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PART I
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n-opetopes (for n  2)

- There is a unique 0-dimensional opetope: the point (an operation
with no input).

- There is a unique tree of 0-opetopes, yielding the unique
arrow-shaped 1-opetope.

- 1-opetopes can assemble only as linear trees, and hence 2-opetopes
are in one-to-one correspondence with natural numbers:

*?�Ti2` PM2

AMi`Q/m+iBQM

T
?Bb }`bi T�`i Bb /2/B+�i2/ iQ H�vBM; i?2 7QmM/�iBQMb Q7 QT2iQT2 i?2Q`vX Pp2` i?2
`2+2Mi v2�`b- i?2v ?�p2 #22M i?2 bm#D2+i Q7 K�Mv 2zQ`ib iQr�`/b T`QpB/BM; � ;QQ/
/2}MBiBQM i?�i rQmH/ �HHQr 2tTHQ`BM; i?2B` +QK#BM�iQ`B+b (*?2yj�) (>JSyy)

(G2By9)X AM i?Bb i?2bBb- r2 7QHHQr i?2 �TT`Q�+? Q7 EQ+FĜCQv�HĜ"�i�MBMĜJ�b+�`B (EC"JRy)X
Ai Bb #�b2/ QM TQHvMQKB�H 7mM+iQ`b �M/ TQHvMQKB�H KQM�/b- r?B+? r2 T`2b2Mi BM +?�Ti2` kX
SQHvMQKB�H 7mM+iQ`b �`2 +�i2;Q`B}+�iBQMb Q7 +H�bbB+�H TQHvMQKB�H 7mM+iBQMb- �M/ ?�p2 7QmM/
BKTQ`i�Mi �TTHB+�iBQMb BM ivT2 i?2Q`v Ur?2`2 i?2v �`2 �HbQ +�HH2/ +QMi�BM2`b Q` +QMi�BM2`
7mM+iQ`bV (��:y8) (�:aRk) (EQ+Rk) �M/ KQ`2 `2+2MiHv BM QT2`�/ i?2Q`v (q2#R9) (:>ERd)X
>2`2- i?2v �`2 `2H2p�Mi �b TQHvMQKB�H 7mM+iQ`b i?�i �`2 �HbQ KQM�/b U�XFX�X TQHvMQKB�H
KQM�/bV 2M+�TbmH�i2 i?2 B/2� Q7 ǳi`22 +�H+mHmbǴX �b r2 rBHH b22- QT2iQT2b �`2 2bb2MiB�HHv
i`22b- r?B+? K�F2b i?Bb 7Q`K�HBbK 2bT2+B�HHv �/2[m�i2 i?`Qm;?Qmi i?Bb i?2bBbX

AM +?�Ti2` j- r2 T`2b2Mi i?2 /2}MBiBQM Q7 QT2iQT2b Q7 (EC"JRy)X AM7Q`K�HHv- �M QT2iQT2
Bb � ?B;?2` /BK2MbBQM�H ;2QK2i`B+�H b?�T2 i?�i HQQFb HBF2 i?Bb
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BMTmib #mi � bBM;H2 QmiTmiX AM 7�+i- i?2 bQm`+2 Q7 �M QT2iQT2 UQM i?2 H27i Q7 i?2 i`BTH2 �``Qr
�#Qp2V Bb � r2HH@7Q`K2/ T�biBM; b+?2K2 Q7 HQr2` /BK2MbBQM�H QT2iQT2b- r?B+? �H`2�/v ?BMib
i?�i i?2 /2}MBiBQM Bb p2`v BM/m+iBp2X G2i mb bm`p2v HQr /BK2MbBQM�H +�b2bX

.BK2MbBQM 0X "v +QMp2MiBQM- i?2`2 Bb � mMB[m2 0@/BK2MbBQM�H QT2iQT2- +�HH2/ i?2 TQBMi-
/2MQi2/ #v �- �M/ ;`�T?B+�HHv `2T`2b2Mi2/ #v

.

.BK2MbBQM 1X aiBHH #v +QMp2MiBQM- i?2`2 Bb � mMB[m2 1@/BK2MbBQM�H QT2iQT2- +�HH2/ i?2
�``Qr- /2MQi2/ #v �- r?B+? +�M #2 `2T`2b2Mi2/ �b 7QHHQrb,

. .

