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Elementary properties involving identity types

The following properties are easy applications of path induction:
e Paths can be inverted and composed.

e These operations have the structure of a weak groupoid, with refl as

identity. ) oo an Hiy o come

e Functions are functors: it A: U,B: U, if f:A— B, and if x,y : A and

p:(x =ay), then we can define
q '6*() "

spexyp: ((Fx) =5 (Fy))

by path induction, setting ap; x x (refl x) := refl,.

But what if f : [1,.4(B x) is a dependent function? We have that
(fx): (Bx) and (fy):(By) do not live in the same type... So we must
do something first.



Transport

This is probably the most ubiquitous application of path induction.
Consider a type family C : A — U. We can define the type family

Dxyp:=(Cx)— (Cy)

Then

transport® := (ind_, D (Ax.id(cx))) : Mx,y:alp.(x=,y)(C x) = (Cy)

We often write (transport p) for (transport€ x y p)

In English, given p: (x =4 y) and u: (C x), (transport p u) transports
u from (C x) to (Cy).

We can then define, for f : M,.a(Cx), x,y: Aand p: (x =4 y):

apsxy p: ((transport p(f x)) =(gy) (fy))

O. (4
s

DCKE‘\>

Some properties of transport

by aps x x (refly) := refl(sy).

by, \ e=9p

% % e We have, by definition, for C: A— U, x: Aand u: (Cx):

C:x (transport (refly)u) = u

Ca/ One can show by path induction that transport respects composition of
paths:

(transport® g) o (transport® p) ~ (transport® (p- q))
olf C:B— U, f:A—= B, p:(a1=aa2) and u:(C(fa1)), then

transport (ap; p) u = tansport*’ f u

elf A: Uand C: A— U is defined by Cx := (a1 =4 x) (a1 fixed), then,
for p:(ax =4 a3) and g : (C a2), we have:

transportc pg=q-p



Equivalence of types

We set (pointwise equality) m

f ~ag & =Ta(f x =p gx) Jx

An inhabitant of f ~4_,p g is called a homotopy from f to g.
The following is non-official home-cooked notation!
We say that A, B are equivalent (notation +—) via f : A — B if there is

an inhabitant in (ginv f), where : \
qinvf =Y, g ,a(fog ~1id) x (gof ~id)

We shall also consider a weaker notion: two types A and B are logically
equivalent (notation A <— B) if we can exhibit f : A — B and

A
g B — A. /J@a;/(cag/ CN\P/&CQ{\(\M’L

B@‘)a\[bc (how that Mfo—o(f ~ id) L/,\) (Y\}]@é(/bag :

An example of logical equivalence

We set
biinvf := (Xz.pa(f 0 g ~ id)) X (Xp.gsa(ho f ~ id))

We have
(qinv f) <— (biinvf)

Proof: In one direction, if g is a quasi-inverse, then take g, h to be both g
Conversely, we note that if f o g ~ id and ho f ~ id, then (using the
properties listed in the previous slide)

g~ (hof)og~ho(fog)~h

and hence go f ~ hof ~ id, establishing (qinv f) via g.



Characterising some identity types

e Product types: One can show that

e

(x=axBYy) <= ((pryx =apry) X (PryX =B Pryy))
e 0-ary case: One can show that (x =1 y) +— 1 4d e U
For function types (and ll-types); we need additional axioms, which are:
e Function extensionality: We assume
(f =a-B &) «— (f ~a>B &)
e Univalence: We set
A B:=%¢a,g(biinvf)
and write witnesses of this type as (f, g, h,n,€). Then we assume
(A=y B) +— (A= B)

where in both cases the equivalence is via the canonical morphism from
the equality type to its characterisation.

It can be proved that univalence implies function extensionality.

@’W&M\Jﬁ VAo

I:Zw_én@“ér p— ép;fz,‘b%:k?gg/ IL‘&WP“JVF Praz Eéz)%/



Canonical morphisms (function extensionality, univalence)

e The family of canonical morphisms from (f =55 g) to (f ~a—pB g) is
defined by path induction: when f and g coincide, then

Ax.refly : (f ~p_p f).

e The canonical morphism idtoeq: (A =y B) — (A= B) is defined using
transport for the family id : U — U. Let p: (A =y B). We have

transport’®p: A— B
transportidpl: B — A
(transportidV p) o (transport® p=1) ~ (transporti¥Ureflp) := idpg
(transportid p=1) o (transporti¥ p) ~ (transporti¥Urefl,) := idp
Therefore we can set idtoeq p to be
idy -1

((transport®® p), (transport'® p—1), (transporti® p=1), 1, €)

where 7, € witness the above two pointwise equalities.

