
t lecture 7 Model categaies

At last
,

we introduce the basics of

model categories

We also give
the delinition of

simplicial model categories
,

and we

prove most of the assumptions made

cn lectures 4 and 5.



Z Lifting problems
s

Notes Terminology: RIGHT CLASS of L

LEFT CLASSOf R
AAB IAQBIBEAD

ly
Exercine Rrove that

,

for allA,B:
17

AEB- BILAR, BEAAAAL
),AC

AA AIAALJAAAAI

-2-7-....care
î Alternalre def.

columt ~7
-af-composite of -7--. inserted

ez

proob suppose iER

The cest of the statement
is left as Exercine



abio

An includive definition ofacapante
and2- composition of mapecoms of sane class K

X
-comporites

are particular diagams axNfD
:.

Any ofject of UL Cie diagram OxMl
)

is aO -corporite

Fa x sucB
,
if D : ByM isaß-composte

Then anyD 'i27wl aftaired ly extending D to a

by PLBE
2)

choomny inK ib ana-componte.

For a lem
(B/B22),

Dis a diagiam indened byif
EBIBCa

3

such that fnr all BLa He subdiagamindexced
byE8IJEB3 is aB

-composite,

then the colimit core

of D
,

wewed as a diagram indenced ly EBIBL
2J,

is

an a- componte

The camposition of ana -componte is the
map DlOLa

)

Remarh Far all , once
intammel in Ea

12B3,

hh

any diagram D
:27M

is colimit cocone to P12).
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Pushout-

producto,

pullbach-
cotensos,

pullbach-hams

e
of lecture 3 p. 16

ismtmsjntn,fptp

pashout
-product

pullback -cotensor pullbachhom

Iofsctofcammutatuvesquace dt

Exencise

Remarls It follows horm the exercise that
,

sag
,

if

BIX
-B' ,

then AÔBICL
$DAOBIIC.

Indeed

AÔBIC
-BAEAT

LLASBAEACJEBIR AOBAC
û assumption



fl
. Weak factorisation systemo

~1

my kL

cwrfo)w

s
E LIR REL

,

and LIER

o Epo

proof Information repachaging!

cand
,

dually
~7

{
p

-) wwe

id

Note that we have here a particular
ial ichurd of rehact: --1 wnili

-codomain

lixed

Proposition In the definition of rifs
,

we can replace LIR an
=A

IRL

by . LIR and Land Pare stable under wehacts

Rook 7 by lemma p
.a

I We have to mroveEL and LIER
.

Let fER factorise it as fipiw . Then fIP Cassumption
)

ELER
) fis a retract of i clemma

)

CLIER mroved dually
)

T fEL Cassumption
)
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delimitions of model calegoieEquivalent

let ul be a complete and cocomplete categong, with 3 classes of mapliisms

C Ccobiliations
),

F(
fierationo),

and WIweak equivolences
),

where
W satisfier the 2-fa-3 property.

Proposition Under these sthe followg set, f axions are equivolent :assumptions

I Itrivial
,

or acydlic fillations I trivial
,

or acydic cofilations
C

,FnW)

and CCnW
,F)

are w.f.s.

COw,F) awfis. }
5

most elegant!FAWTIC
,

CIE FAW indicates a

1

Maon -CoC { redundancy
}

, CIFFAWSIC
Ma

-FOCCAw)-FnWC1,c.M WECFOF

4
CIN closed under retracts

CIFAW
),

CEAWJAF
Mo

-FOCCAW)-FAW

C locin

Proob 172 Obrious We23 have to mrove Mod -FRWoCandWICOF
ş

Mordl
-CPOCEFAW JoCeMaM IEFAW

nu EC E CLet WEW
. By assumption samys7E CAWEF

2-
fa-3

>3 1 We have to prove CIFAW and CIEFNW (the rest is dual
)

Got fEFAW-T7fECR IdEFCIECIGAF
-W

retract temmax temmap.a CIECCAWJIEF
7second p

.t

By plop. ( note that if F
,

Ware losed under retracts
,

so is FON
!)

is closed under retracts
,

which is harder ext pagel34 Ne only have tocheck
thati

N



G

Stability of W under retracts

let WEW and f be a rehact of w. We frirst sappore fEF .
FI CAOmr goal is to prove fEFOW -CF. We writewo-7-1 ^

Wehave .

ich
wa wz

v thesT
,

which exhibits
llY

.

composite
fas a rehact of wa1tlifting:598C5I İwz lemma p .a

~1-

č p

we deline5
q by universality

Prviq byaniversality

weck,

wonter -7

votiectraentniamsI This delimits four commutative squares *
-> ->

V
The bottom two

squares exhibit pas retract of q

{ iEF IJ jEEEW- qEW
lemma p.a 2ba3 çdw

id PEW (by the fint part
,

soe PEF)

W

f -pi EW CZfa
-3)In pummary: EW

A model categay is a camplete and cocomplete categary
with CF

,W

o.t. W patisfies 2-eon-3

CCFAW
)

and CCAW
,F)

arew .f.s.