.BK2MbBQM 2X LQr- i?2 BM/m+iBQM bi�`ibX � 2@QT2iQT2 Bb 2bb2MiB�HHv � r2HH@7Q`K2/ T�bi@
BM; /B�;`�K UQ` `�i?2`- � }HH2` i?2`2Q7V Q7 1@/BK2MbBQM�H QT2iQT2b- BX2X � ;HmBM; Q7
b2p2`�H BMbi�M+2b Q7 i?2 �``Qr- ;Hm2/ 2M/@iQ@2M/ �HQM; i?2 TQBMiX 1t�KTH2b BM+Hm/2
i?2 7QHHQrBM;,
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h?2 i`22 QM i?2 `B;?i Bb 2bb2MiB�HHv i?2 SQBM+�`û /m�H Q7 i?2 T�biBM; /B�;`�K QM i?2 H27i Q7
i?2 i`BTH2 �``Qr,

URV i?2 2@+2HHb #2+QK2 MQ/2b- �M/ i?2 MmK#2` Q7 BMTmi 7�+2b Q7 i?2b2 2@+2HHb K�i+? i?2
MmK#2` Q7 BMTmi 2/;2b Q7 i?2 +Q``2bTQM/BM; MQ/2bc
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/B�;`�Kc BM i?Bb +�b2- i?2v �`2 �HH �``QrbX

h?Bb Bb r?2`2 i?2 i?2Q`v Q7 TQHvMQKB�H 7mM+iQ`b �M/ i`22b #2+QK2b `2H2p�MiX "v /2}MBM;
QT2iQT2b �b i`22b- i?2 i?2Q`v T`2b2Mi2/ BM +?�Ti2` k �HHQrb mb iQ 7Q`K�HHv ;2M2`�i2 �M/
+QMp2MB2MiHv K�MBTmH�i2 i?2KX

�b i?2 ;`�T?B+�H `2T`2b2Mi�iBQM bm;;2bib- QT2iQT2b +�``v � p2`v ;2QK2i`B+�H MQiBQM Q7
ǳ7�+2 2K#2//BM;ǴX 6Q` 2t�KTH2- i?2 2@QT2iQT2 QM i?2 H27i U/2MQi2/ #v 3V M�im`�HHv 2K#2/b
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3-opetopes as trees
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An example of 4-opetope

(taken from the beautiful Lauda-Cheng notes)

4.2 Opetopic cells 55

cells) would look like. Using the 2-cell shapes as above we get things like
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and we call this a 3-cell as its source(s) and target are 2-cells.
So the general principle for a k-cell is:

• the source is a picture of how to compose some (k � 1)-cells

• the target is the shape of the result.

An example of a 4-cell is:

------

...... ******
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//
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�
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****
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We often give up drawing lower-dimensional arrowheads when the directions are
clear from the diagram.

Note on technical construction

Constructing these things as a piece of algebra is bit subtle and uses the language
of multicategories. Multicategories are a bit like operads and the reader may
well find the above 4-cell reminiscent of the operadic composites in Chapter 3.
We will proceed, however, without the technical construction and hence will not
need multicategories either.
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Preamble Polynomial Opetopes Posets

From biased to unbiased composition

g
//

HH

h

GG

g�h

f

⇠⇠

g
//

DD

h f

��

g�h
#

f �(g�h)
#

As
//

f �g�h
#

f �(g�h)
//

f �g�h
//

This picture features

• 0-opetopes (unnamed)

• 1-opetopes (f , g , h, g � h,...)

• 2-opetopes (witnesses of unbiased composition f � g � h,...)

• one 3-opetope (unbiased associativity)

Contrast with the biased one: f � (g � h) = (f � g) � h
3 / 58
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Preamble Polynomial Opetopes Posets

Unbiased coherence via 4-opetopes

f � g � h � k

f � (g � h � k)

As

OO

f � (g � (h � k))
f �As

hh

As

bb

5-opetopes, etc. feature higher coherences (trees of trees of...)

4 / 58
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Preamble Polynomial Opetopes Posets

Identities via degenerate opetopes

This (poor) picture features

• 2-opetope ◆ as a witness of the degeneracy promoting x to idx

• 2-opetope ↵ as a witness of idx � f = f

• 3-opetope Unit-left as the unit law idx � f ! f

Note that ◆ has no source (tree reduced to a leaf edge).

Just like monoidal categories have many more morphisms than the
canonical ones, opetopic categories will have cells with opetopic shapes,
and some of them will be canonical, or universal.

6 / 58
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Preamble Polynomial Opetopes Posets

A formalism of finite rooted trees with leaf edges

A rooted tree T is given by the following data:

• a non-empty finite set T• of nodes, containing a distinguished
element, called the root node (or simply root), and denoted by ⇢(T)

• for each node x 2 T•, a finite set A(x), called the arity of x

• a collection of triples of the form x ���u y (called internal edges),
where x, y 2 T• and u 2 A(x)

• such that each node x in T•
\ {⇢(T )} is related to the root via a

unique path of the form ⇢(T) ���u1
. . . ���ui x

Note that our trees have at least one node, and may have leaf edges.