The equations of univalence

We recall that the univalence axiom says that (A =y B) +— (A = B) via
idtoeq. Unrolling the definition, it says that we assume the existence of

ua: (A= B) - (A =y B), such that
idtoeqoua ~ ida~p). Hence, for e = (f, g, h,n,¢€), we have, in

particular:
transport® (uae) = f
transportid(uae) !l =g=h

Slowly, we have

transport (uae) = pry(idtoeq(uae)) = (prye) = f



An application of univalence

In usual mathematics:
e If f is a bijection from A to B, and if we have a semigroup structur
on A, with multiplication m: Ax A — A, we can define a binary
operation on B, by setting

m'(by, by) = f(m(f*(b1), ' (b2)))
e We can then prove that m’ is associative, and hence that we have

defined a semigroup structure on B.
In univalent mathematics, the perspective is different. We define

Semigroup A := X . (axaa)lxy:a(m(m(x, y), z) =a m(x, m(y, z)))
o lf e: (A= B) and (m,a) : (Semigroup A), then
transport°®™&r°"P(uae) (m, a)
Is automatically a semigroup structure on B.
e We then need to do a bit of computation to unroll this structure,

and to discover that it is indeed equal to some (m’, a’) where m’ is
the one constructed above

We define, for e = (f, g, h,n,€):
m’ := pry (transport®™e " (yae) (m, a))
We have (with R := AX.((X x X) = X and Q := A\X.(X x X)):

m’(bl, bg)
= (transport” (uae) m) (b1, by)
= transporti¥(uae) m(transport® (uae)™! (b, b))
(f m(transport® (uae)~! (by, b)))
f m((transportid (uae)~! by), transportidV (uae)~! by)))

(
(f (m((g b1), (g b2))))
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Truncation principles

We set
dltern b ove nokaben Fo
A1(a,b) = A(a,b) = Idy(a,b)

Ax(a,b;p,q) = Id g(q.4)(P; )

n — truncation
FEp:A,4q(ag, b1 an41,bp41)

Note that O-truncation amounts to collapse the intensional and extensional
equalities

T hese principles form a strict hierarchy (one can find a weak n-
groupoid model that validates n-truncation and invalidates n—1-truncation).
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Identity type categories Ma (€|

(\M
Itis a category C endowed with two classes of morphisms Z, P C C4 such

that :
1. Chasaterminalobjectl,and!: A —1 € Pforall A e Cy

2. The classes Z, P contain the identities and are closed under composi-
tion

3. Pullbacks of P-maps along arbitrary maps exist, and are again P-
maps

4. The pullback of an Z-map along a P-map is an Z-map

5. Every commutative square with an Z-map on the West and a P-map
on the East has a diagonal filler TP

6. For every P-map p : C — D, thediagonalmap A : C — C xpC
has a factorisation A = eor,withe e Pandr € 7 :

G L & S50 xp'C

(Think of Z-maps as trivial cofibrations, and of P-maps as fibrations.).

Erweine P Wab G o on idonkity Wf by,

t\/\/\w s « d_




Lemma Suppose that

/J\
N
A

1s a commutative diagram in an identity type category C. Suppose further
that © and 7 are Z-maps, and p and q are P-maps. Then the induced map
(1,751 A — B x4 C is also an T-map.
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Reflexive globular contexts in an identity type category C

A globular context is :

— aglobular object in C, given by a collection of objects A(0), ..., A(n),...
equipped with source and target morphisms s,t : A(n 4+ 1) — A(n)
satisfyingsos =sotandtos =tot(i.e, afunctor A: G? — C

— such that all the induced maps g from A(n) to its boundary 0A(n) are
P-maps

(definition of boundaries : 9A(0) = 1, 0A(n + 1) = A(n) Xyacm) A(n) with g the
universal morphism)

A globular context is reflexive when it is moreover equipped

— with morphisms 7 : A(n) - A(n+ 1) suchthatsor =tor = Id

— with all these morphisms being Z maps.
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If X is a globular set, define sX by (sX)(n) = X(n + 1).

A formal definition of the multiplication . of the monad (we write 7[G] = u(G : 7 — pd)) :
1. fm = (m1,...,m),thenevery G : # — X induces G; : m; — (sX) (et =1,...,n).
2. For every pasting diagram p, every H : p — s(pd) can be written H = (Ha, ..., Hy)
(with Hy, ..., H, : p — pd), where k is the common length of H(7) (i being any 0-
cell of p). One proves this using :
— that H is a morphism of globular sets
— and that in pd, the source and target functions coincide

3. Letw = (71,...,m), G: 7T — pd,inducing G 1, ...,G, : m — pd, by (1) and (2).
Then we set (by induction) :

7[G] = (71lGial,. .., m1[G1 k], 72[G21], - . ., malGr])
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\t/hi;k/of a T-algebra structure on X as providing a unique way of compos-
ing each X-labelled pasting diagram of shape 7, then a P-algebra structure
provides a set of possible ways of composing such diagrams, indexed by the
elements of P;.
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e Given 7w € pcl[g and 601,05 € P, there exists an element ¢ € P, &Wi%h
s(¢) = 01 and t(¢) = O2; [n @m‘ria&afl/ PQQJF(P, ovivy ko copec A3AY

o Given 7w € pd(n) (for n > 1) and 01,02 € Py, satisfying s(6;) = s(f2) and
t(61) = t(02), there exists an element ¢ € P, such that s(¢) = 6; and
t(¢) = .
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