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92 CHAPTER 3. KAN EXTENSIONS

Proposition 3.3.2 The following properties are equivalent, for K : A → C and
R : C→ A:

1. R " K, with ε as counit.

2. (R, ε) is a right Kan extension of id along K that is preserved by all functors.

3. (R, ε) is a right Kan extension of id along K that is preserved by K.

Proof. (1)⇒ (2). Let µ : SK → id . We look for µ′ : S → R such that ε◦µ′K = µ.
Writing this equality as a string diagram, and plugging the unit η, we see that µ′ is
necessarily equal to µR ◦Sη and that this definition of µ′ fits. Let now F : A→ A′,
and let µ : HK → F . We see likewise that µR ◦ Hη is the unique transformation
from H to FR that fits.

(3) ⇒ (1). We apply the assumption that (KR,Kε) is a Kan extension, with
id : C → C. This yields a transformation η that satisfies one of the two laws of
adjunction. For the second one, we observe that ν = εR ◦Rη satisfies the condition
ε ◦ νK = ε and hence ν = id by uniqueness.

3.3.3 Yoneda lemma

If M = C and K = id , it is easy to see that (T, id) is both a left and right Kan
extension of T along id , using the fact that K is a fortiori full and faithful. For what
concerns the right extension, we have thus

TC =
∫

C′
(TC ′)C[C,C′]

and when A = Set, then (TC ′)C[C,C′] is the set of all fonctions from C[C,C ′] to TC ′,
I.e., we have (TC ′)C[C,C′] = Set[C[ , C ′], TC ′]. Therefore, by 3.3,

∫
C′ TC ′C[C,C′] is

the set of natural transformations from C[C, ] to T . We have thus retrieved Yoneda
lemma as instance of the right Kan extension construction.

3.3.4 Dense functors

In this section, we consider two further special cases of Kan extensions (Definition
3.3.3 and Proposition 3.3.4).

Definition 3.3.3 If A = C, T = K and (id : C → C, id : K → K) is a left Kan
extension of K along K, we say that K is dense in C.

Indeed, this definition amounts to say that for any object C of C, the evident cone
from Kπ to C (whose component at f is f) is a colimit (using a “left” version of
Equation 3.1).
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