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Funda induced by a polynomial

zEooAgoSza→EqzGggogdoGor

Why is this fun d-a called polynomial ?
Nenad a le Ille de tour to explain the

Golly cartesian closed structure of Set



The locally cartesian closed structure of Set

We fisc a pet A. Ne define Set/A [ slice category ) :

la
objects = pairs ( Yg : U -1A)

u- V ( inset)
morphisme = comm . triangles g }

,

µ

fondu ces f.
*

.IT/b-,Set/Abypull-badrp*gt'
→ °

( choie @ pb ! )tg
Â-B

f
* has both a left and right adjoint & -1f

*
+ Tp

Ef is composition : Efg = fog , bat _ . .
If is best described n'a Gdbendteoh

deconstruction - construction :

for g :O -1A,
let Ja = g-Ya) . ITYTyp

Epg b = IT fa ÎÎ Îitêg
⑨ fais } AG- B

Using the same angle , we have

Eêgb =
E fa
Ea /fais }



Pullbades too
.
_ . ( un Set)

can be described nicely onder the
same angle

Ca
, b) {

Ca
, b) Ifa - gb}

a- PBg[ Égal#
a

{

Égo = J /fa)



Back to polynomial functions
A polynomial function IEEE) B -7 I
indues a functor

seHI→SeHË→SeHB→*Tp

Viewingg : Ut I as afamily it g-Yi), weIt

get ( slowey ) ✗

by s'
*
: x t> g-Ysx)

by Tp :b ↳ A-g-Ysx)
SUM of MONOMIALS

{xlpx- b } {

eyst : it E IT g-Hsx)
{bltb-izpcfpx.bz

EXTENSION
rzg Cnp Mi Pas Mb ✗(Typ Mb x )

AM

| . %,.li/-whaeB:--Ij
① = operations of M with inputs decora ted by elements of ✗

Ii



1- category of polynomial
The category Poe [I) has

polynomialfanctorsoverIasobjectsmaphismsarepairs@jpyp.f.h "

Operation part
"

P IÉE À B→Ï-
"

arity part
"

pull - each!mÆÉ µ
. H .

I←
"
F-
'

j Bt
I p

'

The p.b.means : § all be B {Eb = Épais )
L

x s'Hartvig !Ê./ ftp.b-tb-itË ↳ b?⃝
ii. tb Ii §

Morphismes maps operations to operations of Equipotent Mity and respect sources

In FINSTER - ALLIOUX -SOZEAU (FAS)
'

p setting : fj.IT , :[ Cns Pi → Crisp !

f2://T.is/Tb:cnsPi/Tx:papbPosP' ( faits )
with

Typ P
'

(faits ) ( fai ba) → Typ Pbx 0



A monoidol structure on polynomiales
6f P
,
P
'

le polynomial . Ne define the operations of Pop
'

as

coçy)

.
. Ë. -

where bis an operation of p
= Pas Pb

1- - k-m-fmat.ogm.gr Foreach ✗ c- Es
,
ça is am opération of P

'

⑤ sorts
st . t'Go) = Xx)

l
Hence Hbc - -

- ✗ ←ca - - )) = Hb)

Gs (Pop) i = { bl - - -- xxxx - -- ) / beGs Pi, V-xepospbc.ee
Gs P

'

Egp Pbx) }

= E IT
beCrispi xepospb

↳ P
'

(Typ Pbx ) = [p] (Gs p
'

) i

i.e.
, operations of Pop

'

can be equivalently described as

two - level Trees ( Pat firstlevel
,
P 'at second level )

operations of P decaatd by operations in P
'

Dos (Pop ) ( bc_ . - ,xtcx, - - - )) = E Pas Pta
a

✗c- Pos Pb singleton
i. e.Typ (Pop) (b÷ç lait)

= Typ P
'

ca Y as T

JE 1
&

The unit is IËI IÀ I (m particular
Yi
,
Poo Iii Eis )

This gives PUI) the structure of a monoidae category

More widely ,
there is a licategny whose objects are sets If - --

1-morphismes are polynomiales I← B → F- → ]

2- morphismes are defined like p - 6

A polynomial moral is a monoid object in Pd (I)



Polynomial monad

Thus
,
a polynomial mon ad is the data of

a polynomial fandor M
satin ftp.ngtlemonoidlaws

a unity y : I-1M and a multiplication µ : Mon →MÎ
pivieued as opération en

i-I-I-IByuncumy.mg :
←Û :[M] Ens M) i → CrisMi

"

Cns LMOMJI
So for for the

"

operation part
"

of y
,
m

Since
y , µ respect avilies we have

, by a
and

x (p - 7)
,
that

Pas M ( y
Mi ) behaves likeT

Pas M (µ Me 8) behaves like E Pas (Mad )
(p : Pos Mc )

whena a description n'a the intro - elim iules of T,
E - types :

+ computationnels

* à purjednvupainûg



What about the
"

Mity part
"

@ y,µ
?

