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Proposition For an adjunction F 4 G the following holds: 'ﬂt;C , D)
1. G is faithful if and only if every component of the counit is an epi. (LC, 3 C:D)
2. G is full if and only if every component of the counit is a split mono.
8. G is full and faithful if and only if the counit is iso.

Dually, F is faithful (resp. full) if every component of the unit is mono (resp. split
epi), and is full and faithful iff n is iso.
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Proposition The following properties of a functor F' : C — C’ are equiva-

lent:
1. There exists a functor G : C' — C and two natural equivalences 1 : GF — idc
and ' : FG — idc.
2. F 1s part of an adjunction F < G in which the unit and the counit are natural
1somorphisms.

3. F is full and faithful and VC': C" 3C € C (C' = FO).

When either of these properties holds, we say that F' or that F' 4 G is an equivalence

of categories.
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(F — G)C = Set®”[C[_,C] x F,G]

The rest follows easily (things come in place by matching the types): For F,G :
C — Set we define:

(F— G)fp)alg,x) = pa(fog,z) (u:CLCIxXF -G, f:D—C,
g:A— D,x € Fa)

eve(p, x) = po(ide, x) (p:Cl,C)x F— G,z € FC)

(A(w)ez)a(f,x) =va(Hfz,x) (v:HXF —G,z€ HC,
f:A—C,z € Fa)
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DEFINITION A functor K: C — 9D is final if for any functor F: D — M, the
Canonical map If Add (d in D) is a cocone for F, then AKc (c in C) is a cocone for FK

colim FK 5 colim F
C D

1s an isomorphism, both sides existing if either does.

LEMMA A functor K: C — D is final if and only if for each d € D, the slice
category d/K is non-empty and connected.
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