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Homotopieal catégories Mtogethgwcif%1a.at,
Definition A homotopieal category is a collection Non of~paph.isms
contaminez all identity morphismes colle¢ weak équivalences (we .)

patisfying the E -for -6 popaty : fa all composable
-

feu,g,b)

Clooney , if Nina pubcategoyof oh, Ilan CN, Nan MAN) is
homotopieal .

Exorcise Show that in a homotopieal category , Isoler ) EW .

Show that CMFPOCM)) is a homotopieal category the mollet ! )
Exorcise Show that the 2- fa - 6 pxpesty emplies the 2-fa - 3 poperty :
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We shall see later that every model category in paturated .

Then model catégories are homotopieal .



Diagnam catégories of homotopieal catégories .
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Homotopieal fanton
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Vseful easy lemmon
Lemmon For any category Cand any homotopie homotopieal
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Derived functors

Delinition
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Remark While total left derived functors are warranted by the existence of Kan

entensions
,

left derived functas may not exist.
But here cames a cecipe
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0M main use of derived fundus
We want pandas that respect homotopy équivalences
Ordina'y cdemits.to not preserve them

→ REPLACE colrnrits

A disk can be contracte to a point by their left denied fundus"
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Definition A fureta F : M -IN between homotopieal

catégories is collée left déformable (relative to given Q,q)
if Ymir, f : Qms Qn few ⇒ FFEW
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In mort example, there escots a natural full sabcateqorq
Mq of M contarncng all objects Qm, and we have
Î Objects of Moore calledcofihant
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(a stranger pnoperty than in the definition , lut tle définition
atone is all what we reed ! )



Déformations anipmg from model catégories

Amory the properties requined from Fb
,
Gf and W en a model

Category
,
is He following :

every morphisme f : m -t m has

a factorisation dog c-
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An object ns.t . 0→ m is a calibration is colled copieront .
We Pay that Qn abords a calibrant replacement ofn .
When the model category structure arises en a certain way
(cofihantly generaled)

,
Q can be made into a fumetoi

rond qn to a natural transformation QQ 1

{ Since qne
W
,
we have a left déformation .
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Deriveel functors via deformations

Roposition If Fis left defomable
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Déformable adjonctions
There are obvions dual definition of
( total ) night dérived funotor ( left Kan extensions )

right déformation
M n

M

R

wlh a specific full subcategay Mp of NL of filant objets
right déformable fureta (same definition, replaàng Mqey Mp )

leading to the dual proposition that (FRF4 is a right derivedfunota.

Definition An adjoint pair F-1 G with F left déformable and

G right déformable is called a déformable adjonction .

Exorcise Show that the total left demie funda of a left

déformable fureta ds on aboute right Kan extension .

← of . lecture 1
,p

- 8

[Hart : replace evey where f by HE in the proof of the proposition p . 6)
The following is a eqoeqeenaofth.is exorcise and exorcise p .8 Lecture1
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Devine fun d-on en homologieal algebra

( this page can be stripped if you have Zero faniliarity with
basic concepts of homologieal algebra . )

Chain complexes of R - module fan a homotopieal
Category G-DR), with quasi - isomorphisme as weah Equivalences .

^ morphismes enduring isos in homdogy

Evey R -module M
,
vieuxd as ce drain - complet encentraled ch

degree 0 , à quasi - csimaphic to an acydic chain-complex QM of
projective modules . Mae generaley, the construction can he done

startingfrom an arbitraire chair - couple .

→ ⑤, g) left defamation
Tahe as Mq tle full subcategory of chair - complexes of
projective module .

iffit
A quasi - isomorphisme between objects of Mots a drain

homotopy équivalence , on équation
d notion that is then presented

by
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any
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fonda F .

It follow that "
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" F is left
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"

any
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déformable . traditiond
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This matches the essence of the derived fun d-as lit of the

literature :
q

Mdr = Chez .IR ) → chz.CH Chzols )Ï Mods
htt

↳ F


