OPEJFOW@A ond ope’rov)(c peTh

(p(mﬁn / g}wl\ Q(bai)-/)

FAMB (NG - Kok Qa3
5 A JoYAL)

anihen
(onds) // ft/ m%ij 5
paevvwwu‘o-o \({w\c}‘m T é____ = ,__7 K]/
= [lo)
ClQCom\?v\ ‘V\,W) 2 >/ ‘0
T b: o)
[Poﬁtr\omiﬂp for /J%al'] M= ¢ A[LJ ]IGEA 9
B {oﬂ. KM M
ldx : M — U e M . T
Cns : (M M) — ldx M — U CuMe «> {b] Hb)*(ﬁ
Pos : (M : M) {i:ldxM} — CnsMi— U oMb ~> Eb
Typ : (M : M) {i:ldx M} (¢: Cns M1) Tyf Mh X ~> P
— Pos M ¢ — ldx M
Td x povide, T \";’xk‘ -‘
Onp (owida, R ﬂi t QBB parto
I i b e tertron
TP [hoﬁib A é
j W\ﬁx& 46, r_—; é e~ T ML A“g

od o feacnd //‘/\
porliona

QICTiNGT



Fumetor. mdueed @(7 o pou(i?,mmab

E\N’/‘% D“P/W?’WWJL M induces a functor ] :
(ldx M — U) — (ldxM — U) called its extension given
by

[M]Xi= Y (p:PosMc)— X (TypMec p)
(c:Cns M 7)

W%L o i funde collbd po€74/\owu‘ox&7
Wo vead o 4le  doton e m:oﬂ@du\/\ He
@om@j canteion Losed  plwd uno qf&d—



T (acc\«g@y carferianm  Qoped /J}MATU\Q %\g\e{/

\/Ua g(’sc a pc‘( /[\ \J\YQ Ckﬁ‘/\q §€\*/A [/)r&‘(’;e CAH?G/bq ).\
objede = paha (U g UsA] &

nolplome = Comom, ‘M,(a,«/,@, GQ\ /
fonduee @500 LA b P“&Q ot

@*Hj Blér (Foeg rh0)

g& hoy GOH)/\ o «Qagk am( M/«ﬂlf C(Llﬁfow\" 2{; | &*/17];
G o ool Sy~ fop
Wﬁ LA {b\’ c\o/PC/U&CL o (oWardiedn

dlcgv\,,}mc%w — CM*‘WCU&/\, :

{dtg 0/ fe¥ a“S (@)

g =T gl |
(afforoy, P S
Dow\(? 'P/KAOU‘(\Q/ OUV\%Q—' IUNIN &\0\)‘&
éggb = é“‘-

go ﬁo\« g

>V [ U feﬁ‘)




Pl pads too .- [mch
cam fe deponite d v\mzﬂ% undeq  He

Parve &/V\%Q,




@K)\Cﬂb {‘o PUQWQWGQ qu\C{‘CﬂA

Apoﬁjmo%mﬁ 6%0”&& TC/F_/)Q
(nomwe, oA fuf\(ﬂ'@’L

Je!rﬁ > (g — SHR— d<l/p
(E m Z

\{e,vv\v\&% U T @ CL%Q\N\M&;/ Ll-)g /) we

%& C/J@owl\e((f) )(

Bg /b R AR e g\l[/)foi)

\odw M b Wg‘l/):a:)
[ﬁ[p@:bg »//

SuM ¢ HoNoHIALS

g Stlen & RLES
¢ Fblth=13 {qpxs@%

EXTENC 0 N
PV
(M| Xi= Z (p:PosMc) — X (Typ M c p)

(c:Cns M 4)
e M [

\‘c;,{f“‘/

b - Opfmhm,\o of M with \mpa#]: do cna fed ,65, elbmenty (f)(

N



Jakgny £ potynoi

(rﬁq Ca"ﬂjof\a PCﬁ[]:) ﬁ\cw
poﬁﬂvmme fancton oven T @b obfechs

wapioma are  pae (€1, f2)  pk

\ : "
’ IJCEJ—L) 8L T S ol
{,
puﬁﬂﬁa@&,{//\w \/’ / “
I 2 g Ly T p

i
ﬂ&pb\ e oma %')’LQ,QQ he® /By & J:fg,[h)

