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However, the type conversion rule|o[s][t] = o[s o t]|cannot be modelled by an
equality, since in an LCCC the composition of chosen pullbacks is only isomor-
phic to the chosen pullback of the composite, in general. For example, in Set,
the chosen pullback of (f : b — a,g: ¢ — a) is given by {(y,2) € b xc | fy =
gz}, so that, for h : b’ — b, the pullback of ¢g along fob_ is a subset of b’ Xc ,
while the pullback along h of the pullback along f of g is a (isomorphic) subset
of ' x (b xc).
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e dom : C7 — C is a split fibration for any category C, as well as its
restrictions domy : C/X — C (for every object X of C).
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e cod: C7 — Cis a fibration if and only if C has pullbacks (and hence this
fibration is usually non-split).
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A morphism between two fibrations p; : E1 — By and ps : Eo — IB32 is a
pair F' = (F}, Fp) of functors such that ps o Fy = F 0 p; and F; maps cartesian
morphisms to cartesian morphisms. It is called strict if it maps the chosen
cartesian morphisms of p; to chosen cartesian morphisms of ps.
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A comprehension structure ; on a fibration p : E — B, where B has
pullbacks and has a terminal object (i.e., has all finite limits), is given by a
morphism from p to cod over B
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=1 [Ms]|=|M|[s]] |c(M,0,0")]=|M|
[M - s| = |M]-[s| ... |ols]|=]ol[ls]]

(boone Herom [&W‘em /796)

1. For any two derivation trees 71, mo of I' . 01 = 02, we have [m1] = [m2].

2. If T |_e M1 . 0, r |_e M2 .0, and |M1| = |M2|, then [[Mﬂ] = [[MQ]] (and
likewise for two substitutions si, so with the same source and target and
the same stripping).

As for 1. the typical situation is comparing the two possible derivations of

0'[81][82][83] = 0'[81 ) (82 ) 53)]

(a variant of Mac Lane’s pentagon!).
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Let us see what [_]¢ looks like when C is strict. We define & “stripping”
function X — | X| from object terms to words over X defined/by forgetting
the parentheses and the I’s:

=) |T1 X T2| = |T1HT2| ’I‘ = € (the empty OI‘d)

We have the following properties (for the second and the third one, C is

supposed strict):
o if M : T — T’ is a well-typed term, then |T| = |T"|;
o if |T] = 7] then [T]2 = [T"]¢; ;
e for any well-typed term M, one has|[M]Z = id.
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® Let us now revert to monoidal categories. Let (F,3) : C — C’ be a
monoidal functor between monoidal categories (i.e., 8 : FC; ® FCy —
F(C; ® Cy) are natural isos satisfying the obvious compatibility con-
ditions). The freeness of Free(X) “lives” in the category MonCat, of
monoidal categories and strict monoidal functors (i.e. those for which
B = id, and hence Fa = o, FA = A, and Fp = p). Hence we cannot
directly relate [_]% and [[_]]'(:CP, But the following “glueing property” can be
proved: for all T there exists an isomorphism v, : F([T]%) — [T]&7,
such that for every M : T — T’ the following coherence equation holds:

I,
Ferl, ——

ST A o FIMI = M oy . 12 ()

Ly
: 7 b
MY / PJ
ZUYJ@, — = _/

Ve
C r

The isomorphisms v, 7 are defined by induction on the structure of T (the
“types”), and then the coherence equation is proved by induction on the
structure of the morphism terms M.

Finally, the most crucial part of Joyal-Street’s proof relies on the exis-
tence of a faithful monoidal functor ' : C — C?%, where C? is a strict

monoidal category associated with C ( ). In fact, F' is a monoidal
equivalence, but we do not need it.

If in (B) we take F' to be the faithful functor from C to C*® (given in (C)), we
see that if My, My : T — T', then (using (A)):

_ F _ — F
FIM]¢ = v, v o [MA]ef 0vp.r = Vo 10 0 Vo0 = Vv © [Ma] e 0ypm = F[Ma]?

from which [M;]% = [M]% follows by faithfulness.
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It remains to define C*® and the faithful embedding. The objects of C® are
pairs (F, d), where E is (just) an endofunctor on Cand ¢ : E(A)®B — E(A®B)
is an iso, natural in A, B, and is required to commute appropriately with «. The
tensor product is given by

(E,0)® (E',0")=(Eo E',E§ 09).

This tensor product is strict: composition of functors is associative!
The functor F': C — C* takes A to (A ® _,a). It is faithful since one may
recover f: A — B from F(f);.

d: AeR)E C 5 A oEBsc)
Cw A

(2 g

B4 £ (Rec)

pQJVlOJ\& o f A more conceptual view of this construction is
obtained by switching dimensions by one and considering our monoidal category
as a bicategory (let us still call it C) with just one object x. We may now consider
the Yoneda embedding
Y:C— Cat®" .

One observes that C*, again considered as a bicategory, is the full sub-bicategory
of Cat®™ having Y (x) as (unique) object, and that F is the corestriction of Y to
C?. Under these glasses, the strictness of C* follows from the following sequence
of observations: Cat is a 2-category, that is, a strict bicategory, and therefore
SO is Cat(cop, and therefore so is C®. In two words, Yoneda strictifies!
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E'[(X, @), (Y,v)] consists of the pairs (¢, ) where t € B[X,Y] and p is a
natural transformation from ¢ to 1 o dom; over B, i.e. us : ¢(s) — ¥(tos)
and p(us) =idz forall s: Z — X. gy ylre)

: E
J A X =5 Y
We check that p’ is a fibration: for ¢t : X — Y we set ¢[t] = ¢ o domy, i.e.
Plt](s) = ¢(tos) for all s : Z — X, and ty = (¢, id). Moreover, p’ is split, by
the associativity of composition in B.
SU/,\H\QAimV\a/ L/ :?[FJ Ly Ve b pa yp) | and @[fp) i

o andidate

z—X — 4 Z
— P
I‘B\V! cavuesn oven {~0 cm\\/’l(}\o,v\p”im /)}’IMC"\LL’UZA :

P'(¢) =P(o(id))  P'(t,u) =P(b(t : t — id) o piq)
?maﬁ@%we dfme F E 5 E' oven B 651/ /f[é]

F(A) = (X,¢), where ¢(f:Y — X) = A[f]. Xé—'y

pA
For f : A1 — As, we set F(f) = (u,u) where u = p(f) and where, for every
v:X — X, = p(Ay), p, is the unique morphism from A;[v] to As[u o v] such
that (uov)a, o = (f 0 va,).

This functor is falthful since one can recover f from ;4.
\/
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e Base objects are equivalence classes of contexts.

e A base morphism from a base object with representative I" to a base object
with representative A is an equivalence class of a substitution I' - s : A.

e Local objects are equivalence classes of types. The fibration functor p
sends a class with representative o well-typed over I' to the class of T'.

e A morphism from the local object with representative ¢ well-formed over

I' to the local object with representative 7 well-formed over A is a pair
([s], [t]) of equivalence classes, where I' - s : A, (I',o) -t : (A,7), an
T ot =so7 is provable. ‘ y
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