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Déformation des espaces par

homotopie

• Un disque se contracte en un point

À a ? - -
•

•
Une sphère ne se contracte pas !

si 01



MIS MATCH (ou hiatus) entre

théorie de l' homotopie et
.

théorie des catégories
§ → {* }

t 1
Y sa

ii.s IE
les sommes amalgamées (push - out ) ne

préservent pas les Equivalences d' homotopie
E
SOMME AMALGAMÉE HOMOTOPIQUE

A→ Y

taït
✗→

page suivante !



4 DANIEL DUGGER

Part 1. Getting started

2. First examples

The theory of homotopy colimits arises because of the following basic di�culty.
Let I be a small category, and consider two diagrams D,D

0 : I ! Top. If one has
a natural transformation f : D ! D

0, then there is an induced map colimD !
colimD

0. If f is a natural weak equivalence—i.e., if D(i)! D
0(i) is a weak equiv-

alence for all i 2 I—it unfortunately does not follow that colimD ! colimD
0 is

also a weak equivalence. Here is an example:

Example 2.1. Let I be the ‘pushout category’ with three objects and two non-
identity maps, depicted as follows: 1 � 0 �! 2. Let D be the diagram

⇤  � S
n �! D

n+1

and let D0 be the diagram
⇤  � S

n �! ⇤.
Let f : D ! D

0 be the natural weak equivalence which is the identity on S
n and

collapses all of Dn+1 to a point. Then colimD ⇠= S
n+1 and colimD

0 = ⇤, so the
induced map colimD ! colimD

0 is certainly not a weak equivalence.

So the colimit functor does not preserve weak equivalences (one sometimes says
that the colimit functor is not “homotopy invariant”, and it means the same thing).
The homotopy colimit functor may be thought of as a correction to the colimit,
modifying it so that the result is homotopy invariant.

There is one simple example of a homotopy colimit which nearly everyone has
seen: the mapping cone. We generalize this slightly in the following example, which
concerns homotopy pushouts.

Example 2.2. Consider a pushout diagram of spaces X
f � A

g�! Y . Call this
diagram D. The pushout of D is obtained by gluing X and Y together along the
images of the space A: that is, f(a) is glued to g(a) for every a 2 A. The homotopy
pushout, on the other hand, is constructed by gluing together X and Y ‘up to
homotopy’. Specifically, we form the following quotient space:

hocolimD =
⇥
X q (A⇥ I)q Y

⇤
/⇠

where the equivalence relation has

(a, 0) ⇠ f(a) and (a, 1) ⇠ g(a), for all a 2 A.

We can depict this space by the following picture:

X Y

A⇥ I

Une bonne

partie du cours
consistera à donner

les outils pour faire
cela abstraitement = ALGÈBRE homotopique



réalisation

nerf Réalisationcatégorielsombles → espaces
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recollements
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Algèbre homotonîdhe
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Catégories de modèles

catégories supérieures



CATÉGORIES

Aperçu de
THÉORIE DES TYPES

à <→
d-calcul

[catégorie
cartésienne fermée)

«cc ← types dépendants
s

En : Nat
- list/n)(localement) Üs t

Nat

Na filiations



Théorie des types → catégories supérieures

En théorie des types , il y a le type identité

x : A
, g

: A t ⇐ag) type

On peut itérer

x
, y : A p, q

: x-Ayt (p =
@⇒g)

q ) type

E
Tout type induit une structure d' oo - groupoïde
faible !

Kif objects
p, q morphismes

& : p -
*+yq

2- morphismes

etc
.



www.math.jhu.edu/~eriehl/cathtpy.pdf
 

Au programme pour la partie I
(algèbre homotopique)

1- extensions de Kane

2 ensemble simpliciaux

3 catégories enrichies

4,5 construction bar simpliciale et
limites homotopiques

6 catégories de modèles

support principal ( dispo en ligne:
E . Riehl

,
CATEGORICAL HOMOTOPY THEORY

I



Au programmepour la partie I

7- Introduction to type theory and

identify type weak factorisation system
8 Models of extensionat type tkayand

coherence issues

g A ghmpse of Hott (homotopy type theory ) and
the weak x - groupait of a type

10 Culical type theory [Coquard et al. )

11,12 Vory recent staff (Sattler, Gambino, - . -
on model category structures arismg
from models of type theory
[invoeœs algebraic weak factorisation systems )