= e
N Nl / :
qD/ — (&2

{ B

Mmlo’(uow ma/)/g opt/\aHov\;o to Opr/\ol'CmM 0@ 6%‘90\0/\* w\i? anel wpm{‘ PrNCY

Tn AiNsTeR ~ Mblovx -J0zEA0 (FaS) s pebiomg e Tfmpz 5 G
1 &T

o Tl n e TV popy PP (£,00)

" T Phb) (pibs) o Ty Poa @



/Ar mo’l\oic{oﬂ /lefluc[“wLL o\ Fkyv\owwa&
Lo} P/ P (e /)OQ;}A/\C)W\ caky . We_ cefire. M(OP@\QHUV](S 4 Py P’ p

(%)
\of s W o Bt an opolion 2 P
R @ R ;Po/a/?)ﬂb‘a 0@ - .
\ =~ s/ sy for eadt € B o ioam %,,QHM "y,
b pel / /
RS E(Cx) = )3[1)
Honee | b(b(-— =g ) = £(b)

o (BoP)c - { b xee-—)[bebaP i VeeRaPh coe ol (G Pba) ¢

/ m
) beéCmpi E%«Pb Cra Pﬁgf’ Phe) = [PJ[(W’P) ’

[‘rQ\/ och\a*t‘d‘(\o o[} PO‘P,C(UY\ A eq\M‘dea/vl}:Q&/L CC%CA(“&E@L an
bogo 4aod  from [Pab gmr@f&/@’a%p«ond«%&)

r

O?E/\a'ﬁo'i\/l O‘ﬂ P C[Q@IQ[ZC( ’63 qamq)*{o./\p in P
Poe [popr) [b[“'/ZA'Cac,“'» - =E fa P/C’..t, 2

Xé po p’ﬂ
ghl progleton
%[POP‘) [b("’/té—qc/”“)> (T4) = fw)f’ %% 0, ‘,{i
1
;

The uwY & T QI -4 I‘—“ﬁ) T [w\ th‘ap@a/L VE/ ’DOA Lie ZL{/S )
iy gl P&(Q He. plwsctue  of o 'V\f\ol\ofc[aﬁ/ca{‘eyaq[
Mowe. w(claQOq /%a L o *@A’Qcﬂfgdy/ o oé&:z&; wo el I/j .

1 maphimg ae plynomials T RByE—oY

&rmmrr&imvo g delwed bl
A Poﬂvvmwwo& wonad. (8 oo moneid af/ecﬁ o (Z}/



pﬁ'g owuraé YV\OV\aCL
m

Thw /0 Poefl\omw{ monad o e data of-

O Foﬁy’ﬂavm (aQ ,famdfa/l

W\Ol/lmcﬁ Lo W/O

pabiffing e

o a willy v T and o yulhiplicbron o MaM 71/7}

viewed @ O/)MO\AW‘ N

n: (M :M) (¢:1ldx M) — Cns M i
e (M :M) {i:ldxM} (c

: Cns M 1)

TeT—H5 T 5D
8&; (AY\CL&Q(Z%V](? A
méj - M1 (o M)E =Gl

— (0 : (p:PosM c) %TJW(T}/PMCP))