20 / 58

10

as



Preamble Polynomial Opetopes Posets

Remarks and notation

• We define the set T| of leaf edges (or simply leaves) of T as follows:

T| = {(x, v) | x 2 T•, v 2 A(x) \ {u | 9 y x ���u y}}.

We write more visually x ���v for a leaf (x, v), and we often call it u, and to
x as ⇧(v).
• The unique path requirement entails in particular that if x ���u1

y and
x ���u2

y, then u1 = u2, so that T stripped of its leaf edges is really a tree
in the usual sense of graph theory.
• We consider trees modulo renamings of their nodes and arities
respecting triples.

21 / 58
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Preamble Polynomial Opetopes Posets

Representatives of positive opetopes as iterated trees

There exists a unique positive 0-opetope, denoted by ⌥.
A representative of a positive opetope ! of dimension n � 1 is given by

• a non-empty set !• of nodes

• the assignment of a representative of a positive (n � 1)-opetope sx !
for each x 2 !• (the x-source of !)

• a tree spanning !• such that

- A(x) = (sx !)• (for all x 2 !•), and
- su (sx !) = t sy !, for all triples x ���u y

where t sy ! is the target of sy !
(a derived notion defined below)

22 / 58
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Preamble Polynomial Opetopes Posets

Positive opetopes

Positive opetopes are equivalence classes of representatives of positive
opetopes.
We say that two representatives !1 and !2 are two witnesses of the same
opetope via a bijection � : !•

1
! !•

2
if there exists a bijection

 :
[

u12!•
1

(su1
!1)

•
!

[

u22!2

(su2
!2)

•

such that, for each u1 2 !•
1
,

•  restricts and corestricts to a bijection from (su1
!1)• to (s�(u1)

!2)•,
and

• su1
!1 and s�(u1)

!2 are two witnesses of the same opetope via this
restriction of  .

23 / 60
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Preamble Polynomial Opetopes Posets

An example of 3-opetope

24 / 58
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Preamble Polynomial Opetopes Posets

Target computation as composition (+ monad)

26 / 58
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Preamble Polynomial Opetopes Posets

Properties of targets

(Inner) su (sx !) = t sy ! (all triples)

R9 kX S_1GAJAL�_A1a

2K#2//BM; Q7 � HQr2` /BK2MbBQM�H QT2iQT2X 6m`i?2`- i?2 i�`;2i Q7 �M QT2iQT2- r?BH2 MQi �M BMi`BMbB+ /�i�- Bb �HbQ
`2T`2b2Mi2/ �b �M 2K#2//BM;X h?2 `2H�iBQMb +�M #2 mM/2`biQQ/ �b 7QHHQrbX

URV UAMM2`V h?2 BMM2` 2/;2 �i [p[q]] ∈ !● Bb /2+Q`�i2/ #v i?2 i�`;2i Q7 i?2 /2+Q`�iBQM Q7 i?2 MQ/2 ǳ�#Qp2Ǵ
Bi U?2`2 s[p[q]] !V- �M/ BM i?2 [q]@bQm`+2 Q7 i?2 MQ/2 ǳ#2HQrǴ Bi U?2`2 s[p] !VX "v +QMbi`m+iBQM- i?Qb2 irQ
/2+Q`�iBQMb K�i+?- �M/ i?Bb `2H�iBQM K�F2b i?2 irQ +Q``2bTQM/BM; 2K#2//BM;b s[q] s[p] ! �→ ! K�i+?
�b r2HHX PM i?2 H27i Bb �M BM7Q`K�H /B�;`�K �#Qmi ! �b � i`22 U`2p2`b2/ ;`�v i`B�M;H2V- �M/ QM i?2 `B;?i
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Preamble Polynomial Opetopes Posets

Target computation in terms of triplets

The target t ! of an n-opetope ! = x {z !z | z 2 Z} (which is needed
for defining (n + 1)-opetopes) is defined as follows by induction:

(t !)• = ((sx !)• \ Z ) [ (
[

z2Z

(t !z)
•);

the assignment of (n � 2)-opetopes to the nodes of t ! is defined as
follows:

if z0 2 (sx !)• \ Z, we set sz0 t ! = sz0 sx !;
if z00 2 (t !z)•, we set sz00 t ! = sz00 t !z.

