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Definition A monoidal category is a category C, together with a functor

®: C x C — C, an object e of C, and natural isomorphisms «, A, p as follows:

QCy.CaC5 s CiIR®((C,®C3)=(C1 ®Cr) ®C3, for all C,, C,, C3, and

Ac:e®@C=C, p:CQ®e=C, foralC.

- -
g 2 : g \
In addition, we have three coherence conditions: Js Macla ne /) (a@-)rq ; m
(g
(1) The natural isomorphism « satisfies the pentagon axiom; that is, the

diagram

13734

(Cy ®Cv)®(C2®C4) —»(Ci®C)RC3)RCy

acl.qy W .c3)®1c,
e

C1® (C2® (C3® Cy)) Ci®(C2®C3) ®C,

IC|®( 3

C1IRUC2Q(C3)®Cy)

(8.1.2)
commutes for all objects Cy, C,, C3, C4 of C.
(2) The natural isomorphisms A and p satisfy a triangle axiom; that is, the

diagram
C1®(e® () »(C1®e)®
C ®C

commutes for all objects Cy, C, of C.
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Definition A symmetric monoidal category consists of a monoidal
category (C, ®, e; «, A, p), together with a natural isomorphism 7 in C with

7c,,0,: C1® CL = C, ® (4

for all objects Cy, C, of C, such that 7 satisfies the following conditions:

(1) For all objects Cy, C2 of C, t¢,,c, © Tc,.c, = lcjac,-

(2) Forall objects C of C, pc = Acotc.: C®e = C.

(3) The natural 1somorphism 7 1s compatible with « in the sense that for all
objects Cy, C,, C5 of C, the following hexagon diagram commutes:

IC1®C2.C3

(C1®(Cy) ® (s »C30 (C1Q ()
C1® (2, C3) (C38C) ® C.
w TW
€cy,C3.0
C1® (3 (y) »(C1®C3) ®Cy
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Definition Let (C, ®, ec) and (D, O, ep) be two monoidal categories.

e A functor F: (C, ®, ec) — (D, O, ep) is a lax monoidal functor if for each
pair of objects C;, C, of C, there is a morphism

¢c,.c,: F(CHOF(Cy) — F(C; ® Cy)
in D, which is natural in C| and C,, and there is a morphism
n:ep — F(ee)

inD/ Pa‘-mftdﬂ?/

F(C))O(F(Cy)OF(C3)) —2— (F(C)OF (C,))DF (C3)

Lrc)Becy.c3 ¢cy,c,BlF(cy)
F(CHO(F(C2 ® C3)) (F(C; ® ())OF(C3)
PC1,Cr®C3 YC1®Cy.C3

h F(ap)
F(C, ® (C2® C3)) ————— F((C1 ® C2) @ C3),

D D
PE( A

FO)oe —92 5 Fo) and ¢OF(C) —2 4 F(C)
IF(C)DU\L TF(pg) ﬂDlF(C)J/ TF(AE)
F(C)OF(e) 5 F(C ® o), F(e)OF(C) =4 F(e® C).

e A lax monoidal functor F: C — D is strong monoidal if the structure
morphisms ¢ and n are natural isomorphisms.
e A lax monoidal functor F' is strictly monoidal if ¢ and n are identities.

EWE&, If Y i Moio(aﬂ/ Hoon \/[x//); \/,> Set &
Momadel. KW\(‘& catemon pFuctue o) Sct ap mon. plauctsn. )
V(X/\l‘) X \/(X’/Mr) — \/(X@X, (N7 N)_/) \/(}(/’V‘@W\)
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DEFINITION A V-category D consists of

e a collection of objects x,y,z € D

e for each pair x,y € D, a hom-object D(x,y) € V

e for each x € O, a morphism id,: * — D(x,x) in V

e for each triple x,y,z € D, a morphism o: D(y, z) X D(x,y) = D(x,z) in V
such that the following diagrams commute for all x,y,z,w € D:

I xo

ofrune ﬁ?// Q(Ztvv) X Z_)g, 2) X Qéx, y) = D(z, w) X D(x,2)
(VL&1,)0Y, 4 V.6 (1281;) oxll lo
D0y, w) X D(x, ) : D(x, w)
Dy X * 8 D) XD x) DOy X DX, Y) <+ X D(x, )
D(x,y) D(x,y)
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Cowxpaplhm V) Z«wy\ 67/
Cor2)xCox,y) == === =——— === —————— > Co(x, 2)