— Cns M1

Se for g e “Olpf/\ahov\ ponf

.PDANU‘H)
P M (M cé

vhonce o c(Qﬂa\Xﬂ\‘M nNa H¢ e —elim  wnde,

Ir Oﬁ |7/ ’.k/
Swe e esped atilies e W/%'
bhave) O T

| baen L £

and_ Hhat

7z N /

Pos (M)
(P- for Hc)
%T/ £ bypen

n-pos : (M : M) (i : ldx M) — Pos M (v M i) u-pos : (M : M) {i: ldx M} {c: Cns M i}
n-pos-elim : (M : M) (i : ldx M) —{0:(p:PosMc)— CnsM (TypMc p)}
— (X :(p:PosM (n M1i)) —U) — (p:PosMc) — (q: PosM (6 p))
— (u: X (m-pos M 1)) — Pos M (1 M ¢ 6)
= (p:PosM(n Mi)—Xp
u-pos-fst : (M : M) {i:ldx M} {c: CnsM i}
- CW{?%%O]‘\VOV( q,uj_gb —{d:(p:PosMc) — CnsM (TypMc p)}
— Pos M (L Mc §) = PosM ¢
n-pos-elim M i X u (n-pos M i) ~ u p-pos-snd : (M : M) {i : ldx M} {c: Cns M i}
—{d:(p:PosMc) — CnsM (TypMc p)}
u-pos-fst M (u-pos M p q) ~> p (u-pos-fst) — (p: PosM (k. M c §))
u-pos-snd M (p-pos M p q) ~> q (u-pos-snd) — Pos M (0 (p-pos-fst M p))
u-pos M (u-pos-fst M p) (u-pos-snd M p) ~» p  (uu-pos-1)
o /)\Lma\ecl\um/vom‘w\g,




\J\ﬁ)\m\F abouf Hy \\Cl/l‘((\;)/ /3&#”6 ?///L ?

We have Hhat f-pod ia te a/\ibw port R (o

TE‘CAQ@M/ J(‘QQ Qﬂvoﬁ}u/\dq M of

o, —
\%P/ﬁtk)[{&ibp)@%)Pbx 5

Zméramﬁa)m ad) @pxy Auy;z&(wmfu% ¢p\g>: Mvpogjik!\fp ~Do/m/mcL/7/p
T M (1M e ) p o Typ BoM) (58) /1 4]

l\fmy/ \‘V\/)Jram}\‘ﬁﬁ\/\dq/

T}}f[PoP) [c(""//té-@c/”“)) (54 = o P o4 @, j ch@(r

Top (M) (58] (1,9) = Tgp M) y | et

Typ M (n Mcé) p~
Typ M (0 (u-pos-fst M p))

(u-pos-snd M p) expomivg that L opedy poob

<_(CW\ (‘£ an Q&

TP M Mi)p~=i [ opyuper thal y teopeca pbs
/ 1




T movocd  Rawg of /M

wMcAp—nM(TypMcp))~c (p-n-1)
wMm Mi) b~ 6 (n-posMi) (1-n-1)
wM(pMcd) e~ (p-p)

HMcAp— uM(@Gp) (Aqg—e(p-posMpq)))

peﬁak(m to ﬁ)f/\qéﬂ
/)T P&WNQ waanad (0 PEQ Do e (‘QLW\/ a) O Ca(ou/)@[ o/bmacﬂ ville

0 @aa ochion o l-&e,/ta/mmlu‘c group . The,  weamp Bt Bo
’lzv\mﬂ\% aé”(‘a QD’YYI)(J:l[A‘O“’\ Zeﬂ\cm&e& 10/; I\Ar\/)oo> A Nt Y‘QC@OACUM{;/
pfavw/)/ IE (‘Ho/ Porn we Aare o rnon «/me/‘u‘c O/FAGCL.

Tw 000’0\(1 e V\d\\a;‘L)wv/ e '\A/VH\C/
V)Hfl“rdg‘ f‘*Hbg — Boz_m Ztgt~~ﬁ

Md He obore Lawr we awdsd ar [ gt by

6 ¢ T I

dioforby = b [voe P if - 3 )

<’30§~~- Joils Gy = §\ o fmw (I,(?)bclx(%% —
hof‘“ xé‘(cﬂcof"“'/%‘dr,ﬁ/‘”g)
Mog canaful :

(bof—mr3) o ridy 3>

0f-- reGo L=y g s {4@0/3!\16 &3/5




He S copudin (iuplat o FAC)
rW\‘\/) COM"WJFCV\ «waf[n L&— WQ/ IQUQT/\OW\GQ/ VVlWla({ P* avey

&_ POQW\OM&“&Q Kum\‘m P Th D)Dw)‘lww Mg/fma)/d@%m)
P\m o) Le/\W'ﬁ ‘ /JEQ /JC“‘ :l; qf\ /Ombs &) ﬁf/ﬂzc(, e,
Ty P — 1dy P* e dfme T;_: G P¥ i an follwn s

T= T - bfmeT oo
s Va gyl ba
m W] (M/\)gf

(e ¥ S ¥
(P ¢ =T+ = W\ Go P (TupPba
™ b:CWﬂOC & PaA PA # )