In a model categay, weak equivalence arestableander retracts
In particular

,

c and CON are left classes,
whiich
by lemmap .2

implies te assumptions2
3 4 5

of lectore 5 p. 15and 18, whileê
the -7

m3

FrK
factorisation afalini entails abocj O
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7
A recipe far model categary structures

We again supp ose that M is complete and cocamplete
and that there is a class W patisfying 2-fa-3.

proposition suppose that two classe IJd maplismsocs

are given
,

s.t. IRIJ
1 CIBAWELJA) IPEW

CON - JA) LJAJEW

T
Morl- JIO LAIRO IALJ

Then
,

setting F.
7

andC
.

I ,we have a model structure.

Morova we have CIIEJA andAABEWSLALAKALAINN
f

In the presence of the other ACIonsCILAWELJALJAAWLID
CIEC and JECAW

Prool We fiyt note flat is an obviocy consequence of exerane p.2, and
that we cara

pat and together
,

which reads as IF
=CRW,

and hence

Morll - JIO G1) reads as MaM-FoCcowl.

We prove the ret ofarcions hamp .5.grest of the
)

Vende thatLJFscercisep.leand CEIA

For AF
-CRW,

we get COW
)

LEIF CJEF
.

This completes the proof thatCCRW, F) is awfs.

Nen
,

we have IFEFAW G IIEJI and IAEW f
hence

CFAWJ IC bydefofc and CIEFOW Coince CIIA fresceraisep
.2)

Finally
,

since CRII
,

MAM
-IPO

IA1 reads as Mal
-

CFOC. Thaswehave
b

Yeamodel structure now prove .

One direction follow banthe model stucture
,

pince JIAWEIR reads as FAWECI. Fa the other direction
,

we have

MORll- JIO LA
,

LFCWI WEJAAWJOFYJAJ, hence
2-

ba-3

JIAWIIT WEIPO ILA
)

Then
,

ly the rehact lemma p
.4,

we have:

GE CIBnWI fis a wehact o an element of AYI
a

Cemmant fE
GJAJ

Forally
,

we prove a
.

We have ILII CIIC
,

SES)FCAN.
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(
F,,W)

verous CSFWJ

s
complete and cocom plete

Remark Givon ell
,

I
,S,

W
,

puch that

2-fa-3 hold faW
MOUh- JROL-IAOIA

b propontion pit that the fellaxing thee sets of axionseana of say
are equivolent:

IREJAYJAEN CID AWELJA IAEW
and

a

CIBTAWAJ and IXEW
D

LAEW and IRJIOW
mar

In particular
,

we have Fey I andIRWJ=IP. Thas
,

both Fand FrWare

AI for some A.of the form

All model categories arise fram the alove recipe
,

tririally
,

by

tahingI-C andI -CnW.
But the intention is to have F,J smaller

, typically pets!
Even mae impatantly

,

when FJ are sefs and when ul is

locally presentable weget Morl- JIO LAIROI

FOR FREE
!



Thesmall ob ject argumentcotatements

All what we have to know about locally presentable categorier
is that for any set of objects there exists a limitondinal K

associated with puch that far anymaphiomK

f : A 7 Colim BB
.

( q.P
.2)

with AEF
,

BLF

factors thraugh same BB
,

i
.e. f - CBof

'

fa some fs AyBB
,

where cB is theB -component of the colimiting cone
b
An colimBß
\ Ec

ßß B

Proposition let ar be a locally presentable categoryand let I be a pet

of maphisms ofM. Then the falloning factuination property holds:

MaM-IPO IE
)

poof nat page!