The triplets are those of the t !z’s for z ranging over Z , plus “glueing
triplets” induced by the triplets z1 ���u z2 in sx ! as follows:

z1 ���u z2 if z1, z2 62 Z
⇧t!z1 (u) ���u ⇢(t !z2

) if z1, z2 2 Z
⇧t!z1 (u) ���u z2 if z1 2 Z, z2 62 Z
z1 ���u ⇢(t !z2

) if z1 62 Z, z2 2 Z

27 / 60
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Preamble Polynomial Opetopes Posets

Oriented graded posets (Hadzihasanović)

Let (P ,) be a finite partial order. We say that y covers x if

x 6= y and (x  z  y ) z = x or z = y)

We impose the following structure + property.
• Grading. Every x 2 P comes with a dimension dim(x), such that

- minimal elements have dimension 0
- whenever y covers x we have dim(y) = dim(x) + 1

• Orientation. Every pair s.t. y covers x is given an orientation + or �
• Oriented thinness. Whenever we have that y covers z and z covers x,

there exists a unique z0 6= z filling the following lozenge

y↵1

��

↵2
��

z z0

x
���1
��

�2

and moreover ↵1�1 = �↵2�2

(up to symmetry, four configurations; we shall discard ↵1 = + = ↵2)
43 / 58
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Preamble Polynomial Opetopes Posets

From iterated trees to posets (preparations)

Given an opetope !, we define the following set recursively. The sloppy
definition is

!⇤ = !•
[

[

x2!•

(sx !)⇤

The more careful definition is that !⇤
\ {!} is the colimit of the diagram

(in Set) formed by all pairs of inclusions

(su !)⇤ ✓ (sx !)⇤ and (su !)⇤ ✓ (sx !)⇤

for each triple x ���u y.

This ensures that all elements in !⇤ name di↵erent (iterated faces) of !.

44 / 58
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Preamble Polynomial Opetopes Posets

From iterated trees to posets (step 1)

Step 1.

We endow !⇤ with a structure of graded oriented poset
where all edges have a negative orientation:

u <� x when u 2 (sx !)•

Then we define the partial order as the reflexive transitive closure of <�.

We shall complete this partial order in three more steps.

45 / 58
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Preamble Polynomial Opetopes Posets

Example

y
g
//

HH

h

x
@@

k
f

��

//

II

��

� ↵ //

z // //
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Preamble Polynomial Opetopes Posets

Example (step 1)

↵ �

f k g h

x z y

47 / 58
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Preamble Polynomial Opetopes Posets

From iterated trees to posets (steps 2 and 3)

Step 2. We add n + 1 elements to !⇤, which are named
.!, t.!, t.t.! . . . tn.!, i.e.,

P! = !⇤
[ {ti .! | 0  i  n},

and we associate an opetope with each of the elements of P! as follows

fz ! = sz ! (z 2 !⇤)
f.! ! = !
fti .! ! = t fti�1.! !

Step 3. We add the following oriented edges to the Hasse diagram of our
partial order:

ti .! <+ ti�1.! (1  i  n)
x <� .! (x 2 !•)

48 / 58
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Preamble Polynomial Opetopes Posets

Example

y
g
//

HH

h

x
@@

k
f

��

//

CC

⇠⇠

� ↵ .!
// t.!

z //

t.t.!
// t.t.t.!
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Preamble Polynomial Opetopes Posets

Example (steps 2 and 3)

.! ⌫

↵ � t.!_

f k g h t.t.!_

x z y t.t.t.!

50 / 58
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Preamble Polynomial Opetopes Posets

From iterated trees to posets (step 4)

Step 4 (oriented thinness).

(Inner) For z 2 P!, if x ���
fz !
u y, then we add u <+ y to the oriented

poset:

(Glob#) For z 2 P!, if u <+ x <+ z and if y = ⇢(fz !), then we add
u <+ y:

(Glob") For z 2 P!, if u <� x <� z and u 2 (fz !)|, and if y <+ z,
then we add u <� y

z

x y

u

@

z4

target root

u
⌦

7

z ⌃
x y

leaf
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Preamble Polynomial Opetopes Posets

Example (step 4 – Innner)

.! ⌫

↵ �- t.!_

f k5 g h5 t.t.!_

x z y t.t.t.!

52 / 58
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Preamble Polynomial Opetopes Posets

Example (step 4 – Glob#)

.! ⌫

↵ ⇡ �- t.!_

f ⇢ k5 g* h5 t.t.!_

x z y t.t.t.!

53 / 58
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Preamble Polynomial Opetopes Posets

Example (step 4 – Glob")

.! ⌫

↵ ⇡ �- t.!_

f ⇢ k5 g* h5 t.t.!_

x z y t.t.t.!

54 / 58
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Preamble Polynomial Opetopes Posets

Positive opetopes in this framework

This gives a bijection between positive opetopes and oriented graded
posets P s.t.