2 k o
113 ?M«T(‘mﬁ rie o hee ane \‘(RO &QU@O @\
x . . a c
s pxéo - 4 ¥ ( B\ s
Po @ (6,8) = S foo P ‘
Z: P P b L2 hgw\')/:,g—cgzt&;uzQ, nE<mz?
Tap PRy @ =0

Typ p* (5,%) (3¢) = —gff’* 198 4~
The CO’“(Jom’h‘o«f\ G @; 7’10/?\\/\} on He CGeaveq

YAV f&& t} -t \ﬁ
(B¢~ “;Pf”‘) fooms 1/3?%/”"} ﬁ
term buiddes ( Orl\'odoih‘on gw'QJp‘l
b(‘m XL Py § -, 95 Eg/%(.,,,if_,,g —

Fo wit o fe fase caﬁcoﬁfmao;\q[g*[;gc7

Note ®at out teen  Bave e, docraked Qa‘; Lowentsa £ T
Na e, o &




T pfu,, /m/)&rco_) congFumch o
. (— .
The ple  (BARZ-06LAV 98 ) oL 'Oluo (fcocn—JoYADBATAM'A/,MAJC/AﬂI 2010)
Comnfroct Con—" {4 wg\a& oMws  us to d‘[ﬁ""Q freen "f ‘IW UE P
e Hera bedd P‘&w cor}o\uxcs(‘fov\ g\ve, OPQXTC;?@ s
T eated (Pl + pllled) cnabuniion gory pelipic sclo (AC)

[

Tbe psrw( conal much con rants @w o "949%0#' (d € o T and Yuwbd,

o P”Q‘f‘w\i& moned  P* oved | T

m /y&w Comn U Ot~ ﬂ{\anb ﬁ%aﬁ" O~ Pcfe novm'uQ Wonael M OU‘MI
WA wvxc\o/dl?/«\\é po(‘fv\o-m(oﬂ Hf TeEDB9XY and dulls a
e Povevfr\oww{okg, wood  oven % - TR dr}mo"iom HBacome AO'Zf‘/),’

n e,

e e cmtincktona  Rene Re “pame ” c[)m}\'or\o, e, ey
sprationa (P (M]) Gut onbie ane diffbunt
B p*é s &alee o t
Fos p'f‘(_ s vl of e

L b
WA

\C&iﬁ ”

e ou&"()ul’ aol » He gqronall Car»}ooaﬁfm / ho fx& V]Hc/ g :[L&U
H
()e Re Troe oftomed Bé e wonad phwchue o M A
A

/

The m{y&,mh%(m n A doe Hhe \\wwﬂ}’/
@y mbfr\ahi\g it w K W wihon of e
wamhm\- mua/\/\‘aml'i ‘H/)*z Caoer f, £ Ma_ on fe«a»echo'rx wibh wk iﬂp‘&\

of [IE]] -




TRS’ PZU\A COY\O}WJC{TM fmmo—a{y/

®  ldx(Slice M) = X geary Crs M (0 A G ]
data Tree: ldx (Slice M) — U where
If :(i:ldxM) — Tree (i,m M1)
nd : {i:ldxM} (c:CnsM7i) ,ﬁj\/ ocon mudator
— (0 : (p:PosMc) — Cns M (Typ M ¢ p)) )\ {
— (e: (p:PosMc) — Tree (TypMc p,6 p)) g~ A MW . Oﬁ e
— Tree (i,u M c 0)

o\w\aQQ cmpoo(kw\ Of {"t»o b}&/ M J\']
CY\A [J’&Cz H.) = Tioa

Pos (Slice M) (If 7) =1 (
Pos (Slice M) (nd cd€) = P Tlewas® (%MJ ks C{ Nod /+)

Tu Z Pos (Slice M) (e p)

(p:Pos M c)

Typ (Slice M) (If 4) () KL/ u\‘UQ\[f’/A LL &QCMQHM\ aﬁ o VIOC&/% ('L
Typ (Slice M) (nd {i} cd€) (inltt) (i,¢)

Typ (Slice M) (nd {i} cde) (inl (p,q))

