
Lecture 3 Envide d catégories

Motivation : Often
,
homxts Ux

,g) of a category
carry some structure

,
and have are not a mea set of

morphismes ( fa c eocally small) .
It
mag even be the case that Ux

,g) is not a set ! For example,
it could be . .- a pmpliciol set .

The framework to do this is that of envided catégories .

Famally
,
clac

,y ) mag be an object of some other category
And composition , which is usuallg a function

(Lg ,⇒ × 49,4 → CA, et

bécanes a morphisme en V. It tams out that we do not
reed × to be a product in V,

bat only ce

mondial product
,
iç . we nad ✓ to be a

(symmetric ) monoidal category
S

Our hey riéxt slide !
example vaille qq,g)= pvph.u.ae Mt

x ! ¥ - t



Monoidal catégories

{
Birgit Richter 's book ; From catégories to homotopytheory@UPqoa0Jp.tsI

€¥Æ

(bifunctn)
X also writtenIa#

^

{
←
à fthis orientation is more standard)

calle d tenson
→ →

§
Madame's pentagon

←
, { locolcmqeenadiapamseep.gs

S &

«

Ifa, Y,q are all identifies
,
then (H

,
(2) hold for free

and we have a strict monoidol category

Rototgpicoe example : tle category Vector
vector spaces

- I where the notation ⑤ !



Coherence

The diagrams of the definition inp .D are called colerence

diagrans . More geneally rve have:

Coherence theorem infamally
)

( stated

All meaningful coherence diagrams commute
.

To formalise this gure
inhoduce same syntari shathand for

Object terms: A
::=XILAOA idajidB

^
L object variablennf?

Canonical iso terms Qadle LAOqOB
10qIe*?ii
l

illaiz

Fyping rules we consider linear object termp only leach ofjectvariobeec

in A occuss only once in A
)

implicit in these rule{
DAOBILOC

-AOB

COC H :FOCICCCOFCx
."

:
e."

t

Q
:B1-yBa QBYC Q-A-B

AOq0 AOBOC
:

C
+

AOBOC Yoq :A-JC

It is immediate that if Q:A4B is provalle
,

ther

Xocaus inA JDX occurs un B

and that of EXIX occurs inA
3=

EX2,

TnJ
,

then A1B

determine functos A,B: CRTC
,

and Q determines a

natural transfamation E:ATB
Coherence theorem Cformal statement

)

For A,B lineay
,

all

camonical iso termsQ:ATB denote the same natural

transformation . 9
ll
~1

en



Mac Lane ' p pnoof of cohérence in modern dresses

E- Molières M . Jourdain !)
MacLane was doing rewriting theory m'lhoathnomirgit
femme all the Canonical iso informationnellepystemaf1-

previous page : Gath inverses

☒ B)④[→ A ④⑥④c) I⊕C →C CXOI→ C

Bz -i Ba

B-ic.A-BAXOBzxoc-A-OB.scA-1C

This rewriting system on (hmar) - object terms is

lacally confluent ( this is what the diagram in

{ the definition on p.tn ensure ! )à strongly namalimngfkm.ve II, push parentheses to
the right)

E- ila : A » B ⑥ 'n normal 8am) ⇒ paix
. }

Finally ,
Restore the inverses

,
and show that Fy :

ˢ " coherence cadetÎÉ
A.↓~> ta

¥;) "a-ftp.g/9Aa * ÂÏIAA

mmaegm

Ya

4- = QAÎOQAOEYa§ namaefo
←

dependingonly (pee next plidefa a rewriting Koninck )onAs
,
An by a



fewriting theory background
2 repeated fam

local confluence lecte

[Ü F

I

EK200
tnumberof

eewviting steps7

Cafluace:

Ş
È

c=
z o F

V

Ę Ęz0 x5

cinfinites

strong namalisation B anpoupoor
a

-

-

- -

namal fam: a
local confluence t shany normalination confluence

CNewman lemma
)

If confluence aMtotryff
.Tstrong

nam
.

I
ther oz

I Czigzago7and£)
J

.

and
o have the same txnamal form.