- P has a maximum element
- for every x in P of dimension � 1 there exists exactly one element u

such that u <+ x. We write u = t.x; we also use the following
notation (cl( ) = downward closure):

�+(x) = {t.x} ��(x) = {y | y <� x} @↵(x) = cl(�↵(x))

- P satisfies oriented thinness
- for each x in P , {y | y <� x}, can be organised as a tree with leaf

edges, as follows: A(y) = {u | u <� y}, and y1 ���u y2 whenever

x

y1 y2

u

<

- For all such y1 ���u y2, we have cl(y1) \ cl(y2) = cl(u).
55 / 58
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Preamble Polynomial Opetopes Posets

From positive opetopes to opetopes (a snapshot)

Each (n � 2)-opetope ⌫ gives rise to a degenerate n-opetope {{⌫ .

We set
t {{⌫ = shift(⌫)

(the (n � 2) tree reduced to one node ⇤, such that s⇤ (shift(⌫)) = ⌫).

Source opetopes are allowed to be degenerate:

28 / 58
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Preamble Polynomial Opetopes Posets

Target computation upgraded

Fore general opetopes, the definition of target above in terms of triplets
needs to be adjusted as follows. The description is exactly the same as
given above for positive opetopes, except for the specification of the

triplets inducing the glueing triplets in the target (the definition of those
being also unchanged). Instead of all triplets z1 ���u z2 in sx !, we now
consider all sequences (p � 0)

z1 ���u z01 ���u1
. . . z 0p ���up�1

���up z2

such that
sz 0

1
sx ! = · · · = sz 0

1
sx ! = {{su sz1

sx !

30 / 60
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Preamble Polynomial Opetopes Posets

An abstract machine for target computation

The machine produces complete branches of t !.
Machine states are of four forms:

[hPi || S ]" , [hPi || S ]? , [hQi || S ]! and hPi!,

where
• P ::= ✏ || (P f ���x)
• S is a stack of pairs (f , ↵), with ↵ 2 !• and f 2 (s[↵] !)•.

The initial state is
[h✏i || (⇢(s⇢(!) !), ⇢(!))]"

The respective kinds of state have the following meaning:

[hPi || S ]? going up the tree of ! searching for the next opetope
in the explored branch of t !

[hP gi || S ]! the machine has just found one
[hPi || S ]? going down the tree of ! to find the next branch of !

in which to go up again (if any)
hPi! final state (branch completed)

29 / 58
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Preamble Polynomial Opetopes Posets

The rules

↵ ���
!
f {{x , f = shift(x)

[hPi || (f , ↵) · S ]"�! [hPi || (f , ↵) · S ]?
degenerate

↵ ���
!
f �

[hPi || (f , ↵) · S ]"�! [hPi || (⇢(s⇢(�) �), �) · (f , ↵) · S ]"
up

f 2 !|

[hPi || (f , ↵) · S ]"�! [hP f i || (f , ↵) · S ]!
leaf

x 2 (sf s↵ !)•

[hQi || (f , ↵) · S ]! �! [hQ ���xi || (f , ↵) · S ]?
explore

x 2 (s↵ !)|

[hQ ���xi || (f , ↵) · S ]? �! [hQ ���xi || S ]?
down

f ���
s↵ !
x g

[hQ ���xi || (f , ↵) · S ]? �! [hQ ���xi || (g , ↵) · S ]"
next

[hP f ���xi || ;]? �! hP f ���xi!
final

30 / 58
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Preamble Polynomial Opetopes Posets

Example execution (steps 1-2)

[h✏i || (h, ↵)]" �! [h✏i || (o, �) · (h, ↵)]" (up)
�! [hoi || (o, �) · (h, ↵)]! (leaf)

31 / 58
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Preamble Polynomial Opetopes Posets

Example execution (steps 3-6)

�! [ho ���w i || (o, �) · (h, ↵)]? (explore)
�! [ho ���w i || (n, �) · (h, ↵)]" (next)
�! [ho ���w i || (p, �) · (n, �) · (h, ↵)]" (up)
�! [ho ���w pi || (p, �) · (n, �) · (h, ↵)]! (leaf)

32 / 58
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Preamble Polynomial Opetopes Posets

Example execution (steps 7-10)

�! [ho ���w p ���v i || (p, �) · (n, �) · (h, ↵)]? (explore)
�! [ho ���w p ���v i || (n, �) · (h, ↵)]? (down)
�! [ho ���w p ���v i || (m, �) · (h, ↵)]" (next)
�! [ho ���w p ���v mi || (m, �) · (h, ↵)]! (leaf)

33 / 58
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Preamble Polynomial Opetopes Posets

Example execution (steps 11-13)

�! [ho ���w p ���v m ���zi || (m, �) · (h, ↵)]? (explore)
�! [ho ���w p ���v m ���zi || (h, ↵)]? (down)
�! [ho ���w p ���v m ���zi || (g , ↵)]" (next)

34 / 58
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Preamble Polynomial Opetopes Posets

Example execution (steps 14-18)