This proposition justilies the falloning
DefnitionAAcofihantly generated model category
is a complete and cocomplete category

,

with a dass W

of maphioms satisfying 2-19-3 and two petsI,J

of maphoms salisbyring one of the isets of arcious of
P.8. I is called the set of generating cofiliations
sm trivial cofiliationsof generating



10 small object argument(moof)~
~7

W
6 - X

IffEI? then f-foidGIROICIAJ ç
9,w

1
I€1

For fixd f
,

we

de:as -?d,inv
!"

! leId p0
assemble allI
caisemolithng

)

-->
4
çuv

' ->

lle-
.

y

Fat least- one
?

óuşú

w
E Xãto

We have that af is a push -out of cgpoducts of i
,

hence IfE IAC
)

[4 b-1z

We call Wiaor
the anow any
2 WehaveffoWigoo Ib-toIlo

-taf

Afou
-Wągooi

y

We iterate
, with ff in place off

,

banofinitely
, and stopat Kapociated with

the ofdamains fanows in I frcacht
wa

Xß EILII
)

( tnonohnite camposition
of xf

's)

É
,

*"
en

a
"

le

laaler

I

Ftr
Yoen

"êfçmûsfhzîz XKqWxdenebtäl?
u factors as cpowl feocally presentable

)

lBoù
'rvai

fB-EROCB ( def- of fR by univerpality)
û colheviated as w)

By instantialing alove frilB
,

unus
;

we get zo
ßß E

= -
-

-
-

y

yutpot
.

We have woi-PBou', fBoW
-O

B
0woil

l - B0(Woi)-BTåACBOUJ-
CBXPB

Joal CBoai-a

CRoCCB
+åWJ

= CROCBHC JoW -lByOW- CBow
-V

universality of colimit
Therefore,CREII

,

and fr -n-s provides a decompontion
ak ef
IIÁ



d1

onns of small olject argumentAb the

By andysing the proof on
.,

wehave in fact povel samethingp
.rO

tighter.
MaMh - IPo CelllI

)

where

all(
I)

is the class of transhnite compositions of pushouts of
coproducts of elements ofI.

Thegives us a bonus! We delive further notations( for a class AeMau):
zet(

Al

is the class of rehacts of elements of A.

ret
'(Ay

in the class of rehacts with lxed codoman(
oP.4)

of elements ofA.
smallest class containing I and closed under the constructions listed inlemmap

?

Ii the
^

esaturATIOnoG I

Proposition Under the assumplions of the proposition p. 9, we have,

additionally: I'() I- olecilretl J
-aetCoeIll

ROOf OUI
) ILALetolltI zetColl

(Il).

lemmap.a whaet lemmat

QLIRJE ID ocellLI
)

OTHER BONUS NEXT PAGE
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à Functorial cofthant replacement

C EAW
In a model category

,

for every olject m, we
have OsM

-O

-
sm

fa pame-y and. The midd object is a colihant replacemente mbe

Proposition In a colthantly generated model category
,

colitrant

replacement can be madefunctarial , and-3- natural . see p. 14
Ã

Inan arlitary model category
,

cafthantreplacement is functarial "up to homotopy
")

proof shetch We show that at each step of the small oljectargument
.

we have a canonical
way

to functcialise . We specialise the

picture o p .lo withf-O-m, and we writemi for the middle

ob ject in ~
¤ :9w->
-

0.

!
țaw

.'-70

! da -smism i EI I ¿
EI I pönIÇnw- m -- Tggo-^

w w
let fimyn. We seekt fmtricananicallyo define Fathis

,

ba evey yu
,o,

wereed

.~2 O
u

The uniform f is provided by mnitiality
¿ Ilforced)

n'
-

s

.

-) is provided by the cga
,

J componertoifoo
Ull

v1§

One can prove mae amely that efl
-fl

chint :mapsout of a pashout)
Then one can ceate ( modulo a variation of theargumenty
and denive m

'

bn'

V V efc
! Functoriolity follows

m
"n""

from the camoricity of
V V te choice made

.

n-
f

m



https://Idrissi.eu/en/20-21-homotopie/homotopie.pdf
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aho called
Quillen model structure on11classical

Roofs can be faud in many sances Ceg. Najil Idrioi's
notes I

coliliations are He monomaphisms ( ie maphioms
that are pointvoise injective all objects are cofihant
weak equivalence are the maphimms f:X-sY whose

topological realisation weak hamotopyequivolence
,ie,

induces isomorphioms ITnLX
,4

-) ITN CY ,Gb) foralln,xGX.

