
Lecture 6 Weight d limites and cdimits

Limit are traditionally defmed by an adjonction :
M'ËËM Mfm

,
lent] = MIAM,F)

← constant bantou
fete *

,
M!m, F)We can upackage M'A-m,# as ( )

↳
Mcm
,Et

1- .

nn
c = CH honte d - CH EH ↳ Mtn

,F)c

nThas Mtn
,
hm F) = Set(*, Man,FD Lm µ,and duallymfd.me, m) = set

"

# MIEN) E

Ap a sign that this reformulation ↳ asque, bore
ds a compact prog that right adjoints pour limites :

Nkm
,
Renn F) amen

,
un F) aset ,Nkm, F) I

Ss

MarylinRFI +Seth ,Ulm,RFI )

Déplacez * by W : ↳ Set ( resp .by w :c →Set )
we arrive at the notion of weighted limita (resp . weighted cohmits :)

Mlm
,
.

amwF) Set (W, Mcm,F) ) LÉA Caen

Mfait, m) Î set
"

(W,MGM)

i.e- lent existe if m ts Set#Man
,Ff) : corsetées représentable

Yet a new notion ? No ! colimwf is an old acquaintance !
(next page)



Weighted cdimit as funetor tenson product

We have gepécw
, Metin

= { MF4
"

lecture p . 6

= {MERE, m)
copnoduot definition

=MINEE, m)
Thies cohmwf

= #of
lecture 0ps

And dudley lrmvtf = Jeff



-

(onical limites

{
*C4 = E#] C- set

The isomorphisme Mlm
,
hm F) = Set(*, Mfm,F1) (m EH

puggest the following definition, fa t- catégories ÇM , and a
a
V. faudra F : C+ M

-

- { notation En
F

Dehnitim Faut
,
E
,
F as above

,
on entiched limit off is an œgèctn tgetlavvdh

(note le change : non iso int)
g
*(c) = * (unit object of ✓)

E

for all my Ihm , n) n' IEL *, Elm, F))(
natural in my w

g. lecture 3 ,p.tt recolled noet page
If F : GM is an adenary panda , n'eved as a V. fonda from the free feat.
over c cf . lecture 3f14

,
then we write limit for 1MF, and call it a

corned limit of F
pignon .

Lemme If Vison .
closed
,
and G. DIVhas a cdemit

,
then I Ccobmoywlxlemtlqw)

Root We have naturelle en w

Mr
, Ifcobmqw))

a Yoann G, Icv,w) ) àSeth, Ko,Icm ))

Vfr, limite,w) ) x Set
""

(*
,
Yo
,#un) and we conclude mince

VG
, IAM)) c a V(Gcxov,w)

à Vlvxooqv) a VU, ICÇWY ) c

Exorcise Show lihemx that of I is a tensaed and cotonpouce V- Category,
and if G :D -1M has a alunit

,
then Me Colima

,
n) à limiter,n)

(
" libraire

"

is thehit !) naturelle mn

Proposition If Me in temporel
,
a conicol limit in a fortiori an

"

adenary
"
lemit
,
and convasely .

Roof NEXT PAŒ



Enriched ends
.

-

For I : E → D- Lonrided fonda ) we set

emided end V
-

1¥44 - ancienne HINE"" )-
D-

D

(contrat with le#4- lent# et ¥+444)
"

"

en
! )

,

i c
'

Then we can reformulatelle object of natural kansf .

Il#4- { D-Esad

One débines emidned cœnds dually .



hmitp versus cortical limita Tse hey is hoo !
We not that §
1-

Item,#feinter# MLMED Il¥! , AGENme 1

Aime ¥¥ÉÎaps
2

Set# MIME)) xbimlsetlxr.IM (m,E) )⇒ Seth
, çfçeym, D)
- -

[notiungsetfqtp.tt [Mtn,E) T Mcm
,
Fc

' )
Çà, d)

Ifninaonicol limit, then
Mfm

,M - V ICEMAN,# )
.

