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Thanks to

Cédric Ho Thanh (NII, Tokyo)

Polynomial Functors 2022, Topos Institute, March 14-18

1 / 34



Continuatoric and geometry
Of

PETOPES

Piene-Lou CURIEN

Emeritas CNRS karches

Picule
,
IRIF (CNAS

,
Université Paris Cité and Innial

FUDAN University ,
April 30

, 2024



n-opetopes (for n  2)

- There is a unique 0-dimensional opetope: the point (an operation
with no input).

- There is a unique tree of 0-opetopes, yielding the unique
arrow-shaped 1-opetope.

- 1-opetopes can assemble only as linear trees, and hence 2-opetopes
are in one-to-one correspondence with natural numbers:
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3-opetopes as trees
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3-opetopes as unbiased associators

g
//

HH

h

GG

g�h

f

⇠⇠

g
//

DD

h f

��

g�h
#

f �(g�h)
#

As
//

f �g�h
#

f �(g�h)
//

f �g�h
//

This picture features (decorated)

• 0-opetopes (unnamed)

• 1-opetopes (f , g , h, g � h,...)

• 2-opetopes (witnesses of unbiased composition f � g � h,...)

• one 3-opetope (unbiased associativity)

Contrast with the biased one: f � (g � h) = (f � g) � h
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An example of 4-opetope

(taken from the beautiful Lauda-Cheng notes)

4.2 Opetopic cells 55

cells) would look like. Using the 2-cell shapes as above we get things like
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and we call this a 3-cell as its source(s) and target are 2-cells.
So the general principle for a k-cell is:

• the source is a picture of how to compose some (k � 1)-cells

• the target is the shape of the result.

An example of a 4-cell is:
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We often give up drawing lower-dimensional arrowheads when the directions are
clear from the diagram.

Note on technical construction

Constructing these things as a piece of algebra is bit subtle and uses the language
of multicategories. Multicategories are a bit like operads and the reader may
well find the above 4-cell reminiscent of the operadic composites in Chapter 3.
We will proceed, however, without the technical construction and hence will not
need multicategories either.
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Unbiased coherence via 4-opetopes

f � g � h � k

f � (g � h � k)

As

OO

f � (g � (h � k))
f �As

hh

As

bb

5-opetopes, etc. feature higher coherences (trees of trees of...)

6 / 34



~
Spositive)

Work in progress : Vopetopes as a triangular pubdivision
of (te Brandman-Vogt culical pubdivision of) associalecha

(189(a)e

(fgh) ~ (fg)2k

(b(ga)) k
·

· (fg)(hk)
-bah

f(gh · Lg(hk)

fligh
& >L · f(g(hk))

f/ghk)



Identities via degenerate opetopes

This (poor) picture features

• the 2-opetope ◆ as a witness of the degeneracy promoting x to idx

• the 2-opetope ↵ as a witness of idx � f

• the 3-opetope Unit-left as the unit law idx � f ! f

Note that ◆ has no sources (tree reduced to a leaf edge).
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Polynomial functors (standard presentation)

Polynomial functors are triples of maps

I
s
 � A

p
�! B

t
�! J

We are interested in polynomial endofunctors, i.e. I = J. A morphism of
polynomial endofunctors is given by maps f1, f2 as below:

As
yy

p
//

f1
✏✏

B t
&&

f2
✏✏

I I

A
0s0

ee

p0
// B 0 t0

88

The pullback ensures that an operation b with arity p�1(b) is mapped to
an operation with equipotent arity.
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Polynomial functor (pictorially)

• We view B as a set of operations.
• For each operation b, we view A(b) = p�1(b) as the arity of b.
• We view B as a set of colours, or of sorts (set of incoming edges).

b

t(b)

sb(x)

x y

sb(y). . .

Note the di↵erence between names and decorations: the latter can be
repeated, while the former are in bijection with the number of wires going
into the operation.
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Polynomial monad

x

b

b0

. . . . . .

. . . . . .