A

F -EXCAiqlectueRp
.1IImlosken3

um
all horns

7Fohrant objects are called Kan complexce
The model structure is cofiliantly generated

,

with J = and

I
=EDARÇ

Ã
}

For a contrast Joyal madel structure on AA has
I

C - monomaphioms cunchanged
,

but

filrant objectsquasi-categories as

î

of -lecture2p
.5



in anlitrary model categorie
14

Gylinder ob jectsu
,

cylindergoodl
{

Cáziz
]We mite Lid

,

id
]:

AtAsA as AxA - CgCca
)

-
D

A
C W

A left hondtopy H fromf
:A-X

to g :tsk is a map
H

: cyect)sxj
at

. AtA
-3

Lizia
cyfalC

we do not requile

\"§3 x /*
FAW

!

Exercise show that this defines a reflexive and pymmetric relation .
As an application of this notion

,

me show that " colthant replacement ds functrial

up to hamotopy"
Con

contrast with p. 12).~
left

lemma If GEFNW and if gb and gbz are left homotgpic
,

then

faand fr are left homotopic.
A+AB

-7
(by,ba}

Proof We can display the assumption as

Icizia) Ic gFN
The lifting provides the desired hamotopy scye(A) -> C

N
lix a choice of 0-2

QXms FAWy
qx

for all X . Letf:X74

Then
we have a lifting

qîaviw which is a good candidate for "
Qf"

Qx-3X-3y making q natural I blac staffqx f

Proposition All arrows suchthat Øx QY-> lixed

Vqx 19x
are left homotopic.

Proof let bs
,

5
a

betwo such anows
.

Then x-Y

98-98 n 5 q
1z,q1

lefthomi 12
D

cemmaabore
z

,Va

left hom.
exerase above

Remark In the situation of the proposition wehave

Hf
)

is iso jiiso fue. E7 -7 wr.e.

Ca-lor-3 la isoo
)

Ca-fa3 on ae
?



https://math.jhu.edu/~eriehl/616-s16/Dwyer-Spalinski.pdf 
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Filrant- cofihant replacement
One can delive diallya notion q right hanotopy

,

stanting fram

AmmusCidiod) AXA

FXn î(
A)

path right

one definefilrant replacement X
-RXCon

T 1,functarial up tohanotopy.

subcategory of colhant and filrant oljectsLet Mof be the full ofur J

One can prove te following.
1 T left hondtopy concides with righ honotopg an is an equivolencet iMc.-n

relation and a conquence, and
therefre RQ12-7 Mc /r is a fancta.
ie

,

iso in Mcff
£

a Mcf homtopy equivolenceFor
every foMor , fisa IGEW

RQ ponds weah equivalence to isomaphisms inMeqfrMencesamarhpn
4,

the
~

induced fanctor-s is in fact an equivolence ofcategorie
RQ

ar m dzęl
j I a

For detail
,

see eg. Droger Spolinshipnotes
-.

M
(w-7J of my

notes on modelcategaie con curien-galere-org)

Assaming this
,

we can prove

Proposition If Ml is a model category
, Missaturated

then
,

ie
- forall b

,

HC iso fwe.
Ro
mn

Proof 21
b)

iso 5 RQYC Jf is isoRGf
IEW fEW

iso preservation
remarkp

.14



simplicial model categorier
of. lectme3 Pa

18 two
-variable

adjunction

^6 Q.-lecture3p. 17

TDefinition A simplicial madel calegay b a modelcategayequipped
.I

inh O: xolton that has right adjucntsAar action

in the two variables chence we have a temaed and ootenpoed

simplicial categay) such that He associated pushout
-product

bifuneta ô ? (f.p.3) maps pairs of cofiliations to a

colilation that is trivial if either of the domain cofilrations are
In famelas: COCI INN

)

COCONJAFCJXCHFO
Equivalent COP

.)