Since Mar , -) préserves Unis , we obtain by
1

Mlmiyneim (ÆIM_ IMÆD ⇒ VA
, çfçegm, Il- -

[Mtn,E) IT Mcm
,
Fc

' )

îsetfxx
,
Mimi)) by 44494

We show conversez that lemfisconicol.by sharing
Ho
, Elm, limf)) *rien ,AMF) ) a
✓ LÉVISlimite and bymarin, hm F) y
+Seth, Moron, F) lentement ⇒If¥ÎMEN

rtEE ein marron
,Et café.#M'⇒



Not all limit are amical

4- at be the 2- category f- Cat - emided )
b two objects, a b

,
one 1-mnphismf asada

a b ' cnn.no?E
→ A- loyal . 1h Cb, b) a 1 Ella , b)XIN a

f- →
I.objectât .

vertical composites of ln

The underlyrng category of It is 2e atb
In 2

,
we have b limit one

,
ie .

did b à bxb Lbglachofanowo ! )
b b

But b is not aconical limit for this diagnam .

It would entoile by
'

pt that

for Cs là
.
Ps and F.

a
Æ
,
= b

Ila
, b) olim ( III a,E) → Tuzla , Fé ) )

çcccçà)
+ [Mfa, F4 llydisaeteneo Cc)
= Illa,b) x Mela,b)

i.e. IN à INXN
.

-

I since any functa
P: IN → INHN is déterminée f. MH -Ympns

IMPOSSIBLE and her a Mp) - Imp , np) for all,
which is not full .

Maeva
, pince 1h44 --1 # INXIN , b. b. has no

comtal Unit inn .



A simple example of weightd amit

Jake W : 2 → Set
"

-

"

E 913 → E * ) and F : 21 M
"

-

"

f : at is

Then a natural transformation from W to Mtm,F) consista

of a function E 0,23 →Mtn, a) pire . two morphismes g,him see

and a maphismkc.m-bs.tn . (naturale tg )
ça , es ÎËh→ Mfm, a) Y a

t ff0 - ie . aY§p Ne note that

v k is redondant
.

{⇒ ¥1 Mln, b) a g- b

By lecture 0 , p.ro Set44Mf , M) being représentable
amonts to binding au mo

,
Ûd

maps ttz
,
Mr such

that mo ce

azy pa
is universal = palllaoh @

✓

pb !←→ Cabo called kernelpair )
f

The use of be weight is an élégant way of encapsulation
tle apéritive off !

Exorcise Synthesis tle kernel pair from Reformula FEM,
with the same f- W as oloœ .

(Hunt : one ends up m' a rafler contrived presentation of
in

Über as
a pullbah £E§µb where . is the same object )

Morale : The original point of view:" worth !



Envided weighted amis
Enridrd weighted limite fill the mining entry
in the matrix belov

unenviched envided

limit lrmf hm F

weighted lrmwf ? ← 1mWF

Can we find explicite formulas ?

A NEW ACQUAINTANŒ next page



Emided fanta tenon and cotensa products

Roll the notion of envided end and cœnd from lecture 3 p - 22
.

We can trace tle computations of page2 .

car
§
envide d end

I
- Cw
, ACE m) D= { mere,pk

= Little④ Fc, m)
cotensà

.

.
'

'

XML[Wc ⑧ Fc, m)-

,

conséquence of exorcise pls
Sma this is natural in m

,
we have

cdimwf = WEE
à envided fanta tenon product

defmed as an envideo cœnd

He anderlining tare WWÊÉ = [ Wc⑧ En
records enrichirent of the and
[personnel notation ! ) µ

envided fureter cotonou product

Dudley luiF = ÇW , F2 , where EW, F? = { {Wc, E3
Iter notation for FM

Exorcise Show that the proposition p . 3 lifts to

weightedlumts.in?ui:i-tInI::E:tc#a:eo:ü%ü:÷ËÏüür
V linwf =

lemwF

JTUPID ME : this does not even type - deck !
[as W should be Both CN and ↳ Set .

.

FORGET IT !



An example of enùded weighted limite
cet D le tee mon videde category It and corridor

•

°

→
à2

He following panetons W :D → Cat,
F:D → Cat

✓ randalying cat . of Cat
^

1 2

we ←
Cat-enrichi d cœnd !

We have lunwf
¥ f Fc = { Cat (Wa, Fc)(cf. p - g)

-

D

It follow that He objects of lemme are the natural transformations
& : Wtf , which

amont to triples (a
,
b
, f. Has

Kb )
ai à

. III.martyr
Ap for the morphismes

,
a naturel transformation from a .to à en

Caf(Wo, F0) is a morphine h : a → a
'

,
idem le:b-s b

'

and a natural transformation from f to g en fatwa, F2) is a

commutative square .

