
Definition of cooted free (refarmutation of Koch's definition)

A tree is a quintuple I= (To, T, I, 0 where

To is a finite pet of nodes

I%d is a pointed set of edges; t is called root edge

: TIT is an injective function. We write-sex for 2=0ke)
i :T' 1543 -> Tis a function . We witex -Ce fax= ife
and houceey if =ile and e =o(y)

satisfying the following acciom :

(re) FactTo 7 a requence------ kn = 1 (M(1)↓ 21
n - 1

(Note that such a sequence is necessarily unique since we
have 2: Oki) and ifei)= Kiz .)
We niteT = Seet/pt. -es Cleare of T
We write To = T

*
- Ed] and To for i

-

p) =Selx-te)

We can aganise the data in a polynomial fantas :
iTo- To

↓2 28
T T



Inductive definition of trees

We note that if To is empty, then
T
=El as othermise I would not be defined.

This defines the empty Le I with

(1)= 0 16"= ES ,
0: the epty map ,

and i= is
.

If To is not empty, then
it has a root nocI

characterised byt . (eurts by (tee) and is unique by

injectivity of 0) .

We can then routs

T= etTelefty where city
-

- i.e., He path to the

and Te is obtaind by restricte of I :/lot goes through e
- o

Te = EyeTo- .... - TEy 31
T = i

= (Te)
↓
C To

b = e We also have+
Te

ite / 0th defined by restriction of i and 0.

T
-n summary I := 1/et lecte

/

Abloviation : x(l . . . 1) = x((eElle <T
,
27



Grafting , inductively

Fa I and a collectio (Selecti , we define-

IsezSelectig (gafting) on follows :

> structural

1 < tI7 : I < > defined

(e= le etSelecti =

et leet Selecte il deTer
There is no harm in identifying and as we have

&

ettelett= bleTh LetTeletTh



Gafting , nor inductivety/fo I proper
Se

TetSelecti = u S

O

-

T
v :TW) v =-Fr(e)
(b)u = (d+
ou: 0 + U' or() = 0

+()

ou (2,y) =0(y)
i :
r'
+ toin(e) = i(e)

i(e)-LiseiuS
gleeing occus here !



Subtitution

Fr I and a collection (Exe To such that for all a

we have (Sc= Tok , we delive

Igt Syly+To postitution) as follow :

1 23 = 1

(x (e = Tele+T ))(y +SylgeT'S
=Se Etsy/gettel'sleeting

IS



Substitution
,non inductively /forI poper)

I(xtSak +Toy = U
-

VorSi W :e
o

ou :U U

E
(
,0(y)) ify

o(x,y) = (, u) t gets
,

andInk

du If y-t
,

and x=+

ivku) = (
, is

,
(0)



Notion of (X, Y1-free

AnX
,Y)- thee

is a triple (1, 1 :
7+ x

, p :
T
+ Y)

Gafting: Let (118,9) and Ke,be,ge), exTT be given with respective (X,7)-dructure
Wewant a (4) - stucture on V = IezSeleeTy, ie. (, h,2)
We requireHe following condition Feet gellsa) = g(e)
Then we set

h(x) = (x) h(e ,y) = be(y) &

k(e) =g(2)jeeT'T
*
) <(2, 4) = gell)

The condition pays Re, Se) "simplifies" as gle) , repeating
the gearehy of glueing

subtilution of K, Y)-trees
on a ther

Let I
, (S, fe, gea) begiven .

We require the following condition

Fax-n inI
,
Her golo) = yy(1sy)

↑
laf of Si

We want on 1, Y)- structure on= ISxzS(x70, i. e . (,2, b) :

h(x,y) = fx(y)k(bu) = G+S k(x, a) = gx(u)
↑

The condition page that fa -Lug
and hance ore Se we

have alo ap
, 4) = gy (MSy) , respecting gearey again



Deaning (X, Y) - been

/Y51gy
4)pa yiz) CieX

⑳

21
Ko allowed

Yi =yg allowed

Notation (CI
,
2
, 9)) = I


