
extensionde

lecture B Catégorieal interprétationout

In dehnnig the category of context in botnet
,
ne

highhghted that a catégoriel pemantics

should be invariant ander d- conversion

givre a promirent role to substitution

this mdivates a pyntax that is

variable -free ( de Bruijn notation){ features substitution as a constrictor rallier

1ham an opération debmecl by enduction on the

{ ÷::c:: ne
✓
tle interprétation of d- calculas ni Cartésien closed Catégories ,
CALCULI of EXPLICIT SUBSTITUTIONS

Abadi - Cantelli - Curien - Lévy
arrose



A core syntaxe← of dépendent
nepliait
substitutions

tt x : A

t:O en lecture A

Definitiondequalifies ( you should lead = as = )

M lié = M

Warning : this is a first trg !



Definitiond qualifies should le typed foo

etc
.

[ not exhaustive)

17f .
ledrone

ftp.9-ezzsg



↳cally cartman closed catégorie

A lœallg cartman closed category(Ldc) is aCalgary ⑧
with a terminal object, and s - t

. g
" Pontiac à

all slice catégories 6K are can tenon closed
.

"CCC

This is équivalent to the fact of requiring tte existence

of two successive adjoints to all fundus
ko

_

: % → 6ha fa k : Cuca

ho - t k$-1 Tk
ne

oppatunelgwnamed Ek (we shall see why !)
For the time bang

,
we focus on the first adjonction : Ffsg

«Kal hop , g) ←
commutative square_,

Cclçlqkg ) ← commutative triangle ¥ ↳
t

→
couvrit -→

→ →

4) commutative triangle µŒg Lg
- →
→→ a

i. e.
,
we have : ko

-
has a left adjoint# ¢ has pulllaohs

Exorcise Rae tle équivalence between the two définitions of Lcc



The general schema of the interprétation f. category
a

contacts are mapped to directs of e } Êtes
substitutions are mapped to morphismes of

ftp.24#odefeqrohtytgpesaremtapreted
ces objets in the slice category .

{ More nearly if ttr type , thon ÊŒ¥ ) , ie .

o :
• → T '

contamination of ) -
context extension It is interneted by the domain of §

and t
,
oiewed as a maphism in ¢

,
inter pets tttt : T

tams are interpréta ces sections|
x.filer @ Fr

oyx) • as disjoint union of all filous Mx) a

i. e. as
"meta

"
Ex: T.MX) mçebjonction

XËT (a Dit like en a segment tro tn f- Ba .
. . Bn we have

an mraat top aæçy±qçç]ÎÏ
""

complication



Interprétation of the core syntone

p . b.
- p.b.tn

- -

Renard

< in particules
,
for said

↳ we can pick s'= id
and get that

-
c l

Mid and M recale the

same interprétation

What about definitiondequalifies ?
The following qualifies are OK :

To (M
'

s ) = Îo s'o M
' § }obvions

un

so I
-

w
id

BUT -
. .



Substitution up to isomorphisme

À
garage M' a

Wb a

notre
, in Is no gut

It TÏI ex
v-

This also impacts some term a substitution qualifiés :

un=L
M"MATCH !

ss
Il ? ofîocre ! s ) ] But we can more doM'= 11M 's)
M '

: %] " f. p - 6 where dis Hein oysj → TLTJLM 's]

Exorcise have this .

(tlmt : chase He pictures) v

'

÷
\

.

rafale Emotive !s]



Type theory with exploit carencions

New contexte

New judgment ttEr
'

+ sgmmetry and transitivité

Equations revisited :

←
← can be forced by choice



Grothendieck filiations

We now formiate a more general framework than catégorie with pull - lads
,

with as benefit a conceptuel space to distmguish
Tt r type and fr tt : T

Definition A Grothendieck fibration in He data of two catégories
E and B and a fureter p : #→ IB such that for enverge triple

(X, B ,
ce :X → PB ) there esàsts a morphisme ups : . → B at

.

Plus)en
foi de pain of I and → as belows.tn . p (1) =→ =,

trql category
# B (Et s-t . pts)⇒ and

÷
↳

÷ çbaxategnq # commutes

→X-p B (B) 7 ! →
"
→

w

Terminologie Ne mite Blu] for the domain of ups .

à pubtitution !

agis called a (hyper) cartésien lifting of u.

If PA - X
,
we pay that this over X

.

A fibration is down when a choice for all cartoon liftings is given .
Itis split of

Tranchée



Two basic escomptes of filiations

8
.

Ça Eoay maphi.vn is cartman !

→ .

f-

HT←v
f

•

!