Symmetric monoidal categories
? Richterp

.1.58

--

r

coem
,

C

V
exc -

The coherence theorem extends to monoidal
categaies

sym
.

interms
of etring diagrams

,

the hero in

thelettle hother of 11 d1TF
-1d1-land1-191-1,

Exercise show that fc has hnite products loe terminal

object t hnany product
)

then it is pymmetric manoidal.
W Ê

as a presheaf category
,

has alllimits
.

we have that soet symmetric monoidalcat
, in

are



Proof of coherence for synonchic monoidal categorie

Thearginel proof by Mac lane goes in
two steps:

"gets vid of paren smoncidaltheses
"

it

and then amounls to contenplating thecoxete

presentation of the symmetric group.
I

Exercise : If we extend te syntax of p.3 with

ZAB: AOBBOA :TBA, and if we decide

to orient any z step as follows:

GAOBODTLI COBOAOD
If max EiLXIE AOBS EEjLXjEB

3,

and if are crientsa-steps as

previausly, then the resulting remiling system is convergentfie-terminating
and confluent

),

and the proof of coherence can becarried out
(\

in ane plep
ll
as in p .le.



Monoidal functors
Ridter

PP162-162
r

, satisfying

Example If V is monoidal
,

then VF -): Vs Set is

monoidol ( with cartesion structure of set as mon structureI

VNX VEFIWL -1 VGOF
,

VON
)- VFNOW

)

f g ts fog 5

past composition with XEq?



✓- catégories ( Vpgm . mono idol )
Riche Cat . hm . theonyp .35FEU.

Riche's notation
for tenon !

en

abuse
bof vs vx ↳

④1) ⑦Us -1 Va⑧ B)

An ordinary category = Set -enriched category

pom
.

µDefinition A monàdal closed category is a monàdal

category in which -⑦v : Vt V admis a right
adjoint Iv,-) : Kiev, w) Ia , Itw ) )

proposition If Vis mon . closed
,
Hem Vis enrided

over itself (and then we write I ) .

Rog Easy : OUI) .- at Ia,g)
Être

,g)



Cat . enridxd catégories ( = 2- catégories )

ht as spell out what a Cat - envided category Ç is

Ç la Obel : a collation of objects a 0 - cells

↳ = Obclx , y ) : 1- morphismes h
-

-
Ca = Çhqyllb, g) : 2- morphismes x qd g
We have identifier at two eevels : -

y
* → cape) gros à x h
- -

the category structure on 4mg) gars a ④ idp y
-

→
The object part of Ely

,
a) x g) → ÇA, z) b

gives composition of I - morphismes : goof etyÏ
aloyau -all-

gieldmganadmoy category structure (Ol .co,Morel
We have composition of 2-morphismes at two duels :

composition in Çlayyl Fendra part of Ely
,HEU,g) → EH, z)

( vertical) Bordé
aeayaz.mapp.im (horizontal) Boot

b alongao -all-
Æ: mes
" huit ne Bi

k h le

Functoriolity of Ely,HEU,g) → EH,Mensures non - ambiguityin

Avt Interchange law : doaHodBoe4_-@qBlgl8o.d)→ →



A few wards on 2- catégories
The phototypieal 2- category is the 2- category Cat of

catégories as 0 - cells

functas as 1- morphismes
natural transformations

(This picturesd-ends to the enrichedpètiry , see exorcises p.tt)

Tle nations of adjonction, équivalence of catégories,
mmad
,
canonad

all born in Cat make some in any
2- category

(see second exorcise on p
-13 fa tle cnstanhàtion to the

2- category V-Cat of enriched catégories )



vndalg.mg Category of a V- category ajuste

If feat category , ne delire an ondin
any category É by

Otto =
Ob Ç Çlxy) : VF, Easy))

idx un Co = idem E

Composition is given by
Ride CHTa.41

K¥,
-) monoidal preconpoomg with o

Exorcise Show that if Vis mon . closed, then He undereymg Category off is V .

Exorcise Show that the underlyrng category of a 2- catefffpaifi.uatle category formed by its O - cells and1- maphisnn.cat " teeunderlgmp

The anderlgmg category fureta is just onèatesoio
Et

example of change of base : for any V, U, and
F. Va U lac- monàdol

,

and for any V. category D-✓ ,
we oltain

a U- category D- y as follow :

Oh D-ai D-✓ Put,g) = FERA,g)

Composition + identifies :

lax

lac

Exorcise Rove that Do is undead a V- category
thenvidiment = change of base mduced là M¥-1 : K, Set



I. fanton and I - natural transformations
Riehlcttt a.44

ÆÆÉ¥

pff

€ÆEo

where -
* is defned by

Cg :*-1EUR)

Exorcise Show that E- catégories
,
f- fondras

,
and f- natural

transformations fan a 2- category t.cat
.

Exorcise Show that change of base externes to a 2- fumeta
C- Cat - envided funchal . Instant ate this to amen richment .



Exorcise Show that when 2--1
,
then a

f- natural transformation d : F-16 :E -II
consiste of morphismes ↳ c- Vlfx

,
Gx ) p -

t
.

