
Lecture 0 Catégories (remisiers + few compléments)

•
hm its and cdrmits :

If I has a terminal object I and F: II ¢ ,

tancoainr-m-f.iq?ti:aEjii:YmI:tnt)
Représentable function Cf , c) lobe calumets f. lents

+ avariant version : the panetons ( Cc, - ) préserve lrmitp
It is a malter of packaging tle information .

•

"

First
,
there is an adjonction situation

, tg
I :C É :

Un
(A = constant ( diagonal

CËAÇF) à elciunfp.gg, A- e.- i ↳ c
)

We have to pavé ¥ CC → Set)

µ cela , F) pa short

Qc ,lem F) à lem ( 6f , F- ) )

b 5h et:c -1F ( Hii - Ê :c-it ) )

ff44, lent) { swap !

{dis ft f7 ( ki tp . Ei )
Kfc

,
Fi )

Exorcise : Rove Colin d) -1*3 (see aha lecture 1
and p .7)



ETE (Fc , D) FGDYD
e- c

%-) CD)
E

Pas GD

p - 28 and 61.64

Roof left as exercice

[ fa a proof illustrative string diaqame, see

my notes

←
now also on

curien . galere .org
www.irif.fr/ncurien/ catégories - pl - ps )

We then pay that FIG is a reflection

Exorcise A manadt is called idempotente if µ is iso .

Show that if Tis idompotent,
then
every

T- algebra Ça : Tex)
is at. dis iso .

Exorcise Show that all reflections are monodie (f monade

in the terminologue of Métayer 's lecture notes )

Solutions next page



(a) For
any man ad T

,
tle t- algebra adjonction à terminal amy

adjonctions cc ID with the same underlyiymonadT.GE .

Recale the companion faudra K :D -i
É

: Kfd ) = (Gd
,
Ged)
,
and we have

UK et KF = I
,
where cc CE

,
Ic - E-

, Mc) (Mci Gex) .

(b) We now suppose G f. f. , or , Equivalently, E iso .

Then

µ G faithful
,
G - UK ⇒ Kfailhful

ci ) Wepou K full as follow. .
det he ÉCKD

,
Kd

'

), i. e. G¥nÊç¢ ,

God
which heads ( thanbe to Ed iso ) →

y
KC- ) Gfh

h = Geào Œho@a)
"

e Gfeàofho EI)
il To more essentiel pmjectiiiy off préparation needed

.

xp An idempotente maad is a morad Ts - t. µ : TT-IT is iso .

@vider tle assamptin G f.f.
,
we get imnedidelg that GF is idempotente )

In an idenpotert moral , ervag alpha (ça : Tca c) is sit . dis iso
.

Lil aye= idc ⇒ applet epi

Liil dy = id
,

µoty = id, µ iso ⇒ Tx iso (since Ty iso and Tat i id )
iso

(iii ) Tx iso, proyt=
il ⇒ 2 mono (by natarahty, Med =

Ta o px )
Back to (b) ( iii) . Since He morad T is idempotente , every object @, a. Te + c)¥Èm" GT
is pt . dis iso

,
lance

yc is iso (since dye i id) and is an iso from cc,Y to Kff4 :(Gfc
,
Mel , since

a
Tc → c

III
% inverses

Mourad law TTC→

Mc



Equivalence of catégories

catégories -pl p. 28 and 64-66
¥-10



Presheof catégories au cartésien closed

Contestan = terminologue finie products = brute produit
cartésien closed = cartusien + natural bijections

( (cxd
, et ↳d) + ce⇒ )

The couvrit is of ten aller

[ (q die) evæ : @⇒e) × d-te
← Internal home Cop

= Set

Tteaem For any category Çllepnesheaf categoryÔ is carteron closed .

Proof Products are pointure Cap all limites
,
cf Métayers notes)

The internal horn is synthesised via Yone da : we must have :

SÉCU-il , G) )
Moneda
µ

22 adjonction



Ends and vends

Connie a prendra F : l'× CCI ID and

He following data ( that look hhe a coney and is called

a wedge) # e

d
y

CHXC sit .