CAOMCGFANS CACONFLCG
ie hâmCefrnjeFAW hâm

/Cmw,FJeEAW

hâCGFJEF

Consequences dlOñ
z I

Aspecial fic id

case of
is

aqoOñ mon

id32
omojli

-0-m)

e
l

since every object in A is colilant of
-pora,

we abtain

a
rivial cofilations are preserved ly temporingcolilations and t

alob
-

y }nith anyaimplicialset lectue 5p.12 (A2)CA
3J

cf and of

By further instantiating j as O- r ,and pince MOOnO we also get:
CofrhanI objects are preserved by tensoingwith

cr

any simplicial pet. ofd

Vre alro have
,

far symmotic reasons fion
-iôco-sn))

If n is clibrant,trivialcofilration
are preservedf-on â
I

( Dually) Camce horm
(O/P)

21), for any simplicid pet F
,

wk presenves

filrations and trivial filrations



77 left Quilben bifunctors
More generally
e

--

This taminology is justified by He fact that CQ tand 2
p.16)

If -O= is left Quielena and if ifresp. nybifunctor
,

is coleant , then mO
-frep.-On)

is a left Quillen functer
flecture 5 p.-16

mus
A is a simplicial model category

assurred in lecture
5

mutationmutandis
m

The folloning result is classical ( see Goes -JardineI -4-2 o Land's notes 3.29).
Remember the sets c of colvhations cale manor

)

and

J of generating trivial colitations call horn inclusions )
^

of A Cq . p. B) epaturation Co .p.1A)
^

lemma We have J=COJ
Exercise LetA,BCD be pets

,

and AEBED
,

AECED
.

thow that the p.o.

of AEB and AIC is BUC and that LBED
,

CEDJ-CBUCED)

Proposition IA is a simplicial model category
Roof That CÔEEC follows from the exercise

By the lemma
,

we have COSEJ =J1C) ie
.

COJIF

prop.p.1?. F

Sonce JIWI
,

wegetF- COCONJIF by the remarkp.3.
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simplicial hamnotopy as left homotgppy
Proposition If X is a colikant olject of a simplicial modelcategony

,

Then AOX is a cylinder object:
XX -

s

AOX
-WÅOXñx

Cs
0Oid)

using X cofilrant
Proof We can read XTX as ATAJOX . Then

,

since ÅFA
-1A7

{
Ld0,q7J

We can read X

maro-
colibation

by 7p.1 we have that
-

y

inacdibation

alo an. Then YreadarOARA

Joody6

we rea i as Ldoid ,f
0id].d

and oftain 22-7-Lid,id}

, pay ,
d

0is a horrnince
80d0-sdt-id. Moreover

,

pince

inclusion
,

by 7p.1 we get that dodE
CNN

,

andfrom6

dooid
-7-2- id

f
we get-

EW

by 2-ba-3

We go back to model categaier far shot below:
z t

Proposition If fig:XTY are homotopic in a model categay,
thenb,g are mapped to the same maghim in Hock.
Roof ( thin is of cause part of

3

onp
.25)

With the

notation of polk
,

we have pew
,

pio -piz-id
It followo thatsio

)sliz)-HPJ2,

an thatd

H
-H)rliol-HH1dial-H1gl

Proposition In a Categoy
,

handgsy equivalences are weak equivolencesmodel

Proof By the proposition. if big famahanotopya

equivolence then Herigl-id and Hgllichene
I
)

is an isanaphism
.It follows that f bypaturation ( fp.Lw

Note that here we exploil saturation to
prove theproposiion

while we paturation popositiona pimilarmoved '
the

other way
around

"

from

esticted to erhant -ofilant objects



79
simplicial homotopie are weak homotopies

i

We come back to simplicial model categortes
Proposition If bg:X+Y are simpliciallyhamotopic

.

then b,g are mapped to the same maphism in Hock.
RoolJIfXiscolthant we condudeby Ripontian1 andP.18.

f colthont
r ~
V

If Xiz arlihary
,

we can tokeq
:XTXEW

Then fg ang gq
are simplicially handepicy heile

lytle fout paitof tle proof fb819D-X1g1191
and hence flH-8g).

lecture 5p.iaLAcf of1S

Rroporition
3'

In a simplicial model catigory
,

simplicia hamotopy
equivalences are weal egrivalence.
Roof : Like Roposition 3 bran Poposivion 2 on last page.



zo
The Reedy model structure csketch

)

RĞP
We are interested in simplicial objects of o, ie. XEM
Recall from lecture 5

p.17 the noth eatching abject LnXe strestIn
and He n

-th latching map LnX- Xr. Dually
,

thore are matching
objects and matching maps Xn+ MnX. The folloning theoem is clapsical

( see e .g. Hovey's book
)

. SKETCHED IN THE FOLLOWING SLIDES

These notions can be generalised by replacing I by any Reedy calegong.
n

Thin notion is -dual: D Reedy YD Reedy. A andI1OP are Reedg .seef
op

(deglins)-n)
REEDYmod struck.