We have that µ - pas is the arity part of peau .

Therefore
,
the rewriting uile of p -

6

Typ P
'

(faits ) ( faits a)→ Typ Pb x o

instant iates as [using surjective pairing çp . 8) : µ-Pas-fitMpgpe-Pos.sndeMp→

Typ M ( MM c o p → Typ (Mo M) (go) (x, g)

Nov
,
instantrating

Typ (Pop) laid = Typ P
'

ça y z
(pt)
,
wegetà

Typ (Mo M) GS) (x, g) = Typ Mex) y , gidding

expxssing that µ respects sorts

similar ly (up to lle fact that for
"

Agdaic
"

basons FAS does

not include any
-nde for y -pas)

expresses that y respects sorts



tte mono id laws of M

Relation to opera ds
A polynomial mon ad is the same Hung as a coloured openad with

a free action of the symmetric group . This Mearns that the

reining after composition [encode d by µ -pas ) is not necessary
planar . If it is, Hen we have a non - symmetric opened .

In opera die
notation
,
we write

y
Mi = ici µMbs =

bo { - - . ✗← Gx - 3

And the abor lawn are reformula ted as / first tag ) '

bo { - - - ✗← idtgpoy çà - } = b

cf .

idio { • ← b } = b (where Pas ici = { •3) - substitution
✗ amma !

( bo { - - - xtcx - . . 3) o { - -- - (4g )← dx
,y} =

bo { -- ✗←(Coco { - - - / y←doçg , - -- } )
Mae careful :

.

. .
(boEEËf) 02

- - - p ← dp . - - } =

µ -PasMbrxy}
t'JËj.gg/bE---K-cxol---/y-f

5



The star construction (implicite in FAS )
This construction builds lle free polynomial mon ad p

#
over

a polynomial functa P .

'

Its operations are trees
,
defined

here as terms .

The set I of sorts is fixed , i.e.

Idx P
= Idx P* .

We define Ti = Cns P
#
i ces ballons ¥ .

¥E- < i > III. Ti - b { - - - - ✗← Igp -

jà
}

MI
→ À

in Cns Pi

ie
(ns.P#i = I + E I

b : Crispi x : pas pg
Cm P
*

(Typ Pbx )

The positions of a tree are its leavers ÛËm
Pos P

*
< i> = { i } | ,

Î
Pas P

*

(b , 8) = Ë Pas P
*
Sx

x: Pas Pb
Li> b {xxizyz-cfz-ckzt-s.es, nem> 3

Typ P
#
< i> i = i

Typ P* (bi) (x, g) = Typ P
# Fey

The composition is by graftmy on the leavers

Li> { i← t} = t

(bi --- ✗←Ai- 3) { - - - 7g Etre,y /
- - - }

un
term builder " composition builder

b { . - - ✗← sx { --- , y← tx,y , - - -- } , - --3

The unit is the base case of trees : y P
#
i = < i>

Note that our trees have edges decaated by elements of I
nodes- of B



The plus @slice) construction
The slice ( BAEZ -DOLAN 98 ) a plus [Kock - JOYAL-BATANÎN - MAICARI 2010)
constructions is what allows vs to define trees of trees of . - -

a types
Tee iterated plus construction gives opetopes .
Tte itenated (plus + puellad) construction gives qe topic

Êtes ŒAS)
The ptar construction starts from a polynomial P over I and builds

a polynomial monad P * over I

The plus construction starts from a polynomial monade M overI

with wnderlyrng polynomial 1Mf IL F-→ B →I and builds a

new polynomial monad over B The operations become sorts !

The two constructions have the "dame
"

opérations , .ie . Trees of

Operations (of P
,
IMI ) but avilies are different

pas P
# t i leavers of t

pas Ptt = nodes of t b

/
c

k li

. :/ ÏËÏÀ
vsi ËË=t

The output sort is the overall composition | bo {✗← y Mi, g.← c} = LUI]µ
of lle Tree obtained by the monad structure on M

.

A

{ ←
and is faced to do it !!

The implementation in FAS does the: "

on the fly
"

by integral- orig it in Ik definition of Tree (reset page)
Important invariant : the learn of T are in bijection with the inputs6

0f UH] n .



The plus construction formally

← This is B !

accumula ta

← récursive définition of tue

Toorak composition of the tue in M

Gs (Hiam ) = Tree

← récursive definition of nodes (t)

←
retriever the décoration of a modeof t



The mon ad structure of Slice M (alias MY
Trees are substitute el into nodes

.

The définition calls the monade structure on 1M¥

5
G. second _ aider substitution

!

The following stretch of a definition , based on a variait of µ
called partial composition '→Ë
highlights its tùdryness

C { - - -
- Y ← la.