7f :c-id
*µ
,¥#d✓

Fcd,d)
¥6 {Ffd

Floyd)

An end is a universal such wedge , ie.VE,y
7 !
§

Notation : ¥194 {H, where Hi DÆ,G- )
Atypicol example of and §

FG :( + D D'ff4 - [DLFÇGÈ
µ Me

µ c- D'CFD)
À te ¥,

Mc Dlfqlrc) Md Dlfd, Gd)
- filaire) -

l:c -Id ) / €,

V. DEE, ad) t Mtv LmdGfopre = judo Ff -Gp



When F is a hmest function (→ D disguioed
as Exe → Ce→ B

,

Tz F

Hun

§ FIT =
lem F

d

Fr44 . È Cd, d) i d

il /
Fr ( qd)

The end can also be dexribed as alunit
,

specificallyos on eqralixr :

¥"
ftp.ct-hmf?F44IIeEaF4d)

*¥
"

"
where

→ = ça ça Egal
ff4 1Ff¢ Edit

Flçd) -

ça,ÉIFçÆËÊa, ÆÆ,

Du ally
, cowedges , and co ends

,
notation

[F4 c)



Path components of a category
sets aséboute catégories = only identifies

the inclusion ç : Set → Cat has fdh a left and a right adjoint .

The right adjoint ist c ts Obc
Indeed

, Heaney information in a fureta ⇐A) I C is its objet part-
The left adjoint is Ctf To C where To( is the quotient of
Ole by the Equivalence = generated by the paon cc,d)

such that 7f : Cyd , i.e. , e.g.
c. →→←→⇐ → d

Indeed
,
if F : C → EA then Ff -- id for all f forces Ile Object

pont of F Lagain the only information of F ) to factor through a
The clements of toc are colled path components . If c has

exact ly one path component, we pay that cis connecte

Exorcise te X :C -det (avariant preoleaf ) - Show that œmX = Ta¥ )
Hmtodelrnelleconponentatc@Hecohmitmgcooeegcfleoture1p.ro
tic = Lcc, xD b
a ←

equiv . class ~
* Note that for the generation case (q x) àCd,Xfx) , we have,

for any cocon m

ÊÊÊËË caiieuuasyx.IE?factasthnougxofeeX
) )



Final faudrons
riche cut section 8.3

Foa

EastEnders
æz

T pee lecture 1 , p
-3 : 0f DIK = Ecqf : de Kc) 3

Proof
"

If
"

direction .
It is enough to show that any acore (pro) for FK

entends to a cocon Cdd ) fort . m

daim If alésé) en HK, then
Ak

cf - P . i.e. in the same path component
FE

µcoffre préoff
' It is enough to corridor the general my clause@a:

Suppose thus § ps Then we have Fd fanctaiality
A c- À

7h Ko # Koi F¥Æ¥ré
¥ Là

cœaue

By daosauinmtption
,
we can delme Xd = Me off for a choice of .

"

Orly of
"

direction . We have dlf -el DCD
,
K- ) . Then

rephnasmyroldlr-t.to/dDCd,Kes-L!.np?fmlDl4k-ftp.noebmlbkes!!!?
Example Fa t : HAD ( t terminal en D)

,
we have dlkûtt

,

and have t : Mt D in find
, implymgcdemfùftcfp - 1)



Detectmg représentable panetons

A représentable fonda C
"
-1 Set is a fondra F topher

with an objet co of C and a natural isomorphisme
K : C C-, G) a F

kmma F is représentable if and orly if there escots au
Object co of C and an element xo of Foo such that the

natural transformation à"
"
: ct, co) →Fdehnedby@oRJdfI_-Ffxoisiso.r

✓
↳ Co C-Fc

Raaf One direction is obvions ( qui peut le plus peut le moins) . .

Ccnvasdy , suppose that F ! CG, G) + F ds given .

This data is Equivalent ( Varda lemma) to the data of same

x. c- Fxo
,
and K is en tnelydetermmed ly Xo

,
.ie . ahÇa

.

We pay that co po are universal for F



Useful abbreviatims
.

TFAE = the following are équivalent
a. h . a = also known as