�! [ho ���w p ���v m ���zi || (l , �) · (g , ↵)]" (up)
�! [ho ���w p ���v m ���z li || (l , �) · (g , ↵)]! (leaf)
�! [ho ���w p ���v m ���z l ���ui || (l , �) · (g , ↵)]? (explore)
�! [ho ���w p ���v m ���z l ���ui || (k , �) · (g , ↵)]" (next)
�! [ho ���w p ���v m ���z l ���u ki || (k , �) · (g , ↵)]! (leaf)

35 / 58
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Preamble Polynomial Opetopes Posets

Example execution (steps 19-22)

�! [ho ���w p ���v m ���z l ���u k ���y i || (k , �) · (g , ↵)]? (explore)
�! [ho ���w p ���v m ���z l ���u k ���y i || (g , ↵)]? (down)
�! [ho ���w p ���v m ���z l ���u k ���y i || (f , ↵)]" (next)
�! [ho ���w p ���v m ���z l ���u k ���y f i || (f , ↵)]! (leaf)

36 / 58
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Preamble Polynomial Opetopes Posets

Example execution (steps 23-25)

�! [ho ���w p ���v m ���z l ���u k ���y f ���xi || (f , ↵)]? (explore)
�! [ho ���w p ���v m ���z l ���u k ���y f ���xi || ;]? (down)
�! ho ���w p ���v m ���z l ���u k ���y f ���xi! (final)

37 / 58
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Preamble Polynomial Opetopes Posets

Invariants of the machine

• Two successives items (f , ↵), (g , �) in the stack are always such that
g is the target of ↵.

• The sequence of states of the machine between two successive (leaf)
moves is always of the form

(explore) (down)m�1 (next) (up)n�1

with m, n � 1. Graphically:

(More on this picture at the end of the talk)
38 / 58
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Thetangetolstract machine Travels through the hamiltonien path !

LEAF Explore NEXT UP UP LEAF EXPLORE NEXT

LEAF EXPLORE DOWN NEXT LEAF EXPLORE DOWN DOWN - FINAL



The category Ope

It has as objects all opetopes, and morphisms by generators sx (for each
node of the tree) and t, and relations

(Inner) sx su = sy t (all edges)

R9 kX S_1GAJAL�_A1a

2K#2//BM; Q7 � HQr2` /BK2MbBQM�H QT2iQT2X 6m`i?2`- i?2 i�`;2i Q7 �M QT2iQT2- r?BH2 MQi �M BMi`BMbB+ /�i�- Bb �HbQ
`2T`2b2Mi2/ �b �M 2K#2//BM;X h?2 `2H�iBQMb +�M #2 mM/2`biQQ/ �b 7QHHQrbX

URV UAMM2`V h?2 BMM2` 2/;2 �i [p[q]] ∈ !● Bb /2+Q`�i2/ #v i?2 i�`;2i Q7 i?2 /2+Q`�iBQM Q7 i?2 MQ/2 ǳ�#Qp2Ǵ
Bi U?2`2 s[p[q]] !V- �M/ BM i?2 [q]@bQm`+2 Q7 i?2 MQ/2 ǳ#2HQrǴ Bi U?2`2 s[p] !VX "v +QMbi`m+iBQM- i?Qb2 irQ
/2+Q`�iBQMb K�i+?- �M/ i?Bb `2H�iBQM K�F2b i?2 irQ +Q``2bTQM/BM; 2K#2//BM;b s[q] s[p] ! �→ ! K�i+?
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(Glob") t su = sx su (all leaves, ! non degenerate)
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Polygraphs (a.k.a. computads)

A polygraph is (a presentation of) a strict !-category (i.e. all truncations
are strict n-categories). It is given by the following data:

• a set P0 of generating 0-cells,

• a set P1 of generating 1-cells, each coming with specified source and
target in P0. This gives rise to a free strit 1-category P

⇤
1 over these

generators.
...

• a set Pn+1 of (n+1)-generating cells, each coming with a specified
source and target in P

⇤
n . This gives rise to a free strict

(n+1)-category P
⇤
n+1 over these generators.

...
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Polygraphic syntax

The n cells (or n-morphims) of P
⇤
n are equivalence classes of n-terms built

via the following rules:
• If x 2 Pn, then x is an n�term.
• If t is an (n�1)-term, then id(t) is an n-term.
• If t1, t2 are n-terms and i < n, then t1 �i t2 is an n-term, provided
sn�i s and tn�i t are provably equal as (n�1)-terms.

Sources and targets are derived information:

s (id(t)) = t t (id(t)) = t
s (t1 �i t2) = s t1 �i s t2 t (t1 �i t2) = t t1 �i t t2 (i < n � 1)
s (t1 �n�1 t2) = s t2 t (t1 �n�1 t2) = t t1 (i < n � 1).

