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Déformation des espaces par

homotopie

• Un disque se contracte en un point
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•
Une sphère ne se contracte pas !
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4 DANIEL DUGGER

Part 1. Getting started

2. First examples

The theory of homotopy colimits arises because of the following basic di�culty.
Let I be a small category, and consider two diagrams D,D

0 : I ! Top. If one has
a natural transformation f : D ! D

0, then there is an induced map colimD !
colimD

0. If f is a natural weak equivalence—i.e., if D(i)! D
0(i) is a weak equiv-

alence for all i 2 I—it unfortunately does not follow that colimD ! colimD
0 is

also a weak equivalence. Here is an example:

Example 2.1. Let I be the ‘pushout category’ with three objects and two non-
identity maps, depicted as follows: 1 � 0 �! 2. Let D be the diagram

⇤  � S
n �! D

n+1

and let D0 be the diagram
⇤  � S

n �! ⇤.
Let f : D ! D

0 be the natural weak equivalence which is the identity on S
n and

collapses all of Dn+1 to a point. Then colimD ⇠= S
n+1 and colimD

0 = ⇤, so the
induced map colimD ! colimD

0 is certainly not a weak equivalence.

So the colimit functor does not preserve weak equivalences (one sometimes says
that the colimit functor is not “homotopy invariant”, and it means the same thing).
The homotopy colimit functor may be thought of as a correction to the colimit,
modifying it so that the result is homotopy invariant.

There is one simple example of a homotopy colimit which nearly everyone has
seen: the mapping cone. We generalize this slightly in the following example, which
concerns homotopy pushouts.

Example 2.2. Consider a pushout diagram of spaces X
f � A

g�! Y . Call this
diagram D. The pushout of D is obtained by gluing X and Y together along the
images of the space A: that is, f(a) is glued to g(a) for every a 2 A. The homotopy
pushout, on the other hand, is constructed by gluing together X and Y ‘up to
homotopy’. Specifically, we form the following quotient space:

hocolimD =
⇥
X q (A⇥ I)q Y

⇤
/⇠

where the equivalence relation has

(a, 0) ⇠ f(a) and (a, 1) ⇠ g(a), for all a 2 A.

We can depict this space by the following picture:

X Y

A⇥ I

Une bonne

partie du cours
consistera à donner

les outils pour faire
cela abstraitement = ALGÈBRE homotopique
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CATÉGORIES
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Théorie des types → catégories supérieures

En théorie des types , il y a le type identité

x : A
, g

: A t ⇐ag) type
'On peut itérer

x
, y : A p, q

: x-py 1- (p =
@*g)

9) type

E
Tout type induit une structure d' oo - groupoïde
faible !

Kif objects
p, q morphismes

& : p -
*+yq

2- morphismes

etc
.



www.math.jhu.edu/~eriehl/cathtpy.pdf
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