Tahvig into accouent tle identifications cnduad by the end
,
we

arrive at Ha -4 Kb i. e. bmw F = HIK

4kf nfkk comma category
HàÀ Kb

'

morphisme pairs 1h, list
) commute



Homotopy cohmits are waghted cohmits

Recall from lecture 5f26 the formula

hcolemfû NflD)④of
which we can now rephrax as

hcohmf à Colin F

This formula unœils tle universal pnoperty of

hmdvpy colimito (and
,

du ally , @ homotqy limites) :

hcohmf représente le fun d-a
← this emlodies a UNIVERSAL

PROPERTY

Set
"

(Ntm) ,MCF m) ) g. lecture op.ro

recolled next page

Exorcise Spd out this universal property in the case of homotope
pusharts , then giving the algehaic faut of Ile topologieal exorcise
of lectures, p.at .



Detectmg représentable panetons

A représentable fonda C
"
-1 Set is a fondra F topher

with an objet co of C and a natural isomorphisme
K : C C-, G) a F

kmma F is représentable if and orly cf Mere existe au
Object co of C and an element xo of Fg such that the

natural transformation à"
"
: ct, co) →Fdelmedby@oikJdfI_-Ffxoisiso.r

✓
↳ Co C-Fc

Raaf One direction is obvions ( qui peut le plus peut le moins) . .

Ccnvasdy , suppose that K ! CG, G) + F ds given .

This data is équivalent ( Varda lemma) to the data of same

x. c- Fxo
,
and K is en tnelydetermmed ly %

,
.ie . ahÇa

.

We pay that co po are universal for F .



https://arxiv .org/abs/math/060194

Weightedlenriched hmctqsy cohmits
Ne vont to applet the machine ry of lecture 5 (déformations from bar construction)
to weightd cdimits

. BCD
,
D
,

-)

One replaces le defamation UP- P
M
- Cfagettmg aboutQ)by the déformation 1

vin v?MD Chae, f-Â,
lut pa belon)←

and one shows that coloré = is left déformable
, leadiny

to He formula G
hdr F = BIG

,
D
,
F)

But began that,
one needs an ennded version of He nmpliciol bar construction .

|

Goose

It tams out that we can (shouldI also more pom smpliciol
catégories to V- catégories .

The bar construction is stilb

debned bye Bla
,
D
, F) = Ai B. GDF)
envidxd vs

but now I is not the Yanda emledduy A- → Â anymore ,
but a

given fixe d copimplicid abject Ai :#+ V

→ See chapter 9 of Riehés book or its source Shulman

Homotopy limites de climits and enridredhomotopylbeay



Refleding on the two face ts of homotopie cc) hm its

In lecture 5
,
we animé at

kaolin F =
Colin BCD

,
D
,
F)

which allowed us to use the defamation theory of lecture 4,
and home to quarante that broum - is homo tropical

iIn this lecture
,
we arrived at

and more meeisdy

Colin p
He left donna

lrcolrm F
= fondra q colin

which allowed as to unœil tk amversahty pxpesfy of
honotopycdemits .

Ne connecte the two définitions lg proving

Colin BCD
,
D
,
F) û B# D,F) û Bf*, D , D) FiNED)⑤. F5 a

lecture 5fr14 lecture 5f26



A Third faut ?

A natural question is whether honotopycdrmits arecdrmits in
the homotqy category . Belov is a suffiaient condition .

The weah Equivalences on
MP are alwags the pomtmhe ores .

It follow that MD → LHOMJD pends week équivalence to

isomorphismes : Morey , if x : FIG is pt . ddisaw.ee
, for
all d

,

then jlai) is an ho !

Therefor we have MY→ # M)
"

WARNING : limited

Voir ↳got application !
Hotel )/ § Waka fa discute D

HH (e.g. products )

Proposition If the fanta Ho (MP)→④MI abou
is an iso

,
then we have tn Chhm F) alençon off for all F:D→M .

M

Root We have MÎTM
.
Since I is homotopied Afd .- fff!

←
lin

is déformable vont 1h identity déformation .
tenu we can

.

apply He
Dream of lecture4f11 , so

that we have

µ. µ
Âne

,

ï Houri)
We have HoM¥7 Halal)→ Hory " hein

pince ApparelHm)) d--Hm) and H AINLHMDID = (→ (Hamm ) )) d =yo Amm)d - jtm)

Putting this together , we get that um = h-hmo-z.it/bdhrigtadjomtsofA )
a- Hana

HOM HDMI→ M'emyotf.hn/-5Y8oFHhlrmVan = hh-mlgtt-H.glhein F) .