Equational theory (for n-terms)

(t1 �i t2) �i t3 = t1 �i (t2 �i t3) (category)
idn�i (sn�i t) �i t = t t �i idn�i (tn�i t) = t (category)
(s1 �i s2) �j (t1 �i t2) = (s1 �j t1) �i (s2 �j t2) (i 6= j) (exchange law)
id(t1) �i id(t2) = id(t1 �i t2) (i < n � 1) (2-category)
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Occurrences of generating n-cells in an n-cell

Let t be an n-term. We say that

• if x 2 Pn, then x has one occurrence (of a generating n-cell) (labelled
by x),

• id(t) has no occurrence,

• the set of occurrences of t1 �i t2 is the (disjoint) union of the sets of
occurrences of t1 and t2.

This notion is invariant under the choice of representatives of t.

It can be formulated using the language of contexts.

An n-context is a term with one occurrence of a special n-term [ ], with
specified source and target, called the hole.
We use the notation C [ ] for the context, and C [s] for the result of
replacing [ ] with some actual n-term s with the same source and target as
the hole. This is called filling the hole.

Then occurrences (with their labelling generating n-cell) of t are in
bijection with the pairs (C [ ], x) such that x 2 Pn and t = C [x ].
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Many-to-one polygraphs

A polygraph is called many-to-one if for all n and x 2 Pn, we have
t x 2 Pn�1 (all generating cells have as target a generating cell).

Theorem. Many-to-one polygraphs are the same thing as opetopic sets
(giving rise to an equivalence of categories).

• The theorem has been proved by Victor Harnik, Michael Makkai and
Marek Zawadowski (HMZ), replacing “opetopic” with “multitopic”.
(On the other hand, Eugenia Cheng has proved the equivalence
between multitopic sets and opetopic sets.)

• Cédric Ho Thanh has a more direct proof, relying in part on notions
and results of Simon Henry.

• Here, we o↵er a “plug-in” in Cédric’s proof, making it entirely
self-contained.

Remark. It follows from Henry’s work that many-to-one polygraphs form
a presheaf category Set(??)

op
(without an explicit description of ??).
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The key lemma

A many-to-one polygraph gives rise naturally to a family of polynomial
endofunctors rnP (for n � 1):

Pn�1
s
 � An

p
�! Pn

t
�! Pn�1

where An(t) is the set of occurrences of (n�1)-generating cells of s t, and
where s is the corresponding labelling (or filling).

Let P be a many-to-one polygraph. We write P
mto
n for the set of

many-to-one n-cells, i.e. the cells whose target is a generating cell.

Lemma. For all n, there exists a bijective correspondence

between P
mto
n and the set TrrnP of (rnP)-trees.

• There exists a composition map ( )� : TrrnP ! P
mto
n based on a

notion of placed composition defined by HMZ.
• Ho Thanh proves that ( )� is bijective using some machinery

developped by Henry.
• We provide here an explicit inverse to ( )�.
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Sketch of the proof of the theorem from the lemma

Here is the skeleton of the rest of Cédric’s proof.

• One defines a realisation functor | | : Ope! Polmto (idea: name all
sources and targets of an opetope). The goal is then to show that the
induced adjunction

((left Kan extension of | |) a nerve)

is actually an equivalence.

• The key lemma

- allows to define a shape function from Pn to On (hereditarily use
the key lemma, stripping the decorations by generating cells, and
retaining only the underlying opetope),

- and to establish a bijection

between Pn and ⌃!2OnPol
mto(|!|, P) = ⌃!2On(NP!)

over On (restoring the decorations!).
- This allows to prove that the unit and counit of the adjunction

are isos.
24 / 33
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Rest of the talk: proof of key lemma

(1) Recall the placed composition of HMZ and define the composition
map ( )� : TrrnP ! P

mto
n . For this we need a tool/notation that we

call context lifting.

(2) Define an invariant associated to evey cell (not only the many-to-one
ones) = a forest, i.e. a (possibly empty) set of non-degenerate trees.

(3) Look more closely at this invariant when the cell is many-to-one: it
provides the inverse of ( )�.

25 / 33
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Placed composition (back to many-to-one polygraphs)

Consider two many-to-one cells s and t such that s s = C [t t] for some
context C [ ]. Then the term

s � C "[t]

is well-defined and called the placed composition of s, t at C [ ].

27 / 33
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Composition of (rnP)-trees

• It T is degenerate, i.e., reduced to a leaf decorated with a
(n�1)-generating cell y , then we set T � = id(y).

