
Lecture c Homotopy type Heat
(lecture ftp.23 )

Recall the induction punapeefnidentitg types , mfamdly:
if we have a type familyccqy.pl dépendeùg on
x : A

,
g : A
,
p : x =py,

if we have a term c bg depondeng on x: A of type
[ (xp, exp) ← (

historical name for in¢ Cc)

thenwe have a term 44,9, dependnig on

a.A
, g : A , p

: x y of type Cla,y ,p ) , At § c)xxpeflxj.cc
Idee : to delme q op it is enongle to dehn
qorefe cas q) and than use induction r

~
47 more on this to come I
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hlevels

j' a proposition has at must are
We define hop (A) %

,y :p azy
element

,
in which case it is True "

We défie Seth) :± T
,g.
A Rapport) ± Tx,g :ATP, q :X y PE-r.ly
Ropct) (re -1)Ne delire

is.n.typeAF-qg.ais.cn#typelx-ayltn?"
Thus Rap = is -tu_ type

,
Set - is - o - type .

weah
Exorcise Iustify Ile normes Goupoid and § -groupais for is - 1- type, is

-2-type ,
respectvdy { Have He choice of O for Set (and lance - 1 for Rap) is made

to match geonehicolfhomdopicol dimensions

If is - n -type (A) is mholited, we pay that tis of hleveln
We can in fact start from level -2 ! -

We défie is Contre (A) ÷ Ex:p Ty :p a y §
"

A has deadly one element
"

â
contractile à center of contraction

Proposition We have a logico équivalence hop(A)⇒ Tx
,g. a

islontrlx-r.gl

The following exorcises indicate le steps for this mag .

By He proposition, we can entend hlevdsdonnwardslgt-byxltmgis-c-D-tgpe.isContre
Exorcisé Exhibit a logico implication isContrat → Prop (A)f÷÷÷÷÷iü÷÷÷÷÷÷÷÷.it?::::.::::-:::::::::::i-

z

'

using lastmqxstyp.gr
Francine Exbibit a logico implication hop IAIXA y is Contra )

✓ Proof ← If
'

di Trey :p iscontrlxqy) Mentale le first projection of dxy .- /

→ Fran c. Replay we get c
'
: Sette) by exerciez, fonce àxg : Replay ),

Exorcise
and we apply exorcise 3 to cèxy

, g) THUS

Shar that :

%.nu Êp {et Êmpàa Ignorepoid
' "
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A ghmpx of synthé tic homotopy theory
The cercle S

?
is the type dehned as follows .

£ : v presence of a

contractas : base : s
"

uh
¥ÈÎÊclhdemmtof base base

does not conhadidr Ile idéal that

loop : base =p base all is tle irez goouaelt
Induction principle ce .

mdsi.IT: u b :%axËRËb Txbasyb)) →Hasard)
with associated réductions Îaho written loop *
mdp P lb,e) base ± b

apindstpcb
,e)

base base loop ± l



Towards higher -categnical shucturea
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Geolular sets

The Category G of globes has

natural numben as abjects
on

morphisme ln - a)
t'
~ for all nz1 , subject to→

ZN

{ mduanztkgldularequoetgm.ch
"

← gbolular objects

~ source of pour ce = pouce of fayet
de°

↳
a

target of parce = Target of Target

Wewrite Gate Seto
"

(category of globulaires )

For a gedular set c. = C. EÇ [ Cai . . e- Ob Gset
,

we use the same notation as f8
, e.gr, for

a c- Ca
,
we write

de Cate,y ; f,g)
→ à

sfesgtf.ly?sz5tx

Exorcise Show that there are any two mapliions in Glm, n)
(hin : . .

. does not natter in
.
. . corn) .

Exorcise Gve an explicite description of Y : Gg Gut

that : hee is a picore for Yas ( tle n-globe) :

m



Globular parting diagramme

As diagrams ., .→ .

: .

le

b

Ap contents (up to & - conversion) :
×Yy# t

rames au district ni g ¥l

/

q
'
: ff7444 , & : Astet; he; 9,9

')
Astres ( Balanin Trees )
-

the same
,
with nanas

leveled
,
planar d

o

o µP9Ë-f- f g hklm
2

VÏ
3
Î nationale for name insertion

By convention rypdf11--01
Ap code latkes pdln) = PdA -1)

*

âpre monaie-7
force

.