- - -3 que,µt = t { -
-
-
- 7Ème

,

- - . }

where the -
- - are unchanged and Ha mapping xtsx

'

matches the leavers of T with the input positions of c- UN]µ
(cf .

p p -12) .

CE - - . . ,x←sx, - - } o t = CE - - - , ✗← Axoyt, - -- }imac , g)

no case for < i) o
-

- (par absence de combattants )

As balle unit : y
Mtb = b { - -y←{

ta>
,
_ . - }

¥



The monad structure of Slice M
, formally

{
This is the monad structure of 1M¥. . .

{
This code Cleverley{ µ ianamoonto

"

the

book - helping
x ↳ x

'

of

✓ previous page
- . .

presented in a way that is amore of M ! by fascina x-x
'

The kick is to replace
{
t
'

Cleaves ) \ ! / / ( inputs of at]]

"ÉÉ
"

by ?⃝ Heep .tt fa a justification)

t { - --M' c-si , - --3 → t [ . - , ✗← sa, - -]
Jleafoft J' input of GH)



A band syntax fa (slice M)
Here is a "

type -Heretic
"

reformulation of Slice M where

we adqt Ile partial style par µ (Slice M)
we adqt the

"

{ - -3 to [ - - - J tùd
"

of p -15

Structure of polynomial : 1- Li> : y Mc

-
- - Tatta : be - - - KEEN

{ • :b } -1Et 1- f{ - - jatte , - - - -] : bon { - - - - xtbx.rs
KEES

Partial composition .

CE - - . . ,x←sx, - - } o t = CE - - - , ✗← Axoyt, - -- }imac , y)

C { - - -
- ÷ ← sa.

- - -3 o t
= t L .

_
.
- ✗← six

.

. _ .]
inlllt)

where Li >

t-IE.EE?--sq-pooMiIb(bq---yy-Ll-yY
. . . 3)

" "" t'% " ' [ - - - ,
# sa

,
- -] =

b. { - - - - y ← tg t - - ''

' 2-← %-Pas Mb (by - by) yz ) ]



Behind Ile scene . . .
on M
E

What makes tre Trick wah is Hebat that lle
"

overall composition
"

t ↳ AH] has the structure of a G)
*

- algebra , which

meam
, graphically , ba

v
"

vit Y

t.EE
that CHI = AMI on {

- - -

*Hill , - -1
i.e.

,
we have the following hderogeneous commutation

µ { - - À ← là, - . -31 = Gif on { - - -

*Hdl , - -1

By
" prétendais

" that the kava of p are the inputs of Clif,

FAS mariage to be allie to consider onby the instance of
lle x↳ x

'

bijection g , nandy that provided by s-lp.IO )
.



Ope topes

We start from
( unique opetope = shape for a point • I

We then define as the following identify monad :

← → →

"

(unique 1-opetope •→ • )

( which deserves it name since I I is the identify fanda in Set)
Induction

2-opetupes are
Trees of 1-opetopes ( they are linear )

÷
.

±
.



A 3- opétape



A 4-opetpe

target

§
{

target of target of target

M = target"

ÏÏ!¥:ÏËËÏÏËÏ
"•÷.

I
(mode decaatedly3.pe tapes, edge

decora ted ly 2- qpetapes



A cascade of targets

' ÏÏËÏÉÏË
1

¥

ÏËËË
#

-
•



Constellations (KJBM)
Idee : distribue the information over all Trees in Ik cascade by
providing additional information between Hem

I. e
. replace ce single Tree whose nodes are decoraTed

by @ -

y - opetopes and whose edges aredecnaled bye
d-2) - opetopes ←

bon eaohiterated target

by a sequence of Trees with cincles

For our example of 3- opetqsg :

_⑧-ï→÷⇒x
.

.
.
#

E
p

ready for being ànded
to descente a 4-qxtope

÷ '

with target

EET etc
.



The constellation of our f-opetope

- ÏÏËÏËÏË
nodes→

leaœe

çànoies ÷

:|
,

<ne
QQ

added

**ÏËËÉ#
① - I

nodes→
baves

ànodesÏËËËÊ
, Ï÷⇐Ê¥Fin

cincles
added

#
①

:-O



The pull - back construction and qe topic types

NB : Pb M is similar to
,
but different Gom (M ]

1 f

opérations of B opérations of B
whose input andatout whose input
are deoratedin ✗

| ,

aredeoratedinX-CcocnductiveIEiCiterated@lia-p.b
.) construction )

(while qetopes are obtained by etaated slice arly )

( inductive) Opetopes (M) =

↳Mcns Mi) + Opetopes /SliceM)
Opetopes = Opetopes IL

where Idx-td-TCns-tdlt-TPosIDH-TTypIDAA.lt

An alternative construction of opetopic type / lets is ces

pxsheaves over the category of opetopes ( to be proved ! )
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