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The category HoM has the same objects as M. Its morphisms are equivalences

classes of finite zig-zags of morphisms in M, with only those arrows in ‘W permitted to go
backwards, subject to the following relations:

e adjacent arrows pointing in the same direction may be composed
w w w

e adjacent pairs < > or —>— with w € W may be removed
¢ identities pointing either forwards or backwards may be removed
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Delomitiom A total left derived functor LF of a functor F between homotopi-
cal categories M and N is a right Kan extension Ran, 0 F
M—L o N e dF Ve T
Vl e lé ¥ J/
HoM i HoN Hol

where y and ¢ are the localization functors for M and N.
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DEFINITION A left derived functor of F': M — N is a homotopical functor

LF: M — N equipped with a natural transformation A: LF = F such that61: 6 - LF =
0 - F 1s a total left derived functor of F.
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DEFINITION A left deformation on a homotopical category M consists of an

endofunctor Q together with a natural weak equivalence g: Q = 1.
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e FQ is homotopical
o FqQ: FQ? = FQ is a natural weak equivalence
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THEOREM ' If Fm: M _ 1~ N:G isadeformable adjunc-
tion, then the total derived functors form an adjunction

LF: HoM 1~ HoN:RG

Furthermore, the total derived adjunction LF 4 RG is the unique adjunction compatible
with the localizations in the sense that the diagram of hom-sets

N(Fm,n) = M(m,Gn)

5y %%
HoN(Fm,n) HoM(m,Gn)
Fq*d/ ¢/Gr*

HoN(LFm,n) = HoM(m,RGn)

commutes for each pairm € M, n € N.
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