Sv

In lectue swe assumed that geanchic realisationI :MYAP,M isleftQuillen
.

Th resultand temmaCofp
.17):

Proposition(Honchhorn's book 18.-4-17) let D le a Reedy category
,

and let M

be a simplicial model category . Then the fanctor tensar producet

xup az is a left Quiller lifrenctar.
w unt
-

Op-:ADO

pedy Reedy DETAIL in the nect

lemma A: AA
-A

is Reedy colthant.
plides

Hence the proporition instantiate with D -IAOPyields that ÅOAP--1-1 is
left Quillen, which proves the theorom p.Htof lecture 5.



Hleuristics
: constuding simplicial objects by induction

h

To factorin
,

me will need to constuct the afject in themiddle

Š conshuction ly indeidion
,

tolung care of enforcing naturalety
We shall alo build maplisms ly indudion(

again

in te facto.

risalion in the lifhings )j

We want to specify X : xuLA
baob

Pich an objeect to of cll uy functa POTM
Suppose we have defned Xup to iniylunete

AnT

tind.

dz

Pich an olfect In of U2. We need
,

for each ijon

maps Xf: Xixtn faallf:CnJ-yCiJ and

maps Xg
:XnxX

forallg:CJ+Cn7 j

=

1

lLet ina,n: AAInI? AAEn Cundurian)

let ,faX. AknzI -
larinain

uY Y JrijiAnCinamlibn).in
Dually MnY. RaminasnY In A{(

Cna,

i(])
So we can repachage : we need two mapo

LnX
-Xn-yMrX

( fa Xas castructed at this ptage
)

wnrendelined viathemopo gof-lipncifcitan))

providing a factaiation of the canoricalman LnXxMnX
( to ensue functrriolity

)



2
a

Latduinig and matchirig objects
CE

Exercise Show that fa Ff,Las inthe pictare
,

IK
with L full and faithful

,

then

ąi
LangfFC K -Lanqf

Gl

Applying the escercise to ÅEn
2

-7

in
-2 IA

0

UL

dinzn
in

-1 En[ Viv
A.P

lectureap .azand recalling the definition of slent
-Lanin

(
Xin)C)

we get sknztC Jin - Lan CXina
)

in -zin
2 previous slide

Tlus justilies to delime the n -the eatching object of t

ly LnX
-phnaX

C JinC In
-phnxX

C In

cand dually
,

MnX- cosknstC Jn
)
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Heurbttics : constructing maps between pimplicial ofjects

Suppor BNE MAP. Wewant to build a

map h
:B-1X

baob

Specify a map ho: Bo T Xo

ind.

Specify a map hn : Bny Xm puch that

LnB-7Br-sMrB

t dand comnutes

nMnXt
Axn

Suppose Moreoves that we want h to be aliftinginn V-âãîdo
nWe

can package the two requirements o by askinig o in
B Y

n

AvwLrAlnB -sXn

-
rr---"

!I o
anb (andsimilarly far Bs)

BrmmsYxxMnyMnX
( In details. LnA

-7

An Ln A -7 Ar

I I
laBIAnvaziupI ?

yWi( mchavk,) by naturalz ) Bn

Ears
s Andlathud

yuat
(,2
-.

ws

cuchave
!T)

bg nat. and YG byfanctoriality
)
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The feedy model structure : proob

Poposition
:

Fa C asinp
.2oW

wehove that FNW is delined
I

as F
, replaainig "'fihration" by " rinc filation cidem cnw).

ProoF restpage!
Remark The requirement for f:XtY to be a CGrinia

)

Clfilation
for the component at O

,

dawn to bolhinial cooplicalion
,

smes
bools

LoXO cmplies XoWZoxLoY -Xo

We want to factaire g:X7Y as XTZ+Y
a

basin

Cof. zemasle
)

chaose a factorisationX.732o-5Yo lmnuz
)

if

to h.
FAWhE

ind.
Chook a fact outalion of the induced map XrlinxLnZ

-7YnX

MnZ
onorMnY

î I
and delive in and hn Wzn

*inhn Yu

Then igh are colitations and trinicl colitiations in MOPby construction
.

scaonig theproposition
)

That CACAWJ follows readly han te discussion p .33: the definition
of Reedy filrations and cofhations server exactly thar purpose

ClasureF andC under rehacts
!

stos

this
n

o
o

nn
n

n n to
o

innn an

z s
a ennn

n en



25 Proof of proposition p.24

If XaVlaxkaY -s Y 2 is a bririal ailiation
,

wo

latchy
Fa

need to
prove that Xa

-Y2

is a we. We actually porfa
that it is a hunal cof. More generally

,

weshow that

I
latchaIS

-

XATYAS Clfaany sf Fr Cringleton)

By considering Lax -s Xa it is enough to

I i7 shover

Lay"xaVlaxdayYe mile BCDC
2 lath ASyFBL BI

if degB cdegal Yeatha Ya LaX-sLaY AS

F,G:I7E and 2:F-G then
.