Typ (Slice M) (ep) q



ﬁp_ WMo a do P’fw\ojﬁwz oﬁ f&h '\’l (@QA‘WJ WT/
\\\/ Tea e Auﬁa,‘l"lufeol (\4[‘0 noddy
/tﬁ e debnihon calle s wonad phuchug an {/‘jrk
MENp a
@ | peoml -ordon_polititution -
Z@ﬁ /&MG\I\RV\OCL ﬁ‘/ZQ)[\COK O‘f N cl%m%h'wl/ 6&/J(’c| on A Variant c{? [\L

Called pw\\w‘w( QoM/aoa()\‘cW\ . \ L
M
9\&5)}\&‘&%&0 s +1X4LJ/WQOO

%e[zﬂt - E 3
whoo We -~ are umdhomged  and e meppiny xor
mades e Qaver o Tt e tnput positions - C:HHI,\(
(% ®, Y
Cg»,,/xebh/wi (:m(fm: cl - 2o Pxoﬁéfﬂ,vj
N Cox_ -fom L) O — ({PO" dﬁocnw do wﬁaﬁ%b>

C s --,-/t&ﬂp,-mj

Po o e wnibs |y HTh = b e dte o 3

L

(




T wmmad phudue o Qe M, formally

v

v:(M:M){i:ldxM} (c:CnsMri) YM(If i)de = ¢ (n-pos M 1)
— (0 : Cns (Slice M) (i , ¢)) Y M (nd cde€) g =ndcd' €
— (¢: (p:PosMc) — Cns M (Typ M cp))
— (¢ : (p:PosMc) — Cns(Slice M) (TypMecp,dp))

where we define

— Cns (Slice M) (i ,u M c ) ¢'pg= ¢(u-pos M cdpq)
V' pq=(u-pos M cépq)
L/ " d'p=uM(0p)(¢'p)
1y e Monad /ﬂm(yLw[L P [M]". . dp=vM(ep)(¥'p)
w (Slice M) (If 4) ¢ =Ifq é/
w(Slice M) (nd cde) ¢ =vyMwdy Thip code CQ./QA,%,
where we put /kﬂ * oncon vonly ' 875
w = ¢ (inltt) Book - ﬁaaﬂﬂ/\g/
¢'pq=o(inr(p,q)) b2
p = w(Slice M) (ep) (¢/ p) Lo
\/ ) |
. Pepoted @ oo wag that o awoe f M. by FRWG 32
T bk o ko Lq/)eau_ ZF'
{J
/ (
(2] )" NY RS A

S b E

Lfom ey 3 oy L xen, ]
e gt Sinpd o ILF])



A o pprtarc fon (i M)
Hoe & o “Type - feeorchic " o balion of Sl P whi
voe dClC;H He 1})@”[‘00 /“&“(-Q foL r&[\f&Q”’“Z/
we odgh e "g--3 o [-] tudog

Sudue £ poimontal ‘ L 45>»?H<

[MINES - Bgc,”’ (xeEy)

N

W3S T b g mehe o)t bo femeash s

L&k,

fankiod com pog 1R o~

e o t = Cl o B poot &_\,j
Cfﬁﬂ/xL bk i (1) 9) g/ J
o £~ ]l: s TRy -
C {23 S [
( aisie o™ = A ‘
W'&Q/\Q, L(? L\%ﬂ] Q,Poo N L)

bofer gl )
(hfm/,,su y £yt [ edn, ] -
R AR AR LTSS}




Behmd Y Nene_ -+ g” M
What ot tio b wal y He ot bat e worall Cc('//?’)crmzi‘m°

Fo 18] Ay He phdu 4 o @)Xﬁ Qﬂ%a,{/m@@ca\
weans, gragbiolly 4=

e V} N4 \/1 v
N2
“/ LAMQ[{ ]

= F,,lole/)t:\,,}
bt 0] = folloy ¢~ eclrd] -~
(e . ;e Dave [ /oépamg; «ke/o/wfm\eow @ mmaf~aho
[rg-—peb 3] = [Toy ¢ el
by “pekendiiy” ot Mo Gaver f 2 ae b mpudo £ (7,

AL onage b Lo ot o conder OV\Q;, e oshance #
W o157 b‘}éecb\'ow/\_ c /MW\% S ﬁﬂo”’v‘cu //% c [ )c




O’pebo%

We ploak o B2={s}
[unige dpelpe = phape g o pomt . |
\”e W&V\ CWV\Q— Ol ar He {cf%vﬂ} Lfém\\}‘dq/ Menodl.