I I
V( C,2) X V(,Cx,y)) —— V(+,C(y,2) X C(x,y)) — V(,C(x,2))
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FD(,2) ® FD(%,) = F(Dey(3,2) X Doy(%,1)) o FD,(%,2) = Dy (%,2)

15 F) 5% FD, (0, ) = Dy (0.)
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V- tuctor  and V- natwaf Foan p forma i

DEFINITION A V-functor F: C — D between V-categories is given by an object
map C 3 x = Fx € D together with morphisms

Fyy
Q(x9y) — Q(F.X, Fy)

in V for each x,y € C such that the following diagrams commute for all x,y,z € C:

S

o id,
Q(y3 Z) X Q(-x7 y) Q(x3 Z) * ——> Q(x3 x)
Fy,szx,‘i lF \ lF
. ide
D(Fy, F7) X D(Fx, Fy) —— D(Fx, F7) D(Fx, Fx)
DEFINITION - A V-natural transformation «: F = G between a pair of V-

functors F,G: C =3 D consists of a morphism a,: * — D(Fx,Gx) in V for each x € C
such that for all x,y € C the following diagram commutes:

f i

Fyy
Q(-x’y) %Q(an Fy)

Gx,y \L l (ay)*

D(Gx, Gy) g D(Fx,Gy) 2o

W/\)&QLQ —y b (Q%\n«e({ ﬁg/ ol ) o
g0t D(x,y) = % X D(x,y) —> D(y,2) X D(x,y) ——> D(x,2).

Eonone.  Show Hote V-cateroie. /%—fww,@vd V- ratupal
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(notarfiale. @ ded -
DEFINITION A V-adjunction consists of V-functors F': C - D,G: D - C
together with

e “V-natural isomorphisms D(Fc,d) = C(c,Gd) in V

DEFINITION A ‘V-equivalence of categories is given by a V-functor F: C — D
that is

o essentially surjective: every d € D is isomorphic (in Dy) to some object Fc.
o V-fully faithful: for each ¢,¢’ € C, the map F..: C(c,c") = D(Fc, Fc') is an
Jg isomorphism in V.
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Given a V enriched category M, we have three hom functors

e An enriched functor| M{m,—] : M — V,|defined by transposition of
composition:

M[mi, me] — Y[M[m, m1], M[m, ms]]

e The unenrichment|M[m,—] : M — V|of M[m, —|, mapping f : [ —
M[m1, mso] to

M[ma ml] — I & M[ma ml] — M[m17 mQ] 0% M[ma ml] — M[ma mQ]

e The representable functor|M[m, —] : M — Set|in the underlying cate-
gory M of M. We have M|m,—| = VI, —] o M[m, —].
L@W\"‘/WL ZQQ— C (e \f—@‘r?m?/‘ TFAE

(i) x,y € C are isomorphic
(ii) the representable functors C(x, —), C(y, —): C 3 Set are naturally isomorphic
(iii) the unenriched representable functors C(x,—),C(y,—): C = V are naturally
isomorphic
(iv) the representable V-functors C(x,—),C(y,—): C =3 V are V-isomorphic
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DEFINITION A V-category M is tensored if for each v € V and m € M there is
. . . . /-
an object v ® m € M together with isomorphisms N Cofereae {

My ®@m,n) = Vv, M(m, n)) YV veV mmneM.

R e G L

DerINtTION 3.7.3. A “V-category M is cotensored if for each v € V and n € M there
is an object n” € M together with isomorphisms <~ 75 powiied

M(m,n") = V(v, M(m, n)) Y veV mne M.

ML
ﬂ _dﬂ (;A i'@“ﬁm@d amd (OWMd/ [’A()/VL olber ndahon {yn_]
M @ m, n) = Vv, M(m,n)) = M(m,n").
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Definition A ¥V -adjunction of two variables (®, homy, hom,.): A QN — P
between 7 -categories consists of ¥ -bifunctors

®: MIN — P
homg:/.///Op 5@ — N
hom,. : Z/Op ®% — M
together with 7'-natural isomorphisms between hom-objects in 7
P (M ®N,P)=.4(N,homy(M,P))) = A (M,hom,(N, P)).