• If T is non degenerate, i.e. has at least one node, we fix an
admissible (i.e. ancestor respecting) enumeration of the nodes of T .
This induces a sequence of trees: the i-th tree has the first i nodes of
T , and the first one is just a single node tree decorated with
generating cell x1 (the root of T ). We set x�1 = x1 and define T �

i+1 as
a placed composition of T � and xi+1 (the decoration of the (i + 1)-th
node) guided by the edge connecting the (i + 1)-th node to Ti , which
itself reads as a context by the definition of (rnP).

That this definition is independent of the choice of admissible enumeration
is a consequence of the following property, for (n�1)-contexts with two
holes C [ ]1[ ]2 and generating n-cells x1, x2 such that t xi can fit in [ ]i
(i = 1, 2) (Godement rule!) :

C "1 [x1]1[t x2]2 �n�1 C
"2 [s x1]1[x2]2 = C "2 [t x1]1[x2]2 �n�1 C

"1 [x1]1[s x2]2
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The other way around: the forest of a cell (setting the scene)

We shall associate with every representative t of a cell in P
⇤
n a forest #(t)

whose nodes are decorated by elements of Pn and whose edges are
decorated by elements of Pn�1, in such a way that the following properties
hold.

• The set of leaf edges (resp. of root edges) of #(t) is in bijective
correspondence with a subset L (resp. R) of nodes of the forest
recursively associated with the source of t (resp. the target of t), and
the bijection preserves the decorations.

• The set of nodes of #(s t) that are not in L is in bijective
correspondence with the set of nodes of #(t t) that are not in R . We
abuse notation by writing this as

#(s t) \ leaves(#(t)) = #(t t) \ roots(#(t)).
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The forest of a cell (definition)

(the polygraph is many-to-one, the cell is arbitrary)

• If t = x is a generating n-cell, then #(t) is forest consisting of one
tree reduced to one node, decorated by x . The leaf edges of the
forest are in one-to-one correspondence with the nodes of #(s x) and
receive the corresponding decorations, and the root edge is decorated
with t x .

• If t = id(t 0), then we set #(t) to be the empty forest (whatever t 0 is).

• If t = t1 �i t2, with i < n � 1, then #(t) is the disjoint union of the
forests #(t1) and #(t2).

• If t = t1 �n�1 t2, then #(t) is obtained by grafting some trees of
#(t2) above #(t1): if a root u of #(t2) is such that u 2 L (L relative
to t1), we graft the tree of root u of #(t2) on the corresponding tree
of #(t1).

This definition does not depend on the choice of a representative of an
n-cell.
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Canonical forms for many-to-one cells

Proposition. Any many-to-one n-cell has a representative t that has one
of the following shapes:

• t = x for x 2 Pn,

• t = id(y) for y 2 Pn�1,

• t = t1 �n�1 t2 . . . �n�1 tn (n � 2), where

- t1 = x1 2 Pn, and
- each ti (i > 1) is of the form C "

i [xi ], where xi 2 Pn and
s ti�1 = C [t xi ].

In plain words, t is a placed composition of the generating n-cells
occurring in it.
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The tree associated with a many to one cell

Corollary. If t is many-to-one, then we have

• #(t) is empty , t = id(y) for some y 2 Pn�1.

• #(t) is not-empty , #(t) consists of a single (non-degenerate) tree.
Moreover the set of leaves of #(t) is in one-to-one correspondence
with the set of nodes of #(s t) (i.e. #(s t) \ L = ;).

This allows us to define # : P
mto
n ! TrrnP by

• #(id(y)) is the degenerate tree whose unique leaf is decorated with y ,

• #(t) = #(t) otherwise.

Morale. Even in the canonical forms of many-to-one cells, ti for (i > 1) is
not many-to-one in general. This is why we had to define a wider invariant
(forests) working for all cells, and only then narrow it down to the
many-to-one cells.
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( )� and # are inverse

• ( )� �# = id. Clear for t = x .
- If t = id(y), then #(x) is the degenerate tree decorated with y ,

hence (#(x)) = id(y) = t.
- If t = x1 �n�1 t2 . . . �n�1 tn, the inductive definition of #(t)

provides an admissible enumeration for #(t), composing along
which yields exactly the same representative t we started from.

• # � ( )� = id. Clear for degenerate T . If T = x{z  Tz | z 2 Z},
then we fix an order Z = {z1 < · · · < zp}, take adm. enum. on each
Tzi : this determines an adm. enum. of T . One shows that

composing along it gives (for suitable lifted contexts C "
i [ ]):

T � = x �n�1 C
"
1 [T �

z1
] �n�1 . . . �n�1 C

"
p [T �

zp ]

#(T �) = x{zi  #(C "
i [T �

zi ]) | i = 1, . . . , p}

and we conclude by induction, thanks to the following easy

Lemma. If C "[ ] is a lifted context, then

#(C "[t]) = #(t) (for all t fitting in the hole)
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