7�!

b �x b0
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Polynomial monads versus operads

Polynomial monads are a version of (set) operads that are

• ⌃-free (the action of the symmetric group is free)

• non-skeletal (inputs are named, rather than numbered)

• described in the partial or “circle i” style

• coloured (or multisorted)

Note that the mechanics of polynomial functors dictates that the renaming
of wires after composition be specified as part of the data defining the
structure (cf. map f1 above).

Polynomial monads are exactly the version of multicategories given by
Hermida, Makkai and Power.
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Free polynomial monad (trees)

Let P be a polynomial endofunctor on I . We define a new polynomial
endofunctor P? on I .
The operations are P-trees, i.e. trees with leaf edges where

• nodes are decorated by operations of P ,

• incoming edges of a node decorated by b are in one-to-one
correspondence with A(b),

• edges are decorated by colours of I

In P?:

- the arity of a tree T is the set of the occurrences of its leaves

- the target colour of T is the colour of the root of T

A P-tree may be reduced to a leaf (no node): we call it then degenerate.

Composition is defined by grafting.
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The star multiplication (pictorially)

7�!
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Another monad on trees: the + construction (Baez-Dolan)

Here we follow Kock-Joyal-Batanin-Mascari 2010.

We now suppose that P is a polynomial monad on some I . Then the same
P-trees give rise to another polynomial monad P+, not on I , but on
B = BP :

- The arity of a tree is not its set of leaves anymore, but its set of
nodes

- The target colour of T is [[T ]]P
?
, where [[T ]] is the evaluation of T

according to the monad structure of P .

- Composition is by zooming in and substituting in nodes.

By iterating this construction, we shall get trees of trees of . . . !
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The plus multiplication (pictorially)

7�!
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Opetopes

Opetopes are defined by iteration of the + construction.

• Basis = identity polynomial functor O
0on a singleton set

{⌥} � {⇤} �! {⌅} �! {⌥}

There is only one 0-opetope ⌥, and there is only one 1-opetope ⌅

which has only one input ⇤, decorated by the unique 0-opetope ⌥.

• Induction: We set
O

n = (On�1)+

and we write O
n as

On  � O
•
n+1 �! On+1 �! On

(the operations of O
n�1 become the colours of O

n)
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A hierarchy of shapes

An n-opetope (for n � 2) is an oriented n-dimensional volume whose
boundary is divided into a pasting scheme of source (n�1)-opetopes and a
single target (n�1)-opetope.

The target is determined by the pasting scheme of sources. Therefore,
n-opetopes can be identified with pasting schemes of (n�1)-opetopes.

Pasting schemes of (n�1)-opetopes are described by trees whose nodes
are decorated by (n�1)-opetopes and whose edges are decorated by
(n � 2)-opetopes.
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The category Ope

It has as objects all opetopes, and morphisms by generators sx (for each
node of the tree) and t, and relations

(Inner) sx su = sy t (all edges)
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(Glob") t su = sx su (all leaves, ! non degenerate)
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(Glob#) sx t = t t (x = root, ! non degenerate)