Çlngg ) ⑦ Fx → HEX
,
G)⑦ Fx → Fy

Fenrided couvrit

1%1 bande Conway µy
Elx

,g)④ Ex→ EUX
,G)⑦ Ca → Gg

Genridedfwncta eval

Exorcise Show that V- adjonction and V- équivalence ,
ie. adjonctions and équivalences en V- Cat

, cf.p.to
instant iate as expected :

CHTP -4f
EEG.

Fogg

Îthnt
- This innoves proxy au ennided version of the

proposition on p . 4 of lecture .



Exorcises for the road
← used in lecture 6

#Al Times
-

Exorcisé Show that if V has caponnera X. Ii III. . . c-I

(cf -
lecture

ftp.tfthatarepresenvedly⑦
,
ie . @F)⑦ va X. CIA là X.rs

,
then

tle amenuisement fureta V.cat → Cat has a. left
adjoint ( free f- category fureta ) .

flints for C
,
tahe OffFC) = OC , FCH,g) à g) .I

composition by reindeoang copies of I .

Trey ← c

V.cat Cat
-

M m
- tu

F

Exorcise connecter a K adjonction ç D
- -

Show that G préserver anhhancy lents of ordinant
panetons F- ¥ D in tle shang pense of a certain canonical

map ( env) being is o .



Variations on Han - fandom

←
mon. closed

Lemmon CCHT 3.5-14 6ff bea I -Category .
TFÆ

r-EGEE.oigzzpliicintleunebrlyrngcat.CI

← f. p.to
Proof literait If g. Is EG pg à iso, then of

:ÇLH → Elgf) is

isqgiddengff.exercisep.ch a f- iso ÇA
,
-HEU,-1 .

④ ⇒ liicl à ly un enrichirent
i ⇒ Cii ) uses ke factorisation coq-t - MF-1 offre , - t

④ a tel followo from the usual Kaneda lemme

(This lemma is a keating up for enrided Yaedalemma
, coming

- - )



Tensaed and cotensored V- catégories CHT 3.72
• oranger
x. 5 a

copoweredi.e.fm
C-⑦m) : ✓- oh ←f-adjonction

-
← _

: Elm
,
-1
y

× or powered
{

i.e. tn It, n ) : NI I : ni ←f-adjonctionIf of is tensored and cotonsoud
,
then other notation Eqnj

m

r- /
and we get a third adjonction
* * : amer :

.ro?iE:::
← both variable

When reset
,
tenson (resp . cotonna) = #f. fdd coproduit Crespi product)

Exorcise Show that

I ④EVI ,E) : ⑦ A + A
,
Et , =) :MIÉM-it

are I . lifonctors . . (On the way, delme C- ⑦ I
,
and I )

Here
,
the sgmmetric structure ofV is used !

Exorcise Show that if in is temporel, then
F-⑤ m ûm vxocwxomp à @⑧WY⑧ m tint : use ex . on p

. 94 )
rt More on this p . 18 !



Two
- variable adjonctions

Shulman Hmotgsyumitnandcohmits and emichedhomotopylleory 14.8

31
- - -

- - -

- - -

-
- -

- - -

By the first exorcise on p -16 ,

atemporel an cotensored V- category exhohts
a two - variable adjonction :

(dictionary v⇒ M I ⇒ NI Iran,n ) -- homrlmm)
m ⇒ N y ⇐ et n' = home CYN)
n ↳ P Me↳ I nom = v ¥0 m )



Categorieal actions

We arrived to tensædv- categorie through (r fixed )
a ✓- category I

is

a left adjoint C- ⑦ m) -111m,- )
We can instead start from categoriealaction

au ordinance category Me {
a bifun d- a ④ : Vx Mt M satis Lying
I④ MÊM @④wy ⑤ MÊ ☒w☒ml

via isomorphismes compatible with Êt,p
aright adjoint fa - ⑦m

↳ temporel is then defined by requin.mg v0 - to have a night adjoint
Exercise Show that action + night adjoint ⇐ enrided + left adjoint?⃝le way ,

make we require compatibilités ucpeiùt .

flints Bolong ate the second exercise p -16 by checking the

compatibilités
woe the right adjoint Gm of -⑦m to define

Elwyn) in pacha way that itsunenridrementisM.ft@sOIxOm.FvxO
#m) ?⃝①E) ⑦B) ④ m Î ☒ oh④ (Bom) nyâ

v¥mÎm#Î t'⑧me va⑦ (va④(vs④ m ) )

