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Let i and f be arrows in a fixed category M. A lifting problem between i and f is
simply a commutative square
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A lift or solution is a dotted arrow, as indicated, making/both triangles commute. If any
lifting problem between i and f has a solution, we say that i has the left lifting property
with respect to f and, equivalently, that f has the right lifting property with respect to i.
We use the suggestive symbolic notation i @ f to enc de these equivalent assertions.

Suppose L is a class of maps in M. We write L'Z for the class of arrows that have
the right lifting property against each element of L. Dually, we write @R for the class of
arrows that have the left lifting property against a given class R.
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A diagram whose domain is the ordinal « is called an a-composite if, for each limit
ordinal 8 < «, the subdiagram indexed by 5 is a colimit cone. An w-composite might also
be called a countable composite. To say that “R is closed under transfinite composition
means that if each arrow in an a-composite between the images of some ordinal and its
successor is in R, then the ‘composite” arrow from the image of zero to the image of « is

also in ?R.
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LEMMA Any class of arrows of the form 2R is closed under coproducts, push-

outs, transfinite composition, retracts, and contains the isomorphisms.
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CONSTRUCTION Consider a two-variable adjunction

— Q- MXN->P (-} MPXxP >N  hom(—,—-): NP xXP > M

P(m @ n, p) = N(n,{m, p}) = M(m,hom(n, p)).
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hom(n’, p’) — hom(n, p’).

FrnCine Let A, B, C be classes of maps in M, N, P, respectively. The follow-
ing lifting properties are equivalent
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DEFINITION o) A weak factorization system on a category is a pair (£, R) of
classes of morphisms such that
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(factorlzatlon) every arrow can be factored as an arrow of L followed by an arrow of R,

e LR PReL ond [ZCR
(closure) furthermore, £ = “R and R = L”.

Retract Lemma  Assume that a morphism f : X — Y can

be factored into f = pi.
X ;) Y
N
T

If f has the right (left) lifting property with respect to i (to p), then f is a retract
of p (of i, respectively).
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DEFINITION A bifunctor — ® = between model categories is a left Quillen bi-

functor if it preserves colimits in both variables and if the associated pushout-product

bifunctor —®= maps pairs of cofibrations to a cofibration that is acyclic if either of the
domain cofibrations are.
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DEFINITION A Reedy category is a small category D equipped with

(1) a degree function assigning a non-negative integer to each object,
(i1) a wide subcategory 9 whose non-identity morphisms strictly raise degree, and

(111) a wide subcategory 5 whose non-identity morphisms strictly lower degree

— —
so that every arrow factors uniquely as an arrow in D followed by one in D.
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THEOREM REEDY wal. gttt Let M be a model category, and let D be a Reedy

category. There is a model structure on MP with pointwise weak equivalences, whose
cofibrations are the maps X — Y such that each relative latching map LY [[;ax X¢ — Y¢
is a cofibration in M, and whose fibrations are the maps X — Y such that each relative
matching map X¢ — Y% Xy M?X is a fibration in M.
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Thw  follows from the observation that if the map g: X — Y is a retract
of the map h: W — Z, then for every . YL the relative latching map
X, L, xL Y — Y, _is aretract of the relative latching map Wa Ll wLnZ — Z,
and the relative matching map X\ — Y, XMy MaX is a retract of the relative
matching map Wa — Z XM,z Ma W.
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THEOREM (The Reedy diagram homotopy lifting extension theorem).
Let C be a Reedy category and let M be a simplicial model category.

(1) Ifi: A — B is a Reedy cofibration of C-diagrams in M and p: X — Y is
a fibration in M, then the map of C°P-diagrams of simplicial sets

Map(B, X) — Map(4, X) Xvap(a,) Map(B, Y)

is a Reedy fibration that is a Reedy weak equivalence if either of i or p is

a weak equivalence.
(2) Ifi: A — B is a cofibration in M and p: X — Y is a Reedy fibration of
C-diagrams in M, then the map of C-diagrams of simplicial sets

Map(B, X)) — Map(A, X) Xpap(a,y) Map(B,Y)

is a Reedy fibration that is a weak equivalence if either © or p is a weak
equivalence.

V' where Mav) [B/X) 0 O\ég\NA 351 Mdf’[-B/X)d= Z,/L(&Q/)()

7:0\ \e mazbo—/wt B‘AQM reed (‘& f#@ow‘n‘?

Egendoe-  If B is a C-diagram in M and X is an object of M, then Map(B, X) is
a C°P-diagram of simplicial sets and for every object « of C there is a
natural isomorphism M, Map(B, X) ~ Map(L,B, X).
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Proor. We will prove part 1;

the proof of part 2 is similar.

We must show that for every object a of € the map of simplicial sets

UJ\—) \lb—xm\j M&U

&ap(Ba, X) —  Pullback of
0

\)& wg"ﬂf& V\/\A'M W\Gf
1

( Map(Aa, X) XMap(A..v) Map(B,,Y)

M, (Map(A, X) Xmap(a,y) Map(B,Y))

M, Map(B, X)

\ /

m bos-

\/4

H»u/
i §

MU

is a fibration that is a weak equivalence if either i or p is a weak equivalence.
Eacle p. 2 implies that this map is isomorphic to the map

Map(B,, X) — Pullback of

( Map(Aa, X) XMap(a.,v) Map(B,,Y) \

I

Map(LaA, X) XMap(L,a,y) Map(L.B,Y)

I I A
% /’
B -

\

Map(L, B, X)

and the codomain of this map is the limit of the diagram

Map(Aon X) _* Map(Aav Y 5—_"‘ Map(Ba, Y)

Il

Map(La A, X) —3

=~ 0

__~Map(L.B, X) .
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p&l,{the result now follows from
A:C
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