{6} (~ {3} — (=} — {¢}
(
Bl [LLV\«Q/@Q i,w ado‘)
[\/\SO\ACD« dopenves 11 Ao PN [(’)H o (‘J@”}?}fum&m S \gd‘)
Lndu clion On — (On—l)—|—
R -opehypes e ) off L-opetepe [H;ﬂ} g AQwedfl)
&
SR =
J Q)

)






K h-gpchpe
AN VN

A

émm

J bonget ¢ frurget of Largd

( odg, decorated /% 2 “Upf*\df')%/ 94?4/ C(Qco’la‘fec( g?/ &“ Oﬁ@p@



A woals of torgets

N =
2o
ZEE ol a B
= é = an
- 757, N



Conp |l laFcons (K481

Tdoa - cliohilufe e L\'\Ko«mahm wen all beey o He apcado %/
()”’mc\myq addi i oned w\fmma Fion me e

Te. \,Q[XQQ&L a_ /f\“’gé e wibrose nod, are deconat lrecl
@fj @"y-cfe}g&@ anel  whosc edge ata_deconaledt @&/
@“Q) ~ O[)C\"P@ﬂ — for cadh (ternsted wﬂmgff

To ow Ycanplo ff 3 ~opehepey: L= = [\

'I' \ \ /
Cn a O °
|




He cmﬂt“e@a,\‘m oﬂ OUNn 4%{3{%’”&2—




Pa Pm@%a& conpfu thom — amg qpeﬁ,m'c/ @/'pw

Pb : (M :M) (X :ldxM — U) - M n (PbMX) (i,2) =M Mi,n-decM X x)

ldx (Pb M X) =2 (itdear) X w(PbMX) (c,v)d=(uMcd, )
Cns(Pb M X) (i,x) = where

Z(c:Cnst') H(p:PosMc) X (TprCp) & p= fst (5p)
Pos (Pb M X) (c,v) = PosMc V' p=snd (6 (u-pos-fstp)) (§ (u-pos-snd p))
Typ (P M X) (c,v)p  =(TypMcp,vp)

NE - Pb M pww\‘(cv\ #@/M (b%’ﬁ@h" (o [H]

5 0
Aeraten of B valto of B .
Uiy m/mh OWH@/G&(“P“F \ l’“:/ L iz upalp @/
: (5 [
are docnated un X v are doanated un X |

record OpetopicType (M : M) : Uy where
C:ldxM —U
R : OpetopicType (Slice (Pb M C))

%(i‘fmo e @&Qx + Pb) Corahit (o 5
(sl qeiprr e ottumed Gy denabed plice only |
[wductive] | Opetopes (1) - (?mw Cos Mc>+ Opebeper (iew M)
Of@folpei = Opeq\c%&s R,
oo TWaTd =T G iheT Pl k=T T DAl = o

)\\r\ aov%e/\v\a}\\\& conp tieahyon 06 O’P(*O(ka/ %/M/\\ W)
()WD‘QCMTQ/) A Be Gtéiqm?, 0@ oPd‘oy)@ [{'O b= EQO’U‘CCC})

(Co o/\o\w:‘% 3 oe)




@‘\ M'O ?/\f\{)f/\j/

[5] N. Gambino and J. Kock, Polynomial functors and polynomial monads, Mathematical
Proceedings of the Cambridge Philosophical Society, 154 (1) 2013, pp. 153-192.

(6] J. Kock, Polynomial functors and trees, Int. Math. Res. Notices 2011 (2011), 609-673.

(7] J. Kock, A. Joyal, M. Batanin, and J.-F. Mascari. Polynomial functors and opetopes,
Adv. Math. 224 (2010), 2690-2737.

Types Are Internal co-Groupoids
(Extended Version)

Eric Finster Antoine Allioux Matthieu Sozeau
Cambridge University Inria & IRIF, Université de Paris Inria & LS2N, Université de Nantes
Department of Computer Science France France
ericfinster @ gmail.com antoine.allioux @irif.fr matthieu.sozeau @inria.fr

https://arxiv.org/abs/2105.00024