Exercise show that if
dAS Fi CoemfycolmGl oS,

boranys.
Proq of 2: By it is enoughto prove CXBTYBJAS frallBthe esarcise

,

ideaip to proceed lebe Fathi to work
,

we need areinbaced statemer"e p .23.
=

EYB

z
FBCDC latchBiSJ -XSYA St
un considered on Cdeg

/t

We have then that cespuning
X at Y î"vî E we

ortunct ThWLpxLoY

YpYIi " Aycsrmuptin alloning boecterdy
Y Bc7~>

on the degB
on the degB .a bilhation
bilhation
Fa Hebare care latchB - XBTYB

,

and hence we are done lyassun
In the converse direction

,

considering again lax
-s¥

7it is enough to prove that LaX-s Layis a Yax
-lxaWlaxLaYtrivid colihation

,

lut this than wals hire since we can

Y Yeathd
asume by induction that tle latching maps faBca are hurial

colshations and use
2.

The bare care is hirice pinc LaX and Lay ption .
are Hen both I

.



Reedy model stucture when Mis a pimplicaal modelcategong
To get the Reedy model phucture on

MIAOP( and actually on
ut for any Reedy category

),

we just reeded a model category
sstructure on ur

.

We now assume that Mis a pimplicial
model category . Then we have

Hirschhorn 18.4 -

[
where Mapl ,

X

is dehined by Mapl
,

Xa-ula,+ BB
-
-

unx

For the moof
,

we shall reed the following

{
EI

Exercise

thnt
:1l-,

Notalion
:

Hiochhan also uss

Map(
X,7)

fa MCX
,X
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SIEP
.30

FOR AHIGH LEVEL VIEN of what is
gong on

here
Az

e

(
l

relative motching map

I

ExrabeP.26

some
can
repachage

:

hãmCPsQsP
:X+Y)

z

sd
(by

asumplion and prop. p
.24

Exencise
p -3

as nês
X

PiXYdassc
P

44

dasB
fp

libation
,

tokA
-YAW:

ROMCP
-DITSYJEF if Fcton )A

AGMCP+Q,X+Y)

IE
8

AQCPIGL ACF
-Y)

un

Goriolcof -ly Hhe smplital model strecture on wr
If i in a we , ther take AñC and ure



completing the proof of the the lecturespultinozen

a
8

Exercise

Shaw that for ur tempered
,G

:DRV,

F
:D

T
02,

Medl
,

havewh
(GOF,mIVO/G,

Map
(Fim))

de(Fdm)

applied toX -OD: VDORMPTUZ S ANDO
,

c Wsus
,

PisurS
and custantiates
~By the exercise p

.3,

part of the theoem arpat ifamulatesr as
:

If : ATB isa feedy cofitiation in UAPand:
TI

Reedy
colitation in AAA

,

then the purhoutploduct

OALL KOB - LOB
COP

KOA A
0P

A
ÄP

is a cofiliation in Ul that is a weak equivolence if
either io j is a Reedy weak equivalence.

Speciolising tood
.A-1AA,

we getthatj

if :A-1B is a Reedy ciliation on MAP
,

then

LAL-OA-7 OB
=IBI

is a trainial

colthation . Therefore geanchic realisation is a fortici

left Quillen.
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What have done an p.aand2?
are

7 8

Our goal was to establish onp .29. Thanks to

Exencne p
.3,

we hanslated this in to thestatement

on p . 27.

To prove amounts to prove the relative matching maps
a

are colthhations. We were able to show that
I

reformulates as hâm (-,-), where -,m arecoliliation and

a fieration
,

by assumplion on i
,

P
,

respectively.
So aur goal refamilate as crwCJX ham(-,-),
which ly Exercise 3 ( different instantiation and the other

way aroundy then follows ham the axciomn of simplicial
model categories.


