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What is type theory?

The origin is the work on solving the paradoxes in the foundations of
mathematics (beginning of the twentieth century):

{aladaj

leads to contradictions! Indeed let b be this set, and suppose. b € b.
Then by definition of b, b € b: contradiction!

Russell invented type theory to put discipline in this jungle. One can only
form sets of the form {a € A | some property holds}. Here A is a type.

The modern forms of type theory start with Church (A-calculus), until its
present form know‘as Martin-Lof dependent type theory (1970's), for
which we provide an introduction in this course.

“Dcm\\ qf Mhe

Dependent type theory has received a new impetus in the late 2000's
under the influence of Fields medallist Voevodsky, who found an
interpretation of types as spaces. This has led to Homotopy type theory,
which we shall also discuss in this course.



Some simple types known to the programmers

nat is a type, and 3 : nat is an element of that type.

nat X nat is a type, and (3,4) is an element of this type.

nat — nat is a type and the function mapping x to 2x is an element of
this type. We use the notations

X > 2X (standard in mathematical texts)
Ax.(2 x x) (A-calculus)

A function can be applied to an argument: (Ax.(2 X x))7 = 14
More slowly. we have

(Ax.2xx))7T=2xT7

and the rest is primary school mathematics!



M-calculus

The A-calculus forms the core of functional programming languages like
OCaml and Haskell:

M:=x|Ax.M| MM
Definitional equality (oriented as reduction):

(Ax.M)N — M[x < N]

Warning: renaming of bound variables may be needed! Consider
M = Ax.\y.x + y. Then the intended conversion/value of My x is y + x.
But blind application of the conversion gives

My — \y.y +y and hence (My)x — (Ay.y + y)x = x + x

The capture of the red occurrence of y should be avoided. The correct
reduction is (a-conversion):

(My)x — (Az.y + z)x = y + x



The wildness of untyped A-calculus

In A-calculus too, strange things happen! Consider
A = \x.xx
(self-application is permitted!). Then we have AA — AA! Slowly:

AN = (Axxx)A — AA

Hence computations may not terminate, or may not even produce some
interesting infinite value....

To solve this problem, Church has introduced typed A-calculi. For
example, to type xx, we need to five a type A — B to x and a type A to x
In typed A-calculi, all reductions terminate!

N o betyped e pymorolic Nty
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Examples of dependent types

The type Fin(n) (defined | | ) is the type of finite sets of
cardinal n. For example, [‘\“}J
can(n) == {0p,...(n—1)p} ‘o Fwnin)

[/‘& —fm e WO’W\WJ,
and we can define the map max := n+ np.1. We have @ ‘aw’)

max : [,y Can(n+ 1)

We also have the type %, Can(n + 1), whose elements are pairs of a
number n and an element of Fin(n + 1). For example:

(4,25) : L.y Can(n+ 1)

Tohod of-
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The identity type

The most important example of dependent type in Martin-Lof type theory
is the identity type. If x: Aand y : A, then

Ida(x,y), alsowritten x =, vy, is a type

When x = y, there is a term (constructor) of this type:
L/

(-¢. %/DQ N refl, : x =5 x

When x =, y is inhabited (i.e., there exists p: x =4 y), we say that x
and y are propositionally equal.

The identity type is best interpreted in the homotoby interpretation of
type theory:

e Types are spaces

e a: Ais a point in space A

ep: a=, bisapath fromatob

eh:p=,-,p qisa “path”, or homotopy between the paths p and q

st He end ¢ Yy Qefure
o Gdaue C ‘O



The judgments of type theory

The main judgment is a : A.

A type A is itself an element of a very large type, called U = Uy for the
universe. But U is also an element of an even larger type Ui, etc., so there
is a hierarchy of universes. (Setting U : U would lead back to paradoxes!)
Actually, judgments are in context, like for example x : N (2 x x) : N.

A context is a list of type declarations. In the setting of dependent types,
the order of these declarations matters, as types may depend on the
previously declared variables, for example, x : N,y : Fin(x) ctx (meaning
that it is a valid context), while y : Fin(x), x : N does not make sense.
Contexts are extended via the following rule:

r-A: U

[ x:Actx

Finally, definitional (or judgmental) equality is also typed: [a=b: A
In summary, three judgments: [ ctx [Fa: A [Fa=b:A

We often omit ' (or rather its “"dummy” part that is not relevant for the
discussion). and we write a: A for - a: A.

Org com ot add an¥er Z(Ldyrvwl\ — oA
/Lk\pa,@‘rrlukm,f

TL[Jiﬁ Uff ferme
(e AEA  TFaiAle]
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Some typing rules and a remark

[Fa:A THFA=B:U
[Fa: B

(i<j) A U;

U,' . UJ A U,'_|_1
A non-example: there is no type family An.U,, because

e there is no universe large enough to be its codomain,

e we do not identify the indices n with the natural numbers of type
theory.