83 ‘H?\& l
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My @ m,n) = Vv, M(m,n)) = M(m,n").
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ProrpositioN 3.7.10. Suppose M and N are tensored and cotensored V-categories and
F: M2 N: G is an adjunction between the underlying categories. Then the data of any
of the following determines the other
(i) a V-adjunction N(Fm,n) = M(m, Gn)
(ii) a ‘V-functor F together with natural isomorphisms F(v @ m) = v Q@ Fm
(iii) a V-functor G together with natural isomorphisms G(n") = (Gn)"

Proct

We have, in a tensored V-category:

V[v,M[m,n]| = V[I,V[v,M[m,n]|]] = V[I,M[v® m,n]]

Suppose now that we have an ordinary adjunction and that F' commutes
with ®, then the adjunction is enriched:

Vv, M[m,Gnl] V[I,M[v ® m, Gnl]

V[I,N[F(v®m),n|]] (unenriched adjunction)
VII,Nv® Fm,n]]  [aaamption |
Vv,

N[F'm,n]|

2112112110

and we conclude by the unenriched Yoneda lemma applied to V.
If we have the enriched adjunction and if F' is enriched, we have an
enrichment of G' as follows:

N[ni,n2] = N[FGny,ne| — N[Gny, Gns]

Conversely, any enriched adjunction implies that the left adjoint preserves

tensors:

N[F (v ® m),n] M[v ® m, Gn]
[v, M[m, Gn|
[v, N[FFm, n]]

v ® Fm,n|

125 112112 112
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THEOREM Suppose we have an adjunction F: V 2 U: G between closed
symmetric monoidal categories such that the left adjoint F is strong monoidal. Then any
tensored, cotensored, and enriched U-category becomes canonically enriched, tensored,
and cotensored over V.

Proof- bt We pet
vxm:=Fvem, {v,m}:=m", M(V(m, n) .= GMﬂ(m, n).

And Hhon ; 67 O AtGence # Matwiof &‘M‘o«o/ we Aate
M[U’* ““L/VL) = “/2[?‘[\@ tmn |
Y (Fr, sy (mw))
Vv, Gotgmm) = N[, Myire))
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LemMma 7.3.5 (‘V-Yoneda lemma). Given a small V-category D, and object d € D,
and a V-functor F: D — V, the canonical map is a ‘V-natural isomorphism

Fd > V2(D(d, -), F).
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In uncurried version, one checks that the pairs of maps (for e, e’ fixed) in-
volved in the equalisation of the object of V-natural transformations are

V|[Dl[d, €], Fe] ® Dle, ¢'| ® D[d,e] — Fe ® Dle, '] — F¢'
V[D[d, €], Fe'| ® Dle,e']| ® D[d,e] — V[D[d, €'], Fe']| ® D[d, '] — F€’

One derives from this observation that a morphism equalising the two arrows

(ek. (7:3.3))
II.V[D[d, e], Fe] — 1L, ./V[D[e, €'], V|D[d, €], Fe]]

amounts to giving an object v of V and a family of maps A : v®@D[d, e] —
Fe such that for all e, ¢’ the following two morphisms are equal:

v ® D[d, e] ® D[e, '] — v ® D[d, €'] 2y pe!
v ® D[d, e] ® Dle, €] 2@ pe ® Dle,e'] — Fe'

Such an example is provided by Fd and the family Fd® D[d,e] — Fe. We
want, for every v and family of A\.’s as above, to find a p : v — Fd such
that _

Ae = v ® DJd, €] g Fd® Dl[d,e] — Fe.

By writing A\e = A¢ 0 (id ® id) and expanding the rightmost id as
D[d,e] — I ® D[d,e] — D|[d,d] ® D[d,e] — D|[d, €]
we synthesize p satisfying the specification as
v —v®I — v®D[d,d 2% Fd

That p is determined is evidenced by writing u = id o u and expanding id
as above (replacing D[d, e] with Fd), we get

p=v—v®Il — veDdd"SS Fde Dld,d — Fd,

which forces i to be defined as synthesised above.
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DEFINITION If M is simplicially enriched, tensored, and cocomplete, the geo-
metric realization of a simplicial object is

neh
|Xo| = f An®Xn

These coends define a functor | — |: M2” — M.
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