÷
The notion of fibration can be

"

pyntheoised
"

:

Exorcise Show that a fibration p : E → B
allons to delme ce

pseudo -functa pt :B → Cat , where # (x) , paye fiber overX:

ff0 Fjînatunally équivalent to Fffog) , in a cohérent way ) Objects:B rt pdt

Conversdy, show
that a pseudopanda F : pycapmaphimsfpt-pf.cl

gives rise to a fibration E : E -IIB
,

where

of E = { (X,B) I BE Of FX3 romanisant of elf for a presheaf !
Î Grothendieck construction



Compréhension catégories
"

ËÏÏÏË
,

notion due to BART JACOBS

ok

ftp.fofffzoffegEtoffe

ËptË§
"

we mile
,ba le

F-H" fqaÏ%nB)
For Am E over X

,
we mite PCA) : (X,A) → X

Tle diagramsmlaprehng.tk cou pyntax are adapted as follow
( the orly change in that types are mlermeted as local objects,
i. e. objects of Eater T, i. e. ,

Os replace d by

Context extension is interneted via tle compréhension structure :

dont G) = T, on



Why mommy from lacs to

the framework of filiations ?

Mae generaliy , but not so much . . .

aves us access to powerful
stratification tools



Interplay F- types and E- types
Ne revient to lock for simplicité . Remoulu Hat de-1k¥ Tk ftp.4)
then Eje is mlarpreted as 002 ⇐ whencette notation anticipait

Fr2- Foie

Ittre Irie
| / {

section
✓ v

vqioble.la notation f-← To LIFE one can
chose Idas

ht .
M is interpréter

"
as usual

"

:
ME %r(hÆ

,
e) pull - each @ Id

KM dr.ME % ( Id, Fr2 )
titre iËk
÷

Fn application
,
the rubis TI-M://JZTI-N.tt

TtMN : ZLN.IE]

'

µ
Œil I. amis

Kay
couvrit
'

identifiede~
"

7!
with N.ie

MN = Lid
,
, y y

G. remarhp - G -

\

CM
,
N) ( la Mr, N : HM - ie ) is mlapxtedas M'ont blow

Wehave Indgizuc = doc

+ rozçiio N Ià
multi fuMOZLM.iq c

W ~ JE + Yoneda

ce
" where Ning ioinferedly adjonction
Cctrppfblroeiîlhtb, Trois

$

Effort Ibn Miette, Trttzu )



Contexte ces amours to He terminal ofject

interprètedas am
If f- A type ,

then tweet@Ç
a maepreàsdy as an object of %

Tle terminal olgectenterpatstheemptgcontext.at
A

1←

If At B type , then TAB ctx
- A B

1-HE i.←←

Etc tt r type . tt,
rctx

1-← -
r
-←E-1←--←←-r

It

With this colorer code
,

1ere formation of Etz is

a- . . . - -←Et → 1-← -←Ê

une =



Isomorphisme and definitional eqralities for Hand E types
"vertical

"
version of He composition of pallbaksquares
I

We add new type isomorphismes ⇐ t.cm = Etais .
rft . pot]

BECK - CHEVALLEY conditions
{ Et .c) Ls] ± Tres] . 2ff -sot]

Exorcise Dérive 1h latter isomorphisme in the framework of LCCC's
.

In the framework of compréhension catégories
,
these isomorphismes have to be

postulated .

Exorcise Conn der Ile équations (vrillait vexions) associated with

T- types and E- type en the syntaxe with exploit substitutions :

(dam ) N = MIN .
id]

MMH = MLMN
tease qualifie the can of

(dam) = Xt . Mf1 - soi} step.by - step substitution
(M,NI = (MOI ,NPI)

indzr.eu Ca ,b) = u ab (T, r, qu ctx t'fair
,
Ttb : zfa.io )

Insert He right vexions to mate Hem type-deck .

Tfeaem The interprétation of the syntaxe with exploit vexions
[mdr tt and de types ) in tacs (and more gennady en compréhension
catégories with extra structure) is sound , ie, all équations ( with carencions

monte ) are valid .

Tle prof gœs back te ŒELY 's somnal paper Lacolly cartonan closed catégories
and type Heavy



Extensiond type Heart
The interprétation of identity types en Kcés (or compréhension
catégories with

"

identity type structure
") validas the

following reflection mee

Ttp : a =p
b Ttp : Ida la, b)

Tt a:b : A
(FÉ

in the notation use¢ frere)

"

propositionally quae ⇐ definitionally eqral
"

In foret , et also vdi dates

ftp.a-yaweicallthisstrongrqeeotionrhttp-leflalia-za
Note that

,

then
,
tte induction principle become. tautologieal, since

applying C a Lindl c) to x
, y,p forces xrey by

the presence of p
,
and then p ± Cfex) by He second role .

Exorcise Show
, using

tle induction principle Ind=p , that story
reflection in fact follows from reflection . ( tlmt : considére Cxyp = Idfp ,Lex)))

Terminologue We call compréhension catégories tt tle

compréhension catégories equipped with the additiond structure
allonîng to internet E- type, F- types and identitg types .

~
extensional



KCC 's au models of extensiond type theory

In our variable - free notation
,

we have FA, AH t Ida type
We internet Idt as Lid

,
ici> c. e.