- ar- ap e pdlnl , we virile [ai -- ap]n to Ptm Aveling fanlpeyfo accommodat homes
,
we

write [la:L . . . . lap l ]
~

ff1 ? ]! ]! VII."77s
my we same

,
with name

siiii ]!]!iii.ici ici]!! ici]ÎÜ }Notation :

for it a notation for a Batani free , ne mute TT
omilted

1-← when

for the associated context, and 1-Rfa 1-Yn deal
à

f. second exercise p.hr



of parting diaopamsThe globular set {ofapastmg diagram

Vegeta globular set pd by settingpnitn-dndehnedbydz-p.dk
+ pyo) :{ Ho}

dukat . - - ap]n) - (d.→a, .
. . . dn.aap-gn.fm cutlevd 0 !

Recall our running example o

e- .- •→
. =

,

2

op =
.

.

. .
? =

.
. →

2

ddp =

1
= .→ . → →

0

d)d-p = . 0 =
.

Each IT C- pdln) gives rixtoaglolularset À .

Fa our running example:

le

er Ê /a) = {79,7f}

f- seYy→aÂËË. êttl = {fiqh, hein }

g 21¥ état = { p, qu
'

,
»

Ê /3) = {23

sq =
le tq =L etc . . .

Km: In

Exercise Define Î by induction
, fou

E- [ Î%×Ë .
- - l'Taxant ] .



A general pattern in first approscimation-
r

-

For a pasting diagramp we convider ladder diagamsepdin
) e -

n
Fof the form Imy where all fandfare

st determined
in the category Il ikt by p and r

of contencts df ,"* We actually consider
and where all lectangles I '

It

laddeD UNDERTOt
TTITITTI

(see picture p
.17)

conmuta
r
o
-7 0
à
~1

id

Herefp is the projedion that removes all the highest dimensional de

clarations as well as their
'tonget" jey

.

K:A,Y:A,P
:CTAY -7 A

,

While It isx :A,g:A,P :KIAGA ( check the on p.II

allttTheorem For LCOHERENCE THEOREM

lie
, sharing the sameb1anytwo parallel -laddersOt

there exists a filling in He fam of aT
-ladder

netTr --nyT WARNING
:

The bijection ITHTTT
Ift lk

v
t in functorial:

dT-m3 T
n

uni A -t:H-4dAque
-7

Ift ttt distnct : TR
,TdA

p,t

T
d-OIT

r
not eg .x:Ay:A,pixtagt -

-7 x
:A

dd d The general pattern is (with tle iconograply of p.B)
mo

o ~7
o vxKxm

^ T
~1

id



Proof strategy for the theorem ( P.15).
We set Of?the conterct TN minus its unique top dimensional declaration

erg.O
(x:A,g:A,

P
.R-AY)

- K :A,g:A
,

with associated

projection THt n :0t. Leg .15199))a
9

Escerare
'

Rove that(
n??)

2 of -lecture A, oîn and

OTO
1 cerpty cantect terunde I 1\sfnez

v

fß
-z

qnüLp,ty
W Xqminqut

ofnz

Exercise Rove that
,

far all
n

,

n

where
, say

,

27=(
R,x,

refexC 1) fttfîsir"ü)t
QP

,9

0 T2 tötA
L ~

aypt x
4,9,9

T7
n

-1 L X
,

fr
-z

xjg Ott
W / qmsqn7

of3-1

Exercise Rrove that faA=LPOA2P...PC7+PJn
one can obtain TIA as the limit of the diagram

FTz ptta fTp
¡^

=A2(s 7
C: FABp.?KpÜFÅ f

A
-

-
- -

Recall bran lecture A pp
2528 that we have a weak

factuiration system (F.PJ such ziEI and qiEpthat
-

i

Composing the 2is we get 5o-7.I EI

Using a lemma proved p .l tescerabed above
,

we getg

~
TT

maps
ro -71

All these maps commite with all IV



proving te theorem Cobp
.15)