I (lenence 06 c\a,lpf/m[w\{— W@/ =
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Families of types

Can(n) is a family of types, over N. More precisely, we have

n:NF Can(n): U
We can also write
GJ\__:N% U

Successive dependencies: if A: U and B : A — U, the type of a family C
depending on A and B is

C:Mea(B(x) — U) [‘n (Zscn 81)17 U)

5
We have: '

x:A,y:BxHCxy:U andhence (x:A,y:Bx,z:(Cxyctx
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Curry-Howard

We can also interpret types as propositions, and terms as proofs (but the
homotopy type theory perspective says that not all types are propositions).

e One can read A x B as A A B, since in order to prove A A B we
need a pair (p, q) where p is a proof of A and q is a proof of B.

e One can read A — B as A = B, since proving A= B amounts to
proving B under assumption A: compare with

;i A-pi B

[FAx.p:A— B

e One can read A+ B as AV B, since in order to prove AV B we
need a proof of A or a proof of B.

e One can read the identity type as the equality predicate.

e One can read 1 and X as universal and existential quantification,
respectively.



The swap function

Let
e A:U,B:U,C:A— B — U,

o h:l.all,.g.Cxy

We want
swapAB Ch

to swap the arguments of h (which is possible, because neither B depends
on A nor A depends on B).

We set

swap (= AMABACAhAyAx.hxy :
Na.uMNg.ulNc.ase-u((Mxally.g Cxy) = (My.gM.a Cxy))

]DQAQMQF\’M\Q/
Ta\(“/) b oM wca/w/;& ofw\g
{aV\A’\‘bvx\

Exercise 1: Let A: U and B : U. Construct a term (a de Morgan law!) of

type
((A+B)—0)—> (A—=0)x(B—0)

Exercise 2: Let A: U, P: A— U and Q : A — U. Construct a term of

type
((My.a(Px x @x)) = ((My.aPx) x (My.4Qx))



The general pattern for types

e Formation rules for the new type

e Introduction rules for the new type, featuring the new constructors:

CoNCTRUCTIoN
Ax.a (a,b) inl(a) inr(a) 0, 1, reflx

e Rules specifying how the type is used: application, induction
operators (when the induction operator is applied to a constant type
family, we call it recursion operator).

e Associated definitional equalities

e Sometimes a uniqueness principle, like Ax.ax = a. Such principles

are often valid propositionally (fec- )
0L v pomcd- mEa

(N UH{BTZ@U U/Juaﬂ% ng\@} V\}\JFX
am ouembeUon.
7
Cowm ﬂa%‘m |



Two kinds of equality

We have seen

e The definitional equality, for which the notation is =. In these
lectures, we also use the symbol :=, which stresses more the
definitional side, especially when defining macros.

e The propositional equality a =4 b.
Let us stress the difference:
e The definitional equality is set up at the level of judgments:

[Fa=b:A

This is why it is also called judgmental.
e The propositional equality is set up at the level of types:

X Ay :AFx=ay: U

Definitional equality is stronger, since if a = b, then (a =4 b) = (a =4 a),
and hence reflsa: a =4 b.



The [l-type

This is the dependent version of the function type.
oelf A:Uand B: A— U, then N .4Bx : U.
o lf x: AF b: Bx, then Ax.b: Il,.4B x.

eifa:Aand b: I'IX;ABx/then ba:Ba
e We require the definitional equality (Ax.b)a = b[x < a] (and

optionally Ax.bx = b). g_wﬂ&
K - Zu/éL Commiatation

s

If B does not depend on A, then IN,.4B is A — B, also written BA
(think of BA as B x B x ... x B for cardinal of A copies of B).

An e/)CCW\/é 6;01\'\ #\% /30@068/-‘

m:RFA.(z°4+3mz—(m—4)):R—=>R
A 2
()cmaﬁzku, T osolly



The 2-type

This is the dependent version of the product type.
elf A:Uand B: A— U, then 2,.sBx: U.
elf a: Aand b: Ba, then (a,b) : Lx.aB x.

We bootstrap the induction operator:

reCaxgB : ncu(A—)B—>C)—>((AXB)—>C)
indaxg : MNc.axB)—ullxay:8C(x,y)) = MNzaxsC2z
indy ,Bx: MNc(z . Bx)»ullay:BxC(x,y)) = Nzx ,BxC 2

(intuition: every inhabitant of ¥,.4B x is a pair)
e We require the definitional equality indy_,g C f (a,b) :=f ab.