4- ④ 1k④B)/⑦MÎ a-⑦µ⑦b) ☒ Y ¥£
(Sunilarly ☒v1☒ m . ._ )



f- adjonctions between tensaed ( a cotonscred) catégories
CHT

###¥¥

Root ( We make use tvviceoftklemmap.tt

RÉEREZm )

F-tt

tonoud

F + t

tensaed



Change of base fa Ko) temporal categories
CHT BROSSE

Pnoofhent We set

And then
,
by a sequence of natural ligation , we have

Mlv min ) = allFr⑧ min )

✓(Fr, Ku (mm) )

Vlr, Goyim,ni ) = Yr, Admin) )



Object of V -natural transformations lectureo,p.6
~
Recall He dehnition of ordinanylI end as limit, fa : COXCTDH

Ş (54-imGIC94 TTIT(41) "zone tobe->

c
,

fict enridled
"

where projection Fcb
~> I59)149C91 - --- - H H Hć

çil

IE1I49m(
i1-341

Ffdprojection
HC HH

Recall also flectareO
,p.5)

the end famula for the set of nat. tranof.

DYF
,

J +J
:PLF4Gd

fa C
.7D,

PIF,G-): CRC
-Set

~)

G
F

We seek an emiched version:., PLFGJCRCJVD

Towards
a

we slightly rephrose the famula fa HeDCF,G)this goal,

JcPLFCGoJ
-limLII

DLFGGI
, ITqPCF4ad)

Cl
4d)

and we delineI
Minset

LimTDEFCGJJHTDCF4o04),IFGIc

unv ça

CHT

-

-



Enriched ends
.

The enrobement of page 21
waka in fact for

arhhary ends in a cotomored Vxategay :

for I : C- → D- Lonrided fonda ) we set
enrided end V

-

1¥44 - limitanei HINE
""

)-
D-

D

(contrat with 1*4--441444 ¥+444 )
"

"

en
! )

,

i c
'

Then we can

refanulatetleobjeetofnatmalkansf.tt#4--fcDFqad
One delmer emidned cœnds dually .



Roof of en riche de Yonede le mma



Simplicial categories
Simplicial categorie are by definition Â - cnvided categories .

From lecture 5 on
,
we shall consider tenore d and cotonsoud

simplicial categories .
Lef of be a simplicial category. Then

The undertyrng category M of I is given by
MH , y ) = 14910 În - IN

,
to ) -1*3

Indeed
,
in Â
,
* is the constant *ni {*} = 1° j and we

have Huis Mkg) - MIE④✗ist i À (À, Ihc,g) la 11¢,g) o

Whiting À balle constant simplicial set Au = A (1- c- Set ) ,
we have} A- ⑦ a = #A) - foedcopiodeed-ofk-A.aewritten Apaohat

This follows from the following exercise
the wearing of tema and aeterna when f-fetcf.p.lt)
the change of ease theorem p . 20

Exercise Show that

CAHÀ ) : Set Â : (Xt) X. )

(tant : contemplate nationality for lle maps ! :[vit lol ) .

Exercise Show that the data of a simplicial
category E can be arranged as that of a pwylicial
Object C. : Il _ , Caf pt . OUH _

- Ob kj) fi , j
Cf is identify-on -oejects Hff Ma .



Simpliciol homotope
A pimpliàd category phueture given rise to a natural

notion of homotope between parallel maps qq.mn
of the anderlying category :



Simpliaal structure on
MÀP
à category of ampliàal objects

Ne
suppose that Mio a cœonplete category .

Ne corridor the

following stwu.meon M'A
"

.

Ne défine ⑦ : Â ⑦ MÉL MÆ as followsi

C-⑦Mn = kn.int?nnI
Exorcise show that this provider an action and a III. enrichiront (f. p . 18 )

l ~

Hut : fa Ile adjonction, imitate
Me synthesis of the internal horn in# :

N Hill neÂCII
,
MEG xDen Lennox

,
Y )

Yaxda claired adj.

Géométrie réalisation

Boz

Exorcise Show that for a constant pimpliciol object Fn
,
we

have 1mi là
mettentUx exorcise of lecture 0 p.tt



Summary of envidât structures encontred

Set - catégorie = ndmary catégories
Cat - catégories = 2- catégories

Â - catégories = simpliciale catégorie
Change of base U - catégories -, f- catégories

( en particulier underlgrngâtegay fan envidée category )

Enrichirent de mystified

Tensned t- catégories as adrnary catégories
with some structure ( action + adjoint )
(The situation is a lit similor to cartman closed

catégories vs closed catégories , which have a raller
* entend hmxtsnithoutcart.produt

conplicated definition )