We require by delinition that our ladders are under tY
maeprecisely: to

?: anrows are thosetdİ
where all blue

Il
:

delined on p.16

o

=
por

~ -~7
~1

id

Proof ixM fly --
y

is the diagonal

n+t filler for
-

--

"
y

I Ę
Ift fI

w s
t
t
oinq-" H

~7

nO1 -3
T
\ koskm

-=7

Ift Ift
lindeed

I
-

-
I->

d-9ITT n
-t

T T
-7

Id !I:
"Iy
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Cglaneonito
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Encapsulationg the needed properties
category £, contacts

Here is what we have used
,
for C = Ctx

Mortel
m

I☒ P

Exorcise Rove that Ctx is an identify type category ,
with I

,
P as defined pp . 25-26 of lecture A .



llibe f

9
iY

Proof Consider

ñi
B I" .

id jV with j = Lid
,

jp?

BxaC A
Sunce the cuter rectangle is a

pull
-back,

so is te uppa sgaie

L V then olseive thatfzfkjü
N id

-

rens

qjuüi and pjlć
=j

in

ic jåm

ji=Lijjz
IinFX

inIcanciomn 3+4)
Tin I cacciona

)

instantiation of thilemmein Ctxc was

inshemental in the proof opthe thaempp .15-17coherence

Fherent plides place this theorem in the contexct of

Batanin's delinition of weakar-categorier

l .



Plan of additional slide

Abstract pom Ctx and lift tle définition of TI TI ladder
to the abstract pettmg of idenlitg type catégories .

Rouelle
cohérence Harem at this level of abstraction pp 21-22 .

-
<

Strict w - catégorie are algehas over a monad Ton Gpet
for which T1 = pdjpashngdiagnamsof.p.rs pp .

23-25

A glolular operad consista of operations of shape et

forerez n and ITc- pdln) + composition of the operations .

+

A gldular opnad m' 1h contraction abhaets cohérence
P Ladders of p.tt (amende d pr7) promue the matériel
•
• for a glolular opera d .Ë÷÷÷÷÷÷÷÷.ir?:::::::::::ipnovide

the data for a gloluéar pet
,
which is a week

a. category .
.

T'
varying N



The folloning alshacts the properties needed fon theMhand

the IN between them.

Mw

e
-

n I

sz

Exercise Synthesise the construction of an object Atin an arlibaryidentity
type category ( tunt: umitate exercize 2P .16).

Exercire Formlate andpire
He colerence theorem in an anlitiary

identity type category.



The following abstracts tle construction of the Trond the Uv
between them .

Construction For each Ae OBC
,
the following inductive

process yield a réflexive glolular context in C (we show orly
the first three steps )
We set A = A Cand lance, following the def

,
DAG = 1) .

qo : AH + 8AM = unique map into 1
←
c- P by axion 1

Following the definition,we set àAthos belov, and contemplation
where EYE is obtamed Aff Aff

and we
et ""} → d

A- = ¥ , ta - Ivy µ
Car desrplaged bdaoy

A Alo)

We continue in the same way : 9k¥ f90
AH← Ath⇒ AId) 0AM

t qx .

Yongf ta+÷!
Att ← regions
Iso À

A- !/ \, tt' The glolularitg conditions
Holt Alo) -

→ oral← are chahed G diagnam chasing
\



pmall
Strict w- categaies
r

With a 2- categorg Cf-lecture3 we can aspociate aE p
.)

fruncated globular pet GEGEG GEQE
-QIss

Ê
G

(8,g; b,9)=GCxg)(b,g)
Thus aL-calegay is a glolular set im

with echa structure
categorg

The same far calegaries CoC
2

(
fEGC9y1)

t

A strict wncategay is a glolular set

C
-

GoEGEC - --
E

EGmz
Cn

-
-

--

(such that
,

for all mclsk a 2- categay stucture is given
on CkE CeE Cm
sf -exercise p. 19

in puch a way
that the categay structure on CeECe

,

GeE Cm

CECm do not depend onm ,kand
a Ie

,

respectively.

Exercise spell out all the operations involved and allthe

equations that reed to be patibfied.
nt for all kano eck

,

there exists a comporitionHi
ol

:CęxChxCk

ce
there ae identities

compatibilities of the operations with sance and target
associalisitien t unif laws

exchange lanus
.)