If B does not depend on A, then 2,.oB is Ax B
(think of Ax B as B+ B+ ...+ B for cardinal of A copies of B)

G cqpowere

o
Obore Mhat Hun goco i the oppoite  dnach iom
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From induction operator to projections

Let inde:ABXC : (I'IX:AI'Iy:BXC(x,y)) —3 I_IZZZX;ABXCZ' We define
pr; = recy, ,Bx A(AxAy.x) ] QZ{W\AW\afcﬂA
pr, ;= indy_,Bx (Aa.B(pria)) (AxAy.y)

Slowly, setting C := Aa.B (pr;a), indy_,Bx (Aa.B (prja)) expects an
argument of type l,.4M,.5,C(x,y) = Ny.al,.5<Bx, so that the definitio
of pr, type-checks. The two definitional equations for pr; and pr, are

easily derived. [
vV
N ﬁc(éppfr]ofa,ﬂ[ e pry : (ZX:ABX) — A 17
[3‘21/,‘ Ax'g f)/% pTr, . I_I‘;):ZX:ABXB(prla)
Pia;: AHR 53

Prl(XaY) = X Pl”z(Xa)/) =Yy

Eocacipe  how Bab e %7444 C := Mz.(pryz,pryz) =y _,Bx Z
(n wholited (e erhifi a term g0 Hius e thes
’M)\&V\eom\’y/ W‘]\‘@V\?ﬁﬂ @OPO@5+I\WO¢wf
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The coproduct type

olf A: Uand B: U, then A+ B : U.
e If a: A(resp. b: B), then inla: A+ B (resp. inrb: A+ B).

Induction operator:

indayB : I'ICZ(A+B)_)U(I'I3:AC (inl a)) — (ﬂb;BC (inr b)) — M. 4.8C 2z

(intuition: every inhabitant of A+ B comes from A or B)

e \We require the definitional equalities

inda;g Cfg(inla)=fa indarg Cfg(inrb) =gb



The types 1 and 0

They are the 0-ary versions of the product and coproduct constructors,
respectively.

e 1:u, x:1, and the induction operator is

ind; :=MNcqu(Cx) — MN,4(C 2)

e 0 : u, there is no constructor, and the induction operator is

indp (= I—ID:O—>Ur|X:O(D X)



The type of booleans

It is the special case 1 4+ 1. It can be introduced directly:
e2:U
e [he constructors are 0> : 2 and 15 : 2

e Induction operator:
ind, (= I’IC;2_>U(C01) — (C 12) — ,,C 2z

(intuition: every boolean is either 05 or 1,)

e We require the definitional equalities

indy C ¢ 1 02 = ¢ indy, C g1 1o =

X2 Ope Do %l’ A+B =%, oreco UABXx /6’70\’\4{04 arL
Q/f\a)c&vxé g pumra ﬁ(m/\ Hid\mp(oﬂ Loolesmps . |)ebime_

wC/A’fg (\/\ {_@\m 06 Q&a\_— G/"\CL reCzX:2r6C2 c



The type of natural numbers

o N: U
e The constructors are given by 0 : N and succ : N — N

e Induction operator:
indy: Menou(C0) — (Mon( (Cn) — (C(succn))) — MN,nCz
We require the definitional equalities

indy C g cs 0 = ¢ indy C ¢ ¢s (succ n) = ¢s n(indy C ¢ ¢s n)

W a V)’)oﬁov,f)]‘c@ﬁ MQ/WV)@/ Dﬂ tmdachre WQ—

-<WL ol el M& 0/ &/lémme//\qL on elomong- 7
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The dependent type of finite sets

We first define Can : N — U by induction (notice the
typographlcal difference: on the right, 0 and 1 are types!) :

Can0:=0 Can (succ n) := (Cann) + 1
i
We then define (without inducw PWOP001 ool eciq(}ﬂ\ % fr U
oo N U

Finn .= ZAzu(A =y Can n)
max 0 := (inr x) max (succ n) := (inl (max n))
where x is the (unique) constructor of type 1.
We introduce the notation jgyccn) = pickinp where p is a proof of
i < n, and where pick: N, ;N (i < n) — Can(succn) is defined by
pick0np = (inr x) ick (succi)(succn)p = inl(pickinp)
AT ()d/\\'\OJ-Q"* we hedt

k(w\"\ﬁ \ Fontt)

We define <: Tl ,.nyU by induction on x, and then on y:

0<y):=1
(succx <0):=0
(succx < succy) = (x<y)



The identity type

ab piltem
oelf A: U, thenx: Ay : A (x=ay):U. < T
S o A[a/m)
e Constructor: if a: A, then (refla): (a=j4 a).

e Induction operator: [paH\ mduct con )

ind_, : nC:I‘IX,y:A(x:Ay)—>Unx:A C xxrefl, — MHP;X:Anyyp

(intuition: the only g(e?fer/c element of the identity type is refl)

We require the definitional equality ind—, C c xx (refly) = cx

Cxacipe b He mbj\d@%mag{ﬂﬁy P path mdlFien
ond. Bosed path W dud=on fw)cct s /a@?owm :

iIld/:A : I_lx:AI_II.D:I'I},:A(x:Ay)—>U D x(reflax) — Ny allpx=4yDyp

HAN\k’ |0 l{ﬁp/l\/‘e, LV\III-;A’ %ON\ L\/\d:/} /0%/0(% lV\é(:AV &)

C:= MAYAPMEn, yxmpe) »UE X (ref1ax) = Eyp (i o Boative Pau&)
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