit~ du Quebec a Montreal, Montreal (Ou~.), Canada H3C 3P8. 

Trouver une preuve combinatoire de la formule asymptotique 

p (n) ~ (4n ~r-'3~-1 exp (t~ ~ ) 

pour le nombre p(n) de partages arithm~tiques de l 'entier n. 

R~f~rence, G. H Hardy, S. Ramanujan, Asymptotic formulae in combinatory ana/ysis, 
Proc. London Math. Soc. (2), 17, (1918), 75-115. 

Note des r~dacteurs: "Hopeless" selon Richard Askey. 

0000000 

Richard P. Stanley, Massachusetts Insti tute of Technology, Cambridge, Mass. 02139. 

See Stanley's paper in this volume. Some of the conjectures contained in that paper 
were presented at the problem session. 

0000000 
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Loys Th imon ie r ,  U. Amiens, F-80039, Amiens, France. 

Let A = {a 1 ..... am} be an alphabet and P = {pl ..... Pm} be a probabi] i ty distr ibut ion 

associated wi th  i ts letters. At each t ime t = I, 2 ..... n, ..., there is a drawing wi th  

replacement of a le t te r  of A, up to the obtainment of a palindrome w (event 8); [recall 

that w = ai, ... aik is a palindrome if w = w t = ai k ... ai, and Iwl  ~ 2]. No pref ix  or w is 

a palindrome, because w is the f i r s t  obtained palindrome. By considering mutually 

exclusive events, 

Pr (8) = Zn~2 { Z=,* ...+ =m =n C=, . . . . . .  m Pl (X'l''" Pm (Xm) 

where C= 1 ..... =m is the number of prefix-free palindromes of length n of commutative 

image a1(Xla?z.., am=re. 

The problem is to find "closed expressions" for f and g defined by 

Pr (8) = f(p~, ..., Prn) , E(XI(~) = g(Pl, -.., Pm ) 

where the random variable X is equal to the f irst time n at which event 6 is obtained. 

Begin with m = 3, because the case m = 2 Is well-known (see Feller 1968): 

Pr(8)=Zn~2(plpn-2p1+p~pln-2p2)  = I , E(xlS)=3. 

O00000O 

6~rard Vlennot. Unlverslt~ de Bordeaux I, F-33405, Talence, France. 

I. Donner une preuve b i ject ive de la formule suivante: 

P2n*8 = (2n* I I ) 4  n -4 (2n*  1){2n) 

OO P2n est le nombre de polyominos convexes de p~rim~tre 2n. 

Un Doivomlno convexe est une union connexe de "carres elOmentalres" dont 

l'interieur est connexe et telle que l'intersection avec route droite verticale ou 

horizontale est un segment connexe. Par exemple: 

II1[11,, 
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R~f~rence: M.-P. Delest & G. Vlennot, Algebraic languages and pol/omlnoes 
enumeration. Theoretical Computer Science 34 (1984), 169-206. North-Holland. 

Prix o f fe r t :  I0 bouteilles de vin, Domaine des Mattes, 1981. 

2. (Avec Mireille Vaucha~Jssade de Chaumont) 

5oit A un arbre planaire (enracinE, non etiquette) enum~re par les nombres de 
Catalan. Un filament de A est une suite maxlmale de sommets (sl ..... s k) telle que pour 

i= 1,...,k-I, si+ 1 est f i ls unique de s i, et s k est une feuille de A. On denote par R(A), 
l'arbre obtenu de A par emondage, c'est-~-dire en enlevant ses filaments. Le plus petit 

entier n tel que R n (A) = {e} s'appelle l'ordre de A. Par exemple: 

A : R(A) = i: ~ R2(A) = • 

" " . . . "  " ' . . . v  ~ "... ,v" 

et A est d'ordre 2. 

Montrer bijectivement que la distribution du parametre ordre pour les arbres 

planaires ayant n + 1 sommets est la m~me que celle du param(}tre ordre restreint aux 

arbres binaires complets ayant 2n + 1 sommets. Un arbre binaire complet est un arbre 
planaire tel Que tout sommet poss(}de soit z(~ro fl ls, solt deux fils. 

R6f6rence: M. Vauchaussade de Chaumont & G. Viennot, Enumeration of R/VAs by 
complexity. Proc. Intern. Conf. of Medicine and Biology, Bari, Italie, 1983. Lecture Notes 
in Biomathematics, 1985, 

Prix of fer t :  10 bouteilles de vin. 

Note des r~dacteurs. Ce probleme a ~t~ r~solu par Doron Zellberger (article soumis au 
Europ J. Comb.) et, independamment, par Rodney Canfield et Ed Bender conjointement. 

0000000 
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Ooron Zeilberger, Drexel University, Philadelphia, PA I 9104, USA. 

I. (50.005) Find a nice combinatorial proof of the Askey-Gasper posi t iv i ty result for 
sums of Jacobi polynomials: 

~.k~O Pk (°c'°)(x) ~ 0 , for oc~-2 , -I <x<l, 

or of clausen's formula. 

i2. o..o ] { i . b  ]}2 'F2 2a+2b,a+b+½ ;x = a+b+½ ;x , I I<I. 

These results are essential in de Brange's proof of the Bieberbach conjecture. 

R~f~rences: R. Askey & G. Gasper, Positive Jacob/polynomial sums II. Amer. J. Math. 
98 (1976), 709-737. 

G. Gasper, A short proof of an inequality used by de Branges in his proof of the 

Bieberbach, Robertson, endMilin conjectures. Preprint. 

2. (25.005) Give a Foata-style (bijective) proof of 

~w qZ(w) = ~w qinv (w) 

R~f~r'ences. D. Foata, On the Netto inversion number of a sequence. Proc. Amer. Math. 

Soc. 19 (1968), 236-240. 

D. Zetlberger & D. PI. Bressoud, A proof of Andrew's q-Dyson conjecture. Discrete Math. 

54 (1985), 201-224. 

3. (40.005). Give an analytical proof of the Rogers-Ramanujan identit ies without using 
the Jacobi tr iple product identity, preferably without using minus signs. Hopefully this 
w i l l  s impli fy the combinatorial proof of the R.-R. identities. 

Editors'note: This was done by George Andrews, but using Watson's transformation l 
Zellberger paid 20.005 ... 

0000000 