üË¥:{ for He poke of highlighting
T ← TA

1k arguments leHer

We shall write A fa ALM aeoppily belÛ
Fa tt a : A

,
we get TA

Itala
,
b) as a pufl - each TÊKP

→

t
@e a) as Lidia-¥ ça

,

Ait

÷:Ï:÷÷÷:÷÷÷::÷÷Ca,a) o id - ao
W

Strong definitional extension ahty holds :
" "

✓
we have f1 = f = ft a

T
,
#plais) { domingue dla projection

Id -û
" X z

P ( t fait une a.is

= - -
- -

- - -
ils

1- Maeva p has tle same specification as refera
pince
g) → = id assomption
+ → = a argué alor Herve patella



Cohérence tkaem

Ne amotate with te He judgment of the typeHeart
with expliciterions .

F-
very prof of a judgment in ordinant type Keny can
be " edited

"

to become a proof in the type theory with
expliàt cœràons and one records Ile originel judgment by
âge
Lmr

Cohérence Herm (Curien 1990 )

The original prof was given using rewriting techniques
like theproof of cohérence of mono idol catégories given in lecture3 .

But are can more the Harem via shidi fiction
,
and we

began by doing this for mono idal catégories
,
as a healing up .

À JOYAL -STREET



https://www.irif.fr/~curien/substitution.pdf

citeseerx.ist.psi.edu/viewdoc/download?doi=10.1.1.54.4410&rep=rep1&type=pdf

https://www.irif.fr/~curien/CGH-Glynn-anniv-2013.pdf

Two strategies for addressmy the mismatch cf. p - 7

Change tte sgntax → exploit coincions

P
.

-L
. Curien

,
Substitution up to isomorphe.sn

Fun dam enta Informative 19 (1993 )

Change le model: from Kc 's (non split)→ split prendrions
M . Hofmann, On thentapretation of type Theory
M lœally cartonan closed catégories LNCS 933 119Kf

The two approches fit m' a nice conceptuel pictures
@eep.23Pt.Curien

,
R
. Garner and M . Hofmann

, Revisoting the
catégoried interprétation of dépendent typetheory,
TCS 546 AOKI



Free strict monoidal catégories
Remonter the syntone of lecture, p -3

, starting home setX of
dljeet variables , with djed

- terms and canonial terms d etc . . .

These data deline a mmoidal category Free that observes

its name : for evey mono idol category ce
,
and evey function

e :X→ Obe
,
there existe a unique strict monoidae panda

d-¥ : Freed extendrng l . ¥?! f- XYZ

[ !
Renank In fact , we

have that X
*
n'ewed as a discute category

is strict monoidal
,
and home le map E :X → X

*

sondageto the word x of length 1 entends to a strict mono idol
.

faudra t - I : Tree → ×# Honey we complete
- a stripping lgpettmg 1Mt .- id,
U -7)Ë and we have

d.MUSEUM 13f Kid B - id

peep -23 for this notation-



Rob architecture

[
Heu
,
monàdolmeans phong monoidol , f. lecture 3pA

on
-

À

FKTD
,
FUNG FINK,

Free (X)
\
HD

* Ii ¥ .4¥"Ï Erigé ¥
¢
'

water



Joyal - Street ptrictification

& : B)④ C → A ⑦④⑧ C) "

¥

¥EÉ§RooAEEeE



Three large catégories .

[
onoidal catégories
monàdol fun eton

{
monoidol catégories Freed leva hore
start mono idal pandas as free over X

{ strict monoidal catégories ¥ (
discute strict monoidal )

strict monoidol furetas levés here as free over X

µ
commutes up to

commutes# cohérent isos y
G. p -2f

-

-

different #
notation to stress different flaireurs of hunes !

END of Warning up
!

Back to compréhension catégories

The goal is to imitative loyal - Street prof
, replaarig monoidal catégories

by librations
, compréhension , compréhension tt -

So we reed a way to phictify , ie . to associated split fibration
with a fibration .



The Grand - Bénabar construction

ht p : Et B ka libration .

Ne defne p
'
: EIIB as follow :

OGÈ consiste of paire CX, q : donny→ p ) .

We set p
'

de X

oljeetof B
U

Q qlq)
tt

morphisme of filiations der B
"

:
÷
.

.

te
-

, V-figz-qa.HR/X ,
;

:

q de cartésien
× X←pY

%-) Yttos )
:
o

.

2. + X Y

Synthesis ing y = qltz :

¥
,

§
Wélookfa ¥} ,

and qttos) is
a candidate

[→ X→ Y z

s t

This carriers over to compréhension structures
"

Finaly, we delme F : E → E
'

over IB bg

pk
XËÏ}

ÆeEœeq
-

aIors ETA . vlike fa Ioyal -Street, the objective of
de hniny f- guides He definition of q

'

.



Mutais morfondis

One delmas two dapîfgmg compréhension catégories et l' P
?'

Syrte and Smt , based respectwdy on Émet

r.is#aimmeenieieii:.iiantpiiiim:i-÷;iii. roti
!

morphismes of fibration

ftp.#gggz{ fihatimo, compréhension catégories tt Synfelives
strict morphismes of librations et bore
split librations en compréhension catégories ttSÈTE { strict morphismes of librations et Syntlioeshae

←
CURIEN

natural | HOFMANNÛ
gluung iras y ←split
4- Tte Ma:O

,
Tte Ma :O pot IMH =L Mal .

Then