The freew -category monall

We delre iwhence
ppd TA -pol

An element of TXIm
)

CJ is
a pasting diagaw with decorations int

:

ba ercample

k

-
û
->*
Á

* H=Uîêî
-

-

-
-

-

--
-

Q
h

where now FYIF
1If,

9212 are not anymorea-convertible

names
,

fat are elfs of Xi Cfn the relevant dimension if( posibly repeated
)

Tis a manad on Gpet
: y is definedby ,say,fa eXPg; b

,g;P,9):

b

Mis delined by subotitutionzoomingl inplace: x ~y
i
Np N= 9

OCMştknA*z
g

-
-

Wee
"wWEq!

il
b

k

" iN̂:
=.
E

UÎ
*

xaA*
=.
k

UÎ
ç

->

Á
**îi'---
-

- -
-
-

- -

-

-
--

k



Defining the multiplication of the monad famally
Exercise Check the details of the following inductive definition

of MI. TEP
4)

-7 pI ( recall thatT1-pall:

One then delines My by pullback TTXAnatural honsformation

Spell out this pull -bads and I
Mx

It
' whore natmality squares

.

are pull-backs is called
serow that WIA ITE ). cartesianMe

Exercise

Show that stict w categais :T-algehas
-2-5
fg £

s

-

thnt
:

take inspiration fom E { 1-~)
~ -> -7-1

gob h

SimilarlyC
,

hogok-
hog

loE
)

TTA

I IM
+

TT
+

Il ^
ô koCqok

)

untiased composition ~7

b hogof
~->->1 ~7



Weak w- categories
,

after Batanin

glolular operad is a monad Pon Gpet together
with a cartesian monad maplicsm CIPTTumw

PX
-7

PA

natural hansfomation commutingwith yue
t An element of PXDnis thas lby the famulaI I fortxp

.24)

TX TA a tuple tt
,g,a)

where HEpdIn
),

geGpetCI,) and aEPiIEaC PaCMIeCa)-IT3

Thes RXCVln
)-

Fepoeny

PaX GpeHI, t Pas a fat vasion ofT

If we
r

Aglobularaperad is normolised if P. is a pingletor
fa. He unique element o pCco

)

andcontractie, ie.

nPdCH Con

particular, PnwtØ
,

allowing to capoen

e

apauein
) I
LEPF

+X

2CA: PYKAJJXI
)

ACJCP,2 M9J.Th
("a componte of fig

")

aprn



Rounding it up
We come back to Ctoo Cor to an identrity type categong

)

We set PI =
E

ladder diagrams whose top lager isT7T2J

Exercise show that these provide the data far a gloularoperad.
.

C=Pyt.
This operad is namolised (basis ofte inductive construction of ladden).
The colerence theorem says that it is contractibler

Finally
,

we get a P . olgeha
,

i
.e,

a weakw-category,

by pettirig
,

for a lixed contecct A

tm-EAmp:TrJ
The algeha shructure PXTX indehined as follows3:
Given n ie pan

),

L a ladder in PiT
,

and UE Goet(
A,X),

I

we eschact hound its top lager TITR;

we read U as i decerated inX
:

this information
~

HT

car be aranged as a morphism AmyI
;

We ret

zla
,4,0J-A-jp*-7pn

There is more to it? X is in fact a weakw -groupoid.



The weah w - groapàdstructure
on top

qqch
ou -ategoyptmctare

One of the possible définitions of mah co - gnoupoids ,
due

to Eugenia Cheng , is that we requin that erreur
n-all fixe y lier sera x, tf

-y ) has a dual,
ine .

Hee existe ft: y →x , y :
id -t f

*
of and E : fo nid

In tle following exorcises , we indica te He steps to show

that X Cas defmed p . 27) is a weah a-groupale .

Exorcise Show that for all n
,
there existe a Canonical

morphine * : T
"
→ Tn pt .

Tu± pr

ca #s )

OM
thnt : pnœeed as for the cohérence theæm

.

Errasse fa f : A -1M, set f*: = # of .

Roue Ile existence @ y and E by cohérence
(mnt : id and f*of are parallel)

THE END !