R9 kX S_1GAJAL�_A1a
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(Degen) t s⇤ = t t (! degenerate)
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LQi�iBQM jX9X8X 6Q` n ∈ N- H2i O≤n #2 i?2 7mHH bm#+�i2;Q`v Q7 O bT�MM2/ #v QT2iQT2b Q7
/BK2MbBQM �i KQbi nX q2 /2}M2 O<n- O≥n- �M/ O>n bBKBH�`HvX 6Q` m ≤ n- H2i Om,n ∶=O≥m∩
O≤nX q2 rBHH i�+BiHv +QMbB/2` i?2 b2i On �b � /Bb+`2i2 +�i2;Q`vX
_2K�`F jX9Xe UavKK2i`B+ QT2iQT2bVX AM (".N3) (*?2y9#) (*?2yj�)- QT2iQT2b �M/ i?2 +�@
i2;Q`v Q7 QT2iQT2b �`2 /2}M2/ 7QHHQrBM; � /Bz2`2Mi �TT`Q�+?X h?2`2- TQHvMQKB�H KQM�/b
�`2 `2TH�+2/ #v bvKK2i`B+ KmHiB+�i2;Q`B2b UbBKTHv +�HH2/ C@QT2`�/b BM (".N3)V- �M/ i?2
(−)+ +QMbi`m+iBQM Q7 /2}MBiBQM kX9XR Bb `2TH�+2/ #v i?2 bHB+2 +QMbi`m+iBQMX h?2 B/2� Bb i?2
b�K2, B7 M Bb � bvKK2i`B+ KmHiB+�i2;Q`v- i?2M i?2 Q#D2+ib Q7 Bib bHB+2 M+ �`2 i?2 KmHiBKQ`@
T?BbKb Q7 MX h?2 QT2iQT2b /2}M2/ BM i?Bb r�v �/KBi � M�im`�H �+iBQM Q7 i?2 bvKK2i`B+
;`QmT QM i?2B` bQm`+2 7�+2b- BM?2`Bi2/ 7`QK i?2 bvKK2i`B+ KmHiB+�i2;Q`B2b �i TH�vX h?mb-
i?2 `2bmHiBM; +�i2;Q`v Osym Q7 bvKK2i`B+ QT2iQT2b ?�b MQM@i`BpB�H BbQKQ`T?BbK +H�bb2b-
mMHBF2 OX >Qr2p2`- HBF2 O- i?2 +�i2;Q`v Osym Bb `B;B/- r?B+? ?BMib �M 2[mBp�H2M+2 #2ir22M
i?2 bvKK2i`B+ �TT`Q�+? �M/ i?�i Q7 (EC"JRy) Umb2/ BM i?Bb i?2bBb- �M/ 2[mBp�H2Mi iQ
G2BMbi2`Ƕb QT2iQT2b (G2By9)VX h?Bb Bb 7Q`K�HHv T`Qp2/ BM (*?2y9�)X

Opetopic sets are presheaves over Ope.
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Polygraphs (a.k.a. computads)

A polygraph is (a presentation of) a strict !-category (i.e. all truncations
are strict n-categories). It is given by the following data:

• a set P0 of generating 0-cells,

• a set P1 of generating 1-cells, each coming with specified source and
target in P0. This gives rise to a free strit 1-category P

⇤
1 over these

generators.
...

• a set Pn+1 of (n+1)-generating cells, each coming with a specified
source and target in P

⇤
n . This gives rise to a free strict

(n+1)-category P
⇤
n+1 over these generators.

...
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Praved independently by
Harnik-Mahhai-Zawadonchi
Cédric Ho-Thank (lying on HenryIMyself (unpublished) (explicit proof ! /

Henry showed thatmany-to-one polygraph form a presheof
category Set (30) without an explicit description of ??



Operopic candinale (Zarradowski)

One can "concaterate" opetopes ,
e.g.

*
+

X *↓
-- -- - >

Thus formed opetopic cardinate form
a strict cu-category
Form (Lawadowski) This -category is the

terminal many-to-one polygraph



Positive opetopes

Positive-to-one only
Same results blow apply /fathe monet) to

positive opetopes only



The
many quises of opetopes

·

Abstract definition (above ↑

Es
·

("by construction")
1

T=piphytes (Curien-Lecler) : these offices of...
Dendritic face complexes (Leder) : parete

of faces patifying sone (rather simple) anciona

Principal) opetopic cardinals (Lauradonshi) : posts of

faces patifying some (quite complicated) ascious

↑ Zoom complexes (Foch-Loyal-Batanin-Mascari) : sequence

of trees featuring
*

4E
O

&

E (Ledena7) Ledena2 (
positive all

& 3

E (Cunien-Leders)
pantine - all forch in progress with 1 . Obadoria)





&POSITIVE

> x
target derived notion !







Zoom complexes

· 81
On 83 84

· Jad=

27
b7

22 da
· 03

b5
23

· 84
as

· 85
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